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* * * 

B. The Pile equation and its solutioq 

1) Simple deduction 

If the medium is infinite in extentt and if n represents 
the density ot thermal neutrons per o.c. t then, from the defini.tion of k, 

1; s (I-l)~) 
where the ~itf,of'e, t is the time for one genera-cion. This equation has 
the solution n ~ n e{k-l)t which is divergent it k '> l~ convergent if· 
k<: 1,1 stationary til k ::: 1 • . 

Suppose now the medium is not infinite in size so that n 
is a function of' position as well as time. Let n represen.t the densi,ty 
bel' c. c .. ) of' all neutrons; these are sup)osed to be eUher therm.al or f'astD 
In general t 

a~ = (7(-1)r.rv -,;{ (~) 
. a-t . 

where.t (n) re!?resents the number of' neutrons lost per generation per ul1i t 
volume by leakage.. The leakage can be considered to be m~de up of two 
purts: 

a) Leaka.ge outward; while therli1.a~ ;iIlW~ per unit volume per 
generation:: -})-e ~ ~ x z:-

to 
tf~S1:: 

Leakage outwar~ while ~.J~ per unit volume per 
generation:: -}):f.6. hi. '" Lf 

b) 

i1-t tf 
.3 

- where D
t 

:: diffusion coeff'ioient of thema1 neutrons :­

Dr :; diffusion coefficient; of fast neutrons :: 

'tt : lifetime of' neutrons which are slow 

1r_l 

t'f'a l1fetill'!e of neutrons wbich a.re, fas'li .. 

Evidently "Z".,., a D ) T,...::;, ~ Eo / C-t' 
~ . fir:::!"; 'Y ot 

where 01. :: average logarithmic 

=.?ffBEE.' ~ " -,.---..-:.' . -Ik._--~ ... ..:....~ 
&u_tAi?' .. ~.~ ..... ~----. __ , __ 
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B. The Pile equation and its solution 

1) Simple deduction 

If the medium is infinite in extent, and if n represents 
the density of thermal neutrons per c.c. t then t from the definltion of k t 

1; a (!-I )-'¥'-> 

llJhere the ~itf·of":'t 18 the time for one generation. This equation has 
the solution n :: n e{k ... l)t which is divergent if k) l~ convergent if' 
k< 1,. stationary ill k = 1. 

Suppose now the medium is not infinite in size so that n 
is a funotion of position as well as tjme. Let n represent the densi~y 
(Der c. c .. ) of all neutrons; these are sur;nosed to be ei-ther thermal or fasta. 
In general. 

a~ :: (~-')h'V-'L{~) 
a-t ,- , 

where-:i\n) represents the nlL"nber of neutrons lost :ger generation per unit 
volume by leakage. The leakage can be considered to be m7-de up of two 
purts: 

a) Leakage outward) while thermal:" fiiM~ per unit volume per 
generation=: -])-e.a ,;")'l.. x Z; 

'I!" 

4~~ b) Leakage outwar~ while ;. . :J~ per unit volume par 
generation:: -lJf L\. """" y,. Lf 

i1t" 'f - where D
t 

:: diffusion coefficient of theI'Illal neutrons:: ,3 

Df' ::. d~ff'uSion coefficieu't; of fast neutrons:; ~£ 
.:l 

Tt : lifetime of neutrons which are slow 

t'r ,S!: llfElt~e of neutrons wbich are fas'!; .. 

Evidently r '" .........;;1__ ) T:f:::, h- Eo I E:-t: 
of: , 110-;. ~ ~ 
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(f'i~sion) energy, Et '; thermal energy,. and 1: f and t"-t are assumed to be the 
sa~~ for all fast neutrons, although this assumption 1s not essential to 
the argument~ Then: 

;t (nt-) .:: - ..4-1:' 
3N(jo.. 

;t 

Ll .->'1- - k 
30(.. 

~ £Q/f: t: 4--,,1... :iii - (I-" -It: ) t:l""", 

where 1:.::: Ai 1.. ~ £0 /..::-
"3G{. --(1 1Lt-

is the age of the fast neutronso 

Hence we may write the pile, equation 

\ '0""- = (I-I) /Y'~ .J-. (I.. '- -; -c) .a -~ I 
I a-t: 

which holds 
geneous, or 

either for "the~~l or all neutrons 
in the steady siate,~~= 0, and so at 

because the eC;iuation 1s homo-

16~A-~~ 
T,;;l-:ere 11 '" ~ a. + r is culled th~".mi·,:ration lenP;jth • 

renni9s derivation of the nile e~uatio~ 

In the above der:ivation tho details of the slowing dovm process 
.,ere neglected since all the non-·themal neutrons were lumped together as 
·'fast". A.11 alternative derivation due to Fermi is the following: , 

Assume the pile is homoge'!1eous, 1!iith macroscopic absorption 
cr.:Jf!fl-section/Vc;;o:. Then tIle'" 'l;hermal Ileutron density t n. satisfies :1i.n 
the steady state, 

JJ.... J .-Y\" U\ - 1'1 ~ /)'/.. IT t f CZ;):. 0 
3· , (1) 

where q( r 0) :: number of thermals, produced per c. c. per second by aIm-ling. z: 0 :: age'of thenn.al·nAutron~: •. - The slowing down density q. of neutrons 
der.:tmed to eacs.pe resolll'lnca capture, is a..!l . 

LJ.a ::. .~ 
\' t) - : OI"C 

\ '\ 
wi th the initial condition / . . ) 

f {fJ)::.~ ~y ~a.. ~- ~ 

( 2) 

( 3) 

since k 7 numb~r of fast neut~ons which encape resonance captUT.e. IJ:r.oduced' 
per thermal absorbed. 

solution of the slowing do'lll1D. eC;iuation, valid if Ll ~ if is a 
~ if 

,I , 

(fission) energy, Et :: thermal anergy., and 7:1' and!:t are assumed to be the 
sa~~ for all fast neutrons, although this assumption is not eSEential to 
the argument. Then: 

is the age of the fast neutrons. 

Hence we may write the pile. equation 

\ 

. t7A'1. = (I-!) /Yl~ ,J. (t.. A. t t) ,a ,..~,; 
,I ;;:e 

which holds 
geneous, or 

either tor thermal or all neutrons 
in the steady siate~~""":; 0, and so at 

because the eCiuat10n is homo-

is calledthl2,mi-:ration len~th. 

Fe~~i's derivation of the nile eCiuatio~ 

In the above derivation the details of the slowing dOli;']} process 
v.'ere neglected since all the non-the mal neutrons were lumped together as 
"fast n. A..11 81 ternat iva depi vation due to Formi is -the following: 

Assume the pile is homogeneous, \;':ith macroscopic absorption 
cr.:::'fJE1-section!Vuc:. Then the\'"" thermal neutron density 1 n. satisfies in 
tn6 steady state, 

A- J ,.".. Cf.\ - IY ~ ;n. v f..fJ CZ;) =- 0 
3 4, 

(l) 
where q( r 0) ::: nUlD.ber of thermals, produced per c. c. per second by slo-.'l1ng, z: (I :: a.ge'of thennal'nautron~:.,' The slowing down dens! ty qt of neutrons 
de0tine'd to escr.rpe reson/-mee capture, is 

a g ' iJ.a:. ,~ 
\ - IJ - \ at 
\ 1\ 

with the initial condition 

I (fJ) ~~&<T"- --- tr) 

( 2) 

since k 7 numb~r of fest neutrons which encape resonance capture, produced" 
-per th,erm.al absorbed. ., 

down eCiuation, valid if ..6,.....,.."., If is a. 
""""- I/' 
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vlhere~, when noi followed by a' variable, is a number equRl to constant 
value of ":..~o (Note: Wip,ner haB sno\\'ll the,t the requirement of constRnt 

C:. """v- is unneceor'ary if e7:l\ is interpreted as an operator.) 
-.::;:;::u:=-

Put~ing ,( 4) into (1) we obtain 
:) -R" T.a 
~ 4 -"\"'V if':" IY 0-=;. ~y.\...- (j ..; fC IV 0";,.. ...,... IJ' e. :. 0 
S ' - ,_ 

b.,.,..,u- _ ~ '"....,..-a. v- + ~ ~ '2~ q-e.;TLl ..,. Q 
" ~,...- . 

or 

Since vle assume.£l"",y = .6.{a constant) we may write the "characteristic 
ef,uat10n of' /l"f.,c.r the pUeh 

I -i.. (I-t. '4 /~ ..r .11 . L '-;. ire' 
"pile diffusion length" 

wi:,ich relateit the multiplication factor end the Laplacian or curvature of 
of the neutron distribution~. The characteristic equ~tion has, for a 
given k. an infinite number of roots6iJ e:Jch of which correflponds to a 
h:', I":'i',.Jll i c in the distri button nenra perturbing source or near a houndary. 
CinceA -; A"'-v, we obtain from the characteristic e,.:.u.,:!,tion the pile etiuation 
J,Q """ .., expanding the exponenti:al: 

.b."",';': - ~:!. ...,.. ""1 11 , 
wbich is the same as bel'ore if Iris constant. The pile e~iuation is the 
fuu'::a,.'nental 64uatioD of macrosconic pile theory. 

, " stGte 
Formally, the pile e~_uation is identical vl;th the steadY"dif-

fusion e(,.uation wi th abaor~;)tlon. The mail:., difference is that k may be ~ 1; 
i. e. , the Lar>lc.cian, or- the curvature of the tileJ'r'.al neutron density. ' 

6 a. 4~ =- '-(11.-1) 
....,., .,. tr'J'''' 

'is positive or il.egati~e deJending on vdue of k. 

Calculation of rHl)ration area! M2 

; 

The migration ar~a tq'tt =1.,'"+'( is calculated as follows: 

1) r: TL,e "a~e" 1s ~'iven by 

j.;:::::. :3 JltA (;;) t§ 
:1:.~ ) E SA _ 

(;:0 
whereA::: ,m.f.p., A ::: atomic \'It. of scat·1;el'6l'.<X.;: slowing down para:'11atel' 
( ::: .158 for carbon). "'C is best determ.ined ex')p.ri.tncmtally (4"'C~ ~ ~ • where 
.tr;)::, range of f1ss1o~ neutrons,.) beoause energy of fiss:ton neutl~ons is 
not kno'tv'U very accurately, nor is A (E) kno'"n too well. -Cfor thermals 
in graphi teUJru 380 cm2• 
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vlheratl, when not followed by a variable, .is a number eG.UAl to constant 
value of ~~o (Note: VJigner ha:::; sho ... vn the.t the reCjuirement of constR!lt 

.6,...,v- is unneceOf'ary if e1:/J. is interpreted as an operator.) 
-;:;;:::u::-

Since vle c.ssume L\ ""-tr : .6.(a constant} we may write the "characteristic 
er.uatlon of -;:;;::u:- the pUe l! 

"pile diffusion length" 

wi: ieh relat~ the multiplication factor end the Laplacian or curvature of 
of the neutron dlstribution~o The characteristic e~u~tion has, for a 
given k. an infinite number of roots~iJ e:Jch of which corref'lponds to a 
h.-.I":'t,.Jllic in the distribution nenra perturbing source or near a houndary. 
Cinceb -= 4-v , we obta.in from the characteristic e . .;.\l.':!.tion the pile ec.:.uatlon 
::m . A"\. J expanding the exponential: 

\'/bieh is the same as be!'ore if <.ria constent. The pile 9l.iuatlon is the 
funca'Tlental e'-!uation of macrosconic pile theory. 

. stc:Jte 
Formally, the pile e~_uation 1s identical ''l~ th the steady", dif-

fusion e;uation with absorjJtion. The mail:.. difference is that k may be ~ 1; 
Le. the Lar,>laclan, or- the curvature of t]::e t1l9J'rr'.al neutron density, . 

. ~ ;s. 4~ .::. "-(ii-I) 
........., ...... 111'''' 

is positive or negati,!e de:,1ending on vdue of k. 

Calculation of MiBration ~rea! M2 

The migration area ~t. :/"''"+:'( is calculated as f'ollov\Ts; 

~ ~) :u~~·~J·a?a. A ~s 2.;"j ~e 
.311\ t:o 

whereA :: 'm.f .p., .A ::- atomic wt. of scat·l;el'9r~ct.:: slowing down para:-netsl' 
{ ::: "158 for carbon}. -C is best determined ex·-;eri.mantally (4(;".::: At ~. where 
I'r I)::: range of i'isslo~ neutroIls~) because energy of fission neutrons is 
not knoVin very accurately, nor is A (E) knmm too well. """C"tor thermals 
in grdphi teV)ru 380 cm2• 
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Problem: 'SuPl'ose volume ratio of met"l to rraphite is Vo/VI- ~~l1at is 
value of t: in such a lattice? 

2) Diffusion length, I :. 3 N~a- (neglecting 
absorption and forward scattering.) ~~ ~ 

Sinceo and oQ,.are constant~ of whole medium,01. of each region 
mu;::t be weighted with probability that neutrons will be in thAt redon, i.e. ~ 

o:-=- <To ;:;:;0110 + 0; ;;;; 
,.:;:; 0 V Q -+;;;, V 

'" I 

V,.~ OJ where Vo = volume of metal/cell 
VI: volUme of moderator/cell 
.Vo «Vl 
.t11o:: average density ot neutrons 

O-.a.': creta;;; 6 t/ 6 rr:::ro., I ;:;:;, t/; 
;::;) d lie ,.J. M ,II, 

(, _ , in two med 1a • 
~L.a-a.o m"Vd -KJa. - V 7 ' 

("'j'" (.(. -;:::::::. total' absorbed 
absorbed in moderator 

~ __ -=~ __ ~~~/~/n~t~1 ~~~ 
cr~/[MQtI() +;;,11',] 

a-a..1 0-a..1 --' - I-r 
•• I.- '\..~ \ -f ;::L (I __ f) :. (/ .. iTJ:~ .J' 

31'1 bt O*a. I Ie 2 
::. k, - 6.iffus1on lengtJ:l of 

""', I moderator. 
I . 

2 2 . Since (l-f) ..... I2%. L')..- 2500 em (for groohlte) ,"''').."",300. M :: L"l..+"C -700, 

]2cperlmental determination otA and k. (Theory of 9x'')onential eX9~r1ln~nt) 

The fundament,;l e:lq)eriment (called the exponential or intermediate 
expertmant) 1s the mensurmnent of~p and, from this, k. The theory is identical 
with the theory of thecrpUe J at least. in the ap ,roxt..m..ation to ~/(Jich the 
eQ.uat ion' . Ii _ I . 

L:::.. ,.y'L if =- - .....n fJ" 
/'1 .... 

is valid" A f10urce of' fast neutrons~ (Ra-Be) is placed a.t tl',.e bottom of 
a pile of lattice. Tne size of the pile must be la.rge com9ared to the 
volume of a lattice cell, in order for homogeneous theory to be 8.-pplicable. 
If ~he source 1s placed in x = Y = 0 plane, the thermal neutron distribution 
is (nef':lecting end effects) _ i ' I 11 ' """:'~/. 

.. ~ "ft, •• A?'::. _ V 
~ A vr~ .£I, -rr'l( c. .. ,l, ;.i7i Y 0 Gfi J/ /-'-" ),I -

....,..",U .. .£..-', "r- ..... 
,A..<.. J 1.1 ',144. II )_ t: _ 1_ b 

,,.,here, in order for e c:.uat ion to be satisfied ./ t"" 
..p 1 ....... ::...- .. 

.1\ IC - I _/-t" , ; ~ II I ~ :: - _____ -:... • -., II 7''''''''-
- M. ').. '1 r:;" 'l. ,,' b " . ~.~ 

Again, 1'pr 1,1, harmonic, and a = b, 

I I -;r,r • ~A----
Co ").. ..t a. ,. jLa. L,1 

-!" 
) 

,. 
) ... 
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Problem: ·Suppose volume ratio of met*,l to graphite is Vo/'h. ~cnat is 
value of c:: in such a lattice? 

2) Diffusion length, I ::::3 N2.:ro- (neglecting 
absorption and forward scattering.) ~~ ~ 

Sinceo and OQ.,are conGta.nt~ of whole medium,6L of each region 
mUF:t be weighted with probability that neutrons will be in thAt rec.'ion, i.e. ~ 

0-0 ;;; () I/o .f 0; ;:;;, 
...vi 0 V Q ..;. ~t V, where Vo = volume of metal/cell 

Vl = volUme of moderator/cell 

'" Vo «Vl 
hlo:: average density of neutrons 

(. _ , in two media. , 
1M L va. 0 /f) () i/ d -+Cia.. ,;:;:; f/ 7 ' 

"'----:::::-___ --:::-'-~±I...::-LI ()' a.. I 

cr~1 [MI3 VI) +M, ~] 

() a.. -::::::::. total- absorbed 
absorbed in moderator 

..L::.l.v - <iiffus10n lengtl':l. of 
K, I moderator. 

22· Since (l-f) .... l~, L'). .... 2500 em (for grnohite) ,l")..,..,300, M ::: ~ ... ').+(j -700. 

Experimental determination ofb and k. (Theory of er'lOnent1al exp.~rim~nt) 

The fundament'il eJC1)eriment (called the exponential or intermediate 
e~)ertmant) is the mensurement of~, ~nd_from this, k. The theory is ident1cal 
with the theory of thec::rpUe, at least in the ap .roxL1!l.ation to \-ihich the 
equation .../) 

A . _ ft. -I ' 
.1-\ ....v\. (f =- ___.-'Yl I.f . 

M.i-
is valid. .A ~ource of fast neutrons, (He-Be) is placed at t!·,.e bottom of 
a pUe of lattice. Tue size of the pile must be large com!!,:lred to the 
volume. of a lattice cell, in order for homOGeneous theory to be a:oT.llicable. 
If ~he source is placed in x ~ y :. 0 plane, the thermal neutron distribution 
is (neE':lecting end effects) -~ f: Il ~.;t;.j./v;/ 

(/" .. ~ A v.1'~fi ff)( (..., . .:-.,. v7lY e GfiJ/ .r-<,1 J) .: ~ 0 
......,..,. .L-.J'~V 1. 

,.,c....; v )_t;.~ 1_0 

vihere, in order for eC.i.uationto be satisfied 
..J) 1.-,- - ~ 

.1\ .:: -.fS..;:...L -.:. .... /-.& ". _),) ~ 1/ I 
~ -7;-:). 

.. M.'J.. 1a,'J. "fb7. ~'y 

Again, 1'91' 1,1, harmonic, and a = b. 

I L\" ~ -:.:.1 
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The intermediate experiment consists of a measurem.ent of the relaxation 
length c (suitably corrected for end sffects) ~ From this A is detenrrined 
by use of the above er;:.uation .. 

From the obsex:ved Cd ratio (C.R}(corrected for Cd ahRorption) 
we detel"'llined (I-f) as follows: 

~~ . . 
where A 1tl found from previous standard1zation 
experiments. '. ~?; 

}..I'('o...r -A ~c~n ---... '-'..# 
4 

. pa-'l 
- thermals ;e:bf:1.)r'bec. in moderatorQ ::. /llao., '11!/' :: I-f /Yoa., ~ . .-nif --thermals produceo/c.-wll i it 

.'·I'-f~ r 11.,,·R·1 
From 1-1' and It Vie determine /.,.1(:. C,·f )L;) and hence ~l'. The 

multiplication factor is thus . 

I It. --I ~=i1-;;:: 4\ 
~oweve1'.beceuse of' the great uncertainties in the v,l.ues 01' "C , the 
e:y.\llUltity k-l is less p.ccurAte than..o .. 

Techn1~ue of exnonential exnerim~nt 

f 

Certain details of the uctunl experimental tec~~ique m~y b~ 
f.1.entioned here. 

PlaceT'1snt of sources: He Oall eliminate certain herrrlonics by 
pl;·:cing SOlU'ces with sufficient symm.et!':":r~ For eXfmrple t "'Fe cf.ln elim:J:o.ate 
(1,:::) ?...nc. (3 .1) harm0:1ic~ plaCing four identic81 point sources at :901nts 
'e~o}. (o,-a), (-a,o), (o~-n). (Exercise: PNve this state .... lclmt.) 
2222' 

Natural neutrons: Because of bnontaneous fission there will 
elv;"yo be "natural ft neutr0ns present in 'the l)11eo The distribu'~ion of 
the~e vIUl be determined by the geometry of the pile. and their intensity 
mURt be subtracted from the Observed intensities in determining n~ The 
import'mee of the natural neutrons increases 8.8 the critical position .is 

, re!lched.. (See Wheeler &, Ibeer" C-7L) 

Shieldin~? of 'pile: The~1! correction is applicable strictly only 
if the f'low- at a surf:-l.ce is unidirectivnal; this will not be the caRe it any 
ap:ryreciable 1Nall reflection is present. ,In order to mi..ll1mize tile effect of 
wall reflection) sides of pile I'l:;:oe dra!;led wHh Cd sheets. This flt1l1 does 
not elirl.inate reflection of fast neutrons4 

Least squares fittin£.. of exponnntla,!: Usually the' ex,,,onential 
1s fitted by a least squr'res technique in order to determ.ine the best re­
l0.xation 1l'lngth4 , . 

- 5 -

The intermediate experiment consists of a measurement of the relaxation 
length c (suitably corrected for end affects). From this A is determined 
by use of the above eCi-nation. 

From the obsex:ved Cd ra.tio (C.R)(corrected for Cd ahnorption) 
we deternined (I-f) as follo\{s: 

\ -f 

i..~ 
where A ¥t found from previous standardization 
experiments. '. (,'ft""'?1 

- thermals ;a:bs,)r'i:ied inmoderatorr: Nr:t;., "'11/" = 
thermals produce¥c,-m3 I 

.', I\--f~ f 11<<:·R·1 
From I-f and It we determine I-?(:, (I·f )/..;) Hnd hence l.!2. The 

multiplication factor is thus ' 

~owever#bec8UBe of the great uncertaintIes in the v,l.UeS of t' , the 
6J\l&,Iltity k':'l is les~ p.ccurate thanA. 

Techn1~ue of exuonenti~~l exnerim~nt 

f 

Oertain details of the uctunl experimental technique m~y b~ 
r.1entioned here. 

Placet'ISl1t of sources: 1~e cml eliminate certain haI'11'lonics by 
pl;,:cing sOurces with su~'ficient syrmnet!':"Y4 For eX8,!I!-ple. lire Cf.lU elimj:oate 
(1,::,) e..nd {3.J.} hal"!ll0:1icf! b~- placing four identic::;l point sources at uoints 
'e ~o), (at-a), {-a,o}, (o~-a). (Exercise: PNve this state','l18nt.) 
2222' 

Natural neutrons: llecause of' bnontaneous fission tl-.ere will 
elv:"ys be "natural" neutr;ms 1,;)resent in 'the pile. The distribu'~ion of 
the1':e vIUl bo determined by the geometry of the pile~ end their intensity 
mURt be subtracted from the Observed intensities in determining n~ The 
import"mee of' the natural, neutrons increases as the critical position is 
re&ched. (See Wheeler &. Ibser. 0-71.) 

Shieldin~ of 'pile: Tha~/Y.3 correction is applicable strictly only 
if the flow at fl surf:--?,ce isunldirecti0nfll; this will not be the caRe if any 
apjreciable 'wall reflection is present. . In order to minimize the effect of 
wal1 reflection) sides of !lila l'I::'e dra!led wtth Cd sheets. This still does 
not eliminate reflection of fast neutronS4 

Le8.st squares fitting of exponential: Usually the exponential 
is fitted b7 a least squr'res technique in order to dete!'f.<1ine the best re­
IG.xation l~ngth" 
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Correction to observed thermal -utilization for finite size of pile 

The observed (l-f) 0 is dlf'fereJ.lt tr!!:tn the .( l-f') in an inf'inite 
If.!.ttice because some of' the thermal neutrons leak out.. Since the fr::tction 
of thermal neutrons which leak out. per unit volume is 

-/"""?-/:1. 
~ 

we may write 

(l-f) ObS4 = actual moderator thermal neutron ~ensi'ty x IV, C!Q" 
thermal neutr-,:ms 

= tiler.m.al densit 
thermal 

= {1_f)(I+I-.-'l-t.1! 

,'. ( I .. f) :. (, .. f )0 C I ... t.. l~ }ince 1-" LJ. t:.J- I , 

.~ 

if 
>I{ 

• 
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Correction to observedthermal-uti11zation for finite size of pile 

The observed (l-f) 0 is differe.lt tr!r;!.n the .( l-f) in an infin! te 
llO'.ttice because some Of the thermal neutrons leak out" Since the frr,ction 
of thermal neutrons which leak out. per un! t volume is 

we 'may write 

= actual mocierator thermal neutron density x IV, OQ" 
thermal neutrons ~lroduced/c. c. 

= ti.,ermal density. if no loakage x (,.,..L ~ ti) x H, ~ v 
thermal neutrons produced/c.c. 

= {,-f)(,+I-.-'l.(J.! 

,'. ( j-f) - (, ... f ) (.) (/ ... t... i.~ !inCe '-" L.l. t!J-. I , 


