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The discussion thus f1:1r in this series has 
,Jhenomeaological (and 6omewhat.' formal) insofa.r as the 
fe,dar k has bee;l .M,~le4 8.S a datum. In the raffifdning 

Cfi.-B'l4(J..4} 

d--~ 

";f€ sha.ll 'revi"rw the d8finition nultip!_ica.tion factor, end we 
S:"lOW hmr it. can be at :Least appro:;dm.ately; some 

r:2.3est, 

The 
as t.he numi:::er 
.. n th>8 medium • 

factor for an infini"t:;e ID.edium~ defined 
slow neut.r:::m absorbed anyvrhere 

already as the product of 

k ::;: 1 e. pf 
where 

f ::: the:C'm,,~.1 uM.lization :: of th:;;rm.::<J. nent-rOES aiJsorbed filGtal 
}J ::: numbe~.' of .fast, neu:croas produced b;y' therm.Jl fissicll pe'(~ 
, neu:c,ron absorbsCi .in the l"letaL 

.i£.. fast fission multip) .. ica.t:i.G1:' ::: total number of l'a,3t neU:;:'2"0'13 

produced. per' fast neut.rons crea:t:,ed by t:.1crmal fission. 
p :.;; fraction of neutrons which l'e~onance absorDtion 8.:n.d 

';~hus becom,e t.hermal. 
) 

~[,he c~ilcula:t.io:t1 of f, ~, w.ild P lpj xture will 
most of the :Lnport2.U'::' princi:;;les 
t'x.:n ~~O a discussion of "n.lC;1 

1) TIl'" ':'l~orBpl u,cili"'at.io·" f -- -!_ ..... __ ~':::'-... ;..;-:: ___ ~:·_~,.2:....,.-..._ ...... J."~"'1_._ 

,~s has already been point.ed. (". [ CIr5?4 (3 )', the 
f is 

. (F 
t)1ermE'.1 !18utronL ab30rbed in .met,al 0 ao 

f ·th.;;mai-;;'wt:;;i~;-;b-~;;;b;daiiywh;;'~ in syste~l = No o-;"-:;:-r~] ~a-a .. 
a ..!. 
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The discussion thus f8r this series has been largaly 
;)heno.ili.e;:101ogical (and tiomewhat· formal) insofar as th.a rallltiplicaU.on 
fe,dor k has bee;:l . .§§~leq 8.S a da:r,um, In the remfl.inlng 

!'eview 'Ghe dGfinit,ion Hultip~_ica.t.ion fact.oT', and we 
it can be at ~Least appro:;dmately) in some 

The mult:;'plicat.ion factor for 
a,s the nunit·er of slow neutrons produced 
:'.Tl the medium. It has al.ready been 

an infini't,e m.E:diul11., k, is 
per slow neut.r::m absorbed anyvrhere 

as the product of fou.r 

where 
.I.' 
.L _. 

'1 :::: 

~:.. :: 

p -

th81'm·3.1 utilization :::: :~raetion of tb€rnw.l n8U.trO!:.s aosorbed in TilG-t.al 
nlJmbe?~ of fast neu:croas produced. by therri'....ll fissiCl! pe'c the"I..lE.l 
nev:Gron absorbeo. b the r.letaL 
fast fission multip}_ic8.t~.Gl:' :;: nu.mber of fa3i:. neu:trO'1a 
produced. per fast neutrons crea:ced by thermal fission. 
fraction of neutrons i\thich 1'6E:Onru1ce absorption 8.nd. 
thus become thermal. 

) 

cs.lculatiol1. of f!} £, <lild P 
most, of the importe.n-:':' princi,!)les 
'l:.'lJ:n to e. discussion of .::n.lC;1 

a homogeneous mixture will il111.stre>'\:.e 
involved. in eS!',:unating k, e..nd "lie 

.~ s has already been 
ut.j.lization f is 

f 

Tbi!l doct:;t'c'"'' 
<1efensl!l '- ~ 
EiSpionallC 

or the 

C'; .. t, [ CL-574 (3 )] the the::.'mal 
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wtle:'e 0 !'e£'ers to the .metal and 1 refer's t.o the l"i1_oderator atoms assoc.iated 
v,rith the me·::'al. If moderator is a compound" (jal is the absorption. 
cross-section molectue of moderator~ e.g, for CH", a"a ::::; 2 O-aH f (tae -.----- . ~ r:.. 1 . ~ 

The thEr':llal utilization can bevH'j:tten in terms of the molecular ratio of 
metaJ. to moderator', Nu -::.: tJo/NI ' as 

f ::: 1 - cr'l.l/(Nu <.:r;o ... Cia1) 

2) lhe~t.ibutiol1 q,f. .f§..§t _:fl&g;~2g.z_!:_ 

The phen::>_menon of fast fission occurs' about, the sa1113 
C::OSS'-SE,c'C~on in bO'ch 238 and 235, the 238 threshold being about 900 KeV. 
However because the 238 140 tirnes as plentiful as 2.35, fission 
occurr, much more, frequently in 235 in 235" In the discussion which 
follows we shall assume, for i'mnt 01' tetter evidence that }.J, the nu.lTIber 
of neut:;:.'ons produced per fission of 238 s' the same as the number 
pr.oduced per thermal fission of 235. 

The multiplication dt~e to fast fission i.s a rrnJ.ltiple procass; 
that is> fast neutrons produced in original f1.89ion create second 
genE-ration fast neutrons which creat.e third generation. neutrons, .omd so 
on. It is therefore necessary to sum the contributions to the process 
fl'orn all gen.?rations in order' t.o cl'jjJ,1_pute the total r..upber of fast neutronf: 
arising from an origina.l thermal fission. 

Stlppose the probability that a fast neutron escape from t.he 
before makes a collision :l.s p; fo ... : an infinite medium, or 

:~.'Jct r~ny mediu.rn which is in all d:bnensions compared with the mea,.""'1. 
f.'re-:: path, p is lmit,y. We can calculate in terms of p the total nu'uber 
of' neL:,trons al'ising one orig::i:nal fast neutron (created by thermal. 
fissicn) as a resu.lt of the ca.scading of fast, fissions. After one 
collision -t.here lv'i.D. be: 

(I - p) neut.rons escaped from l!lediunl 

Uj. P neutrons below fast fission t.hreshold 
~ . 

'j.}{,ff + O'''e -_._--<,-_._- p 
(j 

fast neutj:t'ons c8.pable of producing 
fast. 

t;1eSG e::;;:press:i.ons -:r is the cross-section for inelastic 
ing (froJll above to below fa.st fission threshold), (J p 

x J.O-2h) is the elastic scattering cross-section, Cif (:,:;,-O.L~ x lO-2L}) 
is the; faet fission ':!:,: css-section for neu-(:,ron3 whose energy distribution is 
·c;")').t fissi0~1 l:1€.1.xtrons J IS' is the total cross-section «(j = a e + U i + cr f) , 
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whe:-6 0 J:·e!.'ers to the .'ll€tal and 1 refers t.o the J?oderator atoms associated 
wit.h tbe mf:r:~aL If the moderator is a compound, (j~al is the a bs():rption 
cross-section .E.9.~ ill2J-_ecul~ of moderator; e" g, for C!12 , 0"a1 =: 2 o;,H + (rae' 

thEr~llal utilization can be !'n~j:t.ten in terms of the molecular ratio of 
meta.). to moderator, Nu :: fJo/Nl ' as 

The phen::>.menon of fast fission OGcurs' with abou:c the 881112 
C:':OSS·-S€lct,~on i.n both 238 and 235, the 238 threshold being about 900 KeV. 
However because tbe 238 140 t:L'1les as plentiful as 235, fast fission 
occurG much more frequently in 236 than in 235. In the discussion which 
follows we shall a.ssume, for want of tetter evidence that }/, the nurrrber 
of neut:t'ons produced per fission of 238, is the same as ·th", nu.rnber 
pr.oduced per thermal fission of 235. 

The multiplication dl.'.c to fast fission is a mUltiple process; 
that is, fast neutrons produced in the origtnal f:i.ssion creat.e second 
gen€rat.ion fast neutrons which creat.e third genel'cS,tion. neutrons, and so 
on. It is therefore necessary to SUIt! the contri'0utions to the process 
fl'orn all generations il'1 order to COil1.pute the total nUF,bar of fast neutronE 
arising from an original therrual fission. 

Suppose the probability that a fast neutron escape from t.he 
I:lediwn before it makes a collision :1.8 p; fo-..' an infinite medlum, or in 
:~;:;ct r.ny medium which is large in all dimensions compared dth t.he mea., 
fre.:: p8.th, p is ,mity, We can calculate in ter-ns of p the total ml.';:-Lber 
of neL~-::'ron8 al'ising from one original fast neutron (created by thermal 
fissicn) as a result of t.he cascading of fast fissions. After one 
c(..llir:;ion t,ilere 'will be: 

(1 - p) neu:c.rons escaped from D1ediuHl 

~j. p neutrons slowed below the fast fission t.hreshold 

fast neutrons c8.pa.ble of producing furt,her 
fast 

.' " .. ' .;. ... 
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E.r~d 1) i2 the number 01" neutl'0l1S p::c'oduced per. fast fission (~2.2). The 
~"uela stj c scatt 0ring pa.:ctly ( .... 2 c I, x lO-'~) made up of true inelastic 
!:-~c£,t in "i:,he 238 nucleus> a process in which a 238" nucleus raised 
"':) ,:'.i: e~'_dt,:;;d by collision vr.i.th a. high energy !wutr:m; and ps.rtly 
cC eJ.:"st:i.G seB.ttering by any light a:tom associate.d with the U in. the 

i~he elastic. scattering causing auffic:i.ent· energy transf<3r to 
l.1l'ii!g the scattsred neutron beJ.ow the fast fission threshold, 

).1 Ci. ",- (j c. 

Th f ~ f" t - 1 e. ,. f J ". • e ---'t;l'- pas.., neu 'rons capat). e 01. proQucJ.Tlg asr, -1.1.SSl0n 

after t.~e first collision g1.V6 after tw::r co1.lisions t.o 

~::.nd 

':,.IG'f· -I- 0" e 
----- D (1 

a~ . 

(~(7'f ; '!:._~) 2 p2 

O'i 
p.;. -;r p) neutrcES or sloi'j"ed 

inelasticall;)1 

fast neutrons capable of fl~ther 
fa.st f.ission 

Afte:t n ::;ollisions 1'lill be 

f;"{l(l 

... -~:!J"'.. -+ tJ'" j- n-1 (J". f Fl .. 1. 

I ... -~--- .. ". P (.I. _. P + -. p) _ (7' . .. (j . neutrons escaped :;1' 

81m "red 

(,~J uf. ; __ ~§)n pn neutrons ca.pable of further fi.ssion 

(1"e..."", ,J:~«- O"4'~'::'"J2~ ...,., ..... ,;t;;,,,) 
'.rhe t.ot.~i.J. ~ri number of neutrons due to the fast fission YT'oce-ss/Ss - ,--:-----
the Gum of the slowed or escaped neutrons; hence 

.-, 
,.. Q" i 1 r ~J err -+ (r ely d'"f i' (T ) "" 2 .", 

E. == II - P -/, -r p! 1. 't. ..:.....~-~ p .j- t ---~ p - I • '.1 cr _ l' ' .... ". . __ a . 
is' I l. -P+-rp 

)fer! '\' IJ e 
1--"- '"' <l~ JY 

~ '(Xl' 3."1. i'J.Z:5.nii>3 hml1ogeneO'lls medium, p 1, and we have 

fr· r. _ .. _ .• __ l __ .. _~_ .. _.__ ._ 

"- - 0'.. (;,.' Cj-f'} (1'e) 
L~"~ J::l. - 1 -t-::~.-1 +- --.- ~ -( 7 • ./ - I, (]" f 

(i i \ . 

the ratio of uranium to moderator per c.c, 
mny j,°(2y,rit!':, t.he expression lei!' € ,,~s 

Nu ' We 

y' 

• 
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EJ:~d V i8 the number 01' neutl'0l1S pr'oduced per. fast fission (~2.. 2) . The 
~.nela.gti.c scattE:ring pa.:('tly (·· .. 241~ x lO-';G4) made up of true inelastic 
~·~CE'.tt<:.n in the 238 nucleus, a process in which a 23(5 nucleu.s is raised 
"':) ~~: e:~Git~d state by collision vd.th a high enex'gy neutrCln; and p3.rtly 
cL eJ.:,csti<.:: seatterlng by any light atom associated with the U :1.n the 

-,,:::'UJ.'e! [~he elastic. scattering causing sufficient· energy transfar to 
:.Il'i')g the scatts.:red neutron below the fast fission threshold., 

·,1 f,·" ... cr 
~ • 1 e 

The _. (l'-- P fast neutrons capable of producing fast ·fission 

after tl:le first collision will gi.ve risl~!i after tw:r collisions to 

Afte~' n ':;ollisions there vrill be 

;- .~: !)-f -+ ti' -, n-l 

I .. e (~I', .. _-"':'-_. P , -
•. (j . 

nel):trc:ns eacaped or slo'V,ed 
inelasticall;y 

i~ast neutrons ca.pa~ble of fuxth"sr 
fast fission 

0- i ) --P+7 P . neutrons escaped jT' 

slowed 

neutrons capable of further fission 

(-pI!... .... x;{C!- <7'4~,:..,,,.a.. ~~ ... .;r,."",) 
The 1:.o'(,~'!.=t. ~ri munber of 
the sum of all the slowed 

--.--:.::::.rF-:-----neutrons due to the fast. fission yrocess"J.s 
or escaped neutrons; henne 

fT· r. l. __ 
~ = -'-0' "'C-'] ~:. -"-. -;;.-'~) 

... '"' f 'r "" e 

1, and we have 

If t.he ratio of uranillin to moderator atoms per c. c. is Nu ' we 
may :i;,c::y,:('ite t.he expression for ~ i:'>S 
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'.'!!lere ,','6 nave denot.ed 
'wy C; io aJ:1d the 'I slowing 

true inelaetic cross,-section per at-om. of 23(3 
dO'\liJ1 lt j.nell:tl3t,ic crc)ss-secr.ion per of th.€: 

moderator by ex i., " 
lIi 

To det01"mine t'::'·e approprlc..te (j', .-[;0 use f()l' a :J1oC:erator whose 
t . . ,,"' t~·n 1" c)."oss-sec:l.on 1.8 \J £JIj V!B USE: ,.1e 1"e .a'C,l,on 

_ :!::Ufl1'ber of collisions with moderator atO?rl l~eQuired. 
1;./ iT'/ to reduce energy of neutron tbe fission threshold. 

If t.he average fh:sio:;'1 neutron has energy 2 I.:leV, and if fast fission 
threshold is 900 KeV, llJllilber of collisions required to reduce the 
Ht6.:r.'gy of the neQ.t.rcn below 900 is 

In .6.?:J 
",to 

_ ~2;O 

- -:rZ 

'tll'lere~, = avera.ge logarithmic energy loss per collision" Hence 

G<:' 

a-" :: fT 
:l.y<! M ~l 

p,;:,ov:i.ded, of' course, t:lat (j4 S~ determined ls tha:n ' If as .:i.!., 
~ ... ~!\ 

the ca.3C of H. o.f.:.:: 1 C'.:nd v{../.SO ::: L 25 • .,;e take (F ()~ 
• • a~ 

./ 

... 

• 

4 

(;;- 1) O"f 
1 'I- --,.------~-------

- (v'- 1) 

1,,:here W~~ nave dEmoted the true ine1aetic cross·-section per at.om. of 23~3 
'uy f.i io aIld t.he 'lslowing dO'Vir1!1 inelastic cross-sediol1 per at.om of the 

moderator by O' 4, .. 
"'1,.{ 

~ro det;E;rm.i.ne t.~e appropri2..te (j _ to use for a :TIoC:e1"nto1" whose 
t ;'lI-:" 1" ~c2.tteI'ing cr'oss-section is (J 'I:e USE: ;1e 1"e ,a·\:.~on 

_~kr _ !:ufn.ber of collisiol1s with moderator a-c,O?Tl req:uired. 
c,t. -

~l'l to redu.ce energy of neutron bel(Jw the .fission thrGshold. 

the average fi::;sio;l. neutron has energy 2 E.:leV, and the fast :fission 
threshold. is 900 KeV, the n.umber of collisions required to reduce the 
tmer'gy of the nea.trcn belovi' 900 KeV is 

In ~d:;] 
f:f. 

'f,'here~. = average logarittunic energy loss per coll:tsionc Hence 

p.i:'tnrid.ed, 0:[" course, t:1at (J. 801 determined is 
J.,r4 

tho caae of H, o,f.::; 1 c.'..nd c.<../.80 = 1.25; we take 

than (,. , If as :u:;, 

, 


