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B. The Pile ecuation and its solution
1) Simple deduction

If the medium is infinite in extent, and if n repressnie
the density of thermal neutrons per c.c., then, from the definition of k,
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, where the unit/iof"t is the time for one generation. This equation has
¥ the solution n = n _o\¥~1)% yhich is divergent if k%1, convergent if -
v k< 1l, stationary i? x = 1.

‘ Suppose now the medium is not infinite in size so that n
is a Punction of position as well as tims. Let n represent the density ,
{ner c.c.) of &ll neutrons; these are supsosed to be either thermal or fast.

In general_,
E Ry S PV J(m)

whererf (n) renresents the number of neutrons loat vper generation per unit
volume by leakage. The leakage can be considered to be made up of two
purts: . .

a) Leszkage outward, while thermal, mem T
generation = -D, A . %X C

ver unit volume per

b) Leakage outward, while tiam
geneyration g "‘.sz.ﬁ\ —_ % Lf’

S per unit volume per

- where D,;i = Giffusion coefficient of thermal neutrons = _h.g__..
N _ - Dp z aiffusion coefficient of fast neutrons s .’:zf_i

, S , 7
B Tt = 1ifetime of neutrons which are slow '

1) Te = lifetime of neutrons which are fast.
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\ Evidently T, ® A, G = 4y Eo/Be 44
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where &b ~ average logarithmic energy > ¢ollision, Eq = lnlt.La.!.

<o y%?%m

PEISOITTS p(ohxb:te‘&"&y%é& m




=y

¢

\

(fiésic'm) energy, Ey = thermal energy, and &, and Lp zre assumed to be the
same for all fast neutrons, although this assumption is not essential to
the argument. Thens

Loy = -2 A m A5 Ly £ EofEp d w5 —(L*4T)0m
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vhere T = £~ /ég 'E"/E_ is the age of the fast neutrons.

Hence we may wrlte the pils equation
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which holds either for thermal or all neutrons becsuse the eguation is homo-
geneous, or in the steady stateiggig o, 8nd S0

A= .,.‘;fe-//n.—
7\.

where M = YCZ?L‘fZ' is called. the mi-ration length.

Fermri'e derivatibn of the nile ecuation

In the above derivation the details of the slowing down nrocess
were neglected since all the non-thermal neutrons were lumped together as
"fast". An slternative derivation due to Fermi is the following:

Assume the pile is homogeneous, with maeroscopic absorpfion
erasas-sectionffoy . Then the® thermal neutron density, n, satisfies in
ihe steady stats,

'_ﬁ.-AmU-"-\— Noa. motp (Z’A’)= o

(1)

where q(Z o ) number of thermals procuced per c.c. per second by slowing,
Co = age of thermgl ‘neutrons. .- The slowing dowm density q, of neutrons
desn tlned to escipe resonsnce capture, 1s

Ag | (2)
with the initial condition
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since k x number of fast neutrong which eacape resonance eapture nroduced'
ver unermal dbsorbed
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where £ , when nof followed by a variable, .ig a number equal to constent
Ao i ————— e

value of —/- (Note: Wigner haz shown that the reguirement of constant

A is unnecesrary if et‘\is interpreted as an operator.)

/er

Put-ing (4) into (1) we obtain ”
| —& 7 mu';/yd; o 7t f/VG';,mu et®:0

or. TA _ 4
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Since we a.ssumeAmor - Nla constant) we may write the "characteristic
- ecuation of ~u. the pile®

% =(/-L2A)§/—TA , L’"_._ Ve, - !

"pile diffusion length"

wizich relateg the multiplication factor and the Laplacian or curvature of
of the neutron distribution,A. The characteristic eguztion has, for a
given k, an infinite number of rootsAi, euch of which corresponds to a
horwonie in the distribution near a perturbing source or near a houndary.

A CinceA = Amv, we obtain from the characteristic e.uxtion the pile ecuation
‘ “on - expanding the exponential:

which is the same as before if y~is constant. The pile eg uation is the
i‘mumental ewuation of macrosconic pile theory.

State
Formally, the pile ecuation is identical with the steady dif-

fusion equation with absorption. The main.difference is that k may beZ 1;
i.e. the Laplzcian, or-the curvature of the tiermal neutron density,

, A 4”“". = -—({',/
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‘is noqitive or ﬁegative de*aendmg. on vzlue of k.

Calculation of Migration ares, g

The migration area M¥ = L3#7T is calculated as follows:

1) T : The "avel is :iven by

- y s
. ey ) () £
. o
’2, N where / = Mm.f.p. A = atomic wt. of scatterer,ll » slowing down parametor
( = .158 for carbon) “Cis best determined exuerimentally (4“5’../?2'-’Where
/u- ranze of fission neutrons,} becsuse energy of fission neutrons is
. not known very accurately, nor is A (E) kxnown too well. T for thermals

in graphite U, 380 cm2.
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Problem: -Suppose volume ratio of mets\l to graphite is Vo/Vy.

value of T in such a lattice?

What is

2) Diffusion length, { = 5N2:r‘g' (neglecting
18

absorption and forward scatiering.) yurs

Since6 and G.are constant~ of whole medium, §; of each region
must be weighted with probability that neutrons will be in that re«ion, i.e.,

—

= To Mo Vo +9, 7 V= Ty where Vg = volume of metal/cell
AoV 4 vV : : V, = volume of moderator/cell
2 ’ . -Vo ¢<< v1
M, = average density of neutrons.
— o - —_ t in_two media. .
Se= o';%/ﬂ,t/ﬁ 7T s v S'LG—"'O MoVa 4CTa 7, iy J < |
2aY’ l/G"/”"""I‘/I Cra,,fmol/a +m,l/;_7 !
~— : ' . i
T o ~~ total absc.)rbedv g—a' o f&,
absorbed in moderator /- f
2
R ™) \-f = £) - G ’;)/" 1 .|_ - Giffusion length of
3’7?’0’& ) k;’z- 7 ey ' 7 moderator.

Sinee (1-f)~ 124, L2~ 2500 em® (for graohite),h 300, M2

=\ 40 ~ 700 ,

Experimental determination of & and k. (Theory of exnonentiel e;cp.eri_ment)

The fundamentzl experiment (called the exponentisl or intermediate

experiment) is the measurement of &, und from this, k.

The theory is identical

with the theory of thegpile, at least in the ap .roximation to wunich the

ecuation . 75 /
A "M = el anm
M.+~

is valid. A gource of fast neutrons, (Ra-Be) is placed at the bottom of
a pile of lattice. The size of the pile must be large comnared to the
volume of a lattice cell, in order for homogeneous theory to be applicable,
If thne source is placed in X = y = 0 plane, the thermal neutron distribution

. A g

is {neslecting end effects) -2’
o pe TTX wor YT ¥ o &My
—~ U Z: /‘L,_y /4}-& 5

vhere, in order for ecuation to be satisfied
Bl T T

‘.i' =
me ’70‘— 76 * i
Again, for 1,1 harmonic, and a = b,
A / _ T *
c* PP
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The intermediate expériment consists of a measurement of the relazation
length ¢ (suitably corrected for end effects). From this AN is determined
by use of the above ecuation. - '

From the observed Cd ratio (C. R)(oorrected for Cd absorption)
we determined (1-f) as follows:

b .
A =A <& R, where A ¥ found from previous standardization
" experiments. %

_ X '
| ~€ = thermals abeorbed in moderatorr; N, Mo NTa, Amv
thermals nroduced/a,ms ' ?)Q A ‘EI'

. ‘_..f‘,‘ _, H{C'Q.

. 2
From 1-f and i we determine/,_"{: (f /L,)and hence M . The
multiplication factor is thus

A== L\I

Howé‘ver, pecause of the great uncertainties in the vrlues of 4 , the
'-@qut\ntity k-1 is less sccurate than A. '

Technicue of exnonential experiment

Certsin details of the actusl experimental technicue mmy be
mentioned here.

Placement of sources: We cen eliminate certain harwonies by
1:cing sources with su’ficient symmetry. For example, we can eliminate
(1, ) and (%.1) harmonics b clacing Four identical point sources =t points
‘g,0), (o,-a), (-g,0), (0,-a). (Exercise: Prove this statemént.)

2 2 2 2

Natural neutrons: Because of &nontaneous fission there will

2lw-ys be "aatural" neutrons present in the pile. The distribution of

.thece will bo determined by the geometry of the pile, and their intensity

must be subtracted from the observed intensities in determining n. The
importance of the naturel neutrons incresses as the eritical position is

‘reached. (See Wheeler & Ibser, C-7L.)

Shieldinz Of pile: The@//g correction is applicable strictly only
if the flow &t a surface is unidirectionsl; this will not be the case if any
aporeciable wall reflection is present. . In order %o minimize the effect of
wall reflection, sides of vile are draped with Cd cheets. This still does
not eliminate reflection of fast neutrons.

Least sciiiares fittineg of exponontisl: Usually the exponential
is fitted by a least squrres technique in order to determine the best re-
1=xation length.

Vs
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Correction to observed thermal utilization for finite sizc of pile

The observed (l—f)o is differeat trsn the (1-f) in an infinite
lattice because some of the thermal neutrons leak out. Since the frauction
of thermal neutrons which leak out per unit volume is

LA
we may write

' . ‘
' (1-f) .. = actual moderator themmal neutron density x v,z
- thermal neutrons sroduced/c.c.

tiernal density if no leakage x (L *A) x Ny Bav
thermal neutrons produced/c.c.
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