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PRELIMINARY STOCHASTIC ESTIMATES OF SLOWING DOWN OF FAST NEUTRONS IN H,0

In this report is described an application of the so-called
Monte Carlo method to the estimations of certain quantitics character-
izing the slowing down of fast neutrons in water. The method as pro-
posed by S. Ulam and J. von Neumann, is extremesly simple. It amounts
to setting up an abstract model to represent the actual events in the
slowing down of the individual neutrons, and following a large number
of ideal neutrons through these events. The statistics of this popu~
lation of ideal nesutrons are taken as estimates of the parameters of a
large population of real neutrons.

It is clear that for reliable e¢stimates a large population of a
thousand or more is required, This means that one must generally resort
to the use of machinery of at least the capacity of standard IBM. How-
ever, as a pilot study, a population of 100 neutrons, from a plane
source of 107ev, was followed using ordinary desk calculators. This
is the study to be reported here. ds begin by describing the method of

computation,

Degradation in Energy by Successive Collisions. This can be
discussed independently of the spatial changes. We therefors consider

it first.
The collisions may be considered to be of three types: absorbing,
elastic scattering with hydrogen, clastic scattering with oxygen. When

a collision occurs, the probability that it is of one or another of
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these types is represented by a ratio of cross-sections. Accordingly
if A, is the probability that the collision is absorbing; A - A°
the probability that it is an c¢lastic collision with hydrogen, and
l-Al the probability that it is an elastic collision with oxygen, we
may decide the type of a particular collision by drawing a random
number r, between zero and unity and noting whether ry ¢ A,y or
Ao <1, = Ay, or Ayerg.

Except for the first 6 ncutrons, all random numbers used in
.. this study were formed of random digits taken from Tippett's
Tables of Random Sample Numbers, At first, however, these tables were
not available and the first 3 of the last 5 digits were taken from 15 =-
place exponentials of the WPA Tablss.

In Table I are given the values of A, and Ay as functions of
energy, as well as the total mean free path utilized for determining

the spatial variations.



TABIE I

E (ev) A (E) o (B) A (E)
025 .2519 .00597 9656
.03163 .2705 ~.0053 .9629

) .3922 . 004,08 .9493
.3163 .5525 .00343 9261
1.0 .6219 .00218 9164,
3 163 <6494 .00130 .9105
6498 .000715 .9104

31 63 6502 .00039 .9107
100. 6502 .000195 .9105
316.3 6502 .000130 .9104
1000. 6502 .000065 .9103
1.778x10° 6649 .9109
3.163210° 6662 .9127

« 5.623x103 6812 .9128
104 ,6988 .9084
1,778x104 L7331 .9090
3.163x104 7911 .9019
5.,623%10% .8569 .8912
105 1.004 .8735
1.778x105 1.137 8755
3.163x10° 1.496 7929
5,623x105 1.943 JI2
106 : 2.199 .6597
1.778x10P 4.098 .8196
3,163x100 5,438 .7287
5,623x106 7.294, .7294,
6.00x106 8,306 7210
6.80x100 8.795 7054,
7.68x106 9.970 6660
8.73x10° 10.68 6419
9.89x106 11.50 L6141
107 11,50 6141

Prepared by B, I. Spinradﬂ
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If the collision is scattering, a second random number Ty
determines the new energy as follows., Taking M= 1 or M= 16 as

the case may be, we compute
K221 - 4rp M (W1)2,

Then if E is the energy at which the collision eccurred, E! the new
energy,
Et =42 E,
Starting with E, = 107 ev, all neutrons were continued sither
to absorption, or to the point where the energy dropped to 1 ev or

lower,

Statistics of the Degradation in Energy. The distribution fy(u) in
lethargy

u = ln (Ey/E)
possesscd by the neutrons remaining after the n-th collision was
e¢xamined for each n up to and including 15, These wére truncated
distributions since neutrons with E Siwere excluded., After the 16th
collision only 78 neutrons remained at highcr energies.

The lower moments of thesg distributions were computed and are
given in Table II. No attempt was made to fit analytic curves, though,
of course, the moments provide coefficients for the first terms of a
Gram-Charlicr series. The distributions look roughly Gaussian for the
larger n's, and to exhibit the departurc thercfrom the values of the
skewness and the kurtosis are also given in Table II, Also along with
the values of the moments are tabulated their standard errors as

eéstimated from the sample.
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TABLE II
STATISTICS OF THE DISTRIBUTIONS IN LETHARGY

Sepusetmiyg

4
Col. [N § o | w f T2] #]1 %o sk o
> ! i
1 jaoo y o078 o010 ff 100 o0.28f 2.20f 07| 228 s
! : |
3 jiioo ' 2.55 0.18 3.165 0.55 5.2 1 3.70 0.98 1.09
4 100 § 3.3 | 0,21 4.32} 0,72 7.85| 3.11 | o087l o.78
5 RO § 4261 0.26 | 66| no7| w1 5.2 0.8 1 0.%
_ |
6 §1oo | A M| oui vl ) b 0.05
i | !
7 180§ 6.07 | 0,29 | 834 1,07 13.88 4.70 | 0,58 | -0.05
i
g lloo | 6.8 03t R W% L] 1! s ] o =040
9 fro0 | 7.51 | o0.32 h10.37§ L27 4 13.92) 5.04 | 0.2 -0.50
10 (| 98 ; 8.21 | 0.32 10.205 1.21 31! W 0,25 | -0.62
1L 195 | 8.73 | 0.33 10,01 i 1.4 0 5,27 449 | o9 -0.78
2U0Y 9.0 osafles 118 oa 49% | -0.02 1 _0.60
13 |88 | 10.02 | 0,3 i R BLE EPRTE SEETE BN
L% || 87 || 10.87 | 0.32 w63 Lt 9] s doml om
15 1 8§ 1148 | 032 | 236 1,21 f 1353 4.85 | -0.56 | -0,29
; ;
i b
? 3
|
| | !
| 5 ? | ‘ |
| i !
* | | s {
i | 1 i |
| I f !
! ? | I b 1
| | il pot
i " i t (
i ; ' "
| | ; i ey |
| { : | t
i : V ! "h 1
k|l | ;




SL.C Rebed

To simplify these computations the range of u was divided into
class intervals of unit length for n » 3, and half-unit lengths for
n = 1, 2, with the subsequent application of Sheppard's corrections.

It is of interest to note that the increase in H, the mean
lcthargy is almost strictly linear in the number of collisions, with
an average value of 0,77. At the same-time the skewness shifts con-
tinuwously from positive to negative values, as doss the kurtosis
("pcakedness")., The latter, howsver, shows a less consistent trend -
at larger values of n, due perhaps partly to the truncation. For so
small a population one must not expect any high degree of reliability.
The estimates of the standard errors of the mcan run generally below 10%,

but those for the second and third moments are considerably higher.

The Distribution in z. Knowing the scattering nucleus and the

initial and final energies at any collision, one can compute the cosine

of the scattering angle uniquely by the formula

w =3M+l)k- (M-1) l:"IJ /2, %50,
whers %2 has been previously computed and M is the atomic weight of
the nucleus. A random number r3 determines the azimuth Tfr3 of
scattering, whence the new direction cosine m' is obtainable from the

old, p, by means of the spherical law of cosines:

Atz g We V l-}z"é '\/&;;"21 cos Mri,



A fourth random number r, (again lying on the interval from 0 to 1)
determines thc length p of the free flight between collisions by

es NS T,

This is equivalent to drawing p from the distribution
P\"lexp(-p/%). The change in z is then Az = pp.

_ This completes the description of the computation from collision to
collision, There remains only the observation that since the source
was supposed isotropie, the initial direction cosine p was obtained
from a random number r by means of the formula

ue l-2r,

The distributions in z were taken as follows. For a given level
of encrgy, each ncutron was located at the point of thc collision wherc
it first dropped to an cnergy below this level, Thus there is a 2
for each neutron associated with this energy. These distributions
werc formed for cnergics exprcssed in integral powers of 10 down to the
zeroth, The second moments of these distributions represent the ages,
except for a constant factor.

The distributions look fairly Gaussian. Asymmetries are to be
expected as a result of sampling errors, so that non-null values are
found for the odd moments., However, since these arc¢ expected to
vanish with large N, the moments about the mean provide the best
estimates of the statistical parameters, and these arc the moments
recorded in Table III, Along with the second and fourth moments are
tabulated the estimates of the standard error of the second moments, and

the values of the kurtosis. The mean and the skewness arc not tabulated

since they have no theoretical significance. w
«cQ w



TABIE III

e

STATISTICS OF THE DISTRIBUTION IN 2

logiof My T, 10-5u , Kur
6 100 21 0.56 2.5
5 439 85 9.15 1.8
4 446 91 10.20 o
3 458 90 10,12 1.8
2 456 90 10.14 1.9
1 449 90 10.08 2.0
0 10.04 1.8
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SEED

The computations were mede as before by dividing the range into
class intervals, and applying Sheppard's corrections to the results,

The class intervals here were taken 5 cm. long in all cases. Since no
absorptions occurred, N = 100 for all distributions.

The variation of the second moment with energy is not what one
would expect, the increase being too small as the energy drops to loéev,
and too great as it drops from 106 to 107, Actually most of this increase
is found to occur in the range from 106 to 3x10°, The only explanation

seems to be in terms of an unexpectedly high sampling error.

Discussion  of the Method, A total of 1992 collisions were

computed, averaging very nearly 20 per ncutron., The calculations were
carried to 3 figures, and after some practice it was possible to complete
about 3 or more neutrons per day, or about 8 collisions per hour, This
represents the time required for the accumulation of a population, and
does not include the subsequent statistical analysis of the results =-
plotting of histograms, computation of moments and their standard Errors,
etc. This analysis is itself a task of considerable, though lesser,
magnitude.

At the same time it may be pointed out that thc population can
be utilized in a variety of ways. We have herc obtained two distinct
series of distribution; in space, for fixed energies, and in lethargy
(equivalent to energy) for fixed collision number. We have considered
only the case of an infinite medium, If one were interested in similar
statistics for a finite slab thc same population would serve, after
one had weeded out all collisions following a crossing of the boundary,

iR
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The same populépion could be used again if one were intercsted in
studying an extended source. One has only to add to all z's of
each neutron an initial 2, determined by a new random number in
accordance with the assumed distribution of the sources.

This possibility of using the same basic population for a large
family of problems is one of the most appealing features of this
method, To take advantage of it, it is of course necessary to record,
in readily available form, a sufficient amount of the computational
work,

The foregoing results are not presented with any claim to re-
liability, since it is clear that the population is too small, They
are presented merely as the results of a small scale experiment in

Monte Carlo techniques,
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