
,: ~II":I, 
. ~ , . 

I 
' /' . . , 

!I', '. 'j , 

\ 
/ 

" 

." 

" Ie.,) 

I , 

( 

ll:/ ." ~ 

(~ .,.' 

rffi ~ '--- ' 
• I 

MoAP-2q6 

u.,g 11) 

Coal!' .. , Bo. W-)5-058. -c" 11 

.. " • • ... • ... ... 0 

SectS-oil VI 

DEClAS' SIFIED .fer Letter instructions 01 , ,: ' .... '.' _fl_i_h __ 'i..-=~Il::_£.c_ \. 

~~~ 
II 7'1 .".S,O< ~~~ .• '.' 

1,)/-1. I U-.. SUPERVISOR UIOIATO~Y l!,£GORIS 
Go to... 800\10. Ohief 

CI • • e ... ... ... ORHl \ 

\. 

l«JL!l=oBOUPo _l~ PlY !RllDRT 

So Lo Ga1'abe4l_. 40 8.. lou ... 14.1" - , 
ra ..,' .,. " • C! ..... .., ... 

'e'bn1817 120 19"'1, 

\ r 

Serl •• A X •• ud 2/17~47 nf of 

•• 'iI?itfi ?!+~ 

• t 

S .. l~ ..... 0.1..... 2/18/4:7 

.~ 



\"" 

.... 

I ' , 

, 
.. 

'':': 

II) 
~ 

,!, 

\ • 

~olll'c~2),)6 

~able of Oontents .1 
I 

. \ 
. .. . i • ' .. ' ',:<'!I . . ,'" ~ ~ '\~ 

I.. Introduction .. 
:r;' .. ', Ji."". '.&~ 
~<"~'::'" .!,,,~ .' ~ .... ::;;; 

2" The two-croup, mulU.,.retlecto'l' problem for t.he infinite 

elab pile .. 

201. ~he ~ltferential equatlona and boUD4ar.r 

condJ to loADo 

.2.2.. Reductio" to a !il78t~ ot rtlrat onler dltterenUal 

. equatloa8 .. 

2.3. Dolutioa ot the problem for-the cal. of'no 

umltlpllcatloll 1n the reflectors .. 

2.4. "-further obeerva:t1cne on the solution. 
\ . . 

2.;.. MulU-pl1catioA in the reflectors. . . 
34 The IIIUlU=goup,mulU-reflectoz. probl_ tor' the iAtinite 

" 
sl&.b pile • , 

3 .. 10 'he general tormul~tloA. 

·3.2" The infinite slab plleo 

40 The a:ro.ltl=gJ"OUJh multi=retlectol' probl_ tor the spherlCl\l pU80 

4 .. 1. 'lh. dlfferea.UR..l: equatiolls aDd bOWlda.l7 conditio.B" 

4_,20 50luUon tor the general caBe" 

50 The multl...g:roup. multi-reflector 'Problem for the inflaite 

~111ldr1oal ~11eo 

5.1. !he dlff'erlllltlal equations and bounc1a17 conditions 

, 5.2~ Solution for the generAl caseo 

I 



\ 

~ 

.~ .... 

I'., 

':#' 

... 

.. . 

" 

ry, 

• 

f~llP=2l!6' 
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, Maltl":'CWOup. MultlaJ'letleotor 'Pl1e fheol7 
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1. Iatl"44D.c'loll. 'l'b.. cUfterentlal eqaat,loae 11l'r011'ed. b' 

'he IIIVl.tt. ... crotap. mltl-rGfleotor, pU_ t11.n:'7 .'1141'84 ill 'hi. ,ape ... 

.... hOllOaeaeolUl paJ'tla1 41ft_eIl,t.al eqa.a'lou of tbe .e.ad. 01'4 •• 

A.88001a1;etl wl'il 'he 1'11. 0"","'" o~ 'be ,,..rlefiO~8 'I a .,., .. of ' 

ae JII8DI' aquatlOlL' a8 'h.,. .... e cro.PDo "'.. it 'hue aN D Cl'Rpe 

aDd..,) r0f'lect.oro thel'8 Ie a, •• , .. o't Il .ecoad. ONeI' eqa,a:Uoaa lJl 

each of ~e J +- 1 reelua. tib.. aolu'10.s of the ~ + 1 87s'.-

.atllof~tac appnprtat.e aoat.I.Au1'7 COD41\loae at 'he 'bo'aIadaI'l .... 

tbero 81'. t.hree tIP.. ot p11.. 00 •• 1dered.: 'he ,latta! ,. s1a'b. 

'he lattatt_ a,U.Dder. aIUl 'be Dphere" Moreo .... r. D)'IIaet.l'ical 

obaJ'aot. .. !ats.ot of tho probl ••• an ti1aoh that. the 'PuUald1tt_r-.Ual 

eq.u.'lOu.8 reduce to 'or41za.a.r;r 41tfereaUal eq1latl0.a. Allbo'QCI:I. tbe . 

.~UOA. are 11.ear~ tbe coefflet_'e are coastant oal7 ia the cae. . . 
of the a1ab plle. othen1le. til .. are tuctloaa ot t~e 1A4ep.ciea.t 

(:, t 
varlable .. , 11 

OZ'41Da1'l17. the problem ._ beeolvecl 1. to ttd the • .o.troa 

4.81\7 a$ aD.;rpolAt n\h1atbe restoD.. boude4 b7 the out-.ntos' 

1'''18ctol'' ~d to flad the en ttcal .~.e of 'he pl1e. af~eJ'· the 

4tll8Jlaloaa of the ;d£leetore haYe b~en •• al.-eel" Ia all three 

.. Uoad the ceafll'a1aol1ltlOa. of tbe set within each l'881oA 18 

.... 117 wlttea dowa, 6TeIl mere 'the coettlC1_t. 8l"e variable .. 

!hereafter. a dttflcult7 arl ••• 10 that the 10 oat loa ot the 

boud.arl •• ls not yslped. but 18 clepeud.st apoll. t-he alie of tbe 

"" '\:11. t·Hi!V:!g;'ji.~ r i. 
'by - ,~ 3 2 II 

" 

J 



.. 
"'" 

,~ 

\ 

.;. 

... 

,") 

'-

. ..Jp' 

pl1e.. thae. a proce4u.l'e tor ,he soluCloD. of the pl"Oble. ~8 Co 

NITe 'be eqo.atlOile seqlltll'lal11 tl'om' the pile thz'oqh &11 ot 
, 

tb.e retl.cten IA tN'll. of a fix ... 1nrt uepacltlecl orltlcal, .1 •• 

(radlue 01' balf ... wld.-.) _'11 tbe ou",_ bouad.a1'7 ,. rea0ba4D 

-'lb •• ' 'be_'. 1Io'Glld.aZ7 oo841'10DO tocethel' with raqatrea_'. 

ot .,...t17 w1tb1a ~ pUe proY14e attl01_' tpeo1t1ce.t1o •• 

to~ t.he 4e~A4t1oa ot crttlcal pile 81a. sad t.~. eo~.,. 

ao1 ... tloD of the probl .... 

lD a p .. e't'1oae 1'41))01". MoD p..202. the t.WO-&Z'01IP tlleo,.,. tor 

the ca.8 ot malt.!,l. l'etleator •• 1tithout 1RIl''1plloation In the 

r.flectors, 8D4 sa tafla"'e ,lab "U. 1, 41ecu. •• e4. 1A \he 

4.'.rm1AatlGJl of CJ"Uilcal Bl •• U 18 foud 'll"t th.'oont:rl'butlolL 
-of each reneotor to the 801u'10n ot the pl'oblea 18 lAd.ependeat 

of ~11ee1 •• o!h •• ~tl0D vb1Ch t1na117 71814. the critical 

01 •• 1D.vol.,. •• a e1DSle tovth order 4etermiDaat. "hoM tlJ'st two 

colwme onq tnTob'. the pl1. 81.e, aAcl whoae lae' two colUJID. 

are ol)'a1nable a8 a pro4uct. of.J ... 1 tourth oriel' _trice. aacl 

ODis 4 It 2 Ilatru (foUl' I'OWI and two col'WDll.). all 1Ild.epeA4ea.' ot 
" 

pl1. 811.,0' 

In th18 paper tho problem 1e dlscuhed. t:roe a lIIOl'e general 

potnt at ylew _lCh include. the oonelderation ot posslble 

mnl'ipl1cat10n 18 the ~etlectol'. and three dlffereat-pile ab~pe.o 
• 'irst of all. the .7 •• · .. of n .eeoad order ,ittf el"eIlt1al 

equa,lon8 18 repla.ced. b.J a ,ql'_ ot 2a ttl'lt 01'4el' 4tf'terentt&1 , - . "', '. 

~. :.t ... 
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e .. '14D8 .. ' !hie p:rocedVe elibi'ac~. &U, of \be d'f'lUl'ssea 01' 

'he flre'-' ~~ wh11e further ~~~141~ b.t'~r •• eJ'9l., 

perspect;lY. oa ,be problem an. giaj)l.1r71!1$ IOlI1evha' '"''''ala 
, OOIIpU,.tloDf4aepeot. at ,_ pnbliiao the .tap1i"!'" t1ra' 

.*1 __ la, the lAtta". 81ab ~.e' ". " .... ~04 ia ,aJ, new 
, ' 0 ',',' I I 

. I .!:, 1;. , < 

p"OeAVe.bat 40 ••• \ p .... 1IJt::~ : 'he .,erloal aacl - " 

qU.A4l'lca1 case. tor e1tb" _~~~ Io •• ~.. 1a all caaea 
\ , ' 

" i. poBst'l. to n4u.oer~O or'. ot tibe;t_.,al 

, 4e'el'lD1Aaat tor u,.e c1e'e • .Q'l~ of '.~Uca1 p11e a1 •• to ~ 

, Gaot17 _e Aubel' of crO~8' i~V.l"o4 til tbe p .. o bluo 

lA ~ 2 a .pe0181 .• ~1. 18 p1'OY14ec; tor 'ho cae8 oj ,~ 

, o'P'Oupe 84 ~ al'blt;ra.17 ,Dt.lJtber ~ reflector. til SID lDtlatt. 

alab ptl •• 'w1th multtplieauoa b the rOtl.o'orao,la ~ :5 the 
o ' , • • 

c~e ot the lAfl~t •• lab pl1. t. treated w1t.h tul,. &eae~ltTo 

hIt.raJ. tl'eat __ '_ ot the _ph.neal ,md CV'l~lcd ca ••• aZe 

, ,81." til, ~ .. aRd: ~ /5 .. e.,80,1,,,.q.. 1JIln8117. '1. ~ 6~, a a'u.dJ t. 
\ 

made ot 'be I1m1'Uag iltuatioR .1». the ca •• of 'ho iDttn1'. Dlab' , , 

plle 1\1ild. \he .phorleal pl1e ;0 pi'ov14e an D ... CI'OllP tbeol'7 with 

\ a,' reflector of -.:arbible 4en81 V." 

20 ,!!! t'!O~!eo mltJ....retlGc'q:r ;el'Obll1lll !tt 'he 18t1111'e 
. \ 

~ 211eo , 

2 .. 10 !!! d.1tfereaUal eetlo"o J!!! !o~ COl1d1tlo~lI. 
Le' )' •. wt.b. all' appropJ"ta\e· subtlO'l'ipt to ~epre8ea' a pazUeu18.l' 

croup. repreeellt 'he flu .. t the IlMltl'oae ot tbl. gJ'O'If.P 111. ,.,., ,ot 

" 

" 
. .""" J. 

' ,." ~ 
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the .J +- 1 r0g1oDB consisting ot t.he pile and the reflectors. 

Let; ,71 represent tbeflWt of thermal neutroll. ~,d "2 the flu 

of non-thermal.lumtl'Onol' The eqUatioll. in ~ .zoegioll ha .... 

the torm 

. 42 .,. 2, .,.. 2 ., 0 
h1 1 -)..1"1"1+-"2"2"'2!!E 

d:z.2 
. (2~1,,1) 2 

. 2 . 
}. Q. 72' .. ,:, :1 -+ It'). 1\ 7 a:; 0 0 2 "-,-'" - ~ _.... l' 2 t~ 2 2 . All 

"herG the collotant It 10 sel'O 1a a.reflector. without'multl,plicatlon. 
. l . . 

The bound.a17 COIUU. UonQ preacr1l>e the continui t;r ,ot ' 12, ai'l4 
I ' ... 

i\ 1 -1 II' tor s,.'llll 10 2. a~'t~e lntGl'me41atro' boundarlellJ a11Cl the 
4x' /' \ 

'9'8J1.1ablzag of'i1 at, the outel' boundaqo' 

2.2. ReducUoll!! !;!ll?tell ~ riS'ot order dltter_Uai 

ef.1:!t1oa.o. It ta (201.1) the sub.t1~utloni , 

73 § ~17~ • 

'14::?\2 t~ 
I 

are ma4e. the B7Btem of firet order e~tlon8 ublch follow is 

~bia1.DEtd.:t 

.' 
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j) , ..... 1 '1 8 ~l "3, t 

IJ -~ 
'1'2 g "2 74 • (2 .. 2.1) 

. 9 2 . 2 
-~3 = All< 1 71 - "2 "'K.'2 72 • 

, . '2 . 2 
74 ,8 -. It "1 1<.1 71 + '1\ 2"K 2 7 2 

low. let tho ';V.bol 7'!1Uhout a sub8~rlpt· denote the eo1U111l 

vector of. cOmponent.s 710 "2° 73' 7
4

0: Then. the equ.e.t1one 

(2~2.1) ~ bo vrtttea in the matrix torm 
~ 

0 7 '3_. 
uhere 

H = I 0 0 
A .... 1 

1 . '0 

0 0 0 r'J\ '2l. 
2 - '2 A 1'(, 1 "" l\ 2'< 2 -

0 .... ~ . 0 
2 . 2 

0 0 ... k)..1"K 1 "21'2 

Solu'10D'ot ths ~roblem tor the ease ot DO ----, ~ ~ ~ .. .--. ,--..- ................ 
multiplication !! ~ rafleeto!!_ Soluttona of the form . 

7, I!! As. e,,1.1: 0' 1 ~ l~ 2.3, 4. a.re flOW iJOu8ht.. Sublll"tltUtiOll 

111 (242 0 1) yields the equation •. 

/' 

\ 

I 

"' 

, ., 
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( 

., 

1"'. 

...8"" 

,=1 
Al/(; ~ "1 .1.3 I> 

=1 
~~}.2 ~ 

\ 2· 2 
A).4: ~l 'K 1 .a,. <::> ~2);. 2 "'2 1/ 

./ 

2 2 
V~ "" k ~ "\(.1 "J. + ~ 21\2 ~ I) 

\ 

"bleb. bave a Aoa.-'i>l rial solutioll .111 ~. A.a. "3D "4 PO"lcl~ t.bat. 

=~ o ~=1l. 
1. o ~ 0 ., 

(2.,; .. 1) o 

~ 1<.. 2 
1 1 

=)4-' 

Co '1\ 1<.2 
22 

2 2 
... k)...l\<.l ~1(2 

o . ·~21 

""r' o 

o =~ 

fb1. 18 th~ chara~~er18'le eqaatloA of the ~.t •• (2a201)D 

fhe e.qu&t:1oa (2. :Sol) oaa be witten 111 t.he tora 

o 

o 
\ 

"'1 (R ~ = )l2) 

.~ It).. 1<2 . 
1 1 

o 

o 

=~ ,,2 
2 2 

~2(1<.: =r2) 

x<=~ 
1 

0 1 

-,r-v 

o 

o \ :; 0 1 

'A -1 
2 

0 

..-/'"' 

/ 
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&1ld consequoD. tl7 

2' 2 .,,:K2 \ 1<..1 -r 2 . :; 0 • 
2, '1< 2 2 =k1<l' , 2""'1"* 

or . 
(203~2) ('" 12 .... J4 2) (1<. 2 "",'1.1. 2'i1 "" It.'\<. 2 pi,:!' ...' 0 • , . 2 '-. I .~ I'\~' = 

In, 'he pUe II: ) 1 and the equation (2. ).2) 1~ /'- 2 baa' OIl. 

po.1Uve aDd oae aega\lye lI'Oot. I !hUB. ·'he foul' rootBol (2~ 3.2) . , 

mq be uri. "OD ~n tbG fON :t 1 ~.l' !/G-2e WAel'e ~\ a.u4 ("2 are 
real and po.IUve A'twibm!'s.. In th,i* eec\1oa 1t 18, alown_ that· 

, It s Oln ~e' retlector8. and; the oorre8'OOndlne ~OOi;9 of' (2.3.2). 

are ~ 1{1" '!:.i.2o IIi. 0Uhfll' ca •• there uiets' & set ot tour 

lnd.pende1it eoluUoiUiJ ot th. sTotem (2.21). Let; each eol\lt~oD. . . . , 

of aDJ indep~ndeAt let·of solutions be made a eoluma ot a 

4 .... 4 matl"U Y.. '1'0 111~8trat •• ' a. matrix Y (;t. correspoAdlDCto 
• 'he~ = tb region of the plle 1~coD8truOte4. One noes a . 

. . ~ x ' 
.olu.tlon o~ the form 71:: At e. 1 .t~lD£ ~,8 1. 111 the' 

eqaatlonll (2.2.1) to gel· the tlr~t column in Yeo/." 'ID ,thls 
~ , , ~~ 

case 1t 1e found tba.t .&3:: '4 f:. 0 Q 'l'he eubet.ltutioA 71 ~ A1e..-

g1vea the .aced coluao IUld .80 OIlQ' 'lb. tlJl&l reault tor Q( > 0 18 

~ / 

Until further Aotlce in thle seotion B subscr1pt shall 
hlillllcefozoth d.e81gt1llte a. paJ'U~ar region lJ18tead ot a. pazUou1ar groupo 
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l< z 
1\11(1- 1 

\0 

, ",,'1<.1= 
e 

o 

\ 

.... 'f,. 1<' ... '¥'iz 
1 1e 

o 

=11);.., 

1<~ 
/I 

~ h ':'iL1<. =2 '2. 2"K r 
1 2 2 (1< 1 ... " je , 2 

1(~ 

~1'K2· 

=1 2 ' ~l "'2 (\<. ' .... 1<2)&1<. r 
1 2 

='K~ 
'0 . 

'\ '\ ",1 -_~ 2 ' 'l. ...:ll:: 
1\ /(\ "" ,,1{."';' '.1.,.2: .=> C 

1 ,2 ./? .1 ~ '2)· 
_1<.~ 

",,'Al<e 
1 2 

, .1 " ' 
, .." ~ 1\ ""( (1<. 2 _1<.2)."", "K 2" 
, 1 ~ 1 2· 

"hiCh is a. nOD=eigJgular _trix" B7 ,t&king approprIat.e 11J1emr 

oollb1Aat.~olle of t.he col'WDlll of t.hh matrix OAe IlO:1 I'ffPlace t.he 

abov. mat.rix Tot. by a nev one 

'( ;( (z) '::. 

eh'K1z 

o 

>--1 "K 1 ell. 'Ki x 

o 

_ere 

ell 1( ;x 
2' 

illshit' 

"'1 11-. 2 Cb ~ il. 

~ '2. li. "K 2 ch 'V.. 'il'· , 

, en 1<1x 

0 

}\ 1<. 8h1<-z 
111 

0 

\ ' 

\ """,1'1/-2 2 2 
~ ~ "1 A 2 "2 ('K ... 1<.) 0 1 2' 

Ob 'Xi-

ao'V.t' 1 ; 

A 1"(... 2tJh Y.. 2'1. ~ 

" 

.... 

\ !J 

1) 

"'~'''''oc;.: . ~ f;"~' : ' 'i1:II'~' I'.'.-il'.{ ~'. \"',,1,;, ,'. III 
j 
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lor later reterence thElHDatrb: Yo' cOl'respond11lg to the pile. 

1. computed to be 

Yo (x) a ; 

coa~lz chfo2" 8in ."..,I."l" 

I 

1"1 ~8 /A'lZ r2Chfo2% I. r 11D~: 
1 1 

\ nbp..l' 

r abJA-- Z 
2 2 

~ }.lfo l 81Ariz ~ IJ4-2cAfor "l~l 008)-1.1% ':\ 11-"'2 eh ;wit 
. or1 }.. 2J'-l D1AJA'1% r 'A '" Ih,t«.- Z 2. 2 2 -2 - rl'~2P.l 00.1412£ 

wher.' 
,. 

\ ,,,,,1 =22 2 
1'1 S 1\1"2'1<2 (1'1 +-/'1) t 

\ ' ' . 

'-

~ ",,1 =2 2 2 
1'2 ~ >,. 2 '''2 (1<-1 -f- 2) " 

~e bear. in mild tbat the pairameterl ~' .. aDd ).,*lch occur here are 
\ 

t~o,. characterising the material of the pile aDd are dietinct 

from tho8e.oc~rlnc 1~ the matrix Y~.written &~.06 

In Bsneral. theD. tho matrlz ~(z) tor'~ ~0c10A 1s a 

DOD=alnCDlar ma~rlx.ot tUD~~loa8 of x aatletyiug the matrix 

~quaUoa 

Q l' W) Mr •. 

Since M 18 a Co~Dtaut matrix the rel~tftcl. qetellll of equ8.tiolie ha.e 

constant co.ttlcient8~ It 1& t~eB clear th~t If in the matrix 
\ 

.. ' . ~ 

.~ 

1 
" 
~ 

I) 
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T(x). the inctepe.udent 'Variable x 1& eTeqvh.ere replaced. b7 

It .". z..o 'he i-eliNltill! matru Y(x ." %0) 18 aleo 81118triX ot 

, 11l4epudeat eoluUoAI U' JIo c1ea1pates alii' poiDt vUhiD or Oil 

a. bou41U7 of 'the region (pUe or retlec'ol') o".r which. the 
I 

dlfferentlal equation. are dellnede IA~.e4. the replacement 
I \ . 

of lI: b7 x "" Xo 1D .!Del'el: a trustormation of the Ind~.4_t 
I 

Yaria'bl. which hal no. 0f'foot upon the 10l'm of the equaUO!Ulo 

NorGover, ever" oolu~loA ot 'hQe~tloI1D 18 expree81ble.la 
: 

the tora 7 ~ YOe vbel'o ~ 18 a column vectero! tour, alomenteo 

ODe now takes the origin al theceator of the pile ~ud 

, x ,'8ild::x1>(. d the boUAClf!l of the o<...-~~ ih I'e&loll. Accol'cUngll •. 
0<. ",,1 . 

the aatrlxTI>(. mar b~ taken as a function of x ~ a • tbai l~o 
. , ' , ,0( ,:,,1 

of tbe dls.\A.Ilce trom the lUGr boundal'7 of the region 'to aD 

aJ'bl'razi point ot the reS1ollo, 

the cOnd1tloAs ot COIlt1~ tl at tbe :pl1~ 8J14retlectol' ' 
./ 

boundari •• require that 

71... (x"... - :II: (/.. =1'. :: 7 ~ + 1 (0) • 

'01"0 It 'is x- - a 'I • " co.: "" ,til. =1. 

'7 rI. h ... ·) ";. ., Q( 1" 1 (0) .. 

10t-tCG 'hat 111 the la.Dt equation neither Zoe. .uor zoe.. ... 1 appear., 

but oAl7 the,thldme8a '" ot the CJ(. = th l'egiOllo 

Suppose now 'hat a solutioA 70 vere g1TeAtor the pl1eo 

.r 

,I 

I 
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1'1118 could. be a:preseed. tn the tom 

\ ' 

70 :$' TO Co t 

i 
1I4ler. Yo 1e the p!U'ttcular _tz.1z ot tUJld&mental solutio ... which - , , 

, , I 

I 
baa beeR cboseJl vtthiJl th. r~OJl of the p11eo Jlow. th •• oluttoll 

1'1 t§I t-1 ~ 1A the tlrat reflector must leoti at7 the l'e1atloli 
I' 

, " 
71(O} ~ ~o(a) .. 

i \ 
where ae to 1e the balt=thlckaee8 of the pl1eo 

/' 

'S_ceo 

; 

tl(;·';)~:€ 1'0(.)-;' t 

and. since allot the Y"" t 8 ha:ve beell ch08P ftOa-81nplar. olle 

obtains 

=1 'i. ~Yl (,')10 <.)°0 C1 

Aca1no 'at the next boUAclaZ7. 

72(O)~ 71(tl) 0 

or 

T2(0)02 ~ T1('1)01 ' 

80 tbat 
..J. 

Ci2 llt! Y2 (n)Y1(t1,'l. • /' I, 
" :. i;«;. ,... 

ji-l, '.~' ' " ! '~\.., 
" I "'-

" 

-"",,-,,, '~61'(~ _,,: .. : 

t.,-,:';I . .....;:~. r'-",~~~:;""· ... • .;:,; .-:~.-



'" 

, 

" 

I" 

"'-

, 
'. 

"_,,,,,,,,itI.:~, 

!\).;" 1" ~, .' ,1",:[\;# 
, . ,~... . ~,( .. 
.' ' , . , ..... '), 

=111-

or 
-1 =1 

02 g Y2 (0)!1 (tl )11 (0)10 (a) Co 0 

It tht. -procedure ie continued one obtains 

~, ~' . 
(2 .. 3 .. 4) 0 .. ~ y~ (O)! l(t 1)1 l(O)~"" Y (a)oo • 

0(.= 0<._ ~"" 0 

T.b.\\8. it th8 TectoI' c;, (or the eolutioA 70 1d.thln the pile) aD4 
, I 

thebalf-thiCkne8s & of the pile were known. the ,olutton wlthln .., 

all of, the reflectoro could. be obtained. 

4fhe situation la.' cond4ered doe. DOt general17 art ••• and 

,both 70 and.!} 1m.' be obtained. ~,.o.m cta!!! coadl t,lona" !he 

~81cal situation require. that tae 801utlonbe e1mmetrto vtihiA 

the pUe. AcPOrdlngl1. the la.st two cOllpOneate of the ... ector 70 
, , 

BlUst vanlah at the outer bound.a17e that 1 •• the fl,."t two cOllpOnpts 

ot the TectOI' 7~ must vanish at the' outer boundary •. To expre.s 

the8e ,.e~remeDt8 1n ~bolic torm let Yo' and Y~ be partltloned 
'\ 

lnto 2 x 4 matrices@ 

Yo )101), t' 

\Y02 
I~' ~~v 1) 

~v2 
and then l'equ1rtr that, 

(2.}.5) , .102(0)°0 ' ~ 0 • 

(2,,3.6) '''1 ('~ )0,) ~ 0 -: 

• 

It the In').triXYo if wrltteniJl thetorm'(2.3<\-3) thel'equlremellt; (2.3.5) 

\ 

1 ... 

!~ 
"'-~~~'I 

" ~ ...... ---
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18 me' b3' lJ'Iakbc the laet two 'oompoa_t. ·of the- •• 0\01'" ~ eqaal 
,'. I ,./ ~ 

to8ero.. 'ftae ._4 reaul" 11 'he l8fIle it 0,18 clJ'ope oa.~ the ll!lat 

,_ ~l"'. ot To th118Mktq It a .. a 2_trtz coJBrlOa~ 01' til. 

ttro. ''10 001\1110.1 of (2,.;.3). aII4 1. 11111 be a.... t.b.a.. tbla 
•. I . f 

baa 1>8ea 40ne ill what tol10w" 

low, 1A (203.4),. Det 0( ~ . ..) ancl alt1l?17 Ola tbe lett ... 

YoJ 1 ~ t" ) " then 1 t tollow. trom (24 3.6) that 

. ...1, «>1' 
. t,) i (~-i It") '<O)Y."il (t,) -1)'" ",,1(0)0 0 '0 Yo(a)"o :: ct, ", 

!he llatrb: y..;1 (0)1 ~ =1 (t,) =l 'T~l ",,1 (0)0 .... 'Yo (a) te ... z ~ aatrlZ 

alae. Y.(a) le a 4 z 2 Iia.tl1.x. aDd. ''I'.., l(tJ) 1, a 2:& 4 _tirtzo .: 

'1'heA the proctUot 1s a' 2 x 2 aatl"uo fti.. e~uoll' are csoJud.at.t 
\ ~ . , 

1t eJld oAlt 1t thl!' d.etel"JD1ll&1lt Gt tbe ,cioeif"lctente .,wah.ln 
~ 

(20; .. 1) \T"'1(t-)))y:,1(~)Y~_1(tv._l):t~1 ... 1(O)o".~ 1'o(a>\ :0 '" 

'rhe deter.tnant laof order t.wo :Ul4 til, soluttQn 'of the.ctaatloa 
" gives the ~lttcal pile 81.0 a " 

~ 

,The computatloa 1~ slap1if1", till '9, awrae:rlcal. pl'Oblea .1t 

Y~f (x ... Xv ... 1) 11, :replaaOd '1>7 Y.J (:It - z.J)o !hie hao 'he .ett~o' -

of mak1-nc the lal' 1;Wo ~mponeDt8 ot t.h~ .... "'01' c'~ e~ " :8.0" 

&ad ooAdl'lon (203o6~ become • 
. " " 

y ~ 1 (0)0 "! O. 0 

EqaatioD. (20 3Q 1) i. now wrlt.teA 
\ . 

~E.f-I ;".,.;.~ , ~'" ! 

. ....:.---."~,' ". 

" -I 

I 

. 
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I , 

/' 
\ Y;!(,' - ti-" )Y" =l(',,)~)Y,,)"":l(O)O 0 j; "0(&'\ = 0 • 

. , 
U a llai"" of. raaon-'the tolloWlq tOnnall\8 are 11.'ecl: 

!" (0) :: / 0 0 1 I \ • 

0 0 '6 ~ 

\11<.. 1 ~1'\(.2 0 0 

~ 0 }.2,"1'1<.2 0 0 

\ 

-1 
'/ 0 d ).",,1'}{,. -1 , ... 1~1"l{=1 1'.,) (,0):' 1.1 ..,. '1'2 1 ' ., 

0 0,-1 . ~ 0 .",l_X=l1(=l 
81 ~ 2 

....1 
0 0 1 ~.~ "-

_I 
0 0 'Bt , 

1 ' 
T.,) (t" )y~- (0):, 

ch 1'..1 t." , =~"'(.1< ",1'.,. cb1< ".J) *1< t.,) 
1 .1(2'..1 sh 'leI '.,1 , 
~( aQ .. a ...... ~ &lIIIIW :=:==e,:c.) 11 

1· 2 ) 1 1 81 ). 2 1< 2 "\(1 

·0 '\ , ~ "\(2t ., 0 1 g'lC = .. ===: ~ '2t.,) 

Xl ,,' X2 'X 2 

·1<1 '" · ~!: ... ( Ch 1< 2' " -,*"\( l'.J ) .' 1 ~l1<l.b 1<.1 t.,) .... ~('l<.2rab ~t..J "" limb ""1'.J' ) 
, 4' 1 " . . '~~2 

0 "" 2 'K2a)),"\( 2t1~ 0 .1< 2'.,} 

\ 

'lbe,t1r8~ 'yo row OAq ooCU' 18 the detmDla.' of (2 .. 307)0 

I' 
" 

., '. 
, \ 

" .iMeiJrMlJ 



,. 

'" 

... ll ... · 

. It should be ~81aed tha~ tn' the 'P~eCedln~ toJ'mul,~ the 
'.' 

subscrlpt.a OIl the Y·.8 and. t' D ref'e~ to ~ ~rt1C1.1lqz ·.t:.e&'101l(pUe ' . . 
, . : j " 

.01' rAtleet.ol') 9.114 t.he Gublcrlntll elseYhere d •• lpa.t.~ p.'\J'~1cul.U-
, . . . .~ 

croup. WheD \heee fol'mul.,s are uee4 tel' 'lotWll ~lI11k!tdto~ a 
+ , 

cloubl. 8ubecl'tpt. DO'at.101A (1.,) tho1&lc1 be u8 .. 4. where 1 « •• I.,t_ 
. ," 

t.he region ~ J 4eelgnateD ~h. group. 
. . • i -. '.': : 

2q49 .!V_her observat.!oil. 2!. ~.!:. solllt.~oD .. ~ It 1. l'O~81ble 

t.h~t. th6 Oomput~tion ill 'he p*oblem of the pre~&dlDC •• O'l~~ can 
be slB1).'11fled D7 matda&: the ,~trl:t y <:0<. «('I) ot 1al'1'11 \-&1ue. the 

, 
1d.enit '7 matrU:" U 18 clesl' that it y,: ... (x "".x~"''''l) 18 4A7 'DOD ... 

e1ngu1.~,. 1119.t.I"U of 801ut,10118 t.h~ 80' i\l.o !e tbe _tnx 
\ 

..:...-- ,....1 
II G(. (x .,. Xc(, =1) iJ: Y <4 (~. "" x:, . .."i)Y,. (0) I), 

and moreover 

-.. ~. (0) .~ I ' " /' 

. ' 

Thea. itt. t\lDdwDent>\!' equation (2,,}Q 7) 'heeomae 

~ w~ 1. (t J )W.J ~l (t.-V=l)" .. '0 .02(&) \. :: 0 e 

'Whero W~ 1 (t;-v ) collsiste of ~!le tlt8~ two rowe. ot w.,) (tJ ) &114 
lf02(a) condate of the tlret \wo ~lwnll8 ot "0 (a) .. 

In the pr~ced1ng seotiou the tormula 

(2,,4.1) c;, {!8 y;l(O)Y!hl. ('B=l)yj:l (0)0 0 0 Yo (a)co rg P C 0 

wag obtMned 1dthout blpOB,ll1g' aJq restriction 011 the matru of 
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" 

I" 

" 
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901utloD& y~ beyond its non-81ngul~r1~7o I~ 1& now obaerTed 
'-

tiL~t (204.1) c~ be vrlttenln, the e~lvalent form 

=1' -1 
"0 Blo (a)ll (0)11 ('1> 0 • • YB(O)oU : p-l~ o 

ij,ccompaa,lng oon41 tiona re~red that' 

.(02 • i 2 )Yo(0)Co .;~ 0 p 

(12 0 02)Y.('B'es ~ 0 f ' 

vber. 02 aDd 12 ar.e 2 x 2 aero =- and ~cl8D.t1t7 ... matrioee. 

respectively" 'B;y th~ s-pech.l cholce ot To l4IhE'reb7 a n~titlontng 

at To (0) haa ~he form 

'( A »). 
\ 0 C' 

t~e condition on the vector Co alone 18 equivalent to the 
I. ' ' • 

:t'equtrement. that the l~st two components ot Co be zero 0 !he 

subs_qunt elimination of thetvo vectors Co 'lAd '11 was ~o~d. to 

71eld a determinant ot order tvo 1n the fln~l e~atlon/ot the 

proble8l. A similar special choice of Til ia useful -when the outer 

reflector 18 lDf1Dlte 1D the It c> direction. To th1s end one 

choOses the f1rst two columns of TJI to bea set -ot SOlUtiOD. ot 

t.he differential equatione which vanish at lnftnity. Rence. the 
, 

laat two campeneDts of cw are both aero and there remains the 

'\ 

I 

/ 
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d_termlaantal e~'lon 

(2,,4,,2) l =1- '\ 'YI2(O)yl'<=1(1lJ .... l) fi " ,0 Yolta' '"" "" o & 

r 

=1 ' ' ' =1 
mel'lI YJJ2(O) 18 the 10w&r halt of the JliJatrb TB, (0) .. 4 

,lol(a) the 1.tt=haDd balt ot the matrix Yo~a). 
-=1 

A procednre ublch simplifies tbe computation of '52(0) 
f • 

ill eqoation (~o4,,2) has b(!)/SD suggested lIT B. Spinl'ad. J. 

" ,~' , ,-.. ,.., ~";,, . 
• " ''''\1 if: \ r" ~. t¥ .\~ .. \. v; '~ ft'; ; 
!tJ- , 

I, 

apeclalcboice ot tho leAt tvocolumna in Y. 1s mad~ 180 thllt \. 

'-1 ' 
the task ot computlnc'. (0) le·mad. as simple ~8 pODslbl •• 

One wr1tes T,(:) in ,the to I'm 

T.(z) :t: 

"" '1<..1% "}< Z 
-= 2 e •• 

0 ='1I.r "le -, 

.'Kl:l: 
-"'}:i"~i 

0 

<= 1<1% 
=}..1'K 1e 

'=.'K:! 
= '>.{l< 2ft v ch "'1X 

0 
= ~rr 

"" )..2·1l<.~e 0 

so that ".1(0) takeo the form 

(: :),. 

1 ' ' -----""":"'''''- ( t< l' 8h 1< ~ <=> 1< 2eh 1(, 1ll) 
).2-1"K 11'- 2 .' ' 

~-A 21<.. 2 ' 
I . 

~\!~(eh"K ~z "'" ch'K~z) / 
'1\2 81 ' 

ch1<.r 

tbe lnTere9 of whiCh is readl17 co~?uted •. It 18 the lower half 

ot this inverse whleh 1s used in (2,,4.2). 

,... ,,- • ,,' '3j;, 
. ". ,rI:' :-I:~" '''':~ 

( 

o 

" 



'. 
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.' ';'2(6 

"'" .~'. : ,'l ~> .~: "", .,. . "'" ."" 
111 09.81& 'he plie 11 110\ .,...tr1c there t.e AI) requS:rell8At 

of qmmet17 at tblt *'ero tAotead. If 0 .an4 • dP.8tPat. the 

two out~r. retlecton. it Is required i1\1I.' 

(1:2 0 02)To (0)00 • 0 • 

(12' (2)T.<'-) 0.1 = 0 • 

pron.4ecl tha.t both outer l'atlec1iora ~ .. fl~1t.o 1he lMeclli1 choice 
... -

J . ' ~ , .. 

of both to, ~J;l4 T1. reeult,lrA Yo (0) and T.(~) h8.v1nC the p,,:rtlttonM 

torD 

(: :). 
!hi Ii II.,UII tha.t the ttret two colUSDilB ot each vani ah In their til"a' 

two components at the outer bOUllGarie •• · In "(,,se elther reflector . . 
i8 1nttAlteln 't1\e % - direction the requ.iremente on Yo(O) .91: 

')I ( \} are lI1e~tD.gleeG, but. 1n thle cOlb. the flrst two crolu.mn.1li ot 

the Y MtJ1Jt are chosen to 'ftDtah fit In:Unitt: . In eUher Gaoe. 
\ 

the last ttlO cOmponent.s of Co. arul ~. al'e ael'O," Bote that it the 

Bel"O ... railecto!" 1e lD.tlnlte •. the ~rl81D. ~t be move4 to Ita iDe!' 

boundaJ7. Bow. if Col and 'in 4flD.Ote tho two-vectors of aoa....&ro 

eo~ll_tD there re8\\lte either ot the equivalent 8et8 of 2 .:.2 

equat10DG ot the to~. 
" 

, .. ~l .!It 0 • !l0g1 ~ 0 0 

I I 

f'rom wh.lcb ono obta1ZUI .1th~l" ot the equi v silent determin' • .nt~.J. 

.e4.uat19as 5~~[Rrt, I 
--.~-. ",.; 

, ',-:,1 ~:'1", ~ :.:-",7'.," ~ "r \ ... ,~ l'} 

~~" ~ .~. ' ) \ " "1 '. , ~. 



.. 

_2110; 

~ '@ 0 e .R, \3 0 1\ 

1t 1 t 1s uaumed. 'for tbe sake of 61J1rf)11oU)' tiMt 911of :,&he 

reflector. are :tlAlt •• DOte th .... t it .... l1ttle AltlereDc. 

wbleb ot \he ~ 1'8&101111 le lett ~lth 1 t. tlilck:ne •• , ~i •• ere1aecl .. 
~he unlmowa thtcbe.e t" 1. 1IlTol'l1e4 111 01117 a ~lD.Cl' ~t:r1%' of 

the proc1uct q,or"Il,. !hb ..... trllt 18 m12lt1plted. 011 '11e lett bj .. 
\ . . ~ " 

constant matr1:lt of dllHllatoua «2 x 4 .~ 011 the I'igb~ b,y OAe of 

,dlmeaslo,o8 q. :It 2 .. 
" 

2" 5.. !lou]. tipliC&.tioD .,!! !!!!. r8fl.o'orll" Xu ttiii seotion,the 

0&8. of ault1pU.~t1oll ~ltf the r~~~C~9J'B i~ cOIl~l,d~red ... If k e 0 

in the cb~8cte:r18tic eqUiitloll (~,,3,,2) there resulte the f01'e&01118 
'- ! ' , -

.. 81 tuati on ill lIhlCh there !ittt\tO 'Pos1tl.,ev~.ltl~ otfo2• It 

. 0 <. It.(.1 the )t,2u e "!'!l'. GUll poflit1ve !dld the lIIJ;'.trl:X T" t8 A.8 

. before. It k eo I, 'hero 1s one Politt.,. /,-2 811(\ one aero 1'"2 .. 
, 

The matrix y~ takes tb.e torm 
~=---:------------.-. ...........---. .. I . _. --....--_._.-':'"""_._. -_ ..... _ .. _ .... -._"'-:.,. 

Y"", IS 

1 

2 
: "11{1 . 

t .......... 02 
~21<2 

o 

o 

'z 

... ~l 'Kfx 
A21<.~-

~lZ 

Al1<P 
1Ii,:e:·2~ 

1\2 

(1( 2 .... 1C. 2)% 
e 1 2 

( i< 2 + 't. 2): 1 2 re "." 

( ",21- "\(. 2)%. ,1 2 
8e 

(1<.f+ "K ~): 
"",8e 

( 

... ( 1< f ;.1<~)x 
e 

=( 'K~+1<~)x 
J'e 

? 
f".l' - •• 

"-. .... ( 1<. "'"+ 1{'2' ~ 
...,se 1, 2)x 

.... (1<. ~ + 1~ ~)z 
Ie 

\I 

. 
f' ' :,;~. "·.....-.,r···. , 1 

" ,SECRET -'-=ri 
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01' ,,; .... 

. y~ ~. 

z 

}.l'l<. ~ 
·}.. .. "K2 

2 2 
)..1 

2 
.}.l '1<.1 . ~r 

1<.2 

. 
wlIere 

.h(1\~ t1<~)Z' 

'It tht-:K? + .~~ }x 
• 1. ".iJ.' 

• cht''' i + "\( ~)~ 
. 2 2' 

""a ch(1<..l -t .~ 2)x 

t 

o 

o 

ch( "..f+ 1<.~)Z. , . 

I' ab(1<.. 2+ '" 2-";' . 1 2-

•• (1<. f+ 1< ~): 

: 2' 2 
, .... 8 8h( "R 1 -t "" 2)% 

}.1 f 2 ("'" 2 ' 2'\J' r ~ -'2': K1 ~ . "1 + 1\.21 • A2'K2 , , 

'2 2 
'II ~. '~l (1<1 "" 1( 2) 

If' k> 1 •. t~ (z) take. tbe torm,ot Yo(x) .a 1.D..(2~3Q3) .. 
\ 

-;", .' 

30 .!2! !!!lU-e:OllJ!o ault;l .... reflector Erob1e..!!!!.!!!! 1ntiDlte . 

.!!!'!! Rl1eo 

'3 .. l~ !l!!. gf)D~)1:al formulatl0l!o . .18 'in § 2. lfit ., t .Uh au 

appropr1~t~ subserlpt to represeat & partlCul~r ~roup~ represent tho 

flux of the D.l\riltrons of thls group 1n AP;v ot tb.~.J -+ 1 regloue 

consiettn« ,oZ the plle aDd the retlectoro . rh •. subscripts are cb.oaea . . 

80 a8to lnCl'eaee 'With the .ile&J.\ enertir tJt the group~ that ls, 71 
, 

repr.sentathe flux ot. thermal n~trons. 72 "~t ot the _lowest 

group of taet neutron •• and 7a tbat. of the tastest group (the tie,10n 
I 

neu.t rOil s )" '!he 41tterenUal eqa.atloDB 1n any l'og108 'have tbe torll 

,.. 

$ 

\ 

I 
/. 

/ 

. ... ~. 

\;:-/.,'-.:" ,.:: .::'" >;J. 
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-2')... 

, 2" 2 ',2 , 
~ 'J 71 co }.1""'t' 71 r )..1"',1'K t "-1 71+1 2 0 • (.1(.11) 

\) 

(3·1:1.) 2 . 
~ no -., -+ It ~ "\( 2,. _ ~ 1< 2 7 :- 0 • ,a v D 1 1 I a D n 

where 'he coile'.' k i& 8eJ'O, 1n 8retl.c'0J' w1 'ho-.' ftlDl'i:pltca.tlOJlo 

!file bo~1'7 c,~,uUUOIl~ 'Pr eIOl'lb. 'he ~tlll111'7 ot 71 sad of' 

). IV 11 at $he lD'ermediate bo~le. ~d the vuiohlag ot 71 a' 
, 

the outer bolUldar.Y' or boun4a.:rlea .. 

3 .. 2. !1! 1atlJll'e/~ ,1180 raJ' the lafla1te elab pile 

the d1fferen'Ual 0q,.thne ~e eepeo1a.llt si,mple '\n tora eiAce 

~2Ji '_comes marel, ~~ ee~ dftrlv~ttye ~lthre.pe~' to x aDd 

9l.1 coeftlo1ente of tbe'1 and 'hell' de:rlva,tJlvea are conet._t o 

It'18 COAT_lent to ~l1tro4uO. tho acld1UoGal variabl •• 

, "\l:, 

Ya -+ J g )"J .7J 0 (J ; n) • 

which '1l~~11 1t poee1ble ~ replace ~he 81stem of 'n eecoAd oriel' 

equat.ions bJth~ ~A tira" o:r4pr equation. 

a -1. 
1j : ">...1 Tn-tJ 

I (J ~ Il) • 

(.3 .. 2.,1) 
Ii ,2 ' 2 ' , 

'11.+1 ";.\ ).11(11'~ -\1+1r: 1-\-1 71-+1 0 
(1 <. a) 

I' ~ , ~ 
7f!P. ,~ ... k h1 ""1' 11 +}.. Jl1<. Jl 7n o 

It thG 8lmbo17 w1thou' ".l I'Q.becr1.pt dena,tea the colWIID. vect.or ot 

componon\a 71. 729 ••• , 72D.0 theGe equation. cu be wit.ten in 

tho matl'U ton 

o 

• 

.. : - ,,:<~~~,: ~~'j~:~'-I 
A~ :'_ , 5 , ""~~""""' __ <; 

\ 

.~ __ Q::J i:t..;: ~I 
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of the equatioa (3.2~2), 18 eaa1q wrltt_ do14 with the aiel ot the 
\. 

relaU OD. 

(_r-l Xl)( i 

," 1\ ,~rI /A'A 

• 0\ ( 0 
1 t~ _,1"-

2 LI.. 

Al 

'""/,,I 

where ,be tlra' .atria o~. t.he let' 18 Ii -"",,1 aIld. ihe aeClOD' h~a, 

the d.etera1lie,nt unit,.. Baee' 

I \ I 2 \ I A =11 ' =1 ·2 \ 'M -rI 1\ =,r- _I\. -'~ = I~l\' -fA" ,I 

:: \ il.~ _~'2 

,0 

Q 

-k 1<..2 
1 

-1<.i 
) 

? 1< 2 .., f(. 

10 

0 

2 ""'K2 3 

, .. 

o 

" " ., 

" 

.. .. .. 

/' 

o 

o 

Q 

'2 2 
'1'\ = J4-' a 

I 
" 

'be laet determ1nant can be upanelM i_edlatel,. to 71elel tbe 

equation \ 

(3 .. 2 .. " j1(~ ... ~~) ('R~ =~?) G " .. (1<! <=~2) ~ k~~1<~ •• ,,1<: o 

It 18 clear that 'WheD 11: 8 0 the 1'00t., ot, the oharBohrleUe 

, equa.U~a are :t.1<t .. ' '1'0 illTestipte the 08.88· k ') 0 ccnsider the 

graph ot 'he lett member ot (3 .. 2,,) plott.ed aca1n1tr2. 'lb.le 

crO.8e.' the,t-e.2 .:.. axle at 1<f and CI'OBBe8 the verUcal axle at 
, 2 2 2 .' 'K2~2 '11 2 , K 1 "K 2 • • ,,1<".0 '!'he effect of subtracting k _1 2" .. • " ... 

(,Ir,'-;3EC"'l""ll"R-Ef~ -'-..., 
~ 

-~-

• 

" \ . ~ '"' ...... 
,", • I ,.,..."!t 11', .1.. \ ,. , ;,)'. 
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from tbe tWlCtlOO 10. to l"a18e the 11...2 ... axie 1»7 this amcnmt Q 

Hence, it k ',i the real roota ot the equa:t1oA 1D.I""'2are all 
! 

positive; 1f k e 0 thore is one sero root and all o\her real 
/ 

rootll are positive; it k"> 1 ~er. 1. ODe necative root aacl all 

other real root. BZO poeltlve~ However, one cannot be aDBUred 

111 general, tor n:> 2. that tho roote 111,,<4-2 are all, real aioce, 

for !U:lT k :> 0, b7 m.'1klng 'the difterence between a.ny 'P"\.il' ot "'\( ~ II 

sufficiently Illllllll one mq introduce a pair at coliimlex roots. 
, 

Whatever the nature otthe ch~r~ct.rlBtlc root80 one CaD 

alway_ employ them to write down a eet at 2n independent 

801ut10D80t ih. dlfferen'l~l e~tlon8o It each ot these 
I. I 

solutions i.e ~e ~ colUlIl!l of a 2n X' 2D. -1Ia$1'1% Yo a8 111 ~ 20 

then Y 18 a DOIl-eingUaJ' matrix eaUaf')'lng tho matrix 
! 

equation 

yU g Mr 
" 

From this point on the discussion for the caee of t,.,o 

\: :1to \:,.... : 

~tn~\ \) ,\.: . r 
, . 

eroups given in § 2 applies .... ,lthout aign1flcant chq,nges for the 

(hae of Jl groupa. Tne equaJ:ion for the determlaaUon ot critical , . , 

pile siae for all of the situations considered will involve a 

determinaAt' ot order e~actl;y n" The fundamf'.J1tal determinA.nta.l 

equ,'1.tion m:v of cours~ be used to find It if' the pile ~d 

reflector dimensions are flxed~ 

4,> !!!,!!l U ... gI'oURt ~~~.=reflector probl!!!, tor, the 

sl)h..!rical El!!..' 

\ 

.' ,,:'~ ~.v~: t:;J]r~ 
...... ',L. .. ~ 

~ :\(;1 ."~iI~ 

~ - -

I 
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4.1. !!! !lift_rent!!}.l ~quatloa8 ~ boundq,ry 

_co_nd~1~tt~0~p~8o', It the epberlc~l pile haD retlectore In the 

tora ot spherical etlella. such aft to pro"lde com."le'. , 

Spherical s"..etr". thea 

!hen the 8ub8tltutlo~ 

2 2 ! 
J' V 7~ LJ!%l 

. 2 
clr 

Vi gg 171 0 

.. 

I 

, l 

, (t 

vri+ 1:;;Z '>-t ''''1 .1- (11~ .Ill 

I 

la the difterential equatloao (3 .. 1 .. 1) iie143 2u 41ttereDttel 
, ' . ' l 

" 
fj~tl0D.. 1n "'11.1 va"l" 1 ot exact17 the same torm aD tholle~ ia 

71. 7. + 1 tor tho dab pUe .. Hovever. 1n the BpheJ'ical .ee. 
r 

thil bounclal7 (,X)ndlUol1e which 1$p08f1 continuity upon 71 anel' 
, J ' o , / 
"'1

'
1 & when expressed. la terms ot v 1 t 'requ1 1'f8 the coft\1au1 t,. 

'\ 

ot Vi and 

/", .. d("'/r) "" "!d-1 
i ell' ... l.' 

, Ai" 
~, 

at - ths' pile 'Ul4 reflector boundaries.. Bote inp!\8einc that 

when the)., 1 u 8 are equal f1he va + 1 &" are alA continuO'!).a and 

tbe procedure 18 III all re.s-pecte s11ll11ar to the 8lQ.bcaee .. 

, 4.2.. §olu,.!~ ~ ~ ~eDeral.!!!!!* '!he formation 

II 

, ot ~ ,tundamf"ntal 'set ot aolut1oD.e T eo~BU tut!ng It. Don-einpl8l' ' 
I 

,1''''' ~ 

, , ' '~, ' . l' 
, :' ,',", '." ·.k~.;'.:o1 

I 

'" 
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.' 
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matrix V does DOt differ 1n ~ reepectfrom \he torm~tlon ot 

Buch ~l ma~r1x Y in the Ct:l8e of the sla.b I pl1eo ' !heee BoluUons 
, I 

Oall be expre8sed. 9.8 functione ot r or ot f ~ I' .." J' .,' _ore J'Io. _ ... 

\ .,(. deelp.at.ee the :0;. "" th resloA, aince S1J.'I tund.a..lu.ntal Det 
I 

expre8sed. ae tUllct.~one ot I' Joemains a tua.4Ulentftl 19.' *_ r 1e 
. 

:replaced \hro\lCb.out b7 fJ. In t.h1.e procec1:o.re l' wet. be noted 

'~"one m~ obtain 8olutlone 71 ~ v1/1' which become,tllftllite 
, \ ' 

under oertain olr~I'aDoee. 

It 18 auppaae4 ·n.ow that in each l'ec1one( a matriz ot 

soluttone V,l( has been ~oUbd ~Dd.o for the ealte 'ot collvu.ienoe, 

thllt this Ie 80 chOs. that 
/ 

','I(. (ree. =1) :g :tQ (~l!f 1. 2. (1/ 4) 0 $..) ) " 

Since DOne of the roo( Us \111 know until thecrltlcel l"a4111& 
\ 

1'0 ::: a 18 found. thie choice inTOi"'ee upreselng 'he aolut;1on8 

v ae tunOUoA8 of f "iil. I' ..., r ' and Cboocslnc V", 'to, be the 
, ' ' oC =1 . 

lel_t1',. matr11t wbcm f ~ 0" 
, . 

III the pile (~ Ii'. 0) ,. must remain flnUe'~, r ~ 0. 10 'hat 

ou.t of $he 2A loluUoJlta J1 .can be elll11Datecl Accordiagq. the 
\ \. . 

reqalred Bolutlon'ls ot 'he torm 

'1'0 .'5 '01 00 • 

where Co 1. _ n "" "'ector of eone\ante emd VOl 1s the 2D,Jt Jl 
. -

.... ~ -.d
f 

\ 

,- .." ri! " ,.' ,~, -.\ .,:., .. i,:', 
.. -r./,,:\ "~ .. '* 

" 

matrix ot ""8 (eXT.lreeeK ill te!'IlB ot \:r18O.0.&t1'10 aDd hiPQl"llol1c 

/' 

" 
,,~',:-r:~'-' 

~ 
,,; ': ~, ~ 
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ainee) ~OD~ tiret A rowe vaalGh'at re.O 0 Tho rmDk ot 

"01 mat be Il~ 
, 

the eoaUmdt7 l"equ.lremtllilt involvGs the ooatlnuoull 

vector 

(I 0) . . V~ 

(402'(1) . ,-=2.A. -1 1: 

0\ 
r "" r . , 

I 

0 0 o 0 c. 0 
I 

1 0 " " " 

0 1 II " 0 0 '0 0 " " " 0 

.. " n 0 0 ., 
" .. 

0 0 " .. 0 1 ., 0 Q .. " 0 

~1 0 0 1 0 0 -""""""" 1ft 0 0 . ...... 00· 0 

1'2' r 

0 ~2 . 0 '0 1 0 .... - ., " 0 "" o <) Q 

r2 i' 

' . .. " .. " 0 " t) " 

0 0 )\ 
0 0 1 - lit 

o 0 " , .... -- ~ "', 4) "'" ~ l' 

'huao " 18. first ot' all requlreG. that 

I 
o ) V.l(a) ...... (-~ 

0 
'\ 

.;,&=3:1, a""11 =1 
0 .., A . 1 & X 

1P 

~ 
.. ' 

t" ,_ - • 

T ", 
~. .', , , 

~" -~.:--'.~"" .' . ' " ',' ~' , : 
, .. ' 

f' 

\. v 
" 

o.t II 



·' 

, 

I' 

... .' 

-)0:., 

'provlcled tMt; "1 C!! I ~, r '1$ 1'0 & a 0' 

_ Boto that 

l'I 

"""1" 
, a,~l 

o 1 

=2A 
..... J.\l 

eo 'hat, (402oil maJ bewrlttenae 

I o 

01-

I 

<=>2A' 
~ " ~ ~o 

o 

o 
g (: :). 

V01(a)oo: 01 .8 

I 
(4.;2 .. 2) 

(L\l=Ag) 

o ,) VOl (a)oo ;;: '1. 
I ' 

o 

" 

II"'" " -A' ,', ':',). ~ 1\,~' >$' qI' 

~~ ... c,:t~~ .. ~~. ..' . \ t. 

-' 

,Boxt. if, theiao'GaUoD to( = r~ =1"0( =1. 18 lntro411ce4 and ,1f 

all .... Ilc are' ....r..,. .. e8IHi4 ae fWlotione ot~:' tIC 'I" => r e the 
'" ~'~~ , ,i " 0<. =1 

, 'Contlnul tyZ'equlreunt at the 8'ecoDd ~\U1d.aJ.;Y 71elcle 

,\ 
I o I o 

VI ('l'''l ~ 
2' ",,(&+\)""2\1 =2A --1 

:=-{a+'l) .,..('\2"(&+'1) 1 

01' 

t' 

,oe 

I .' ". ;";:1'" i: \\,::.,;> ,;~, : 
• ~r .. 

, r 



.' 
, . 

'" -;tl- . 

(

' '1-
(4 .. 2~.3) , ' 

aT '1 f~~(l\:2 -1\1) 

o 
V1(t1)Ci: 02 0 

I 

'!heD. frO. (40202) _4(4.2,.3' l' fol10". 'ha' ... 

I .0 
'1(\) 

I o 
T01(a)oo ~c2 0 

. 1 
(a-"'l)'" (/\.2 ... Al) 

-
I ;'1(1)..1 -ho) , I 

t· .• 

the aext atop Clvea 

I 0 
Ve('2)C2 :;: 0.., e 

, -""'1 -
{a~tl ~ '2' (/\) cA2" ,I 

_lch 18 u8$d to" el1m1.ua~e ~ in the laDt ·tw eqaat.1oaao ' ~ thi. 

pl"4ce4U'e 1. co. tit ned oae obtalD.a finall7 

I o 

"'''-

!. I. 
(4,2.4) , 

l~-l .) 
". (t \ 
~ =1 ,) .,,, l) vOlt~), g c.,>, .• _ 

., ' 

.. 

~')-l (A~- 1\.)=1 

whero ~'.,) "~ a + tl + te + " .,.. + t ~ <> 

,I 

Th.is IM.t~z eqaattcD. express •• the 2D. ~mpoaeat. of c.J 1. 
tierm. of ,the.n coiRpOaeats of "'''0 IYld the akllOWJl crUlc8l 1"941118 

60 AD additional matrl: r~latl0. ts.needed tor the ellm1n&t1oa .... . , 

01' co' an4 _tht. ,lli f01Ul4 1n the requirement that the Dolu1;loa. 

.. .,} thall _ valllsh lA, U •• t1reti a co~oilen'. at the outel' bound.aJ7" 

~ \":'~t.VI''''· .~ . ...: 

~f\-~~'-'#- . 
• ' .. t • ~; ';" ,. , .' ~ . 

. " .....• '" . \... 'i 
.'""""" _ , .. t~,.~ 
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'. 

,/ .. 

".J i(t" ) 

," 

" 
. , 

'-J2=' ' 

"Z:~ . ~ 
.r~:~!;i~; ,.~~' .. ~~.t ~ " Bow. ,'" J e tv c.,) II *uc./:~t. ,f">l 4eao'eB the _,J>tX ot tho 

, • I ,. . . 
tire' Il 1'0'" of V v • the coilU'loA 1a •• ,'loa 'alt. the tona 

'vl(t-,) )0';,; ": 0 
, I' 
;' 

" .• t . 

'AcCOI'CI.t~. 1t the eqaaUoil (lI.o~o4) t. multiplied 011 ~. let' 
i! ' ' ' 

, "I ' 
1>7 V oJ 1 I) theN ... evl t., 'he e"'10D 

'I I ( " 

'!.,t =1 (tv ..;i)" . '" "01 <.)co ~ 0 " 
\} -1 \~.J:'l (A~d 1\J~l) f, -1(A. -A) , .~o ,1 0 

I!he _trix coeftlc1f)!l~ "1 Co 1s D Z .1l ari4 ltD determDaD' *8t 
\ \ ~ 

vaulah, that 'e. 

\V~l(t..J ) ... ~ 0 Voi (a) \, ;g 0 .. 

Bot. agata. tbat1t ti". b~ea 'preeuppoae4 'hat 'f '" (0) :' Xu It 
\ '< '.:. 

, " ,: , .... 1, ' " 
t.bla' JlOI'IBallwaU.oa 1. nOt m&d.e the lllatricel& VO<. (0) 'aat., also be' 

IJlclu4ecl 111 tihe _t~1: proeoto Bote alao that ~ doe. Aot ocowr 

11l tJ1q gf the V~ II tor "'')' " ; but onl$ 11\ tlie elements ot the 

t~rm (&+ t 1-. ~ c, +t <j( )";1 mo.lt1pllEld bJ' a 41t£"ren06 ofi!..:ue 111 / ' ... 
coAaeaut1vE} recto ..... ' lote flraally that V <j( (toe) 19 of the 88118 

tor. alB in the Blab oae9o 

5" ~ ~-E2!l!' !!!:!!!=:t~ecto:&: nroblem ill !!!! . , 

!!£!n..! te Sl.~~4.!'_~~1! P,!!!o 

\ 

.• ,.~ • ,'l' ,,,~ ~', ~., ''',~' 
. ;r 'v'" ~ .~ '.'\ .... \><:.~ .. :. . 

• 
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5010 !!! ~tt_eI1'l&l 6.,ioJls· e! bann4alz :.co~\!.lba.o 
If the o.vl1n4l'lcal pile hai). retl~~rl! 1D the torll qt qlla4rloal 

eb.l1!lt 'ncb. as '<l prOY14~;. axial G7JiU1l&t17 II eben . 

~~~U+1JL .. 
cl:I'2 11." d.I' 

, ;. I . " . 

•• 41tf'el'eIlUal aquatiOb.8 lD'eJfI .I'..,.on ..,. be vrltten illl the 

tora , 

cl . d71 2 ' . 2 - ."" . 
~i d; (I' ~)= '\ 1<, ~1 ... ~t -tl "K 1+ 1171+ 1 = . 0 II (1 " alII 

~·D!.. (I' ~1l)1" k\.1<, 21'7 =A "K 2 -q ~ 0 . 4z' 111 .A, .... '" 

'fhebouc1ai7 ooncU.U';1l6,requite tbe contlnul\7 0'1 71 SAd 

)..·l ~ at tho thtel'me41a.i. boW'lciar1e~ and the V8Al8hl~g 41' . 
,01' 71 at the outer. ~~da17 or b0W101'1eGc 

5.2" !gluUOJ1!2!. ~ ,.era!. osseo The !Atrocluctloft 
, . 

of the 'fariabl"a . 

7 A + J ~ -)..., Z7~ ., 

baa the efteot' of replllcin& the sQ-etea cit n seCond or4er: 

e9lat ioaB (5,,101) by the 2D. firat older e4,'l;l.At10118 

o \.=1-1 
71 ~ "'1 r 7.+'1 0 

2 . 2 
(5~2Q2) 7~ + 2. a ).,l"Kt 171 .... ~i+ 11<.1 + ll'1'l+ 1 ' 

Q. ,;,.,2 "V 2 
72b ~ "" It \1" 1171 + " J1 "l1l7n '" 

\ 

(J ~ .>6 
: 

u. ~ .). 

(1 '" 11). 

" , 

.' 'f .' . ,~ ~! \ .,,, \ 

~ .~l'l'\ .... < ... ~~. 4'J 'f • 
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'''''~ 

/ 

, , 

It the ~1, t w1 th60.ta 8ubao:ri.p. 4eaotM the col~ 'f'.o~or· 
-.  ~ 

'1 

of CompO.umto 71t'72' 0 .. 001'",11 ~_ ttie Oqua.ttoAI, (5,,:2,,2) 
. , . . 

" ' caa 1». w1\'0 1. the '.trix toni J'G~ s ...,~, .er. II 18 \h" 

AOIi=COI1~t_t _'!'1:ot coettio1eata 1A _~, equations .. 

$Olutioil& of the 87.'_ (5,,2,,2) or tn. tona 

-(5.2 .. 3) 
71 8 ~ Jo (/4."1') ~ 

7.~ 1';: ~~ i r 11 (Ao- 1") II 

~ . , \-

~ ilow aoUCht.. Substitution of (5 ... 2q,3) 111\0 (5 .. 2.2) ct.,.". 
, , 

(5",2o~) 

, , '~l -
.... e,. ~:: ).. i Bit. + 1. II 

'\'+11"- :: '~r\{:~ -= ~~~ 11< :.lI' lat. 1 " 
, 2, 2, 

"e./'4,. "" ~,It ~,"K 1 "l + )\ Ii "K 11 a". .. 

(1 .;. al, 

, 

'(1 ~ .). 

(i <.. a). 

Thees e~'101l8 h~ •• ~'Ao~~rlvlal Goiutioa'ln &lprov14ed that 

(5~205) _ \ ~ "': 1 .t\. -1 \' ~ 0 ' e 

,-11 , ,-,rI 

'Where ; 

I 
.1\.-1 ~ / _ \i1 0 

0 ~-l .", 2 

c " 

o '0 

, 

.... " 

" .. " 

I) 

" .. .. 

0 

0 

o 

'- ""1 
.." ,\ 

J1 

\ ,,¢ 

 
: !~~" ;~.. ... ~ < 

".' . . r, ..' \ ~~. ' • <'" 

, ) "'~-l'}~' ",,, , , .. 
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, aaG 

J,.<g 

2 
),,11(.1 

2 
... ~2'\(,2 

{ 
0 

2 
).2~2 

C> " 

\"" Jt:\i;1< ~ , 0 

0 Gto(t~ 

2 
<o>'~', .. ., .. 

,0 () 

0 .. .. '> 

o 

o 

(I 

2 
AA~A 

.. 

BV 4 I'e4uCUOD elm11ar to th~tueed 1n ~ ,'5~ 2 the charactl!tl'ie'lc 

e~tloD (5,,2.5) become' 

(5.206) (1< ~-t ;c-2)(1( i + 1""2)" ,2 2 "fI2 2 2 ,,(K +r) =11:"1 "1<2· .. ~ ~A ,D . " 

10'. thAt the I'oota of this equation til r<-2 are the negatt" •• , 

at 'he roote of (3.202) lA~2. 
',", ~ 

, It _ 30 8A4 J1 are. replaoed by Yo and Yl reepecU vel7' 11& 

(5;,2,,3). the qet_ <;,,2,,4)0 IUld oollsequen'l7 the equatloD 

(5,,2,,6). l'em1n8 lmcbaDpd" Bo"sver. U" the collblllatione 

10 .11 or Ko 0 11 areu.cd, 'he effect 19 the expeoted Oil. of 

cha.Dg1q the slps of the roo t8 of (5 .. 20 6) ~D ~ 2 D or ot 

replacing r by 1.1""''' 

" 

.. ' , 

!he DOtsUOD tor Bessel ttmctioAa u.ed. ta thie 
paper 18 'COllsiotent with that touad ill !heor,r ot » •••• 1 
ItlDct1oll8 b.r G B, WAt ,<Stal.. ' 

..J 

!t\r,~., "', ' . 
",~:r, , -'\. \~ ;,0. t~.' .,' . ....,.... . -- " ''\ 
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'~ 
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, "t, \' t',' :, ~ ; i \. 
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·~"J.":\",f1~.;~ 
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\ It the 1'00 •• 01 (502q 6' ID;42 'are all ¥,(t.tJ 'he'D tU' 

tuc" •• Jo aliA Yo COI"l"np0a4 to, the poaiU .... I'OOt8 aDd. 'he, 
tUllCt,tON 10 aIl~ X. to 'he AegaU "'8 1"00",.0 !1m., la' tid. ca •• 

• , le •• '. a se' -of 2A 1Iui~et.ul.' Golu'14. or 'h. 41ft __ 'tat 
.4,UatloD8 CaD be tound. Aa' ~D. 'he Feeed.1ac ae_lolll, it each 

.ot the.o 801\1\loA8 Is _4. • aol1111D ot a, 2.a x 2a _vbV'. -
tRIlL V is B DODo81agUaJ> matl'l: oattat7lDc 'he _,1'1Z ..... t.l..oa 

,\l' ~ ltV .. 

III the s1a1> aad epherlca1 ca ••• oerta1D .. tenal 

81mp11tlcatloa. were tound' _ GXpro •• tng the 801'11.'1oa8 til the 
, . 

~~ th regiollas'functioDeo! a coordlnateorlgtDatlac at the 

lDDeftIIOa' bo'Wld.a.r7 ot 'he ... gloll_ ftle B1G1plltlcaUOA 1. not 
I 

,0 •• 11>1. 1A the qllD4:riC81 ca •• ala08 the _tl"lz M 1. '110 
, , ' 

1011181" a 'conetaa' IIB:trlz.. I\coori.ta817. the 46t,enlaatlO11 ot 

f crt tleal plle 81 •• eVeR SA 'ho elm:p1 .. t CU •• 'becom •• &Ii 

extremel7 arduous aDd. uuvltlDC tsllk.. !he GlCJ:Qa'loll 'WIdell 

,-101d. the cI'1 tical pt.le sls.,., be wr1t'ea as the A :It a 

de'.~lAaDta1'eqma'loa 

(50 201> \ V.,) 1< ~,) )V-,>=l( \~ ol>V'" <:>1(~,) ';"1)''')=~1( \~ =2)0 .. <>'101<&)\ " : 0 • 

trher. l g. + '1+ t",'+ .. ., .. +- t flo II V ,. a ,2n. x A a'rlx ot ylle 
.. ~ c : 01 " 

ex:pre.eed. 111 'el'll8 ot the tQllCU~De 30 and 10 0 whlch are t1~tt. 
-? 
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.. ~ 
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i 
t. 1

f t'- ~~~~, ~~ ,.f,:, ,: 
~ (( ':'l:i 'il,. t' ·\,'S' :"'\\ 
I"'''\)f''''}··~';:·\''i'' ~ 

'", , ",,:J7. ... " 
. . ·.j,:):r~;~, 

tOI' It' ~ OD aD4 whore VoJ 1 18 aD • : 2a. _~J'txo '.ho up)).r halt 
\ ~ . 

ot·the _'rix Tv" 110'8 that. $11 of-the matrlcea la. (5 .. 2,,1) 

lavol.,.. ~. pile abe .I" 

6.. MtAlt.1...poup Elle '~eo!Z !!!!!.. CfOat~u.1z !!!'llac 

\!!1'aIIe'.!!:!. !!. !!!.! I'etlector .. 

6 .. i.. !!!.!!!!!! l!.! inttnlt_ al!' pUe.. ID thie . 
tie.e.l0D i.'·1 e nov al81lJlle4 that the ~ ~. 8D.cl "K t. ot the 

'~'l~lP'oUp pllt! theo1'7 *8,1OA& are co~t.1huou.l1 vary1rlg 

p&I'~'OJ' ... ' I~ S.3 the qat.. of A aeCOM oretel" 4ltfer_ttal 
;·i 

equatloa8 waa irtrPlaoed wUh 8 170'- ot a t1ret order equation. 
, . I 

.~th 'he ~14 ottheeub.'ltutlOD 

. "II. 
TIl+~ iB "i' 3 e (J ;. 8)0 

Were the ). i'. aro Aow t'Culc'UOU& ~f' ;.:.. It follova thea. %1"0" 

() .. 2 .. 1)'.' the 87.~em 

( ~U'1)1j 2 . 2 = 
"" )...11<1 71 + "'1 + 1 \l- t ~!-l ""\'.1 ~ o e U.(. a)1) 

(Xa7,,)(J co 

. 2 
~!&1C.:"D-+k\11<.171 :s 0 0 

replaces th& orlg1nal Ill.tell of 11 socoDclorcle. c11fteJ'lDtlal . . 
.quation ... 

'A coa~enl8D.~ paia.t of·depa.J'tVtt 1n this •• Ot108 1. the 

eons~4el'atlon ot tbe 8~eDQe ot .e~e of eqaa\ioaa 

- .' 

I 

I 
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..... .,. e<. t. the colua TectoI' ot ., c:o~n_t. l'eprea.'tuC 

a 80111tloll. of the eca:u9.'loIl.B 18 tll8 0<. - tih reflector, aIICl M ~ 
. ' .. 'i _ ' 

Ie a oo •• '-t matl'1: COIlpO~"ot Ule pp'a.eten cha.l'act.l'1~tilo 
, . , 

ot that 2"eClolI. .. : H.r.totb~o Do 'relitloD bet".eIl th. M". t~t 

cll.tlnct 1"88100.0 til .. aaaume4" gu~ 801u1;I •• .,. "" I bGw .. _l 
I ' , , " 

v~. roQulre4' ia all ·ca ••• to s~tl.t7'the bo~tlua1'T relatloBs 

7 ~,(~ -. J a , ,oe. '" 1 (x ~ >, o. 

" 
• • 1 ! .; . ; 

If Y ia G'pl'e88d 1A terms of tbe twictamental matrtce. Y 'h_ 
th,e cont1no.1'J' relat10Ati 'm*ethe tora 

(6 .. 1 .. 1) y ... (z ~ -)c", ~ y ~ .. 1 (x I>\, )e; ... ~ 10 

-l 

" It 18 aUpW8ed Jiow tbat tli. pile '.cl reflector. CODan 'ute 

a GiDg18 ll"eCto.a. witb. COIlU1tuoulT':.:<lI7Ug 'pal"ameteJ!'s~ or '-

paramllltere ha.vlqst .at, a tinlte ~ber ot dlecoll'Uaultt .... 
" ' , I _ 

~hea ~ •. 8eV81'al eetiJ ot equ.a:Uollf) witb collstant aoeff1c1eats 

are replaced bJ' a .Lagle set ot IIHlaatloD8 

1" :: 'M(z)7 
\' 

'\ . , 
wi tb "t'al'71BB coCf'tl01 .. ~." Sllloetbe oa •• In wbich M ba. ' . 

,eoaponeute With dlcconti·nulti1es pre.en'. DO .88en'~al 

compllcaUoJls, it will auttlCf1 to' co%l.814er only th. CO.oUDDOU8, .. 

r 

. ( 

... 
" .' • , ',~ + 
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oaee" fte lIlt.hal tro. ;:,11e bo1mCla17 to tetlec'oZ' bOtAIlC1aJ7 

~. l • " .. 

10 wok_ 1Ip iA~ ~b. bf thldme8a~s &.n4 an ap'pro~lmat10. 
to tho Bingle aet ot eqO.aUOD8 id. th "Iait~ coettlo1.t& i.. 

aahlevd' ~th, a seqaeAoe of .0'8 wtth cOn.'_' 9Oettlciatlo 
I 

': . I • 1! _ oil. 

th1:8 eequD.ce ot .eta bae the Balle ton as 'he '0 ••. )J>e?loueq 

COne1UI'K wi t.h . , 

M~ ~ M( f<>l. ) 0 X (.£ '",x 
. 0( c;:ol =' lll('~ 0(,. 0 

that la to oat with M ot the tors t$_ bit 14(z) *. the 

eOlDponeta ~.eva1u&'ed. at an arbl,i-ar., bU.t fixed pOtat·v1thtA 

tbe 0( =th Z'e",-08,; 

The tvzuiaJIeAtal .~tJ'loe. Yo<, are ah08_ all in ~ 2.4 110 tha' 
, I 

t ,'" (~.,c, =1 ja 1 <J 

I 

~eno from (50101) It tollows that 

c", + 1. ~. Yoc. .{ll '" )0 0(.. oJ 

Tl)e .':flX Y.,c. (x ... ) 1197 be ezpa114ed 1D ~wen of A :x to ct •• 

/ 
, Y '\(z",,) ';. Y .;>(., (:X''''''1 + Ax) 

, 
:: Yo(ltQi'. .... 1) '+- y-.' 

~ 
AX, !I " 

0(. . • - .n "".... ·,z . ) - M I c= II! 
ot,. ""'1 . '- 0(. ~ c;ol -, 0<. ... avo< o 

... 
. .,: .. """ 

" 

/I 

,.)~ :' ".;:r~~~~~' ~"i" • 

, • t ..... cliP ./Ii I. >(\ .... ,;.:. " "0 .'k l!:., 

" 



~ 

.' 

• 

. , 
.' 

.~. 

"",4t\., 

thea 

y '" (: oC. ) ~ 1 1- M '" 6 Z + I> 0, 0 o 

l' w111 nftlhe ~n ~hl" UeCllDaioa to keep 01).17 the tire' 
; 

two teres of thi8.er~e8o 

, BJ c1.etlIlUlo~ '7 ItA (%)$ l\,c. (x)coc. " Theil It follove 

: ,that 7l'" (s.e. =1) 'iQ, T ~ btoc. ''''''1 ~coe. 'if, 100\.- 0"" ," 'aellce" it 7(X) 

:rr8pl"eeeD.ts the ISOlation tor tho .• '11'8 reflectOr., th.·-7(X) , . . . 
'1 

18 l~M1t1tled,tdt.h 71 (Zo) ~'\. vbereZg de8~cDa'.' the 1lmer 
. ; I '. 

bo~ of 'h. first retlector of Ihe thl~ ••• A ~o .koreoYer, 
~ . 

th.~tl~e ap~roz1matlon $O'the eXact solution 7(X~ evAlUated 
at xiii. 1s givriD b7 

fbi: 0( )rv Co( +1 g U 1" 14 9I..d ~)cct. 

= (I. M""A x}(I+ Mo(=lA,:)o""=1 

.... 
..::::: " 0: 0 

-

a (t+H,,~ z}(I ... Moc. =iA x)., <> ,,(1+ M1AX)C 0 

where c ~ 0l, I) 01' 

. f 101. 1.104 '2 
7(Xo<, )-- l 1+ ~ Mp, A x+ L.M,e Mj!I ~ Ax 

~ fJ"'p' 
1 oC. -

, + I, Jot (l It ..a Ii Mp Q 63z + 0 0 01. c 
f3 >p' "P,",' . 

" 

, I . 

In the passage to tho limit hold fixed the polAt·.x ot. 0 but 
. . . 

, \ 

-' 
, '... '.'",." '" '. 1ffli .' · ... ·r·: • ;, :::~:;~. . ':~~, 

/ 
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allow the Auml)e~ otsubdlTls10118 to lAor.a.~ "lthiout 11111' 

while A K approach.s sero., It the subscript c<.. 1s suppressed 

one 0 bt&tAB, 18 tbe lllllU \. ' 

7(:0:)" [J+ 1: MH )4\+ J: ( M< PII< ~ 0>4~,' ell 

fa II 1'!" . +, , 'N{! )lIt1 6)M( !')cll'41\)d~+. 
Zo Zo :Ito 

..1 0 • 

, 

It 'he 11'\ tr1:l 

(6.1 .. 2; K(x) ~ t+r, It{ j )4 it> JX f ~ ~(J )M( i 0)4 t 64 ~ +:.: ,,' .. , J~ ~~" ' 
! 

18 lJlt~· ":r.luced.. the solu'1ol1 beComes 

(6 .. 1,.3) ,be) ~ K(s)c • 

whore K(x) 18 a matriX whose co11llllJi~ odnet1tute a. fUll4ameAtal 

ht of eolutiOll8,I»I4 Which x:Gdu.c •• to th. 14_tU,. at 2'00 . 
\, \ , . 
. IJ!he', eoluUoa (6 .. 103) Oaflbe obt&1ned 'b7 a veli~o_ 

clae8~cal procedure,,' .r11'0" 'of all it i. l1ote4 ~t~t the oJ'1clA,.l-

equation. 

70 g, M(x), II , ,(Xo) ,~e. (I - • 

ate equivalent'to the aetoteqaatlone , 

1(:) ~ c+ JZ M( t ),( l}d J 0, 

, :to 

-, ( 

"-
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=,42=.  
Thu.. b7 repeated subst1 '",Uoaa, ODe fi.nds that 

7(")" c+ J: II(P [ 0+ J~ IIq.);r( ('jdV} d~ 

iib f 1 + j" Mq )q\, c+ f" f,l M( t )M( i g')7( ! Old i 04t 
L Zo . -, "ZoJzo 

= .:::::10 0 I:> 0 

fhis proc~ure gives rise once agaia to the matrix 10 It 1. 

known that tbis 8ede8~D.Verge. to the solutiolll, tor aD 

arbltrary c, ulut0l"Vaq g4$.er~ eonclltlonso The geael'al 

matrix K(:) ot eglutions. o~ the particular solution 7(:). 

~ld be approxl&,tsd'b,f computlnga satfloient numbs~ of 

teras 1.0. the oeriel (60102). The repeated integratioDS may. 

however. become Yer,y l~borlou8 or t~tal17 lmpoeiible to , 
carr.y,out in 0108.d tormn ium8rlcal integration involve. the 

, . 
breakl~ up' of the Z'aDge ot integration into subinterval. 8J1d 

the lntro duct 10D ot lnterpol~tloD polffto.lal8o It '.., be 

simpler and le89 le.borloulJ to applJr the Blab proce4ure tor 

obtalnlAg' th~approxlmat1on~ Since 'he slab procedure 1m 

110 more complicated Well the 81ab& &1'e unequal int.hlsl1e ••• 

1 t should be especiallr ~dvutSCeou8 tlhen cGl't"tn p'U'amet;eI"G' 

vary at hlgblf nOA=~lfors rsteDo permitting greater thlCkJleslo8 

where the ratee are all lOWe andre~lring ~ller subdiVision. 
\ 

where some are hlgho 

It i9 wrth1 of puoUculllr lIote that this whole'proc~. 
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i8 «Ill tG 1ndepeade'n~ of 'he foJ'll o~ M and CaD be Bpplled to 

~ set whateoevet ot linear eqma'io~GQ 

In the problem of deterl74niAg the 'critical 8ize of e. 

p11e. ase_eel 1;0 haTe a uniform interior region vi thin • 
. ' 

reflector of cont1nuously var,ying p~rgme'er8~ if T Ie the 

total. thlc1a1.ess of .the retlllctor' tho foregoing procedure 

yle14a m. relaUoD of the tors 

(6 .. 1 .. 3) 7(&+ Il) '@ It(a T T),,(a) 

In this relation the A,appeara expllcitl, 1n T(a) $ c p bQt 
, - '. 

DOt. 'at all in ei~her 7("+ 1') or· K(a-t-'f)&. the a+ T being 

... 

merolt a place-label, ~hat ifh 7(8.'" f) and I.(a ... T) in (601 .. 3) •• 

functions of T aloneo 'rh. 7(a-t- 'f) take. the plaice ot 

Y ,J (t.,) )0.", ill § 20 Moreover,. 

" lea) '6 Yo (.)00 '3 Yo (a)T{;";) . D . ,/ '\ . 

it To(O) ~ 10 AccordinglTD (5,,1 0 3) .C81l be witteD 1u the tora 

,.(a+ T) \!l It(&-t-T)Yo (a)7(O) o 

" 
wbere .! OcCll!"~ lA Yo, alone", The firet n components of 7(&+!) 

are .ero and tho lalt • components ot 7(0) are SeI'Oo 'I'hu. it 

follow. that In the 2a x.2n matrix X(a+ f)Yo(a) tbe aa1aor n x n 

matrix 1n the upper left=h&nd comer te lilingular" !hiB 18 
obta1ned bJ lIIllt1p~1Dg tb@ upper half otKb7 tho letthaDd 

, 

" , 

" 

( 

• 'If' ~ • 

:,": ";..~.~. '<:~ ~'t,{ 
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502.. . ~ ~..! .!!! !h! spherical. Ell~" The d18cu9810n 

in -theprececl1nB section. applies almoot without charage to the 

caaa of the spherical pilo with a reflector with oontlAOO~~l7 

't'a:t71ng par~eteZ"g" fher~ 1$, hql'lever, a significant, cUtter_c. 

la ~t the traAsformation employed above to obt~ln .~tlcas 

nth coefficients tbat are CODotant within each spherical 

·ahell at the same tim" providos lIIOlutiona 'Which, are dtBoont1nuoufl 

1A thetr laat n comp(mex..t8 at the boundarleDo !he 8ub8tltutlon , , 
lit 

that prov14tUI contl.D\\lt;r at the bouDdaries, viz" ,7A.;-J,~ ~"J 

7101418 a. caet of equatloD.9 'td.th coefficients which are f'tmetlona 

of' X' even wi thUl each W'11tol'lD ehall" 

fb@ ad,va)ltage of bav1.D.g eql1a.tioD.e wi th co~eta.D.t coeftlcleat. 

iB, of cove.,. tbat their molU'UOAS can be wi tton ~_ redil7 
,. 

itl tarmm of ~neAt1alSg 01:' trigonometric aael b;rporbollc eines 

and coB'1neDo . HOVG'lTel"1) once soluUon& are €lven 1# theae terss 

tor tho eqaatlon. With con8tan~ co eft 1 cisntg (v1th/dlscontlnult168 

in th~ solutions at the boundaries) B Dimple transformation 

. provides 'h$ corre8pondin.g solution. ot the equations'mth 

variable coeff1.e1en1is (vtth solutions that arg continuous at 

'he boun4arlea)o A further r9enjustment ~ be needed to 
, 

provide a. matrix of' eolu't1o.Jl~ reducing to I a.t the inner boundary!> 

but this can al~8 be effectedo 'rom thio point. th~ prb~e4ure 

111 formall;, the same as tor 'he fillab easeD and th9 mpher1eal' 

~ , . " ' 
~.~ .. ~ .. " .p'~~~,"':e 
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Ihell appl'OxlmUoa to the caee ot C01\UAv.oual¥ YaJ71D.& 

parameter. caD be apprOximated by aolvlq a flllt'e Aubel' 

of leta of .~tl0A' tor uniform ehellao 

Ia ooJl41ueloa It 1e noted ~bat the t01'llot the eolutloD 

1~ the c.rl1ncJ..rlcal oalO doe. ACt lena. ltaelf to the tJl)8 ot 

aD&1.1al. used in the preeediAg .eetloD. tor tbe problea of ' 

OOILtlnVO.'17 Y&.l'¥lllg pal'8.IIe.terlo At· the preseA' t1me thea 

the c.rllndr1eal cae • .tth contlaaoue17 T&r71D8 parameter. 
, 

In the re,flector 'colleUtutell all u80lYed pro'bl .. o 
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