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;.Iethods Available for Calculatinc Critioal Sizes of Slow and 
Resonance EnerSI Chain neactinM Systems 

The calculation of the critical size of a chain reacting 

system is one of the central problems in pile technology:. At 

present tnere are a fairly large numbor of methods. for solvinc 

this proble,m 'which have been used at different t1r.les; howevor 

no sy~tematlc collection of' these has been made. In particu-

lar, no attempt has been made to so systematize the calculations 

that the numerical com.putati,ons remain_ in complicated cases, 

within reason. The present report is not intended to be such 

4 collection - rather. it is intended ss)an, outl~ne ,_ with 

references, which may be of some use to the mathel:!lotics de-

partmont .. whose t,ask it vI1l1 presumably be to prepare a mor~ 

comprehensive studY4 

The cathode \lhich have been l.lsed can be classified . 
according to the mathematical technique employed, or accord ... 

ine to tho physical systems to rlhlch they apply. Thus. 

variation t:lethods have been used in rnany different physical 

settings; on the other hand, hien k piles can be treated rro~ 

several di1'l'erent r.l8 thematic'a1 viewpoints., . ~nel'ally speaking, 

we shall try to classify the schemes accordinG to the assump-. 
tions made regarding the slowine do\vn pictureo 

A. r;~thematical complications arise out ot two separate 

First, certain geometrle$ are 
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n~l t'.1ru::'ly ll.urdcr to deal \:1 th theU: othors; and 

second .. even in simr)l-a gconctrics. the spread in 

enorgy of tho fast ne~trans is tro~bleso~e. In one 

group calculatIons,_ onlytliC! g0o:'!1etric cons:'dc::>s-

tians ore i:nportan t. . For ~1tI.ll ti-croup calculo. tions 

even the simplest caonetries are difficult. 

I. One -Group ;,I<z.d.!:J:. 

The ono-group model. in vhich all no~trons are 

assuoed to huve tho sarno velocity. red~lces to the 

~olution of the wave oq'-:tatlon 

~ n + B2n - 0 (1) 

subject to the boundary condition n III 0 on the 

outer surface of the system. The wave equation 

is accurate only if ~~c system is lurge enough 

for simple dlrrusion theory to be applicableo 

'£his is u3ually the case in systems of Intoreat 

to us 0 

The solu.t1.ons of tho "love eq:uation in many 

different geometries are 'flell knoVIn.. '.le list them 

under 

1. Bare ::'iles 

~or simple shapes~ such as sphere. slab, 

cylinder, see CL-574o 

Fo!"' shupes such as olliptic. cylindor', 

c·one. otc., \":hich ~re s.i.'1lply related to 
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sys terns or or·tho:~onul functionn. it is 

uaually possible to write the solution as un 

infinite series of a~)propr:ttl.tc harl~onics. !~he 

coefficients arc thon determined so that the 

boundjry condi tion _ n .. 0 ot:! boandary, is 

sa tisfied. Since this in general lend:.! to an 

iurini te set of linea.r' G(pa tions * the calcu-

lation is :lsually perro~ed by solvin~j succos-

sively lar'ser fin1 to s'~ts of lineal' eCF..lationo 

and noting the conv'Jrgonce of' the result. By 

this method the follovIinGshapes I'1!l ve beon 

'tl"'ea ted: 

8. Trunc{"l,ted sphere - P. :Iurray (CP-146l) 

b It ~llip'tlc cylinder ... N'. ;.lorehouse (unpublish-
ed notes t'lhich I h.ave) 

Co TZ"J.nc n ted c 000 - R. Sea le ttar. l.~on P ... 33 .. 
pg .. 16 

Solutions for many other shapes must exist 

in the literature since the critical size 

problem is identical with ~le calculation of 

the fundamental modo of a vibra tlng cavity 

whose outer sJrfaco is the samons the pile 

shape.. It pl~o'bably V'/ould bo \"Jorthl!'!b:lle to 

resurrect many o~ these results - in partleu-

lar the critical sizo of an ellipaoid" 
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The Raylel8h-R1tz varlationmothod 1s also 

useful tor various odd shaped pl1es. In this 

scheme (described in Courant-Hilbert. e.g.) use 

1s made ot the tact that 

r!ll J'( vn)2 d1" -.. f n2 ctr. 
is, stationary with res~ect to small variations 

of, tho function nCr) ,,' T.hus 1.t n is chosen to 
, - ' 

s~t1sty the boundary conditions~ it 1s not vory 

important tho t it also satisfy the vrave equa-

tlo~. ApplIcations ,of this procedure are found, 

o .g.. in Schweinler, LIon ,f-152" Young and 

Castle, CP-1456, Scalettar. ~on ~-33, p. 16. 

It tne quantity 82 1s a fUnction or ~. the 

solution ot equation (1) 'can uaually be done 

only numerically_ The critical size can still 

be caloulated by a variation method" however; 

this has been done by' Schue 1nler, !lon P-l52. 

It a2 depends on n. as is the oase in a 

pile operating at high power, the problem be-

comes non-linear" In this case numerical vlork 

must· be resorted to. A few spocial cases have 

been v/orked out in which n2 is a line'ar runc-

1#10n 0t' n: ~ounG and rb~house. C~-+06~_ A 

more eftende~ study of ~ ~n-l+nea~ probtem. 
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again with" a view to establish1ng roasible 
, 

numerIcal:mthoda Vlould be very Vlorth whIle. '. . . . 
, , 

2. ' Pile. wl'th Reflector 
• , ~',. r 

,'I t . ' 'l'he one group pile wi th re1'lec tor problem 1s 
I 

very siJIple lJ.t the geo.tl"'tJ 1s staple.. Th,us, 

conoentric sphores or conoentric ~1nlte cy" 

I1nders are easily solved (CL-574). 

On tbe otber hand such ti relatively s1t\pla 

look1rlg problem ils a,' dUb$' ilis ide anoth(:)l' ,oube 

cannot, be sol~ed ac6~atelY~ The reason for 

this 1s that ~he rur.i,,,t1olls appropriate to a 
, " 

cube do notmatob. Pr'o~rl,. in the corners 01', 

the reflectOr. 'rhus 11' sin.1;- sin .~ 
cosh C\ a is taken as tho soJ.U.t 10n in the top 

retlector. and au" ~:c. cosh C\ 7 ,sin 1t!ls 
'Ll " L:s 

taken 8S the solu.t 10n 1n the slde reflector, 

these two funotions will overl_p alone some 

surface in the corner ot tho reflector. on 
this surface the neutron ~ensltJ is continuous 
but the normal derivative is discont1nuous .. 

This COM'osponcis to a solut ton ot the tlo.1/e 

equation bat u1tb a certain distribution' ot 

sources and sinks dot$rm.1ned by the naturaot 

the discont1Dultr 1n tho norma~ derivative along 

the su.r.face. Vl1gner has suggested t~t ~h1& 
s~lut1on, 1n Yh1ch there is an ext;-a source .. oan . 
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be used as a starting point in a tlothod oS: 

suoces$1~ approximat1ons.. The nox.t approxi-
.1 

mat10ns would be to arranse a disposition or 
sources or sinks TGieh would just bclance tne 

original sot.. bae sources \1i11 now ramo.ve~ 

tl:Le" dlacont1nuit;r in the derivative, but 'they 

w1.~l in general spoil the boundary conditions. 

The details of how one readjusts the boundary 

condi tions 'have not been worked out., 

The problem ot concentric ellipsoids can in 
principle be solved wlth known functions.. 'It 

would be a valuable result sinoe anyot the~e 
"cube in cube" or "cylinder in c711nder" ·pro-

blems can be approXimated by-the ellipsoid, 

problem. 

Another method which l;ss been tried 

(:'lon P-o - with not t'!o 81'so.t ~ueoess) tor this 

problem, 1s a variant oS: per~bat1on theorYG 

In this method. one starts vlt~ a unitorm pile 

whose outer surface ,coincides with the outer 

surface ot the reflector in the ac~~al pileo 

The perturbed system 1$ ob~a1ned tram the ori-

ginal one by inoreasing the buckling or a 

central piece of the uniform pile until it. 

ooincides with the ao~;ve part ot the pile. and 

at the same time reduc~ns t~ buckl~ in ~.e 
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outer part. corresponding to tho roflector. 

A perturbation oalcula tion is thon peri'or:ilod; 

. the result is an approxima.te oharacteristio 

valu.e and function for tho system pile + re-

flector. The sucoess of this method deponqs 

on the reflector' being rathor small; tor the 

perturbation required, to convort the unitorm 

pil~ into reflector 1s very large. and unl&8S 

the refleotorMs a very small statistical 

v/o1gb t" the method will not converge. Schwein-

leI' has applied th1s scheme to the conoentric 

sphere problem where the solut1on is well known-

in that case agreement batt/oen the approxirna te 

and exact thoory is sood~ For the cylinder 1n 

cylinder and the sphare in cylinder problem the 

results. in the particular casa tried, d1vorge .. 

It 1s not clear r/hy 'this is so" s inoe the sphere 

in sphere converges very ~~ll. A f~thor investi-

gation ot this me thad would be vcr'1 worth while. 

,II. lbltl-Groul? liethods 

'l'be sohematic handling ot the to.s,t neutrons by con-

sidering them to diffuse according to a simple 

difrusion eqU~tioD w1tnout energr 1088 was suggest-

ed by perhaps 6 ditferent pepple (1noluding a 

~mbe,r, ot ~~~ ~~~ UraDi_ group). In t;ho Ollse . .. . 

or a bare ~~~ '~ use ot the multl-G%"oup methods 
. : ( i' ; .:.'; l' i' ;; 

~ , 
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has no advantage over the Fermi-me tho 9. • However,. 

tor a pIle with reflector. and partiqularly it the 

pile has hiGh multiplication constant, multI-croup , 

methods are usually tho only feasiblo flay of calcu-

lattne critioal sizGs, accurately. 

The multi-group problem is, mathematically. 

the tollow1nc; requIred to soivo the follo"ling set 

ot differential equations 

Do ~'. no - N~ono' + k Ntt.sna • 0 (3) 

P11..\ ui - 110;i1\1 + ll~i .:;.; i · 0 

where no- Di represents the neutron density at 

various energJ lovels.If the set cons~sts or 2 

equations, Vie, speak of a n bVlo-group" thoory. The 

more accurately the slowing down process 1s des-, 

cribed, the larger the numbor of Gr~~ps requiredo 

For IIaO systems # a ti/o group p1cture is not too bad; 

tor heav1er moderators, at least a three group calcu-

lation 1s needed, although, because tho oaloulation 

(lulckl., gets very complicated. m.ost caloulations 

have been done ~lth just 2 ~OUP8. 

The usual problem is to compu.te the critioal 

radius and the charaoteristic functions in a sJStm 

consisting Cf't ~q reg1~, pi:J.e and. rot-factor. The 
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fundamental solutions of equations (3) 1n a.Go, 

0. plano system are' a SUl":1 0;: 

n1 .. L A m m. g1 e -Amx 

'""" .J1 • L 
lQ. 

B h -~, x mi e m 

. . 
exponelltinls: 

in pile 

in rc1"loctor 

when n1 and ..J i are netltron dens1ti~s,1n pile and 

reflector .. g1 .. hi are known constants and Am .. Bm. 
are arbitrarY_ At theintertaoe between reflector 

and pile .. dens1ty and riow J:!1Ust be oontinuous. 

This leads to a sot 01" ~ In equ:::tlons .;hich are 

linear and homogeneous.. ?he de torminant of these 

equations will vanish only 1f the sy~tem is just 

oritical, that 1s, it the pile-reflector int~rface 

is at just the r1gb~ place to make the pilo size 

correct. The problem 1s thoreforo, Ln principle. 

V0ry simple sinoe it just involves solving a detorci-

nantal equation. However. the detorminantsl equa-

tion very rapidly b~comes complicated (4-th degree 

for 2 g!"oups, 6-th aogree for 3 groups, etc.) and 

so one ot the most pressing proble~ 1s to estab-

lish oomputational schemes vlhieh v/ill make the 

solutions of these linear equations a reasonable 

task. Various methods £01" handling these linear 

equations have been used. ~ese are -

(1.) Straightforward solutiQn. Tbis has boen 'J.sad 
,t • 

in:2 and p group caloulations b7 ".11gner. 17~inbergD 
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Williamson ... CP-1461 (2 group .. oontrol rods). 

Friedman and Lloyd, 0:P-1554 (2 group), Cr-lS74 

(3 group).. Volko!f and !..eOsine. r.lT-30 (g~neral 

t:rea tment .) 

(2) Perturbation 01' Boundan Conqit'io~" Wheeler 
(0?-7l & op-as) ,has pointed out tba t, since the 1 

group picture gives good results if the pll~ 1s 
I 

su.t!'lelently large. the etrect of the fast,kroup 

can be treated as a small correction to tho boun-

dary conditions. ~'!1gner and FriedI:1aJl haVG also . 
indioated hovi an "equivalont" one group theory 

can be concoted out of a two group picture (CP-l662, 

C?-288) " 

(3) "Back and Forth l'Jothods"- Uordheim (0?-2222, 

p. 10) has suggeat6d the follof/ine; computational. 

method for obtaininG the o~laraotcr1stlc functions 

in .r.1Ulti~group systems. .~e iilustrate with 2 groups: 

One starts with ~e tast group in the reflector, 

since ~is group is notooupled to the slow there 

(assuming thore is no multIplication in rof'lector) .. 

One then oontinuos the f'ast group lnt6 the pile by 

requiring cont inui ty a t the boundary.. From the 

.fast neutron densi ty in ,1;he pile one can oompute the 

density ot the slow group inside, and then the qenslty 

of this group in the .reflector. In general the slow 

group w~ll not vanfsh. as it should. on the bO!J.IldaI7 
I 
I 

or the refleotor; +t will vanish, say. 'inside tbe 
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~erloctor. One then"moves the position of tho' 

pile-reflector interface In a little and repeats 

the processo This prooedure is repeated again 

and again. adjusting the position of tho intertace 

a little each time, until both the fasts and the 

slows satisfy all the boundary oonditions -"In 

particular, the si~/s vanish at the outer refloctor 

boundary. 

~nile this seems like a tedious trial and error 
method, it ls actually a very useful scheme. and" 

has been used extonsivo11, especially for 3 group 

problems. Gba t 1s needed here 1s to examine 1:11) thods 

tor improving the second guess 0 

(4) Source and Sink !.Ie thod -" A variant ot the 
•• ' t " • 

"Baok and Forth" method is to keep the boundary 

fixed, work in from the refleotor tasts. but to 

observe that, if the pile size is not quite correot, 

the problem solved is one in which there 1s a dis-

tribution of sources or sinks of a certain strengtho . 
From the strength ot the source or sink. one should 

be able to estimate how muoh the multiplication con-

stant ot the v~ole system needs to be increased or 

decreased in order to make the system critical '/~th­

out any source or sink. This mothod bas not been 

tried, (a t leas t by me), but 1 thin}t i 1; should be 
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entirely foasiblo to Li.SO the :;;ource or' ;; inJ..:: !'.: tr011.':th 

to give a GO;)(] , inc'.icution of'the l"'oqu.ired correotion. 

(5) Perturbation l.retho~a It !:La.:"} beon !:r~GGe:3tcd 

that the pe:pt~rbatl.Jn ;aetlwd (Mon P-GI p. 1-1) can be 

extended to several gl:"'OU~):': 0 n;vidcntly such an exten-

:::ion -;;111 be ruther comp11cated - but it is by no 

mEHl!lS c lenr tha t for vu-ry r.1sn:/ .:.;rO'.l93 this mir)l t not 

provide a l"e t~ively fC:.uliblo C0Dp'.l.tational sC:1.er:1e .. 

';:0 summarize, the r:1u.l'l.;i-r,rou.p calcula tions are ~ for the 

most pal'~t, in good thr.?orE)ti.cal shape .. ,' What is needed 

r:10st is I) C rl t1cal B tudy of tho mu t.li-Broup schemes i.'rom 

C\ computnt lonal 8 tandpoin t \7it;h a vieYJ to as tab1ishing a 

V0!'Y cl ol'ini te procedu.r.e t:hich c.an be used rOl.:,:cine ly for 

.all critioal ca1cula tions requiring more than one O'oup" 

II 'r ."", i:TIL. . .~.. r ~.r:m ... .l..u.e 0 r,f 

·~.hon the m.tobel" of c!'oupn becomes infini ~e, but the over-

all nean square distance tr.avollod by a .raGt neutron re-

mains finit0J' the multi-e;roup pictttre is l~eplaocd by '!fihat 

1s called th;:: l"ermi pic ture • In this case the sys to!:! of 

r.mny ordlnar"J differential equa tions collapses into a 

pair of equa t i~1ns t one of which is a pal' tial dlfferont:t.al 

equation: 

~q'" 1Ls: .:.) t 

DL'ln - v"'n + q('lo) ... 0 a 

q(o) lIS k(,:~n 
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Again the bare pilo problem eives' rio difficulty. HOVl-. 

eVGr, the pile with refloctor problom is very difficult 

mathematically; it has been solved. in oaso the piie 

and refleotor have the same moderat1n;,; propertios by 

Volkor!. 111'.-21 .. 

. IV.. Genert,ill I~teiFal ttethods 

II" 

-. 

",. 

• 
\,J 

In its most general from the plle equation tor a sloV/·. 

neutron chain reacting system surrounded by a reflector 

is an integro-differential equation 

nLl.ri - No;. .• D. + k no;, ~ n (!:., P(!:.£,') d£.' • 0 (4] 
c 

w~ere P(~.~t) is the probability that a fast n~tron 

produced at 1'1 will appear as a slow neutron at r. The 
" ... ~ 

.1ntegp~t1on Is carried out over the active pl1esinoe 

only in thisragion are fast neutrons producedo Since 

G(r ,rq tor (4) -- is known .. viz. the Green's rune tion 

G(r,r') • - - - 'I!'.:!! " E:! L , 

471' L21r-r, \ 
(5) 

.e.quation (4) ean be cast as an integral equatlon. The 

most convenient way to do this l~s been described by 

Greul1ng (LA-399); his method is applicable whenever 

the core and reflector have the' same slowing do,l.n kernel. 

P(r,r'). --
The integral equat.ion .tor the pile has t~ torDl 
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'VIb&N :rls :eSS8fttJAU, ::~he ()ON mu.1tlpUoaIJ1()ll': CO!)!, 

"s'tant and ·#(t-t.,,')lth .1n ,~~t,. a~l'lle'l obtd.Q~db, 
:t;&ld:nStibe oODVOlutlon Qf 0(£."1'.') b4·P(~.!:.,.) .:~1m~ 
po~tant tb,1q ,a~oUt.J(t .• !.~) 1. 1;bat'~t can 'be ,'e~~~t~d 
as a't1W11Gt'1oal ·tu.nots.~ prov14~~ P(J'.~t) 1s kno"lJlt 

. , , 

. ':e1thor tl'O:Jl $~per1m.eDt.· o~ t~m tt·~1'Y. Thon ·thoj,ri~6IFal 
. ;; .:;~ .:r.~~ ;;~: '-~, ";. :;, .", ~' ~ ." ' -

equ.a.t1()l'). o __ pfi .a.olv.~~· b7 'SUOOfJ_S~""~ 1l;$~tlol"Qrb~t;te:r" 
by 'usust tb~ r~~{ ~, ' ,.'"; 

. . :. . ·'~i';l~~l·t'-·.~ ?:' :,;. >':'l' 

'1' : S,·' t~t'ril ,~~~t) n(r f ) .,(tit* - '.. J~ -. ..-~= - .- ~7) ·*r'·· 1.1)~d ~}.'.p1' •• "'..... f., . , '2 '" 
. " . . . a '·a ttJ d£ . 
b 

;. 

1e st~t.10iUn'y it n(~) ~at~ilti~~ (6). (~1s may-.b,' veilt ... 
: • " , . ~. ' . . ~ 1 ." .' .' . 

o t~ea 'b~da~tV1Dg i:u1ii~'$ eqUQ,t1bn:;r,~om tbe. tunct101al 
II! ,: : ' •. '. : " ~. . ": . , ' -

. .i. .t.h'!9Ul.1ng has. ua&cl &' pa~.ab'ollc· appro:&1mat:.1on to ,r ' ,,+,ot , , •. ~. < ."." .' 

CQmpI.1te 'fi'":.and. haa ta'bUl.e.1:~~ the',~S.Ults fO? tl~ ays ... 
tamt ·'6'Iatezt core'.....,at~r .t~~.~o ' 

:,The fhivantap'Qf. ~~ ~~~eGi'al.~e~hod 1':::vary'g.tte~t 
'. ,. • j 

.1£ :theJ'XJetleot~~1, ~~s..~ aild ba.s 'Fbe etlr.l8 mocl$rator 

as thee·ora. It' ett~J:' or t:bes& cc:mdltlons' 18 not l1h.~t_ ! ~ : . ,... , :.,' " .' . i ~ 

1:,'40 12ot:mOtl VlhGt~rthe 'lbtasral me·mo·d O-'\~'be made to 

.. 'work.. !t'b.e. Ulalnclttf10Ulty l$,·~~t .~. ke'meL CQ~ot 
, " (. 

,~ ~ . .: , " , , 
then be "ltten s,nsply asa .~!'Ict$.on Qf~be'. tiU,tanee 

, ',,'" 

~'be,tWl)&n ,!.'$ud t' q "11oYleVe:r.b;r~s1rJg· tM P'$,up. pJ.(l~t;e 
one.' can at'Ul: ex.pMs8 'tb.ekernel 8fJthe ~Qlhtto:nor ~\ 

, : :. .' , . 

", ' 
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coupled se t of differen.tial equa tiona.. In this case 

the equat}.Qn (6) ,can be, ,r~placed by a vector eq~~,~ion 
, • f • 

a<r.) ,. J"~ (£',£.'. C,' !!.(~I) ,d£t . (0) 

vlhere ~'is noVl a Green's matrix.. 1l.g~in a variation . ..---. . . . ~ . . , ---- ., . 
problem o~nbe obtained from (8). and •. in prinoiple. 

" • • "", .' \.': :.... ~t'" -" "; 

the oigenvalu~' veo tor (' c~~ be computed. The problem 
,~" .. ' . ". ,'., . .~. ~.~ .. ~' .' ',' . ." . 

VJou1d thO~ depend on how'compiicated .. J- becomes. I sus-

pec t tha t ;~3J V/o~id be S';cot1~llca ted tllA t there,' is' n~~'1ng 
.. ; '" '.,. ~. : ". ' , . :,". '~" .... 

to be gained by such n mode of attack. lIowever, this is 
j~st fl, conjec~ure on m1;~art, and I think it r.11~t b~" '; 
Vl~rth while looking" into the l:1~thod as an altomtitive:' tCi:'" 

the straighttorwardgroup calculation .. 

Vo Passa~e from L~lti-Qr.oup Theory. to Ferm1~o~ 
-i.' ~ 'i "" • •• • . 

The reflector problem with Fermi slowing down has been 
successfully solved (Volkort, !;.1T-21) only in ca~e the oore and 
reflector ;art) . identical in mo,dera ting pr<;>pert1e.a. ,rJh~n, .,t1;>.e~. re-
flector and core are difterent. no solution has been obtained 

, ' ''' '." - '", "," '. . 

for the'cr1t1cal problem although Friedman (CP-1073) ha~ obtain-
, •. . I, •• 

ed it tor the ':distribut10n ,trom a. point sour~e. ,On ~he .other 
hand p these p~oble,ms can be handled ?y the group method~ Fur-

thermore, in t;b,e. l1m1 t at. int1ni te 1,.. lll8ny ~o:y.ps. the group '. . ... '. . ",' 

r.u.ethod ~nd .. tha,. F?rmi·,~thod bec~me ~~cnticnl\." '~, . 
• . J' ," • ."\ ' ." . 

It may therefore be conjectured that tho tollo\ling scheD'S 
can be used to solve' tlie non-uniro~~ '~roblem'~/l th'Fe~i slow-
ing down. First solve""the grbup" prbbie~ for', n' sro~ps::JI 'and 
tl'7 to' get a general,' explicit .fo~mulal'o~·th~ '''(Jharac't'orl~t1c 
value ( 1 ~e ~ ,. mu~tip11cat ion' constant )and>thfiche:ract'brls tic . \ . 

~ 
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functions. Second. try to puss to the limito 

Evidontly this is complies ted. IImmver. a ruthor s lni-

lar limitin£ p~o'cess bas been ca.rried out (LA-590) ·in Going 

.from the spherical hurmonica to tho Hopf-';'Jienor solution of 

the transport equation. and it may be hoped thut in this cnso 

too the problem can bo solvedo 

AIl:l : dk\,,1 
10-22-46 
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