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Usually as <.'I. 1.llatter of e(;onomY:l the latt,ic€l is variable, t,h$ 
best materials being put in the center.. '1'0 deterArl.'i.ne t,he average A
for such a structure (and hence the crit.ical size) jl we consider the 
pile equation w:i.th v.::triable 

k - 1 ::: (r) 7- - (!) is a vector 

(1) 2 
,/ mr + (). (r) nv := 0 

This equation is not quite accurate but is sufficiently good if the 
variation of: /~ ex) is not too steep" :Ve wish to determine the a"1!erage 
l,aPlacia.n, A ; i.eo, the c.~ of a uniform pile which has the. same. 
crJ.t.ic.!:l.l dimensions as the actual pile. For such a fictitious pile, 
the density (mr) U satisfies 

(2) ?( - nv) -} (mr)! 6. =0 

Multiplying (1) by (nv) ~ and (2) by (nv) 11 intagrating over the ·pile 
volume and Bubstracti..l1g.ll 1:~e ha 1[0 

~ _I (nv) (nv) 0 £.,f - III (r)(nv)(nv) 1 d ·V~ f r(nv) "72(nv) n 
') * 

(mr) :-'; mr i d V '/ .. J .• 
10' ..;, 0);-' 

The right 1:l..and side may be transforw..ed Greenls Theore...m 

)' [nv V 2
(nv) I = (nv) i ,/mr] d \/'::;: ;' (nv) \7 env) I - (nv) ':\1 nvJ " ~lS 

V" ::.:: 0 since nv ::::: (nv) r ::::: 0 eve:rywh~,re 

over the pile surface S; hence, 
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Usually as' a matter of economy, the latticE) is variable, t,he 
best materials being put in the center 0 To. det;,ermine the a.ve:rage A 
.for· such a structura (and hence the crjJ:.ical size) f) we consider the 
pile equation lu:l.th variable 

(:,:) is a vector 

(1) 2 
v mt + (). (r) nv = 0 

'rhis eq~ultion is not quite accurate· but is sufficiently good if the 
va:riat:ton of /::: (x) is not too steep~ We V'dsh to deter.mine the a:iTer-age 
1aPlad.an, A ; i.so l1 the 6 of a uniform pile which has the, sams. 
cri:r.ic.r.;.\l. dimensions as the act,ual pile. 1"01" such a fictitious plle, 
the density (nv)~ satisfies 

(2) 
. ? 
\1 ""(nv) .} (nv) I 6 =0 

Multiplying (1) by (nv) 0 and (2) by (mr), integrating over t.he pile 
volwne and substracti..I1g.ll Wi:) tw, ve 

~ j (nvj (nv) u £'1/ - t t1 (r)(nll)(nv-) l (n/~ f r<nV)":72(nv) ~ 
v ..:; ~ - , 

The right ~d side may be trr,msformed by Green's Theore.m 

) [nv V 2
(nv) I = (nv) t v2nv] d \1-:;: ;' (ml") \7 (nil) g - (nv)':v nvJ ,. ~ 

a 
v := 0 .since flV :::: (nv) , ;: 0 everywhere 

over the pile surface S; hence~ 
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X fti ~ r} { nv) ( nil')' d V 
L..l:: ~~-... -: :~---~~ .... - ... -- ~..,. '-'-~<' J (nii) {1l'V'} , d V 

If A (r) vluies only nlie.,htly so that (nv)~(:uv)tflwe ha:va 

h (r){nv)2 d V 
IJ:. v t .. :::,., .----. 

/' (nv)2 d. V 
V 

ioS .. 3 tn.l:: local 10\ (.£) at a poin't is weig)ltt'ldi'9l. th the !!..~ 01: the 
Ileutron densi t;r ti:deS velooity in computing the oriticI.1l.1' lattice dimensions., 
It the pill!,\) structure is cellularp we may replace ·the integrals by SUIilS and 
we <mn wl1. te 

---r 2 '> 41 (n'1)1 
,~ 

6,:. ~ Jll~_~~lls _._ 
~' 2 

, '~ (nv}i 
all cella 

whe).'e (l11j-)i is the average D:V over the l ... th cell" 'The quantity 

(nv)12 

~ (~;i):Z 

which 1H~ligb:tlS the~l ot a ce:l.l in the aalculatio}l orA is callea the 
.§.\f.i,:tisH.!?,::s,:;L v!f(JM~· lli I: of the 1-th cell." !~otQ 'that 

z;: '. wi -= 1 
]. 

As an e~ple of how the statistical weight is used b let us 
calcula,te the aVQI'aga 2S. of' a cylindrical pile of' height h, ;;"aciius 1"0 which 
consists of a corf( ot height Zj) rad1us 1"9 is:: ~h and a sheli of thiclaleesea 

, r c ... r ~ 11 - x" and: 6:: 6. 2 ~ ,,' 
1'ha distl"iou.t1on:n11 113 8 ill our apj!h-oztimationj) 

t2 .. 405) , :it z 
nv~ J, - n r co&:"'-

~ ro h 

and GO ' , JLc ~" tv ~ 5 ' 
", ~ 1;. 2.(~.405) 7fl [J r'~!l"l 2.(2..40) 2 1r 2-_ 6111 J~ ~.I"1. COS

Z 
'1) dAd?. + 61. "'0 -" AJe '-4;-/(.OS '1)-

b.:: _12_2.__ .. _ .. -... _ --'. " ----"'" - ---~=-~'~"_" . t11ii .It J.2(~O:S-A)i:()521f! eJ",d f 

f AA...I'- ;2(2.<105", 2; 1'ri I I' [ [\'.1, 2~,?i05'0 2~::tJ. I ! ' '_ 
j .... fo v.. -~';! COS h alLOt , 112 J {-=;;;--:--.... ,t. cos ~- ,,&:0 (Ut.G;Z: j ..... J 0 No Co • " ts= 6, ~~~=--~--. , i-a2 !--,\('I {,)~'~ ___ """'~_" __ '~"'''''''~,' 

I ' .tj";:: rZ ( 2. 4o~ It.)" 11!! '\ ' [,"1:-/ k "' Z!Z,~05)' Z ~ d. I 
fI 0 A "b, Il..e. • ./CO!J h tv\" d.?: , ~~ ~ .. 17 ... J6 l~ It. (0) h ,'JT~d i:: .J 

:r 

If A (£) ·'Taries only slightly so that (nv) ~ (nv)' II '\lie ha:IYe 

,./a (!.)(nv)2 d V 
D. = -l:v~-:::--=--=::--~, 

. /" (nv)2 d V-
'I 

1..6" a the local L\ (::) at & point is weigh'tlfldwith the :e!lqar2,. of the 
v.Gutron dansi ty ti:;:ws velocity in computing th@ crlticQl' lst.tics dimensions" 
It the pl1@ structure 113 celll.lla:r~ we may replace 'i;he integrals by SUIllS and 

wht~).'e (niT) i i $ the average nv over the i-th oeU... 'The quantity 

(nvh 2 

~ (n;;>Z 
which weight~ the a:.i. of a ce:}.l ill the calculat:lo11 at A is called the 
!!k'\..tisti.9.~~jzh~~· will of the i-th c~ll" 1·!otlOtue.t 

As an example of how the statistical weight is used g let us 
oalcula·te the a:voraga li of' a cylindri(!nl pile of height h t radius l"c which 
consists of: a cor~f of height ZIJ radius 1'1) 1::::.-:: d h and a sheli 0.1' thic1(ueeses 

'rc'" r.1I h - X Il ~nd; 6=6. 2". ' 

'the distribu.t1onnv ls~ ill our appi'onmatioll.1) 

12 .. 405)' , :it z 
nv= J~\ ro .. ~ r CO~ 
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To evaluate these averages we use the results (Jahnke~End.e, 'rAffLES OF 
FUN("'TJONS!J P Q 11{.6) 

'\,I "" 2 J r J o
2 (2.'!f~5] .. ) dr ~ t-

o " ~,c , 

2'(b.M12. r, 
J1 \ I'c I 

+ J 2 
, 0 

I "\ -) : 20405 . 
~~;m;r~ "-
\ I'c J) 

'~ 1- 1'I't

1
., -:... • ' :'1 r + sin h .!""- • '2:: J cos2 "'i'I~ J1:.= 'II ~ - 4: - == 4 ... 41T s1n.¥-

h 

" 
n _ _ 

Consequently the :.integl'al. in "I;,he denominator is 

hre 2 
T J1 (2~405) 

and so 

= ,. 
;I\. - "" 1.\ ,(1... ". ) ~ 

C;;l, - "1 .- 1: -+ "1 2 

'J'jhere 

,2,;;. ;,,0; 

Wl(~; ~) ,,1' '\ \ 1 + / -! == l r , 
.. c ;. 

J 2(20405 I'll' cJ '".1 f + .!. 
o - - h TI' 
-J Z (20405) ,: 0-

1: 

sin 'liZ i -I 
h ! 

If the core is of the same length as the pile; the v¥eighting factor is 

EXERCISE: 

a,) 

b) 

I'!:.. ' 
WI \ rc ' =(~) 

l C 

2 ..... 
\ 1 -} 

\ 
,t.;;... 

2 , ... 
J o (2.405 l'/rc) 

2 
J 1 (2 .. 405) 

Calculate the statistical. 'o"leight w(I') for the following geometries: 

A sphere ot radius r vdthin a sphere of radius r c " 

1\ cube of ,edge r • c 

The statistical weights are greatest f.or the central cells, least lor the 
outer ce11s~ The function w(l'/r ) l1as the geileraJ.: shape 

C " . ' ' 

:~ 41 ' , /;;:;:.~. 
l' I ' ' , ~.//.' " ,,,r 

,! / ; 
~ ,... .I,.' . 

• , f: 't_,'/)'! ", ./ /' StlJrr:. .,.,;<:;, 

\ II :,." ,:"', " 
/ .'.. . r .. !" f'. /' .• ,t ~' 

/,/" "// ---,~ •• ~ ~ oM, \ (t:, \" c) b'hfl'evS 
'I . -," , , ' .. ..:.--;;;.. ':...-.-----
,~,,-,-~~« li ./: 

l~c.) 

,. 

To evaluate these averages we use the results (Jahnke-E...'"ldejl TABLES OF 
FlJNG'X':tONS, P Q 1!<.6) 

~ 2 
.+ ,J 0 

f l:. 2 '-II' - J' ':L !'l \-11 r + sin iT' ~ 1 -;:. h 5I.E 
cos ~=! 1- = 'IV IJ..T1. -r-- :::: 4 + 411 sin -h n _ 

~ -
Consequently the integl'cU.. in t.he denominator is 

If the core is of the same length as the pile i the vieighting factor is 

= (~ ) , c 

2 .... 
\ 1 -} 

I 
2 . <It; 

J (2.405 1'/1' ) ,I a . c 

J1
2 

(2 .. 405) -' 

11Z t sin ~ , 
. h ! 

EXERCISE: Calculate the statistical weight w(r) for the following geometries: 

a) 

b) 

A sphere of radius l' ldthin a sphere of' radius r c .' 

i\ cube of edge r • c 

The statistical weights are. gI'eatest f.or the central cells, least lor the 
outer cells~ The function w(r/r ) lias the gellsral shape 

f ; C . ' . __ .. ::' _"_';~ _. . 

:, 4 i . . ..-.:;~:;:-~ 

''i)(~' I c,.c<,,/<~:f~~: .. ~ 
"I ". .. 

F .~.. . 

I /,1'., / ",/' ----"' .. ,) i /"'\ i i <:' \" CJ Ii Htl e y s 
I : ,..' r /. 

'"" ,'~~~:;-:". - - . . , e ) 
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-From. such a curve \ve cr:m find the average n. for a cored structure II since 

. ;,1'1 \ 1···· (1"2 ", «~l ')J' . i ,1'3) ( r2) . .A =w~~ r)''\ + W r}- W \r; 1.\'2+ \ w~.r - w ~l .6) + Q •• Q 

., c· ! C C '- C C - . 

vahere 1'1" 1'2' r3 ., .00 are the radii of the cores (see Fig. 2)Q 

I 
I Ii 

I' . ! . ,.-' -. - - . 
:P' I ~~~---, \ . --- ......... "" . ,\<./ .~ --. i"" " '~. "--- ---._----./ /' 

. ..... .., .... -""'" 

" 

R~;h~ A v6S.!.ges 
. . . 

In estimating the difficulties of design for & given pile~ the 
ratio of maxi.!m.ull to average activity is often needed (since the design. must 
be made to take care 01: the w'.)rst points in 'l;.11e pUe). These averages are, 
for a cylindrical pile of height h, radius r c ' as follows: 

Pile activity at a point, nv = J o (2105.1: ) cos :z 
c ' rc h/z . . . 

. Total pile activity = 4"«)f rJo(2~405 r/1'c) cos ~z drdZ 
o 0 

. 2 
Total pilo ~ctivity= 4h ~~~1(20405) 

20405 

Average pile activity 4 J1 (2,l-~05) 

2J~05 ti"= 
,-1 

'I 

-From such a curve we can find the average n. for a cored structure, since 

where 1'11 1"2' 1"3 "00 are the radii of tha cores (see Fig. 2)" 

.' ' 

NJ.EL Averages 
, . . 

In estimating the difficulties of design for h given pile, the 
ratio of maximum to average activity is often needed (since the design,must 
be made to take ctire of the worst POUlts ia, t.he pile). These averages are, 
for a cylindrical pile of height h, radius r c ' as follows: 

Pile activity at a point" nv = J (2ott.o5...r.) cos TI' Z 
or, h 

re h/z ' ,c ,'. 

Total pile activity = 4rr)/ rJo(2~405 r/rc) cos {Z drdZ 
Q (;) 

. .;.' r 2 J (20405) 
'I'ot .... l pile!) Q.chvity - 4h i;;;:£-=-~l:;;;;,_=~.~= 

20405 

Average pile activity 4 J l (2ol. .. 05) 

2,,4.05 11== 
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Csnt0r poil3t .. ~c~~vitJ'!f~u· _ ~~ t. ~~1u;.nE! -: r-/;~o?kl" =- 3 064 

4').0-
2/hjcoa tt Z dZ 

Average activity of central rod _ Q' h 
-- Average: pile activity 4Jl(2a405) 

a -_ .. 
- 'IT 

2 Jib 5 t{ - .' 

2<>405 11 

4Jl (2.,405) 

_ . 20405 
- 2J

1 
(2,405) -:: 2..;;2 .. 

"./ '. 

Average activity of central 
- Average: pile activity 
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