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p"if!!!!!2n ~ _slowipg do",n in a reacti!!ei Jne~ 

If' k > 1, the chain reaction will be just self-su6ta1nirig, 
provided the le3kage is not too large "The depends on the 
surface to volume ratio of the pile; for a given geometric shapeg the 
leakage therefore becomes smaller as the size or the structure increaseso 
Aft.er t.he structu~ reaches a certain critical Sit-he leaka.ge will 
be sufficiently S1'.l!.8ll to allO'N the re~.ction to be selt maintaining" 

To calculate the' critical size, ill the, case of say 1J a sphere, 
we sta.rt vdth pile equation with k:> 1 

k - 1 
b U'T .~~ ==2 nv= 0 

M 
= _ 6) 

or, for a s~hereSi' 

, " 
ct{n~) + ~ ~ k :.J. nv =0 

011' rdr,j 

There are ti,~O solutions which satisfy the boundary condition nv = 0 a.t 
r = Reo First ~hera is the trivial solution 

nv =0 

which is the only stationary eolution ",which satisfies the boun2'-ry 
condition if thE! eurvat.ure of t.he distl~ibutio!1 (L e., k -1/11. ) is too 
small or too large to bring the neutron densit,y t,Q a",ero a.t the boundaryc 
The second solution; 

nV=A-~r 
. r , :2 

.' M 

Si n..111EI.if -'y y,2 .n:., 
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IV. !?..iffusl2n and slowing. down in a reacti.oo ..:n00i~ 

If k > 1, the chain reaction will be just uelf-sustainirig 
provided the le'-1kage is not too large" The leakage depends on t.he 
surface to volume ratio of the pile; for a given geometric shape~ the 
leakage therefore becomes smaller as the sizeo! the structure inereaseso 
After the structu.':oe reaches a certain critical siZE! ~ t,he leakage w:ill 
be su.t'ficiently small to allOt: the re&ction to be self maintaining" 

To calculate the critical size, .ill the. case of say, a sphere, 
we start vdth pile equation with k> 1 

( 

There are two solutions which f;latisty the bounda.ry condition flV = 0 8.t 
r = Reo First there is the trivial solution 

nv =0 

which is the only stationary solution which satisri~s the boun~y 
condition if' the curvature at 1-;,11e distribution {i .. e.~ k -.l/~; ) is too 
small or too large to bring the neutron density to ~ero at the boundar,yQ 
The second solution, 
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l~ill be a non trivial solution (iI, =f;. 0) only if at the boundar.>' r == R , 
nv = 00 This will be the case if and only if . . c 

,,-~ 

"--~.. ::: 11 ~I k - 1 R 
M;'; C 

[

• k -" - 'll' -l 
ftc = = I 
. Vk - i yr;;T ! 

"III ............... _ ... ___ , .. 

This is the formula for the critical radius of a chain reacting sphere o 

. For a chain react1ngcyl1nder (radius r , height h)" the pile 
equation m~y be written . • . c 

:2 :2. 
~ (nvL,.l ... s;l nv +}t =,1: nv = 0 
a 1"2 r 0 r dz2 11.2 

The solution whic.hvaniehes at tbe boundary of the cylinder (Leo at 
r == r , z =~"h/2) is of the form c -.. 

nv :: J (2.40~ r) 
o r c . 

cos 11' 

where, in order for nv to satisfy the differential equation, we must· 
have by substituting into the Vile equation 

(&!t95 )2 J " + ( 2ott92) ! J G 
r til 0 r r 0 c . c 

... 112 -+-.!£:! J =0 - ~2 J o ' 2 a 
h M 

or 

1 (rc ) 
Jail . ..,... :~n JOlt' -;L405 

rc 
2 . ) 2 k-·l 11'. (;:2"' -7 ·Jo = 0 

Comparing this with Bessel's equation 

J ' '-I- l/xJ 9 ... J = 0 o ·0 TO' 

.) 

lvill be ~ non tri Villl solution (i1
, =F 0) only if at the boundary r:::: R , 

nv == 0" This will be the case if and only if . C 

\ 

--. -. i 
Rc 1l' I 

:: I 
\/k - i yr;;T' 

! ~""1Ii _ ... _--
This is the formula for the critical radius of a chain reacting sphere o 

For a chain reactingcyl1nder (radius r )l height h)~ the pile 
equation may be written . ' c . 

:2 . :2 
a (nv~+! a n~ 1-.d..1!!. +!. =,1: nv = ° 

Q 1'2 I' 3 I' dz2 11.2 

The solution which·vanishes at the boundary of the cylinder (Leo at 
r == 1'c ' z =~:'h/2) is of the form 

......... 

nv ::: J .(2. 401.1:) cos..!!.!. 
o· I' h c . 

where, in order for nv to satisfy the differential equation, we must· 
have by substituting into the jJj.le equation 

(~)2 J II + (3..J.tQ2.) 1 J _ 4~~ J -+- .!d:. J =0 
1'c Q 0 r r o~ ,., o· 2 . c h~ M 0 

or 

( 
r ) J. I' _~ I _. C 

o ·f 2.!hP2 ;: J 0 -t 20405 
. 1'c 

2 (. 2) k-·l TI' . ~ -,~ 4J =0 
'M:':: h2 0 

Comparing this with Bessel's equation 

J "-I- l/xJ 9 ... J o = 0 . o ·0 ., , 
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we . se e that the original expression for-;:nv is a, non=tri vial. solution of 
the pile equation provided 

t. r ) 2 c 

" :rJ;55 . (!s.~~ 1. 112\ 

i2 ="""""""v=J. "' " . " h / 
........ IIjD 'rn 

k - 1 _ A· _. Tf2 t2~lt~) 2 
..-...-......-.~ .. - =- ~ -~ +- -

M2 h2 re' 

i. eo" 

Pfl.OBLEM 1-
-~~. 

Show tt~at thIS critical length, L, o~ a react,ing cu.be is 
given by 

. 2 
:- A:: ~ 

]..2 

r~Bl.J!,l4 ~: Show tha.t for a rectangular parallelepiped of sides a» b, c, 
tbe critical. dimer~.sions are related by 

11.2 112 - =~ + 
'2 a 

11'2 
+ 

piWBLEM 3: Show that if' the length ot each edge of a. reactik1,~ cuOe .i8 
changed bY a certain g!!r:Ce.llt,. the required - 0- of the atl""!lc.turGi ;'s changed 
by twice this per:cll)rito 

Pe.OBLEM lf~ 2Find the critical. radius tor a cYlin.der for which k :::: lo04~ 
~O em jI h :..~ 7 meters. If h is reduced tc 605 met.ers anli 'f' and M' 
remain the same, what k is required to m.aintain the roaction? . 

~ dimens!ons for a S~ 

'. For a cylinder the smallest volume which will chain r~act, can 
be\calculated .a~ a"'st,raightforward maximUm.=minimum probl4?;1t!l·o 1'husll in 
general$ the volume V is 

.2 
... V =wrc h 

... 
and the critical condition is 

ff.2 
""2+' 

h 

- .2 
20405 
"--;r 

rc 

• 
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we see that the original expression for;;nv is Cl. non=trill'ial solution of 
the pile equation provided 

i. e., 

Show tl~a.t the critical lengthJ L~ of a react.ing cube is . 

PROBLEM 2: Sho\'lI that for a rectangular pt'lrBl.lelepiped ot sides 'all b, c J 

t.hE) critical dimer.:.sions are related by 

- I~', 

PROBl.EM 3: Show tbat it the length of. each edge ot a. rea.ctin.1S cube ,18 
changed. bye certain p:U',;Cellt~, the required ~ 6 of the .stl .... aa.tur~ j.s changed 
by twice this per '~corit 0 

~0!1L!! '.It: :lind the critical radius tor a cylinxlel" for which k :::: 1 .. 041. 
1\1'2 = 650 em ,h:."1 7 meters. If h is reduced to 6,,5 met.ers and r and M" 
remain the same, what k is required to maintain the reaction? ' 

'.. Foz', a Cy"+.inder the smallest volume which will chain ri:3ac'>t, can 
be\calculat~d ,as a straightforward maximUm=.minimum proble~m.. 'I'1msl' in 
general, the volume V is 

and the critical condition is 

~ ;2 
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C '?+h2 A 

-2 3 
V ::: _2.4:Q2.-'n: h 

.,,2 + h2 A 

-4~ 

To determine minimum volumeSJ we differentiate and put ~ ::;: 0 
dh 

2 2 ... - 2 2 --·-2 3' . 
~ :: -3~+ . h b J2 .. 405 TLh + 2~~!!1';.d~::: 0 
dh ", ' ' '.,. 2' . '2 . 2 ' 

(11' + h 6.) . 

2. 2. 2. 
-3( 11 + h 6) + 2h L: :::0 

li .~:::1J 
A 

a t minimum volume 

• 
2. ;a Ii . 022 

r - - ~o C --,~-.,- at .minimum volume 
2. A 

from which ltie get the .m.inimum volume: 

V ::: 148,,3 (- t.\) -3/2 for optimum cylinder" , __ _ ____ ._# .. " ... ~.; .. ~_w. 

Note that critical vol1..lJ'i.1e is proportional. to the 3/2 power of 1/ ~ 0 

'Ihis folloi'J5 directly from dimensional arguments" since A has the 
dimensions (length)-2. 

LROBLE),!.!. Show that volume of' a chain reacting cube is (3 7f2)312.( - D. )~3/2 » 
of a chain reacting sphere is 

312 . -3/2 4/3 0 11" 'IT ( - ~ ) -" 

or 

lIenee 

To determine minimum volume~ we differentiate and put dV =: 0 g 

dh 

• 
• 0 

2 2 2 
(TI' + h ~\) + 2h /\ ::: 0 

at minimum volume 
.6. 

rc
2 = -2 ~~:l' 

2 A 

• 
at minimum volume 

from which ltie get the minimum volume: 

I 

(10 (_ /\ )-3/2 I V ::: 1400.3 --, I for optimum cylindero 
------------.-,., .. ~.' .. -.. , . ,,,"-' 

Note that critical volume is proportional to the .3/2 pOv'ler (~f 1/ !:l, 0 

This follov~s directly from dimensional arguments Jl since A has the 
dimensions (length)-2. 

PROBLFl!: ShoYI that volume of a chain reacting cube is (.3 T(2)3/2( - A )-3/2 
Jl 

01' a chain reacting sphere is 

.. .,.., 
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