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A l\:tb"X'BOD OF &'WAJ.,YLmG RADIGACTIVE DOOA'f C'URVES 

A IrlBthod of' all8.1y~ing l"adlottctive dacs.y C\.!X\Tes (or curvEiS of th\;} 

!3F.!JI}i:'j .f."uncti on61.1 l:iuoh as absorption Cl.ll"V6sj is outUn'Jd :m th13 pl.ilpet'" 

~lthciugh a graphical i1lffthod E.ndthe method of least squares enn be appliEjid/l 

it seamed desirable to look for another method. The graphical method" though 

aimplest to eX8Qu:tS!> is not; Wl ohjec"tble method., nor does it furnish en 

estimate of the error~ in the computed par~9ter8Q The method Qr least 

"though objectiveI.' is laborious and requires a knowledEe of the dE:.'lsy com~tantl39 

since these al~e not in linear f'orm f'or least Squarillg.. 1\nother orit;icimn is 

that it doas not yield a sirflple f'ormula for estimating, error-st> the proI!ofJsd 

method is spmewhat lese objective than the method of least squares" but is 

sinqller to apply» yields the decay po.rWl"l.'eters» and permit.s a more satisfactory 

estimate of errors~ 

The experimentally oed.ermim.td. decay curve~ A\t.)", is considaradto 

.• . A.,t 
represent the sum of a mL"llbel" of activities.., J\i e I! at a.ny liime p t.. That i13 0 

(1) Alt) :::::ZAieA"t 
t.. 

where A:i and Ai are respectively the activi t;y at tiJOO zero and the decay ,~cnBtuiJ:i~ 

for species "i It" 

It is assumed that may be represented wS.:thin experim.en·te.l errOl" 

by e/"{t) where ret) is a. simple polynom:i.al in t., 'Otherwise s'tated~ 1."(t) 1tl 

l~tted to lnA(t}e n.e curve fitting ca.np with a little experience~ be done 

qui t9 rapidly by trial and error 1l1!'.rthods l1 or the polynomial can be least 

~q:l.lared to lxlA{t) ~ It "'rill be assU:"1Ji.Id:;, t'o1" purposes ot diGcussionl> that 

ret) is obttl.ined by a least squar:i.ng pro cedux:e ,_ It is proper to least 

squ.are In A(t) ra.ther than SOlIl~ othel" fUllction of: A(t) if the probabl-"'l 

relative experimental error in A("t) is the same OV"H" the experimental rangt'l 



". 

.. 

of time .. 
v!f,full., 

Thi.s 18 only approximately trues butAlUort!' nearly correct than 

~~auming constant probabili~ ot absolute erroro 

(2) 

Havilll:': obta.ined 

L A. -A.:t" 
. "e 

4 

t(t)" one may write e 

ftt:) 

e 

3 0 

Equation (2) is differentiated (i··1) times to yield a total of i equations<-

'rhese are solved for thE' individual A:t in terms ot the A ~a and derivatives 

of "'to 

For a two component ~stemD 

(3) 
/ J [ A :-= - f" f- A 7eA-lt' f(t.) 

I ':C. - A., . ~ e 
.E'or a. three oomponent system.1l 

(3' ) A I = u..- ).:)(;'-J-:):;) b·o)..1 .,. O~.,..~) f' + f' I.. dJi;il., " (/(t) 

Systems oontaining more than three activities over most of the 

experimental l"tu:lr,e are not o.tten dealt with because '\:;he analys1.s becomes so 

poor~ Formulas will not be given for such systema s but the extension is 

obvious .. 

F.quations (3) and (3 t) allow the computation of At at any value at 

1:" lIowever 9 computatiOns at different values of t should not be weighted 

equallyo - The weighting factO'r for each ~ is ascertained by requiring it to' be 

Q funotiO'n whioh will cause the averuee relative difference between ef(t)and 

~ Ii e"'" Ait to' be ~ero" -'~e ~ which are oOMputed with this weigh.ting factol"o 
c.. 

are denoted by Ai 0 One requiress 

[t*z 4 pt -[~, 
Representing ~ computed fram (3) and (3 ) 

(4) 
:: 0 

at time t by 1\1 (t) I> and the weighting 

i'actor by gi (t) " 
t f 

(5) iL I {j,;(nr!t 
rtf 

::: 10 !Ut) /}Jt) cit" 
( 
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.. 

Hencee 

(6) !
,t.t. 

~, n.. 3, melt 
Fr.om the met.hod of dari ving ..A.:t ( t) p 

- :ltt 
(7) Z-11" ('I:)~) :::: I 

e 
Therefore~ if ~(t) 

(8) fj .. ,(t) = 

is given by 

- Aft" e ... rrr) 
e 

( 

'i.r 

=( rS-'/i (t) q,,(t) cit 
vc L-:- L (J 

c.. 

then Qombinir~ (G)v (7) and (8) 1t is to\U1d that (4) is sl-<t1sfled .. 

1:" 

The a. verag1ng factor for 0. g1 ven, species is simply proporlior.al to 

the fraotion ot the total activity' at any time which is due to the activity of 

the given species at the same time¢ .. 
The ~ parameters are computed tram 

_.[tf.~' -Ait It+-] #. If - ,_ r' +- ~1 t#l-
I 0 e ttl cit - AI. - ).. " L 

tf Jj.t~ - - )"t' I - . , .I~ . " 

A, [ ~1CI/ cit "" (~ .. ';l..l( ;VA;) cP').l t (),C' ~J)f rf + f Jolt 

(9) 

(9
9

) 

tvT. two and three oomponent SystOMS respective1y_ 
I 

The lacter a~eequivalent to 

_ ['14. .. l,t 
(10) /II 0 .. e L' J t = . ~ [.:tl.t} or {(l;)'" {(oj 

Ai. l, 

t ' 
(10') A (J1.'A::'Jt :: ~ I . ;;~A .. t -(A .. rA./J(f(t?)-J(IJVT~{i.;)-r((;) 

, Jo fJ{t) (AI.- t)().,-~,).... .J f . t[ .; f' Vt ] 

[

tl ·~t GO 

The intee;rals e _ cit' must be evaluated graphically. but since they 
~~I - ' 

are required to the accuracy with which ~may be computed. they are ae.sily 

evaluated 0 One may replace ef(t)by the original data. A(t)~ 

To oompute the ~ parameters /) it is necessa.ry to know the number 

ot components in the system and the values of the decay constants, 0 
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The basis of the determination of the latter follow£!o 
,Nt) . ~ -A.,t 

If 0 . exactly represents a f1...'llctioll L 11i. e lY A:t mn.y be exactly 

com~Juted at any value ot t i'rom eq!.1utions (3) and (3 u) providing the correct 

A. " "3 are choseno If the choice of the A, Vs is not oorreot~ (3) and (3~) 

gi va each Ai as a function of 't" The correct choice is mads when each Ai 

BrOlll (3) and (3') 1. a oonstant, that is when 'til; 1s zero over tho 

experimental time intervalo 

For a ~J'lO oomponent system ,9 

(11) 
d ~, _ eA' t;O flO f) ,.,).., 1- ( A/.. 1- A, ) r I t-f" 7"" flY [-x:- ;(J] 
dt - L L/ \ ~ . 

Values of AI and III are selected so as to best require ~1 to be zero over 

.... ' 

f,)··t 
tho ,8xporimental ra.n€:e of timao As bef'ore" Ii weir.;hting faotor... iu used" 

eH't') 

If" A, and A, are chosen correctly» 

( 
"\ ) (" • , I. .,.~ i.. 0 A\.l, "'f' .A~1'M r .,.. t "1-1 :. 

the identica.l condition would have bean obtained it .1\2 wer!9 required constant., 

Values of ( A ... ).,) and (A, l' A.~.J are obtained by a least s(luaring Pl'OCSSSo 

The time axis is im~;ined to be divided into equal infinitesimal regions 

Corresponding to each interval is a 'Value or tv 9 £9 q 8.;..'d £ 112 ... Using this 

infinite sot of observational oquations in the least Bqt.. ,ring £'ormulaf\ one 

obtaillSS 

(12) 

or 

(13) 

or 

( 14) 

, 

r 1. A, zit.,. (A~ t'A,) E f. it-. t ."".... - 2 {,"ft _ f {' ':it 
" '1 ' It- It: 

L ). .. ", Wt ~ O>+).,)li1!.. 
Jt it 
~. r 

.-. -

--- ..---~ It 1"";-' 
d (,. 

."". L .'[# r I J 
_ _.> lc.' ~' -:It ~r /t - L ___ ~ c.. 7, . ~ 

,It eft 

[

t-I t-~ 

- f "'dt L~l f I ~i' 
~ , ~ 

()..,).,frJt ... O. r ).,)[ fYf 
i A. '-Ali .;It r ()., + ),) tf')t 

J~ .Ie 
:: _rt~ 'Idt - ft'{I!Jt 

'''0 f) 

ALA,tf 1-().~r).,X.f(4)-ft1 = -·(tt4)-ri.~ -('i,~ 
"\ It )) i (t~: ).. ( I" ~ \') Itt J /. AI.~t\f(t~-f{oJ., }~·O .. \.f.41Ijo {'elt:::: -f r (tf ) -fr{)~ - 0 FJoit 

o 



.~ . 

, . 

. ~ 

60 

The unevalua.ted integrals are integrals of polynomialuand ma.y be 

e&.silyevaluated" Having 'evaluated , A,AI.. and (A.1+~~)9 :;:;~· . .1land ~\..t;.~·e 

€flraluated as the roots of the qua.drat1c~ 

(16) A\.. - ( Aj r A.1-)l"1- A,A 1. ::0 

F01· a three oomponent system .. one obtains the follolYing in e. e1milw." 

fashions tf' ':' 

A, ~').l["t r(.I, •• " .. ,AI r A.:I;;jr',lt; + (A, r~~')Af(f'~f'')cIt ~ Jr:Al ~.J')lt 
(13~ ) 

);1, ~J If'dt • (~.l, + ~'AI +)., AJ ?[rtlt t (A,r~ .. .. ~ >jf'(f';' r':i:ll r firl "OJ fi~f'~~1i; 
A.l ... ~f(f''.t r ')dt ~O).1. +';l.l..A; "~AJ>Jf'(rf'f'i.)cIt -rCA) fl,,:tJ../) jf (f " i' f' l):" cit: := / 

The three It. Us are evaluated from the roots of the cubic -j(Vi.;.;'X/''.:.JF1':..i'):/f 

A J - ( iL'" 1\ \.. l' Ai) .) '\. + (.1, A 1- ,.. A I.), T ) .. \; );. - AJ A • ..1.1 
t· , 

The integrals appearing in (13 ) are simply integrals of polynomials!> 

If one or more AI. values are known in advance!) the oomputations are 

greatly simplit'ied as each mown A.: value oan replace an equation in (13) or 

(13')0 

Although it wus preViously stated that this method permits a more 

satis£aotor,y discussion of errors than the method of least aquarint_ the dis­

cussion is not complste~ An inherent weaknesB of this method is that deriv&= ' 

tives ot' an empirical run~ti~n, f(t)g are requiredo In many-component systems B 

a complete discussion of errorsrequlres an estimate at the errors appearing 

~ higher derivatives of f(t) Whioh is not easily possibleo 

The errors in ~ a.re considered to arise from two independent sour(}9Sv 

the lmcertainty in the decay constant values and errora in f'(t) ari£ing from 

countin~ errors c The fonmer type will be referred to as "A error". Mlile the 

latter will be oalled "statistical error"c Expressions for the" A error U can 

be obtained for systems of any number or components 'When this method is used 
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(and tl180 when the method of least squaring is used) simply by d1i~ferantiat1ng 

the equations ussdto obtain ~ with ["espect to the A~ ., 'The method here 

fluge.;osted ll herllever l' gives rise to very much simpleI' expressions" 

A much less satisfaotory disoussion for "statistical error" is 

possible for ·~i'lO and three oomponent systems and practically nothing for more 

complex systemao 

In a two component system. Al is given bys' 

-- f -A" If, () '- -;t) ~ ~t = ((t.r) - flo) 1",1 \. 4 
the bulk of the error in Al results from the absolute error in f{tf) and 

,1"(0) rather than in the integrb.l" It is assumed that eaoh experiment.ally 

determined value ot: t has the same probubilityot: absolute error ll name,ly Co c 

Tha values of f(t.f) and £(0)11 whioh result from the least squared polyncmial 

have less arror than (~ ~ the probable relative error of a single measure-

ment of A( t) 0 ,".che actual value, l" j; depends upon how many measurements are 

made per unit of: time and upon t
n 
(t) at t f and zero timeo The probable error 

in the right hand side of the above equation will be takBn RS i;, where [0 ,(" 0 

Although the resulting eltpression for,the rel~tive error in Al is tlomewhat 

-indetin1 to dl18 to the uncertainty in Eo) I) its general form is instructive 

and also it may.!> in many oase6~ be shl:?WIl tv be leaa than the error one gets 

due to the".i\ error l11 ,,'rhe "statistioal errorl\ in-AlisD 

-
(16) c!.~=. 

Ri fe-~e-)./e 
(/iJ. -:A.») & f1-- dt' 

,.. 
<-I> 

::: -;; e~"'4d·).I}-CI' ift.. 
~ . .. . .,. /;:;J 

J -r Rt../li 
I 

This should be oompared with the IV A error(ltJ expressionr 

(17) J$,'_ 
..- --11, 

;L -----)'-~ }.., 

4. . ,().,-).~)t~ 'f 1 - .).,t 1 )" e .,. 1I
1

1Ra dll, t ~A.\ I\~ e_,Jt )~ vi A. -~~-=; 
_, J.,., ~:4 +~. -2-. - I LY..,fl.l:i., 
il, f ~=,:,r. -~ - At"~ A" k e(A.;..-~/)t.;, i'~/' , d.J-. " .,. I"), .. J • 

, . fi ' ...........,-~' 
" I r Rl./R 

I 
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Figure 1 gives valuas of;::: o:.()J. corresponding to the Ilstatiatical error" 
_ Co /11 ' 

tor values ot fl#h~ ~d j7ll. ~ill Jt, Q The J4~AI Itp axis is converted 

to a t.faxis by multiplying the' coordinate values by -~. t '"~J''' Figures 2 
A-A1 

and 3,similarly give the relative arTors in Al corresponding to the relative 

errors in AI and in A.;\ Q In this case f} however 9 ·the errors depend upon the 

ratio of decay constants in' add! tion to the dlf'ferenc60 The curves in 
I -

Fi~ures 2 and ,3 represent cOllstant valu.es of 0./11 't ~:.2Y:rI ,AL and 

dA7' '\ I ""'\ ,iii AI ciA' 
.--.,.,!. .¥ !:...~:..1:J. j., .!.\.~.' "The curves in Figures 2 and 3 also represent 

Al ::\a r:)A.~_JE conf.tant valu~s at {~whiQh are obtain~d by multiplying tt.:.a values given 
~~, ' d 

on the ourves by q~,..._r ~ dati and...dA.~)l & . llrespactively" 
. AiIl-A' l~ . A~ .. itl .II~ 
In a three component; system~ a crude estimAte of the "statistical 

I 

error" may be made by assuming'that t is rell:.ited to the exaot value of In AIiJ 

i*- i' 11<.r r {-+ .::-" -. ~, . 
I :::: .• C. ,. ~ l, c:,. 'f"W 

The 

." t> _.- (... 

... .tf 
expressionfbr ~ due to the "statistical error"- becomes 

Al 

(18) ~i '-:.' ~[,_ r~ 1-.1!-J'" ~ · ~o.'·)l~ 'ft" ~ jt;~t _ i Ie';; 
II, AI.t~ L AI - Al ).,4)..\. ;l, t~ (AI· .(l){AI-~) /:, Jf> ,2 -', t. 7 -~~ ~ 

-.- .:;if /f,o .. J - jJ." 
, .f /"f ~ (/(. • 

The expression for the q )l errorn~ obtained by differentiating equation (9u)~ 18 

(19) lA· d' I _ 

---:.:-- -
/1. 

-t-

r 

f
' .. AJt 

~ .. t SE..:;/t fi . J ' ,.4" ,( bA A '7o/~, 
f + 1_ .. '_ 

--r-<;-:.--r. t_ /t ;, , ---:t. + ii :,1i 1.' ;t : -)...1 .J . A I 

J R / 

-fit --J:j, 

... 
. .& 
;11, 

~b ()'J - AIJ_ 
(t -,~",X'\'·)J) 

(
· .... -Jolt' , s:..- ,/11 

. ./ 11 - _._-
f e"" A/t" 

--IT cit-

f --A.;r . e_ ,it A.;; ( /10 .. - ;lJ)' . FI 

(A/-A;)(At"'''J! '~- ~/f;c1·t 
. Ii I 

J 4,. 
l".. 

q!,~ 
:AJ 
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APPENDIX ,.., 

The method of' obtaining the .A.Q ii is simply to requi.re the derivatlveo 
I. 

of· A(t) to be related at all t consistent with the differential equation whose 

solution is A(t)o Using operator notatianv the differential equation for 

fI(t) .:=: £ ~. e- A.:t 
... 

is TT (0 + A';) J}(t) :: 0 
c. 

For i ... 2.9 
all ( . ~" 

F7 1- AI"")"'') / .. :: ..,.. AJ 'AJr- 0 

For i- 3, 

11'11 .,. ( A ~A1. ~ Al)R" 1- (AJ).l...'" l,.y 'f I\~A3)t9' T A,A. ... )...,Jr- 0 
etc., 

Since A 1s represented by e£(t) , one requires 
, fft) -rr (J) + A..~ ) e :.0 

t 

or 

eftt'..,-r( D.~A, +f'(tV.;·=O 
Co 

or 

-rr ( D +- A.,;. 1- fl(t)). / -= 0 
c. 

For i .,. 20 

fll .,.. f,t + (A I 't Itl) f" +- ;tJ Al.., =0 

~i8 expression might just as well have been obtained by subatituting A a st(t) 

in the differential equation for AD One then seleots the 7Si.l·\~l)a {'.,!'\ (Ai .,....~)"..) 

and A/~ (in the case 1 p i) by the ~ea8t ~quare8 method 01' fitting functions 

to tunotious previously expla1nedc :f'heretore" one formally least Equares 

f " f &.. I . 
-I- ' .,.. (,)., + A. 1. ) { T A,;;t l.. = 0 

(r 

wi til summations replaced by (() Jt ' i. e . -k' J . 

l,~~ tdt T 0, t =t~)ff'dt -=-fre/f -If'Clt 
)./~," fffH /-' (A,+~)f;";/t ~~~ff"f'olt -/f'''cIt 

From the operator form of the differential equation it 1s a~en that the 

method yields the ooefficienta of the expansion of TT (). - A,':)" theretore s 
Co 

one must fin.a.lly obtain the roota cf e. polynomia.l 01' order 10 
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