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Since thE: actual geometry of the pi.le is usually 
cylindrical, it wi be convenient for future' reference to 
.here some properties of' Bessel functions, 

The equation 

d2u 1 du 
~r2 .,.. :; dr .. 

2 r.xu=O 

collect 

<:;;Ju:1JUP"";':; > diffusion :in a cylinder of r 

infinite length production proportiom·.l to the density., is a 
special case of "Bessel: s equationlf, ?\ so.Lution of this equati.on 
l:vhich is regular at the origin i.s 

Jo(X r) :.: 

I~ )4 6 
,1 -" . (~) 2 ~. r-~_ (.:!-2) 2 _ - 2 

.!. ·2: 3i"· J; 

\'ihich is a Bessel of the fi.rst kind and order O. The Bessel 
f .. meU on of the first kind ean be, generali.zed to higher orders 
recur3ion formulas. the only one of v~hich we need is 

, ( nJ' (x )~: -- xJ " (x) n n-,,,-
.' \... 

or J I (x) :;: /r 1 ( x) 5 

from whieh we deduce the series 

J1(x) = ~ 2(z:..i0..~;. 31d..2J: 
2 2 ' ~l . - -.. ;, .~. J! oi 3: 

E! • g -, v', hi t taker and. son, A COURSE; OF iJODEHN ANALYSTS. 
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Mathemati<;~l' 'note aU Bessel functtons1 

Since the actual geometry of the usually 
cylindrical, it wi be convenient for future reference to collect 
here some properties of' Bessel functions. 

The equation 

1 d.u .,..-- .-.. 2 
C(. u '- 0 

T dr 

whi.ch describe8) for example, diffusi.on in a circular cylinder of r 

infinite length with production propor-tionC:'.l -[-:'0 the density, is a 
special case of tfBessel t s eql1ationn : A soJ...utio,n of this eqllati.on 
l.\fhich is regular at the origin is 

2 
{(l(r)4 (~rl 

J tXT) ::: ., . ( cX

2
r ) \2 2-

..L ""- .:. --- -0\ 21. '2: 31 ':r 

which is a Bessel function of the first kind and order O. The Bessel 
ftmc-Lion of the first kind ean be, generalized to higher orders by 
recursion formulas, the only one of which we sha11 need is 

or J : (x) 
o ' 

from which we deduce t.he sel~ies 

e.g" 'j,hitt,aker and. \i;atson, A COUHSE OF i:fODEHlIT ANALYSTS. 
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The JQ(x) function'resembles a druaped cosine wave, Jl(x) resembles a 
damped sine. Thus, the equation 

Jo(x) = 0 

has infinitely many roots which asymptotically are separated by 1r .. 
(Compare vdth cos x :::: 0) . 

We shall need the follovving relations betV'Teen Jo(x) and J l (x) ~ 

d di Jo(x) :::: - J1(x) ./ xJo(X)dx = .xJ l (x) 

A second solution of Bessel l s equation Which is regular at infinity 
but has a singularity at the origin is 

. 2 
Yo(~) :::: 1r J 0 (x) [10g( ~x) .;- O. '772J ~ (ix)2 _ '1 r *)(~~~ ? .,. 

21'-

or, more generally, 

XYnl(X) LnYn(x) :::: - xYn~l(x) , 

~~d in particular 
. Y6t(x) = - Yl(x) 

The £unctions Yn(x) are useful in problems involving hollow cylinders. 
The Yo and II satisfy' the relations 

d dX Yo(x) :::: - Yl(x) , j xYo (x)dx:::: Yl (Jc) 

If we substitute ix for x in J o(xL we obtain the Bessel functions 
'or imaginary arguIllent. For example, 

I (x) :: J (ix) :::: 1 "i"{Z)2 ~ (~)4 
o 0 2 21-21 
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The JQ(x) function resembles a darnped cosine wave, Jl(;c) resembles a 
damped sine. Thus, the equation 

J. (x)· = 0 o 

has infinitely many roots which asy,mptotically are separated by 1r .. 
(Campare vdth cos x :: 0) . 

" 

We shall need the i'ollovv-1...ng relations between Jo(x) gIld Jl(X); 

.I xJo(x)dx :: xJ1 (x) 

A second solution of Bessells e~uation Which is regular at infinity 
but has a singularity at the origin is 

CI or, more generru.ly, 

\ .. 
. 8...l'ld in particular 

. Yo~(x) = - Yl(x) 

The £unctions Yn(x) are useful in problems involving hollow cylinders. 
The Yo and Yl satisfy' the relations 

If we substitute ix for x in J o(x), we obtain the Bessel ftmct10ns 
'of imaginary arguinent. For example, 

4· 

( ) () ::. X}2 ~ (~) 
10 x :: J o ix 1 ':"('2 21 -21 . 
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which satisfi~s the differential equation~ 

d2u + .1.$!! _ u ;: (; 
cn2 xdx . 

Io(x) end I1(X) satisfy the relation 

dlo(x) _ 

dx IiCx) , 
I 

) xIo(x)~ 1 xIl(x) 

The Bessel functions ot ~~1n~y a~gument are'ana+a80u~ tq the 
hyperbolic fupct ions. , ~n (xl' becomes' 1p.fipit e . a,s eX/ rsr:. as x - $ 

The. analogue of Yo(x» 1. ,. J the Bessel funct~on of ima~inary a.r~~t 
w:uch i~ ::-nr:i.p.ite at ~he 6rigin~ i~ de~9~~dby KQ(x). I~ is. a ~eqond 
l~earlY'~nd~pendent solution of Besaelf~ equation with ~~~nary' 
argumellt.f;i{;x:) is infinite at the origio,'and approach(1s zero as 
a-xI rx. as X -,. co ..:' 

lBmal1.sions in ~essel runctiou~ 
"; , 

Suppose.O(. n and Qi:, lU are 'two r09ts of the equation 

Jo(~ ) :: 0 

Then 
1 

. !xJo(¢.nX ) Jo(.xmx) =0 ifn'lm 
o 

'- 1 J 2, ) 'f -- 2 I \~ ~ n - m . n 

This may be proved from thedil'ferential equation for Jo: 

;&2J (r.< x) 1 dJo(~nX) . ~ 2J (Q(. .~) = 0 
o n - T - -, T., nOll 2 x d:X dx 

2J (~x) 1 dJ (0(.' x) :t
J 

«(;( x) :: 0 
do AIl; --0 m. .. t.O(mo m -,..., '. ,. x dx 
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which satisfi~s th~ differential equation, 

Io(x) end Il(x) satisfy the relation 

'I ' 
; xIo(x)~ 1 xI1(X) 
.. ' " 

The Bessel functions ot ~~1n~¥ argume~t are·ana+agou.~ t9 the 
hyperbolic fupctions. , tn(x):beco1l1es·ipfipite.a.s eX/~, as x - <l), 

The, analogueo! Yo(x), 1. EF'J the Bessel functl.on of ·l.ma~inary ar~nent 
w:uch i~ ~W:i.te at ~hl9 origin, is d~9~~d 'by KQ(x): I'~ is. a ~eqond 
Imearly 'J,nd~pendent eolution of Be!5sel! ~ equation vnth J.magl.llar;r' 
a:rnen~ .r<:n{:x:) is W,inite at the origin,' and approach~s zero' as 
e ' / rx as x"':'""" a>. •. 

§eRanSTons in ~~s5el ~unctions 

Then 

Suppose ot n and '" In are 'two roots of the equation 

1 

J (c:( ) = 0 o 

'jxJo(()(nX ) Jo(~mx) =0 tfnt-m. 
c 

= i J 1
2(<<) if n = m . n 

This ~y be proved fram thedi~ferential equation for J o! 

:d2J ("" x) 1 dJ oC <i¥. nX) 
~n 2J o( Q(. ~;c) o n 

0 l' -- ;- = 
cLx.2 ' x dX 

.~o(::C: Ul.x~ _ ]. dJg ( O(.'mx) 
!!. ) 

? " f X dx t. o( mJ 0 ( C( m.x ::: 0 

I dx'-
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Multiply first equation by xJO(cK mX»)> second by -Y-<!o( 0( x), add, and 
int~grate fi'Ol1L x :::; .0 to x ::: 1. Result n 

J 

I x l-J 0 (ex; mX) d
2 

J'e (ot.._9.:2 
o db{2 

- J (0( x) d2J o< IX mX) 1 dx 
o n - f 

mc2' -
1 

.;. ,( IJ (0( x) - J (C'(. x) J \to m 0 a 
o 

~tJo(¢ mx2)dx 

1 . 

= (e>C m
2 -- o(n 2) f xJo('" nX) Jo(~ mX) dx 

D 

'Integrating by parts, and using fact that JO(IX n) = Jo(e><.m) :: 0 , 

we obtain 

or~ if r:t. n ~ (Xm 

J 

(CI:' m 2 _ fX
n

2) ! xJo( C( x)' J o( «' x) db{ = 0 
, n 'm. 

o 

:1 

/ xJo( f nX ) Jo(o\ mJtl ) dx ::: 0 
'0 

m~CI§j: Prove, froTn the differential eq-p.ation, that 

.! 

0/ x Jo 2( oc nX ) dx = i [J1
2 (0( x) • Jo 2(<< xl] : 

or'l~hQgonality property of t):1e Bessel fi.tnctiona enable~ us 
to 1Nrite, formally, 

f(x) 

where, by orthoF~()nality, 

:: .B an 

.:.1. 

/ 

J o( or.: nX ) 

J .xf(x)Jo(?<:nx) ?-x 
~.::; T-- -- ~ 

I x J o 2(l'( nX)' dx 
t) 

o x 61 

The possibility of s:wh an depends on further properties of 
the of J'o(O( mX) ( which '\;,ie shall not here. 
e GL v.hit taker & r at son :' A OF rEODER}I Ai.~ALYSIS, . XVII) 
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Multiply first equation by xJo(fA'C mX)' second by -y..Jo( eX nX)' add,. and 
int~grate fi~o.m, x =:; .0 to. x = 1. Resul'c is 

J 

01 x [Jo(a<:mX ) d
2
J o(o'- E~!. - Jo(<<:nx ) d2Jo.(r.x:'n?~~ Idx 
cL--c2 ctx2 . -

1 

..;. .((Jo.( ~ mX) 
() 

dJ 0. (,: g::? - J 0 ( 0( nX ) .drJ 0 ( ¢ m~) dx 

dx d.x 

:1 ' 

= (~2 _0( 2) fxJ (~ x) Jo(~ x) dx 
ill non rn-

o 

. Integrating by parts, and using fact that Jo.(~ n) - JO(~m) :: 0 , 

we obtain 

or~ if 
j 

J 

/ xJo( IX nX)' JQ(,Q( 1I\X) dx = 0 
o 

/ xJo(f nX ) Jo(C::>· m:X:) dx :: 0 
o 

EXERCISE: Pro.ve, from the differential eq}l, ation, that --

The o.Fchogo.nality property o.f the Bessel function~ enable~ us 
to. ~~ite, fonnally, 

( ) ~ ~ (') f x - ,,(,.:.., an J 0. ocnx o x ==- 1 

where, by o.rtho..l~onality, 

The po.ssibility of s:lch an expansio.n depends o.n further pro.perties o.f 
the set o.f J'o( IX mX) (completeness) yrhich we shall not COlisider here. 
(GL 1j,hlttaker & r atso.n .• A COUBSE OF 2.:lODERI-T ANALYSIS, Chap. XVII) 




