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cnrrlCAL SIZE A!ID BRSSDIllG GAn; OJ? H;';;S:)NA:JCl'; PILES 

F. L~ Friedman and :;,I. L", :Io1clbcrger 

1;-07J'::: (7ha i'ollo',,'inl3 report VIas ·,tritt0n in I.:inter of 1946; its 
publication was delayed beCDusethe authors left the ?roject 
be.fore it was comple ted. It 1s be inr; published no',. navertb .. eles:J· 
because there are several it:lportant ;:lethous of calculation 
described in it" A sories of nwaerical c:llculation::.:, Lli.tinlyon 
Beryllium systems .... havo been carriod out to llluscrate the:Jrin
ciple s, deser ibed here. Uorlllally these nu:neric~l rosul ts rlo'.l.ld 
have been incl'..l.ded as part oJ..' this rel}ort. IIov;ovor, since this 
was found to be unJ'c.a.:;:'.:.ble .. rIO simply sive 1iho 1'ollo\"1ing li?t of 
monthly reports in which tho numerical computntions &l'e sumnariz.ed): 

(1)' ;.1on S-124~ pgSq 42-43 
(2) CF-3490~ ?art II pga. 30-32 
(3) CF-3352 

Iq Critical Size -

A.:,I.rl'i:;l 

(8) '.-Ie shall consider the i)roblem of critical size and 

breeding gain calcula tiona on the bas is, of the theory develop

ed by Friedman and :,Ionk tn CF-280L. If the It'ermi theory of 
- 0 

slowing do,"m. 1::1 applicable It the nega t.i va LapIne ian ~ ... 1s 

4etermined by 

00 00 

1 ... \ " (~:,.) \ ("(- 'r~)T ~(~i) ~P(~'I-/)D'<r';~'d"-
I I" t IS .a. _, • . _.,i 

, / I I ...... ~ 
...... ~. ,~ ..... ' 

(Ie. ) 
o 'i..;' 

-- , vlhere ',. 1s the It agen or the neutrons (taken to bezero Il t 

thermal energies)" TJ en 1s the numher of neutrons produoed 
I 
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per absorptien 0'1' any kind at age 1.-: ~ fen is the norr.talized 
q:> 

.fissien spectrum (\.\ f(G)dr' ... 1) g p(i l .1.:) is tho prebability 
o ' 

that a neutren ef age G1 escape resenance capture in slo~ing 

down to' age 1 . ../. ~16 have assumod tba tall neutrens are cap

tured befO're becominG thcrr.ml. (e f .. CF-2i3Ql, eq. 5 .. P( 1.1 R 0) 

.. 0,,) 

To selve (1) for Jfi2, we expand the expO'nential and 

integrote termv/ise. In erde~t~ot better convergence, we 

_~C'.~ h -i f first take out the facter 6 w ere ~ s a moan age rem 

fissien to' capture". averaged ever repreductien6 ','Ie shall see 

hm.., to' cheese (; shertly. We are left then ""ith 

7:~ _ JT OOj' ~ \ 
A' _.- ,,';:;; '( 2- " o ~(n j Ll + [T - ([i -t:iJ -r ~ Lc -'(('iLl) M --j 1 .., a 

f (ti) dP(L2JD. d f"' d~'" D 

It is reasenable to' cheese t' in such a way that en integrat·-

1ng termvlise, the secend term vanishes 0 ':Ie alsO' nete tha t if 

the reacter is infinite. vie may defi.pe an 'average raul tiplica

tien cO'nstant]!: 

00 00 

k D ~ 1(tl J 1'((t) 

o 1: 

dP{C' .1:') dtid't" .. 
d'Z: 

-Our 1:. chesen as indicated abeve is given by 

"7 

Q) 00 

(it - t') t ( t"Y) dP (t.i Z'--dl". d 1:' 
d .., .~ rl(t) ~ 

~ ------~----~~--------------"It P 

{3a} 

(4a) 
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We also dofine fZ. the mean square age" s irn.l1a r ly : 

CR OC! S ? (C') j ([f - 1:)2 f(tl ) 

z2 m.R C' ••• 

k 

dP(tt J l1 dZ; dC' 
dz-' 

~ith these-dofinit19ns we may v~ite sq. (3) as 

~. 

t· 

(5a) 

1 "" & 
~l- Jr4r ~ . ~ K + 0 + ~", •• , (Z 

., 1 
- ~f) + "":J • (6a) 

2 
:-;r ..........-. 
IiIt.tI ~.. ~ 

If ~t" - !:'- is not too largo. we may take .for our i'irot 

approximation 

, ~ ~. () -Ain If 
e - 0 D Ie or~. - .. 

A better approximation will be 

"tIlth 

~ u /enk jl~ [1- - (In K)~tj) 
f.lJ 1 - + . 1: 

,t3ec 
1 
2 

itt 
( _~ - 1) • 

2;i~ 

.-
t;' 

Since we expect ,,8 to be small. we may us-a 

r. 
1-

In Je r1 + '" ~ n rtJ F l 1m ~ [1 +~)~ rtJ. (7a) 

.~ 

We note that the first approxir.oatlon;)fo is the result 

one would get if 1: were the exact age 1"l"om fission to capture: 
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for example; if the~c v/ere a single fission energy and a 

single capture enf;rgy. '1'h6 ',Z; that is actually used is 

an average ovor tho agos .from .fission to capture for tho 

various possible vlays a neutron may 30 in the act'llll1 systOr.1 .. 

In this average tjle 7 at capture is a weight function. ~ c, 

includes the "pI~0rwturo capture correction" considered by 

'\Ieinberg in CF-284U X (Eq .. 6). We shall discuss this relation

ship more fully in the next section. The correction termp.i n It 

arises from the higl er moments of the .fission to capturepa til 

distribution. It cc~rcsponds to the spectral corrections con-

sidered in CF-28'i.Sl (p. 1:5) .. 

(b) '\:e sh!;'ll n(y/ give the results of' the preceeding 

section under tiC s;irr,J)li.fying assumption that thcr8 exists a 
f 

dafin! te fissi)n energy; i.e., fel:') "" :J ( T - t:.f)" Tl1.0 olluation 

cor:ocsponding to sq. (la) of scction (n) will be numhered (lb)" 

etc .. tr 
1 3 S o 'I ('l)e ( z: - Z'f) d'f dP{Zj:,l) d0 

d/C 

~f. 
\, 

J~:2 \,/ 
0' 

'~ dP(tj,'-Z;-) ? ( v) -,>/1'- ·w d t"' 

r.J 
(., 

.1; = 

Cf 

J 'l( Zl (~., " .. '2"'). dP ( ti: I 'z.:-) ~ r ~ -O~ 

't;, k 

::::r I~ 1 (f.) (~ - n2 -- dl;'(ir. 'l) 1:: • 0 >-0 . d~ 
" ..... ' • IF _ • , .. p .,.. 

K 

(lb) 

(Sb) 

(4h) 

(5b) , 
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The approximate equation for 61 (e:t .. 7a) remains unchanged 

in fopy;'!; o~o meroly uses k" 1:, z;z- as defined horo in place 

of the previously defined ones. 

Lot us nm"; make a. comparison between eqo (79,) and the 

corresponding on, in CF-2848 X (aq~ 5) ... In our notation the 

latter equation becomes (die is ~Jelnborgf s second approxi1ll8-
w 

tien !:or the Laplnc1.an.;) 

-vr-e 
11 I r:l 

'\.Ill 
<to oJ) vJi th uJ u 

-
On the 0 tho r hand s inee 7: tS Z""t (1- w) 

-;'1'-'3 
o 

I} 

-:;;u::\:" n 1t 
1~f(1 ~ ,~ 

() 

t'r'" F 
'- , .. (6b) 

1.:£ 

. (7b) . 

\,...{Z 
Therefore our fil"st 'approximation, (Jlo IJ is larger than \';ein~ 

borg's second by the a.m.ount 

_2 .:-,,-2 
err - ttl o VI 

.:; 
.Jnlt 1: .• 

t 

2 
u.,J 

1 - CU 

-..e '2 
and the rn t 10 Ofo /~; :ts : 

7~, 
O}o -
JC 

... 1 
)' 14> 

1· _ uJ2 

(8b) 

(9b) 
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~'J€'> also note that OUI' socond approximation is larger than 

our first: i.e~~ tn~t 

7-2 
,"j f 
'I 

M'_ ~ 

-;:f~~2 

---2 
'1'" _ ~"o}o It! 

~ .~. -2~'---------

1 - w 
/ 1,,' 

Sinee the correction 
---~ 

te:r'l!l in our second apprCtKiI!lation~ 

(lOb) 

nama-

ly 1; .11," ~ is always positive; th~.s follows from tho 
. 0", --2 ' 

fact that .'? ~ 1: 0 

In one' coso considex'od in CF-2040 XlJ' W -.I 0,,40.- 11egleot-

ing u.J 2 /1- w 
' ~ 

in such a oase causes a 19% error in ~ • In 
w 

most of the piles considered there, ~ 1s much sneller and the 

arror is only a fal[.! p~rcent <> In general the ratio botween . 

-~ -e ' ,,;.,.....-, 
~r} and;lrf increases as the 1:: decreases; tha t is. as 
. O. .J}w 

the concentra tion increases or tho slo';ling dovln pmlO:t" decreases io 

. (c) In C P-2081 considera tion VIllS g1 van to a !nodel in 
. . 

nhic.b absorption tool .. place in narroV'J energy bunds --the dis-

crete level modelo For this model the equations (1)" (3).~ (4) 

and (5) become 

1 := L '1] (1 - 1\) 
1,1 

00 

L 
j""l 

j 
r+~ h' )~ /TT p 
\j (ti-lt 1) f(Z'll)dt' -k 
J & k~i+l 
'1j 

(Ie) 

where p~ is the probability that a neutron esoape captUl~e in 

e' the! th level 0:\1 slmt,/lng ddvl.i:l ttwough the sne~gy ohar-sctoris'·· 
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tic of tho level; 10 is the number of noutrons produoed ?er 
'"'\ th "..., 

"neutron captured in the R.. level. and'tjJ is the age at the 
th ~" 

1.. lev~l; 

k.: L k
i 1 

with k i ." ~ i (1 - Pi) 

00 tj-4:1 j 

~ ~"f: ("t)d r 11 Pk (30) 
jal Zj k~l+l 

'.z: ~ L 11(1 -
i 

~ 7.j'+1 
Pi) L j 

j 1lO1 '-3 

j 

('Z' - 'li) f (t} d "C 11 

k"'i+l 

00 'Z:j+l 

pfl (40) 

;):2- "~h (1 ~ Pi) o e L(i 
i 

" 'C 
2.. J 
j""1 'L 

j 
(,2--- li>2 rC't)d'& 1r P~ t\ 

j k a 1:+1 
(50 ) 

1£ vie specialize .:!'urther for the moment. so tha t r ('2:) k 0 
" , 

'only when (;' > any '''C j the se equa tio,ns s implii'y to 

,.-I ......:2 CO~'. ~" 
L 1 !'f " _ Z· 4) " 

1 G Z k i 6 "€I ' f(nd'?;' 
.1 0 

(Ie t ) 

1\:;$Lk~ k i ." ?", (1 - Pi) 17' 'Pk (:So t ) . " 1 ~ 1, / 1 

co 

f ." .L k
i 

~ (t- Zi)2 r<n di' At . (50' ) 
i 

0 
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In CP-2GSli (Ie r) \va,S treated QY, subst~tuting e -'Fa" ~ 
f e - :;~ f(l}d"C where T 0<1 'j" z":f(2}d2:' • 
v 0 
o 0 

The solution 01' 

1 Iii L 
:t 

_(t' 
k

i 
e '0 

-'4)~ 
~ 

for 

(left). 

~ 
is used thore as the basic approxima.tion for df " Corrections 

, . ' 

are made by using better approxima tiona Cor, 

! e - r-W'\, (2;) d 1:' • 

o 

This method of CF-2881~ then. uses a dlt£erent aor1es of opproxl~ 

mations from thnt in the present papero 

(d) 'ilia method 61' CP-2881 eon alsb be applied in the Ol1se 

of' contlnuo'.1s absorption under the assu.mption that f'(t) ~ 0' 

only ror (; surfiei~ntlY large that dp/a?:' . eo 0" Then eq" (1) 

becomes 

1 IS 

r 
J ? (2:')e 
o 

i dra .J!f..... d1: 
dZ-

and the basic approximation gives 

Q') 

O? ~ t _7: 
, e 

o 

1 u j' 7(7;) /7 o 

dP d't" d 1: e - Z:-o 1j"2 
o 

Jt'2 r(T' )dt'. . 

(ld) 

(ld~ ) 

Unlike the paNl.llel equation in the discrete level case (ld') 

is not easilY' solvable "and approximate ,solution of' (ld u) leads 

o 
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e leads back -to the general results of' this report. To see the 

rela.tion easily we note that the equivalent f'irst approximation 

.for 

·e 

where 

CD 
j, 

I 

j f(' ('6) ~ ?:-;fZ o d~ e dZ 

7:"' = 
1 

'{? dP 
J 2"'( (1:") ere- dZ' 
o 

k 

1s s~1(G k 

Consequent w • 

1 ... ke (ld ll
) 

as in our general treatment in section (a)~ 

It 1s D of COUI'sa iii possible to obtain the sucoess.i va 

approximations to the 

(- -TTf J f(Z')e d 1: 
o 

I 

just as in CP-2881 and similarly to get higher approximations 

to 
CD J '7{t)e ?:afl dP -dZ dt o 

o 

The corractions are then separatod.into those arising from the 

higher moments of the fission speetrum and those arising i'l'om 

e the moments of the absorptl"on speotrumo The anawer ~s subsumed 
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in 'the general result already giveni' but the scparat'ion 

1s possible hare beeause the fission and absorption spectra 

are. assumed not to overlap Q 

(0) In carrying out the calculu tion ot: the critical size 

or 'ILaplacian" Vie. need to have at our disposal r(t}, p(t1:J 1;) 

and 'Yl (,z;')" For the q.etermina tlion of f(t) 11 vie employ the f.is

sion spectrum as given in LA-200., This spectrum 1s t:or the 

fast£lssion of u235 , but we use it here for all energies of 

incident neutrons and· for l>u239 merely because \'JO have no better 
. , 

information and some indications that the fission spectra are 

vory similar (cf. U .... S4)" For ~ Be !:10derated SYfltein \:/9 have 

used the age-energy rolot1oncociputed fron ro~ent cross section 

-e data.. (See fOI'thcoming ,memorandum by },1.. L .. Goldborger) u LA-200 

e 

• gives the fission spectrum in tho form f(E), the number of neu-

trans in unit energy interval about E .. versus E. 'ro transf'ol"xn 

to £(1;') Jl tlw nUmber of neutron~ in unit ago intervnlabout 1:: I) 

we use the following relation: 

f(~) e reEl :~~ m f{E}E [3 o;r (a;~')] (le) 

where G-tr is the transport cross section per am3~ 0;; the 

scattering cross section per cm.3 • and .5 '11 the average locarith

mic decrement pen:> collision.. In Figo 1 t(l") is plotted 01:1 a 

function of tiha BH age .. 

Ylignar (C· ... I D CP-668) gives 

babl11tYII P('(;" ~ Z~L, . 

pet· 1:'} c exp L 

for the resonano~ escape pro
T' 

) 3( 0;;:) e1'1' O""tr dt} (2al 
1:' 
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O-a 
a.nd 0- 13 the absOI~ption cross a ' v/here (ry--) M~ 1:>1 -1 r.-/o--a e J. -!-' ... ,) a. . s 

section per cm3~ It follows that dP«(;' p Z'")/d r: is given by 

d;I:(r
V 

0'), .. t:a 3(cr') ~f crt P(t~I1C;)~ (3a) 
d '1':' ,a E9i. r 

,J 

It 10 through (~) err that the a.fractof vo.ri:.);'ls concentl'a

tlons of: f:'ss::"onable isotopes in the reaotor enters the calcu-

lation.,. As an example, consider 

Be 
0; m' NneVa ... N 0: fu Pu. a 

,........ Bs ' Pu 
,,) ..., lJ.~ G:s ... Np.. 0:. a ue L-U. s 

]?-.l diluted 1n Boo 
, Pu 

( 
Ba ca· 

C!I rl a- .+ Be, Ii :>-

... tTn_ (a- Ba .OSPu , 
J.X.J S 0} m -) 

where ~i~ ~~i are the scattering and absorption cross seos "" 
tions ~espaotivoly of i'i" atoms ~ Ut is the number of ".i" .atoms/ 

:5 ~e ,,' 
em Band m = .~" (The at'om conoentration o:f Ptl "" l/(m+l),,) 

Npu 

<0;) eft 
os = • -- m 

1 + 0;/0; , 

NSa(a;.Be + 
oaF'u 
"-* ) m ,-

~~ ... -~.' ru-~"'" 

1 ... (mO§ '" OS ) 
mO"Be + 0- Pu. 

8 S 

~1e VJork normally in the range vJhere 0- Pu« m ~Be and. 
Pu s 

m o-Be« CJ ' " . It these conditions prEfvail g 
a s 

Nne o-Pu Nns OSBa 

.. 

( O-a ) 19ft' ... 
.. , .... 2""'" a 
1 + a=aP'ii"- In 

~ 
m _ cn··I~-~ 

J.. ... m~ v:..PU -,. 
S a 

Similarl.T~ 

0:- a Ii a;: Be -I- N r:r. Pu a Be Gtr
Pu 

'tir Be tr Pu t..... It (a: -I- _. -" ' .... ~) ... - Be tr --

~ NBeotr
Be 

.. 
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As the reactor is r'un the fission product absorption should 

be included in a:: ~ a 
This consideration is postponed unt.il 

the change in critical size may be compared \':i th thnt in breed-

ing gain as the £ission products accumulate. 

Perhaps the greatests-ingle inaccuracy in the oalcula

tions of.resonance pile performance is. the uncertainty. o~ (l1u 

the number of neutrons released per absorption in Pu239 
0 f4~(~ . 

may be written an 

749 (C) co 

(' 
(4e) 1 + q (t") . 

v;here 7f is the number o:f neutrons released per f'ission (2 0 95 

for Pu239 ) and 0( 1s the ratio of radia tive oapture to fission 

.e cross section'o The most recent data (LA~266) seems to require 

that CY(E) be negative :for E ) 1 evo Rather than accept nega

tive 0{ values~ we decid~d to use the values of ~ as given by 

e 

. Weinberg (CF-2848) calculated from other data; We~berg nssumed 

thatwh.en 0( v!ent negativeD it should be taken to be zero.. His 

values of '1 ape reproduced in Table 10 !Jote that ~or II! ") 20/1 

q is zero and '/ C' If' o· 

!Jow that £ (11) I dP('&" JJ'&)/d 1:, and 7 (~1 are knovm func-
/"':oJ . 

tions of tQ the critical size calculation is relatively sinpleo 

The calculation ofK is particularly easy 1~ the absorption 

spectrum and ~isslon spectrum do not overlap, ~or in this 

oass51 
'Z(20 a'll) 

-\' dp·) 
It .,. d . (t) d 1: d7: + II - P(20 GVlJ }(~. (Sa) 

\.~ 
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e Slnee the absorpt1.on is proportional to dP(2'1 JI't)/d't'; the sep

arabili'cy of absorption and fission is ~ of OO'J.r~Je, apparent 

.from the dP(tt /C)/dt: and f(1:) values 0 In this I.~ase~ as has 

'i 

be~n' pointed out 

r: .. 7[ 
o 

-""-' 

previously 
00 

Sr{(t'l 
o 

dP (fv- dZ' 

k 

(66) 

where ~ is the arithmetic. average of the age from £1::.s100 to 

thermal" Unless the c.oncentra tiona of me tal are quite '.isrge 

(Greater than one atom of Pu. to 50. atoms of De) separati,)n 

obtains. 

Detailed caleula tions have been earried out for Be-?u 

systems for ~..ree values of m 1!2 nu.mber De atoms/nUDlbar ?l atoms .. 
. ~ 

The results are sUIm:arized in Table 2~ The calcl..).lations··\var·e 

, carried aut for a bare sphar ieal rose tor", Losse sto Be rlOre 

neglected .. 

II. B:reedin~ Charac,t,crl-stio,! 

e 

(9) In evaluating a pile for the purposes of produ:ing 

new valuable isotopes p or of preedinga we wish to oompu~~ th~ 

average numbe.r of extra neutrons produoed per destruetS.:n of 

valuable 1sotop~ in th.e pi1.e; ioe .. ,' the number of neH,'l.tI'olS ava11-, 

able over and above the number needed to r.1S.ke the pile ct!lin 

reaet1ngo In these considerations. the number of neutrol~ produc~ 

ad on the avernge per absorption and per.destruction of f:sslon

able is otope tn the :roeae tor play central roles .. 

T'ne number of neutrons absorbed in age interval d 1.:' abut· 

1::' in a. bare roactor (i .. e", no reflector) is proportional to 
--------...... -.-... -----,,~~ ...... ----
* Table 2 is contained in CF~3490~ po 32~ 
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~. J e u:- 1:') ~ ftlr) dP~~ ,n d''f,' I. 

1:' 

,(Ie) 

Then the total number of neu trons produced is proportional 

to 
ex:>.~ <D " ,~ d P(Z'" Z"') J)I(l') S e C t - ,[qif' t(Z''> '" .. d''''; d2;1dr .. (2a) 

o ' 'Z" 

nnd the total'number of' absorptions is proportional with the 

saLle l'actor to 

s·! 
o 'Z 

e 
r')1fG ('Z - ~ t !'('t,) gr("t1 .. t-) 

de' 
at) dt: (36) 

Thus we lluve the number of neatrbns?roduced on the average 

per absorpt ion of any kind 't : . 

. ! 7(2) S e + (0'- 1;'.) 1]"lf(t''' d.P(~i-n dtt.dt' 

- 0 -t 
~·---'--oo---{-~-~-,-)~~2---------------··~ ! S e 1'([1) dP~'fl . d't" 'd1Y 

o T 
U3in~ eq. (la) of Section I, 

1 

"\ III '='r-oo-,S' --( '1;-.. -2-"""-) 1f ......... -r-

j ~ f'(t") 
o -r' 

dP(!'U ,'2:') dt'ld2'" 
- d t" 

(4a) 

Similarly, if u(~) is the utilization of those absorbed in 

d r: at 1: in destx'oylng fissionahle isotopes,. the number of 
-

neutron.~ produced on the average per destruction. '1 ' is 
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r 1 
( . ~ 00 (Xl 1 r ' .-" (5a. ) 

(' r.- \ (t'- t t)~ r' (1:"'t ) dP.,(r'· '&) dtt dC J u( ~} J e . .1 d 't" 
o -r: 

Weare now in position_to compute the i'ert1.1ity.1l F, of' , 

the system which rn.ay be defined as thenu.'llbor of ne\'/ valuable 

isotopes produced per destruction of fissionable isotope in 

the roactoro If u-- is the average number of new isotopes pro-
o 

dueed for each ne~tron escaping from the reactor, ~~e contribu~ 

tion to Ii' from outsido the reactor is 

00 c.o 
C( .) \' ' (Z'- 'i'n ~ dP(l'f ~21 

U
o 

.) J? (G') ... 1 ~ J e : t (rt) -- d"r:'"""''-'' dZV dt" 
e at Jt . 

F .. " o --I 0 

co 

) u(t) !' J Ii"' .2 . . I'Y ) 
+(t-~t)71" dP('t',Z dlf"'.~ e ?J r {~t r- . ' .. ,,;.... c; • a ... 

o r: 
(Sa) 

- -This may be ri.wm1tten USing? and }- £lS, £0110\,/s: Since 

--IJ 
_..lof.:_ . .. _~ I:tI 

noo neutrons absorbed ", • _ 1t 

noo destructions 
? 

and 7 ~ 1 m no. extra neutrons produeed perabsorpt1onc 

--........... 

F 0 t!O U ,_'J ( T(' - 1).. (7a) o _ 

( 
It is easily sean that .this may be written in the more ,familiar 

form -
F 0 '" U;;C?",' .., 1 - L) (8a) 
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vlheI"'6 

L -= 

'P ! _ Vi _ u(t)1 . e -('C- t', uf . .dP(t1',t' Ji O!.J f (t', ) ,_-2. d"1~v.'1 '1'-" 

-±:- -la_ .. ,~ dt:' ." ~v 
. » , ~ ,n ( f 00 ,- .. _ ... .i u(Z') S (t-Zfr~ ---. 

o ,'i"" e f ctv ) 
(, 

..,. ",-,' dE .. '? tit u·_u dti d1: 
-. dif 

(9a) 

L 1s the "parasl tic ft absorption 1n the p.t.le per destrtlctlon .. 

Possibly there may be a contribution to F 1n this absorption 

provided some valuable absorbor be put lnslde the :t"saotoro 

If' ~ is the av€~rage number of valuable leol-;.opes pr.oduced per 

po.r>a.si tic captur.s In the rea.ctor 

F at Fo + UpL . 
I 

. ...L -..-- = . ~. - (--~} -- ( = Uo . 'l .... ----= ~ .) ~. up ( 
. 1 7 

... 1) .. 

~ L may be 
p 

bro~lt into the general schema by 

uL 
'p 

(X) f -«(;' .. Q 1:-qT elP 
.,) ~(t) (1 ." u(Z')) J a ' t(tt)a df1d't' 
,Q 1: ' . = ------ -_. . . '" >- -.,.~ 

(!) 00 . ,....... ",v _9. . 
(. \. - ( t..,. - [,') M"'"" uP 
,) u(t) J e -) :C(bt)~ dCld~' 
O ' 'f"" 

'./ 

with up (~) the' number or valuable l.sotopes produced pen:' para ... 

sitic absorption at age r ~ 

(~) It 1s (!ppropriata a t this point to say a few ';'Ioro.s 

about 'the relatl"ire magnitudes of' the 'three ~vel.'age nreprk.,dua-

tion :~ct;ors~~ i"" 111 and 7" It ls obvious t'rom.tha. d~fin1t1.ons 
that 't ~ 1 II tfu.e eq\.ia11ty holding only it u(Z) '" 1.. I.f' 7<?) "" 
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canst :::: 70IJ then. k "" 70 I::> 7 ~ '-7'" On the othel~ hand: it 

( is not cons tant b 1 is a weighted average 0"181' 1. inclu.d1r,ag; 

leal~e,ge and K' is S\ v/sighted average oval" 1 excluding lea.k

age.. Consequen'Gly II if' ! increases with energy Ii f >. It and 

'1 max ) .~- > k . where ? max is the maximum nu.m.ber at neutrons 

rele~sed per absorption in the fissionable isotopso 

(c) We shall write down for the cases of monoenergetic 

.fission neutrons t1 the discrete level model/.> ·and sepal ... t:ible fis

sion and absorp";:;:ton.. The equations analogous to those of (a): 

1" f(Z) ~ ~(r;-.; iJ..) 

1 --:--? 0» -;{i" ,,,u(-;:-t 11f .M ( t;.. iiL d 1;' 
/ .\ a(.,. r. dt: 

.r.J 
o 

7 1 __ no"" ___ u 

"""""'='7 .. · .. • 7/ ' 
G ,... ,r,--' 7' r ,f ("/~) (c - 6 t) dP (':t:..:;"~,, _ d Z' 
j U .J G --· .... ;d 1: 
o 

" 

2.. D1serete Level Mod~l 
.....,..,,......,enere''' ...... ee .. 

- . 1 ____ .- _~__Y_'~ 

1 = --~-- -~ '""2j i1 0 (Z'i - zt) r (t! J dt' 11' Pk 
~(1 - Pl1~ ~ . k-lol .. 1 j~l '2j 

= 1 'I en ~-- ...... -~;i . rr . j • . ~ - --r-t Ul(l - Pi) 2~ .~ e(~1 .... v lif f'{t'}d21 1'1 P
k 'if:..i .. ~. . k c ', +1 .. 

'" "j ~ 
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where ul is the utilization at the 1th levelo 

If' feZ') ::j' 0 only when I;' is greater than any 
1-" ..... 
j~ 

1 '1 = ~ ... ~~~ rn='''~;:~ «IF 1:1 vr".,..,... 

- -1 'l..·2 r 772 
2-.: (1- Pi) '~ P

k 
0 .,,\ ) 0- ~ ") f(t')dt"' 

1 k :> i t 

o 

==::; 

7 ~ 

3 c Continuous abso,..ption" 1'(1;') F 0 only when dP(t't 1I t/)/d1:' "" 0 

1 . __ _ ";1 - .. _.... .-~ _a· 

= . r: t~ dL S II -rcre~(t·, )~tt - ! $ r~ M. dt' 
j d~ 0 d~ . 0 0 . 

r f'1f£ dP d 1:: J ?e -a1Y 
o 

? Q 

00 1'"",~ 
\'lJaG-~1 dP d't" 

1 J ( ~ .' o. 

r-:-- z ~ 00 Z" -;;,-2 1;2 W ---.. ~ -. ---., 
U ('216 ~ ~ dt j e ~1 f ct1 )d,&' j' U(Z)~ v OJ .!!bd't" 

, 0. Lt 0 . dCi 
. 0 

= 

(NOTE: Through the wholt9 of section II as at present Il'Jrittens-

the assumption has been that the reaotor is essentially bare; 

i .. e.:J that the blanket in which peripheral production takes 

plaoe does not eet as a rafleetoro The modifications which must 

e bo introduced when this blanket is a ref'lector havG heen consider-
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ad .from a rmlltigroup: po:f.nt' of view in CP .... 2881 but we have 

currently engaged in soma slightly different methods purticn-

'la1"11' ror the ease of e. blanket in which slowing down doe's not 

take pl$.cs·.. OUr results so i'ar are not great or astounding .. 

In any more or less final version of this repor't$ VIe expect to 

have something~ nowever~ which belongs at this pointG) 

Sinee heat production is most intense at the center ot a 

pile~ the temper~tur6 rise in uniformly spacad~ equal area 

cooling channels. running parallel to the axis oJ.' a cyliildri-

cal pile is not ~nirorm £rqm center to edge of the pl1eo Such 

an 2xorangement demands mor~ 'coolant than is a.ctually necessary 

or even desirable since not only do the 1088es increase with 

added coolant but ·the utilization of the a.vailable power' is 

certainly not very stticien,to In additlonll it might be desirablo 

fr-om an engineering point of view to have the temperature of the 

eoolantuniform over the pile exi;t eross section .. 

In order to achieve more efficient pe:rformance ~ it. 1s 

olaar·that the properties of thG pile must be spses variabl~~ 

The exact spatial va:riations necessary in one case vl:t'll be 

diseusaed later~ . This whole problem 1s'of particular impor

tance in resonance and fast breeders whore one wishes· to keep 

the l~ssas dOVIn and' deorease the doubling time 0 ~16 shall con-

sider thorerora~ a method by whioh the p~opertie8 of suoh a 

pile may bs determined .. 
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OUr sts~ting point is the Fermi equation (C,P-1662) ,w:tth 

all cross sections/c~3 having. spatial variations over the 

pile.. We shall assume that the spatial varia tioD of the sloVl

ing dO\*JIl power/em:; is the same' as tha t of the a bs,oI"ption oross 

'section/emS; the spatial val'iation of the transport cross 

section (and hence of' 'the diffusion coefficient) need not be 

the sams; but the spatial variation of all three is independent 

or energyo 

Written in its most general rorm~ the Fermi e~latlon is 

div Dgrac1 Cf+ P~!2:)_ fa -+ [)ftx':;)Q(xt-;t,)?(.xt)d.x.] f(x)=O 

o (1) 

where r"" neutron density times velocity; x. c: In(E/Etherms.i); 

a = absorption cross sectIon/emf; ,~ c: (2:NIOS i
) 1) = slowing 

go\'(npower!cm3 ; D *' 1/3LNiOtil:"ii 1 Q no. of -neutrons released 

par absorption of any kind of neutron of "energy" x; l' (x) :> is 

the normalized fission spectrum (! f(x)dx !Ill 1)" According to 
o 

our assumptions W~~ Wl"lto 
/~ -7 ~ -7-

D "'! Do (x.)i1 (r) II a{xllr) '" &o(x) )\(1') ~ S ... So(x) /\(r) 
\:-7-4 

where /\(r) and t(r) are dimensionless functions of posltlono 
,-7 

UO'ii' let us try a ~olutlon (1) of t.he form r:l iDa (r)X(x)" We 

:find 

~i,: [~~~:t ,fJ>} 2. ... 
'Atfs ,DoX 

O"~..9X),,.,,"~ ~' + 

Ox Do 

A.t"(x) 
Q 0 (2 ). 

DoA 

fO 
whsre A ... '\ X (X.1) ao (x ,. HI ex f ) dx 9 0 Since the .firs t term is o 'I 
a i'unctionvspaee only and ths'others are tU.nctions of x o:nlYD of . ' 
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div" [o'@~ad <f>J -I. -t Afs III> 0 

and 

__ .__ m + D ~B ~.~_._ <:;> tOO {II , So - ,;.j 
2'1 (SoX) 

SoX + A1'(x) om 0 
dx: 

(3a) 

(3b) 

w~ can easily veriLY by di.f£erentiation that the s'olutionot 

(3b) is 
x' ...."..:2 

CD S ao (!.~:) -l-. Do (x' f ) Jf dx n (4) 

So(x)X n A j e -x 50 (x") f(xtjdx'. 

x 

By multiplyu1g both sides b~' 1 (x)so(x)/so(x) and integratjI~ 

over XIj- we i'lnd .for the characteristic oquation \'lh10h deter";" 

-srg t n . X ~ 

ml.nes (CO 00 ~ ap (:,- t t) . ~.po (x:). ~ . dxn 
\' aq,~!~l \' -x So (XU) ; 

leu V ;, (x ) So (x). J e .. f' (:x. t) ax' .. 
o . x 

(5) 

If' VIle now dafine x. 
Do{x) dx c' 

Z"{x) :: S So(x) 
0 

and J'[t 

ao(x,"~ dx~} P(xt,tx) co s::;r.p{ -- ~ 
S (x") I.- 0 

X 

we can easily transform eq. (5)"into 

\ 'f -«(;,_(;)7 dP(t't .. 1') 
1 = j >(Ct) J a UJ fert) _d_J,""1:- ae-'id&'o (6) 

o 't' 
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fuis equation is formally identical with eq" (la) of section I.. 

ConsequentlYI> the methods which Viera developed there to!' ita 

solution may be applied here" We also l'lote' tha't T (x) l.yhtch. 1s 

the 1: employed in eq.. (6) is the Fermi ags in a medium I'm .... YJhieh 

the ratio ,,\It m 1" 

B~cause III tr~ aetual pile the appropriate age changes 

.trom point to point; as the ra'tl0 >/1' ohanges, the meaning oJ: 
'Jf2 hep19 is not the same Bsit hD.s been in previous seotions of 

tbis report. Previously the spatial variation of neutron den

sity throughout the pile was determined from the simple equation 
~ 

A <f ... df' r .= 00 L"l this section, the spatial variation nn.tst 

be determined from the more complioated equation (3a) .. 
--2 ;, ' 

We novi ask: tor vlhat valu6 of df used' 1n the simple 

equation we obtain the same ?-"6sults for oritical size whioh 
~ 

SF6 gotten'trom solving (3a) exaotly'? This value ofJ) in the 
, -'" 

simple ~quation we shall oall 1:" Let us ,.-rite the simple 

equation and a s11c;htly modified form of (3&) .. They are 

and 

-2 
iJ.f o? 6fo <..f' == 0 

o 

--a 

(7) 

L1 If {+ grad ) n ;J ., grad f + ~1f 
A ' t- if .,. 0 .. (3a q 

. 
lhl t1plying eq.. (7) by rand eqa (3a') by fo and subtraoting;, 

we obtaixl 

di ' r.. 'd . v L?o gra .u ... r:J grad :(..01 + ""0 grad in Ji (> <>gl"'ad ~IJ~ 
• - J ~ I' ' • 

(~) ~ GO'~) '. ":"'lEtt 0' .t., ""i II' ., I,! f !c>,t."+ Q 
I !.( ..,I.: 0 .~ 0 l 

(8) 
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By vector manipUlation of the second term" eq .. (8) J$,. be 

modified to give 

div Efo gl'"ad Y :~ 'f grad <fo" + fo' if gl"ad In o-J .;-
(a,a) 

(~t -~ ~ D,j.,., ¥~ grad In t(o grad info> </'01"" 0 

By integrating eq~ (Ga) over the volume ot the reactor and 

applying. Gauss' lemma to the firs't: term, 1\tS obtain ror-;l 
o 

.,..,,2 . Sfo rfi 1- -Lljn y- grad.fn 4". gr~d In 1'0] dV 
~ 0 '" _K"_ --- .. ..... ; .. ' .......-. 

\fPo r dV: ., . (~) 
"" . 

sinee both~o and 7' s~e zero'at the surface of the reaator& 

.It 1s" or course" true that, the value ot ~ 1s indepen-0 1
0 

. 

dent ot,any mrbltrary ohoices whioh may apparently haveentared 

the caleulation" '1"here are 1"'e811'1 only tv'JO such choioE>s which 

wS' have made.. They are the values picked for Do and So at 

some given energy.. We wish noVi to verify that the choices ot 
- " . 

Do 'snd $0 do not lnf'lueno$ th~ value of Jf;, as co~put&d :In 

eq .. (9).. In ?rder to do this IJ we mtl,st show two things; that 

the gr'sd ~ n Y and r .~ are independent of our choices ... 

From.' thede.ri:n~ i;ion of: Y it £011(.1119 that gad A' rl?/ ." 

gr-ad -R n D (x .!I r) e This· demons tra te 8 the f j.r s t 01" OUI" tVIO eondl
~}. 

tiona ~ In order to show that tJf 71 is independent of our ahole:... 

83, we note that a d1f'ferent choice oJ: I?o/So \'/111 merely changa 

i by s scale .faetor ~ salT'/> ... y ~ From eq.. (5) $ it then .follows 

that the value of ~ must be multiplied by the factor 1./,,-( ~ 
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--2 
ConsGquently~ the value of Jf ~ is exactly the same as o 
bef'o~", 

J.n,order- to use eQ.~ (9) it 1s necessary to have the rune"'" 

tions <fo and If.. Forslmple geometries Yo II the Bolut.1on of 

Sq4 (7) is usuall~ well-knovlno In order to r'~d ~exactly~ 

we wou1.d have to solve aq" (3a t ) .. ·IIov/ever" to g~~ a fi.:.rst 
~' , 

approximat1onfor the value or dfo~ we may adopt the usual 

perturbation theory assumption th,at r may be replaoed by n .. 
This seetion was introduced by soma qualitative considera

tions which pointed out the value of piles with spacially varying 

properties 0 The 'spacial variation was introduced to d~crease 

losses to the coolant and l"'0dtiee too crit1eai mass .. 

As an axampl&'of the type of oalculation that would be 

nee(l)ss~ry for a resl p11a design, consider the tollo1fling a1 tue.

tion.. We shall 0001 the pile by msans ot equal diamatel'l channels 
I " 

through which Q coolant floors; i we keep the pressu~ wop t.h& 

sam!!> over the pile (henoe thai'lovi ve10e1 ty in each channel is 

thessRIB) and wish to arrange the ohannels in such a way that 

th~ tam,para tuJ:'lte 1"186 in. eaohone is the srune.. Let 

-7 
.C( (r) vol'lUIi9 ot voids = ___ ~~==e7''''''''' bmw ""I',1'7"'kl ----

voluma or solid material » 

a quanti. ty vJh1eh 1s a measure or tb.a spacing at the channels 

over the pile.. To kesp tl?6 temperature rise the same in all 

st~aarns~ the stre~mg must be spae&d so that the coolantvol~ 

~ /(1. ...... Cf) be p~oportj_onal to the number of fissions per sea 

per unit volume ... ' F", on the other hand ll if the flux 5.8 tf.f F 
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is propor'tiona1 to rill "-9').. Thus we 'may write 

0\ Gte fa .. ___ s!!. _ a _ _ : _-K.--';"' __ 

• ].' '? 0{ 1 'II- /)\ 1 ',!- tV 
, ,e '4c 1+0(' 

. y' rll _ 
V "" "1 ,,t;,, (,\ e I e 

v/here 1~ and ~ 

are the values of 

cr and,! at too 

centei.'> o:f the pile" 

. In prac tice 6 in a cyl1ndr:toal pile for example ~ 'the fraction 

of cooling ducts may be varied as a function of the radial 

distance :from the axis of the pile but not as a function of 

the distance away from the center parallel to the pile axia~ 

Consequan t~'1" in pltiee of 0( .,. ex' _<f/ ·.,VlG should us e, 
, .. 'C ~c', . 

0( Q 0(" .::. c;'" t.5 x) cOle rt. 
(rath the appropriate value of' btl cos (b x) gives the long1· .. 

tudini!ll varia t10n of r in ,eo oylindrical pile .. ) fVr is. tihe 

radiSll variation of <f normalized to one on the axis" 

Suppose we'employ aeoolant Which does negligible slowing 

down and has negl1.gible absorption but vlhose scattering cross 

seet1on/c~ 1s tna same aa the rest of the reaeto~ materialo 

In this case J" is cons tan t and 

A 1 
,.."" ~--... ~ 

?f 1 .~ Vle Y( 

when ~ is the ~egatiwe lapln~ian ro~ 8 pl1ewith no coolanto 
-..2 

Supst1tutin.g in oq .. (9) ira f~.nd £or tf 0:: 
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2 .. 4048 

Jt m -r .. ~ ~O.(Z)ljo.l(l + rfC rZ~ zaz 
o 2"'4048· .. •· . 

S Jo<Z)f zdz '. 
OZ. 

wi th fz :: jf.;end Z Ila/~ such that Z. -= 2 ... 4049 when e CI the radius 

of the cylindero If"" e (<' 1" we obtain 

" 2 JJo(Z) 'fa zd£ 
• • _. m + 
(. 

)Jo (z) JOg zdz 
~.JF[l-<\ .... J · 

Since t.tz·~ Jo(£)/I if Vie substltut.e) Jo(Z) torf'z TIS OvEn.-s. .... 

estimate -:;;2.. Physically this f'ollmvs trom the faot that using (11 0 . 

~e Jo(g) intl"oduces lass than. ihe roqulalteamount 01" cooling into 

e 
'I 

.' 

'the pile.. For ·sms.l1 "slues of' 0( c" however. 1'z ~ J 0 (17,) so 

that when ~-t < < 1 
.. 0 

-df2 ~ Jf 
o ' G·- '\ l[Jo(~f2l~. - + • •• J 41 

1!0(3..f zdz 

On evaluat mg the integrals we obtain 

.....2 ~ J' a1' fa! d1 [1..., 11725 0( e .;. 00.... " 
o 

I.f the pj,le were cooled with the samG distribution ot coolant . -;:p 
everY1'1hero which l"'raquired at the oenter the value of "'I' would 
~ 

be" ~ : 
e 

~r'2 112 \f2. r1 ... 0.."' "" <> ..... ] ,j := ---•. "'_..... <;:I a L c _. 
. " 1 05- ~ ,-, e 

---
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,r .. .... 

and " ;. . 

2'1 

-'jf ~~,: '[1 + Q2750(e - ., .. 41 ) .. 

" o. 0 

'. . / 

On the, 9ther hat;td'; the average don81t~· of standard reactor' 

material in the speoe variable pile is 

2~4~O~8 
2 zdz 

(2.4048}2 ].--; 0( 'w o c Tz 

as compared with 1/(1 {> 0( ) for' the u-'II'11formly cooled pile so c 
that the ~at1o of standard reactor material Ul the two cases 

is 
~ et 1 0} 0155 0{ 

"" ••• 0 ~ e 0 

To the same approximation 

. ~a. = 1 .,. .. 655 ~ 
and 

Me - "'" 1 + .. 500 0\ 0 

M e 

Physioally the reason that Me < Mo' is that the coo1.ant whioh 

is removed in the ease. or Mo but p~8sent fo~ Me acta as a 1"a

tle~tov increasing the err1c1eney of the eantFsl region o£ the 

pile ~ ·In Mo standa.rd ~eactor l1.I.Il terial ~s" theratore 1I add0Q to 

compensate the ~efll}ctor effect lost on rsmov1ng the coolant 

~om the ou ts ide l"eglons of ~ '" 

e dkw!lO-S1--46 
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