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. A caaJ.n re;;),ot.:tns pile 1:'Jhl,ih is in a s>t0 .. ~clf st,e;~(;i has ,an 
ill~£.ti~ multiplioa::;;ion cvLAst.a.nt of :e~"actly un:lt.y. If..;1. ;::or~.l.sn 
Bubsta.nce . t'lh1ch ~bE.orbs neutrons is l.nt]l'mluced into the 1W;o(~iu,'ll.» t,h~ 
mu.lt4.plication C01\Astant be JreduceQ a.nd the cha,:lll :r.'<1:"~a.c{ .. inn lJ'l:al 
ato,p Wi.l~Sf.l the 81zo of the plle is incre&sado The t'Wld2~meniial 
pI'oblem of the· theory of centrol is to ca.lculate thG' j.n k 
cause~by a control rod of S1Z(I: sh.ape~ a..."'!d eJ,b$u!"b.hl~~ E!.tl.tsr.ial .. 

It ilEl evident that t,he incr<sasedabsQJ;;"~),l;.:: en ot & control 
rod is only part ofthiiil re&.aon that a I'Od decreases it, <f)spacialJ.,y if 

. the rod is large.' For &sirea':>lt!· t'la the np.utron Gl5itt>'lbut,i~m is· 
p'~rturbed. by the presenc~ of: the rod (Fig. 1)~ Thf,' wC"~Ill.S!ec~ curIa",· 

, .', ...... , ~ ~ ~ . . . 

n.'t I ~ •. ~distribution with 1,00 
~ /' .~ I il 
~(_.-i.J __ . ~di6tribution withou.t rod 

ry~ 

Figc 1 

ture in the neutron distribution increase a the leakage OIAtward (~ 
. vJell as increasing the leaka.ge into t,ha rod); .fox-usual alzGd :rode 
this io.creased ou.t'17:it. ... -.d leakage is about as effective [1::J th'~ absorpt.ion 
in. (or leakage In't'OTt~~.fl ro~ in reducing the mult1}:tl.ic;:~tion .t"actol". 

~eriQ.'!l.~Control-'~" 

The simplest control rod is a. black sphsl"e of rac'lufj ,ro at 
the center of a spherical pile of z'adius. ft. Vlfe shall 3upptlse ,thatt.hE) 
control sphere is sutfie.tautly large so ,that the ne,,\tron dendi'l;.y . 
extrapolatest'Lzero. at a distance. }"/-IJ. ~si.de t:1G. aurfc;.C6. of:. tb3 
ro~j; this 1\ 11:3 correction may be taken into account by :t'~ede:i'::,lrl.ng 
to be the physical radius of the sphere' decreased by A. //3. Wt~ 
shall suppose a.t first that the. control spberele b1ack to au !1euti"Onis~ 
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It is evident that the incree,sedabsQ.i:'pt: an of & conti'ol 
rod is only part ofth-s res.,aon 1~hat.. a I~d decreases it, <i:lsJ:sQialJ.,y if 
the rod is large.· For a, ".d.zea=Jle 1",:id the n~utrOn Cl1.stlt"ibut,il.)n is 
p@l"turosd . by ~he presenc® of· the rod ( Fig. 1) I- Thf.' :1nc.· .. ~af!.e'~ «}Ull"',a,~ 

~ ... " ~ .... ,,'~. . . 

rz .. 5'1 4·.~ '.~~ .. \~~distri'bution "tilth [:'I.~.d 
~ / t ~ 
~(._ \; . ~':l>distribution without rod 

\\-.,. 
Figc 1 

. tu:re in the neutron distribution increases the leakagt;: OtAtward (~ 
well as increasing the leakage into the rod); for u3ual sizGd rode 
this increased out~i~d leakage is about as ef'tectl\"1;'· {lltl the abso!'pt.ion 
in. (or. leakage into ~ t~:.1J l'~ in reduclng the mtil.ti~llc;:~tiQn tactoli.". 

~eriQ.a1 Control_~" 

. .1'he simplest control rod is a black sph~re ot i'aeiusro at 
the center of a spherical pile of :radius. ft. We shall sllpptlseihat toIlE) 

. control t.3phere is··· ,sufficiently large ·so ,that the ae'.\tl'on densi'!;.Y . 
extrapolates tLzero. at a dhrl'.ance }" /-13. ~si.de t!:l6. aurfc.:.ce of:. th3 
rod; this '}" / 1.3 correction may. be taken irlto account by :t'~edei'::.ujng 1"(" 

to be the physical radius of· the sphere decreased by A. //:..;. W~" 
shall. suppose· at fir,at· that. the. control sphere· is black to all nentl"Ond Ii 
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f'as't and slow: and that the fast distribution is affm~tG:d by the 
, presence of the control sphere in exactly the same, l!'Ul.~r as ·the slow 
distribution. 'This will be roughl,. trl.\e tor Wl"Y larp;e rods; for ,~lle:r' 
rods. it is not at all the case, and 11:6 shall have toO rl13.ke ,J, more exten
sive calculation later to take the fa.ct that the red is transparent,to 
fast. ne12trons into account.' ' 

We now pose the following problem: Suppose the pile is ~ust 
critical with radiu,s R, multiplication constant k01- and l.aPlacian Ll o. 
If the contr-ol sph~r.e of effectivE< radius 1"0 (incli".G1ng /) I r'3Co\)l"l:-ectiolil) 
is plac~d in th~ center' of the pile, what(highe~) ~alue of k and A 
,mci,st the pile have in order to just maintain the chain reaction? 

"-~ 

The 

(1) 

thermal neutron distribution with'out 

~
-,'k - 1 ,0 

'sin r" ') -

(nv)o= ' ~, 1.' 
r 

s 

with a control sphere it ls 

(2) 
1--

, ' _k ·,1 

( 
, sln ~-;;r-( , 

. lily) 1 a _ .\4, r ~ l' ) 
- Q '-

r 

a (cont.rol is 

since (n'ir)1 is a sollrtlon of the pile equation which vanishes r)fl the 
surface of the control t:phere 0 If the control i5> blaclt to all neutrom3, 
(2) <uso d.escribes t:le spatiBl distribution of fast neutl'Ons(except tor 
a factor e '];L\ ) and we could find ·c,he. value of k req'llI ed to make R th~ 
critical radi1.,s :fX'om the conditlon (nv)l G< 0 .at !' =: n, Le 0 $ 

(R = r) /-=-Z- ,l: ,fk ~::-l' (Ii;." r ) m;it 
o f" it'? 0' 

or '" n .i_~ 
-- .:~ :: """'S. -, 'ro y -6 ~. if - r 0 H'i - if" I ' , 

',-~ 

But, since, R ::: it / 'I -- {j, o· 9 

,'t--=-" 
.[' -A ... ~o 1_1~7R 

or k - 1 1 
k7l ~ a_( -roy 2-

o 1-~' ",It .' 

Since, rJR«l, \'ie can expand the denominator, and lI~Ei ohtain 

(3) k ... 1 +' 2I'o -.. -.-~ ::: 1" __ 
k ~ 1 R o , 
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f'as·t and slow: and that the fast distribution is affm~tG:d by the 
. presence of the control sphere in exactly the same· l!'Ul.~r as ·the slow 
distribution. 'This will be roughl,. trl.\e tor Wl"Y la.'l.~p;e rods; for ,'lI1J8.11er· 
rods. it is not at all the case, and 11:6 shall have toO rl13.ke ,J, more exten
sive calculation later to take the fa.ct that the red is transparent.to 
fast. ne12trons into account.' 

We now pose the following problem: Suppose the pile is ~ust 
critical with radiu,s R, multiplication constant k01- and l.aPlacian Ll o. 
If the contr-ol sph~r.e of effectivE< radius 1"0 (incl1..".ding /) I r'YcO\)l"l:-ectiolil) 
is plac~d in th~ center' of the pile, what(highe~) ~alue of k and A 
.mci.st the pile have in order to just maintain the chain reaction? 

The thermal neutron distribution with'out a (cont.rol is 

0 0 -1 
sin y r.~ - 1.' 

(nv)o= . s 
r 

with a control sphere it ls 

(2) 

since (n'll")1 is a sollrtlon of the pile equation which vanishes r)fl the 
surface of the control t:phere 0 If the control i5> blaclt to all neutrom3, 
(2) <uso d.escribes t:le spatiBl distribution of fast neutl'Ons(except tor 
a factor e '];L\ ) and we could find ·c,he. value of k req'llI ed to make R th~ 
critical radi1.,s :fX'om the conditlon (nv)l G< 0 .at !' =: n, Le 0 $ 

or ,,-:i; ~ n. 1 
I' ~. R=7 = RY: ~-.-~r,; 

.0 "J:. --. R 
',-~ 

But, since· R ::: it / 'I -- {j, o· 9 

or 

Since· rJR«l, \'ie can expand the denominator, and lI~Ei ohtain 
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which gives the fractional increa.se in k-l required. by the introduction 
of a spherical control which is black to both thermal:and fast neutrons. 
If k :.; ko, Vie find from (~) the interesting result that a ecmplet.ely 
black sphere at the cent.er of a reacting spherical pile increases the 
critical radi.us by an amount exactly equal to t~he efff:ctive radius of 
the control sphere. 

If the sphere is transparent to fast net.:irons and is so 
small that its presence does not appreciably challge the fa~tneutron 
distribution, the effect of the red would of coun:e 00 red11ced 0 To 
estimate the reductlon in effectiv'e!less~ we may calculate t.heactual. 
increased lemka.ge caused by the presence 01' the rod directly. 

In the aosenc$ of the rod» the per cent therroel l€c~age is 

as may be verified by direct integx-ation of (1) 0 In the pl.'esence of 
the control t~ compute the corresponding quantity~ we use the 
distri~ution (2): 

lL,.u'k (,2d ( ), ;2 d ( )~' 

( 
Thermal leaka.ge~) . 

Lt~' Therw~ ~bsorption ~lth 
- T 11 -d nv 1 R - r -d nv 1 i r \ = c ~~=-=I;: =-. ::) r ..... 0,'1 

",Ph 2 
control . J"" 1C N as.} r (nv)l dr 

ro 

2 ( ) L . 2r .. ' = - 1'1" 0 (k ~ 10 "Ii R 0 

The per cent leakage while fast is given by Lf ::: '1;2 (ko - 1) 
. . M· 

in both cases since the total leakage iako - 1 mithout the control» and 
we have assumed that the fast distribution is unaffected by the rod. 
Wehav6» therefore 

(k - 1) = L ...r L = k :... 1 o t f 0 o 

k"l=L -+ L :;: t .f t" 2'~: ? .., 't L r - 1 ,'- ~r 
<== + - ( 11-2...2.) L k ~ 1 i a (1.t C~ 1) + ~ ~ (k c· 1) .,;. tI-. . R . 0 .J o. • rl- R 0 

or 
. . 2 r 

1 L ~..2. .!L::.- 5: 1 1"' 2 :2 R . 
k -1 M o. 

"-
) 

which gives the fractional increa.se in k-l required. by the introduction 
of a spherical control which is black to both thermal:and fast neutrons. 
If k :.; ko, Vie find from (~) the interesting result that a ecmplet.ely 
black sphere at the cent.er of a reacting spherical pile increases the 
critical radi.us by an amount exactly equal to t~he efff:ctive radius of 
the control sphere. 

If the sphere is transparent to fast net.:irons and is so 
small that its presence does not appreciably challge the fa~tneutron 
distribution, the effect of the red would of coun:e 00 red11ced 0 To 
estimate the reductlon in effectiv'e!less~ we may calculate t.heactual. 
increased lemka.ge caused by the presence 01' the rod directly. 

In the aosenc$ of the rod» the per cent therroel l€c~age is 

- li .n ~ R2!L. (nv) 1 . 2 . 
L = TherlWi!:l l~ :::: .1. dr .-..2.,]L ::: b= (k - 1) 
. to Thermal B.baorptl.on 4 i,; rR 2 ( ) d _..2 0 

~. ,\1 cr a ./ r nv 0 r M-

o 

as may be verified by direct integx-ation of (1) 0 In the pl.'esence of 
the control t~ compute the corresponding quantity~ we use the 
distri~ution (2): 

( 
Thermal leaka.ge~) . 

Lt~' Therw~ ~bsorption ~lth 

= ~ (1+ 2l"'o)(k ~ II ' 2 ~ 0 (. 
MR· 

The per cent leakage while fast is given by Lf ::: 't"2 (ko - 1) 
. . M· 

in both cases since the total leakage iako - 1 mithout the control» and 
we have assumed that the fast distribution is unaffected by the rod. 
Wehav6» therefore 

(k - 1) = L ...r LoP = ko :... 1 o t L o 

t" 2'~: ? .., 't L r - 1 ,'- ~r 
<== + - ( 1 -t 2...2.) L k ~ 1 i a (1.t C~ 1) + ~ ~ (k =, 1) .,;. tI-. . R . 0 .J o· rl- R 0 

or 
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Since . .,...-/M.~;v i, this reel.l1t suggests that a rod black to only ther.mal 
nelltrons is only ~ as effective as a ~od which is black to all n~·'I..\trons • 
This resUlt is correct only if the control can he 3.SSl.uned to ha"ifH no 
affec~ on the fast dist:dbutlQn; actually .the effectiveness lies 
between the all black aJ.;.d" thermal vaJ.u.es ~ 

The effect.:i.vE,nesa of a spherical c:on'r,roi C':l..'1 be ost.ima:;.ed 
$'rom the follov,1ing numel,"'ieal iJalues o Si:i1ce the r'Aof of)o in the pUc is 
about 2.5 em" a rod of actual radiu6 4 .... 45 em" ha;r. an effectiv.e radius 
1'0 of .. 3"Ocm., If th~' p.U.e has a critical. radiu.:.l H "-',300 Cili",ll tths ("hangc 
in k r~ 1 is only 2% for' ,bon all: bl~t;:;k sphere, a:lld f)omstfhat moX'e 'than 1% 
for a.,t.hermally black rod~ If k "" 1 ... .,1 .05 J the o':reraU change is only 
,,001 ,in the fix'st ease t ,,0005 in the second 0 . . ~ . ' 

Cyllnm:ieal,Control RQ9. 

For a c;i/lindrical rod the theory i.B Il1l',ch the same as for. a 
.spherical rod, but the analytic details are somewha.t JIlOre oompl.icated.~ 
We. consider an all blacltii.-ifird.tely lQng cy1ind;;,'ieal. roc! of ef'fect.ive 
'r&1iii~;::r.:-;,at,the' cent,or of an'llifiilite1;y ,long pile of ra.dius R~ The 
thermal ~hstribution without tbe rod is 

, (~,):''' 
(nv) ~ J t ~~ •. r . 

o 0\, ~ J;.i 
(4) 

uhile ~ith tA1e control rod 
• 

(5) ( ) . (Ik:i) i rw ) 
nv 1 ::: Yo \" 7- 1"0' ,)0 \J' ;}2N r 

, i j~)' ;~. ) 
- Yo \ Y" ,~::..l 1· J' !.. ! r ),f 0 \, If- ":>/ 

since (nvh·is a solution of the pile, equation \'\lhich nat.13fie$ the 
boundary condition (nvh :: 0 at r 0 To determine k ',lith the rod 1n o . 
place, we have 

(6) 

(nv)l =0 at r s R, from which 

r( f!L;;i ~) o ,{~ 0 

't::=& ~ 

J·(Nro)· 
'0 6.il- . " 

:: 

( 
,.

loIT R) 
= '-(~fk::f.~-) 

,Jo 'y T R , . M2.,. . 

which. 'is a transcendental equation WhQ.§!.....~~ ~J(lt give,s the value of 
k :: 1 with a rod.. If ro ::: 0, Yo ( y (k-1)! ~o) -) «:0 and th,iseq-uatiun 
r ", .' 

.~ . 

'11 
J 

,j 

·?2 .. 
Since ~.-/wc.-v i, this I'esuJ.t suggests that a rod blaci<. to only therm.al 
ne)4trons is only ~ as effective a.s a rod which is black to all i'll!;·\.\trons. 
This resUlt is correct only if' the control can be assumed to naVH no 
aftec1; on the fast distributlon~ actually the effectiveness lies 
betr.een the all black and thermal valuas~ 

. The effeet;i.v~'ness of a spherical cant,roi ca."! be cstima:;et\ 
from the i"ollo\'ling numel,"'ical ifalueso Since the l.'J,.,f'.k'> in the pile is 
about 2.5 em" a. rod of actual radius 4045 elm" haf. em. ~ffectiv,e radius 
I'o of' .. 3 Q Ocm" . If thf1' p;O.e has a cx-itic:u rOO1u:) H r J .300Ci!i·f,.Il t,he c-,hangc 
in k .~ 1 is onl,y 2% fo~ .hn all: bl.9.>::k sphere, and 50msT.~ha.t more 'chan J.% 
for a-thermally black rOIl" If k - 1 "...., .05; the ot~el'E!.ll cb&ngG is only 
0001 . in the first case, .0005 in .,the second. 

CJflln.dr~ • .,Qont;rol Rod 

For a clllndric:ll rod the theoll."l' i.s f:./ll'.ch th.a· IlMlEl as for. a 
,spherical rod, but tlle analytic details are somewhat more oomp1icated <, 
We' consider an all blaekhif:trdteJ..y lqng cl1ind: .. :ical rot: of er'factivlS 

, 'radfi;u'~~::r';,·at;the· cent.er·oi' an <inli.l1italy long pile of radius He The 
. t.hermal 8istribution without the rod is . . . 

uhile with the control rod 

since (mr >1' .is a solution of the pile equation illbich natisf~.e~ the 
boundary condition (nvh :::: 0 at r 0 To determine: It ·.lith the rod :in o . 
place, we have 

(nv)l == O. . at r lIS R, from which . 

(6) 
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reduces to the us~al 

(Ak --=-l 
J ' ..!? ' 

o »42 
::: 0 

or 

(>' -~ -~l&2. 
.2..t::::CIo «::;100 R 

'. 2 M " 

~hich is the usueJ. fOI'.liil.lla for the crltictll radia$ uf an infi::-dtel,,.. 
10l'lg cylindrical pile. . 

In,the genGral case~ ~e may wl~te 

~:-:i, 
, ~'i:' 

~(- ,0 

:; ::t 

{9-1 R l:: 
,~- R - - x - c. ,.2, ~ - 'ro' ::: ~ ., lr 

and the tra.f).scend®ntDJ. equation hecomes 

(7) > I (x) ,Y (~) 
o ",,0 ...,~..."... J:(iT .. J-Tr?) 
o 0 '::> 

This equation can be solved most readily by Flott,ing the f>J.11(:tions Go. 
the left and on the right hand s5.de on the saine coordi.uate system ar .. d 
readirig off on the abscissa the ,,-a1.ues of : ~ and x which make the twro 

"" ( ) y ',~" 

'functions eqUall ' \ \ / ' . 
J. x ",oJ o ' 0 '0 

. jo (xl \J';-<1"1' 
L-... ...,.... 
o x-7l 2 £ ~,,~ 3 

Each pair off. values :!t,,' r: corl"esponds to a value ('If R/!':'o gi'\'iliD. by lL :: ; 
conversely ... '~is a function of r/Ro~ ~. (l'/Ro)" The value of r x 
k ~ 1 with the contrel rod is given by 0 

I k <1 = l; (.-/Ro) 
'1(- " 

] 

'. 

reduces to the usual 

or 

which is the usua~ forlMlla for the crit1cBJ. radiu~ of an infi.":11telt 
long cylindrical pile..' . 

. '. 

In the geooral case" 'lNEl ma:y wl'ite 

and the tr8.ns~~end!5ntD.l e~uation hecomes 

This equation can be solved most readUy by plott,ing the £l.m(;tions en 
the left and on the right Il&'"ld s5.de on the same coordi.nate system and 
readirig off on the abscissa t.he ve.luea of : ~ a.nd x which make. the t1lO 

. functions equal . ' -' . 

i \-"yoc.....,..{X~), \JIO (i·) ""'::""" 0< ~_,.".~ __ 

. J (x) . . J \ 1; ) 
_ 0 0 

o x...,. 1 2 
. " 

Each pair or. values x.,' S corl'esponds~o a. value eof R/r.o giVflD. by 1L= J~., ; 
conversely, .~ is a function of r/Ro' S· (r/Ro)o Tbe value of r' x 
k .". 1 with the control rod is given by . . . 0 
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and so 

(8' , !t.:: .. ].~~ ~ .. It(r/l~ ;;: 1 + 2 S._ (r/R) - 2~05 
ko - 1 (2 .. 405)2 . 20,405 

if the l'od is all black, or 

k ~ 1 2 ( . i.Z-=l :;: 1 + 2 h... .J, r/Ro) - 20405 
o M2 2040!f m __ 

if the rod ef.fect.~ only the slow r.,6utl"On dist::>;.butioi1lo Actual.ly for 
rods of the size ord.narily considered (r/R .-v ,,005) p the efre~t:l-,.rena3s . . . 0 
lies mid nay between these tt1l0 valuf.lso 

tabulated 
neutrons: 

it. 

0 

In the fol1oi;;.;i:ng tf~bl~. the roots o.f equat:i.on (6) ~;Nl 
along with the correspo.ndj.ng k --=1_ for !"Od tla~k to alJ. 

k A··l 
o 

1; 
. /-:> .;, ·t. k 1 . r ll,' .:,::' ••...• '''': -

. 0" ' ." ," -k .. 
" --./.. 

'0 , 
~ 

2r o 
1+"1["" 

~O05 
20405 
206&~ 

·20721 
20771. 
20865 

o 
000186 
00037 

.,,0072 
G01?5 

1 
10243 
10278 
103~7 
10418 

1 
loGO)7 
L0074 
1001.44 
100350 

,,01 
002 
005 

The last col1..UlID gives the percentago chaJ.'lgE': in k ... 1 for a control 
sphere in a spherical pile having the same ratlCl'ro/R as thecylindricaJ. 
rod 0 It is lmmediatel,y evident tha'i,a cylindrical rod is much mol"e 
effective than a. spherical. one of the same correspond:blg r-adh'1.s c 
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I 

( 8) 

if the l'od is all black, or 

if the rod e.f.fect.~ only the slow r.,6utl"On dist::>;.butioi1lo Actual.ly for 
rods of the size ord.narily considered (r/R .-v ,,005) p the efre~t:l-,.rena3s 

, ' ' 0 
lies mid nay between these tt1l0 valuf.lso " ' 

tabulated 
neutrons: 

it. 

0 

In the fol1oi;;.;i:ng tf~bl~. the roots o.f equat:i.on (6) ~;Nl 
along with the correspo,ndj.ng k --=1_ for !"Od tla~k to alJ_ 

k A-,l 
o 

~OO5 
20405 
206&~ 

,20721 
20771, 
20865 

o 
000186 
00037 

.,,0072 
G01?5 

1 
10243 
10278 
103~7 
10418 

1 
loGO)7 
L0074 
1001.44 
100350 

,,01 
002 
005 

The last col1..UlID gives the percentago chaJ.lgE': in k ... 1 for a control 
sphere in a spherical pile having the same ratlCl'ro/R as thecylindricaJ. 
rod" It is 1mmediatel,y evident tha-i,a cylindrical rod is much lllol"e 
effective than a. spherical. one of the same correspond:blg r-adh'1.s., 
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