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ON PRONYvS DlIETHOD OF FITTING EXPONENTIAL 
DECAY CURVES AND MULTIPLE-HIT SURVIVAL CURVES 

Pronyvs method o f  f i t t i n g  exponent ia l s  i s  descr ibed  by Whittaker 

and Robinson (3), and by Willers (4). The method i s  extremely elegant but  

s u f f e r s  from two s e r i o u s  drawbacks. F i r s t ,  while having t h e  appearance of 

a 1eastlsq;ares curve f i t t i n g ,  it is  n o t - s t r i c t l y  such, and i n  p a r t i c u l a r  

it provides  no means f o r  weight ing t h e  observa t ions  i n  accordance wi th  t h e i r  

supposed prec is ion .  Second, it provides  no c r i t e r i o n  f o r  determining t h e  

number of exponent ia l s  r equ i r ed  f o r  t h e  f i t t i n g ,  so  t h a t  one must e i t h e r  

suppose t h i s  known in '  advance, o r  e l s e ,  perhaps,  app ly -  t h e  method repea ted ly ,  

i nc reas ing  t h e  number of  terms u n t i l  one is s a t i s f i e d  wi th  t h e  r e s u l t .  

Each t ime t h i s  i s  done t h e  work must s tar t  a f resh .  

It is q u i t e  poss ib l e ,  however, t o  e l a b o r a t e  Prony 's  method 
0 

somewhat so as t o  o b t a i n  a v a l i d  l eas t  squares  f i t  wi th  c o r r e c t  weight ing 

of t h e  measurements. 

such t h a t ,  say,  a t  t h e  n- th  s t e p  one can test whether n + l  exponent ia l s  

It is a l s o  p o s s i b l e  t o  develop a sequen t i a l  p rocess  

a r e  required,  a f t e r  which one ei thei-  proceeds t o  s t e p  n + l ,  o r  u t i l i z e s  

t h e  computed r e s u l t s  i n  a s imple fash ion  t o  complete the  f irst  s t e p  i n  

the ca l cu la t ion .  For  ob ta in ing  a v a l i d  l e a s t  squares  f i t  i t  i s  necessary  

t o  u t i l i z e  t h e  r e s u l t s  of t h e  f irst  s t e p  i n  P ronyvs  method a s  a f i r s t  

approximation, t o  be improved by an appropr i a t e  i t e r a t i o n .  We s h a l l  

t h e r e f o r e  f irst  desc r ibe  Pronyqs..method, which seems t o  be not  w e l l  

known. T h e r e a f t e r  it w i i l  be shown how one can proceed t o  ob ta in  a 

v a l i d  l e a s t  squares  f i t ,  and f i n a l l y  we s h a l l  i n d i c a t e  t h e  c r i t e r i o n  

f o r  choosing t h e  number of  exponent i a l s  required;  
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The me thod , i s  a d a p t e d . t o  cases  where measurements are made a t  

equal ly  spaced i n t e r v a l s  of t i m e .  This  i s . n o t  t h e  usua l  way i n  which, f o r  

example, rad io-ac t ive  decay d a t a  i s  presented,  but i n  many ins t ances  an  

obvious i n t e r p o l a t i o n  i n  t h e  r eco rds  w i l l  provide t h i s .  Kence, i f  t h e  

t h e o r e t i c a l  . func t ion  is 

and measurements. are made a t  times 

t = 0, r, 2 7 9  . b b 9  NT 

w e  may set  

then  the.experimenta1 va lues  Yo9 Yi, . : 0 9  Y, are estimates of t h e  q u a n t i t i e s  

The method is  based upon t h e  f a c t  t h a t  t h e  y, must s a t i s f y  a d i f f e r e n c e  

equat ion of o r d e r  n which may be w r i t t e n  i n  t h e  form 

t h e  si being, a p a r t  from s ign ,  t h e  elementary synmetric func t ions  of  t h e  u i e  

If t h e  s i  can be determined, then  w e  have an equat ion  of  degree n t o  be so lved  

f o r  t h e  ui, and t h e  A, can be obta ined  t h e r e a f t e r  by o rd ina ry  l e a s t  squaresd 

4 



PronyFs  method cont inues  now t o  form t h e  normal equat ions  

from (4) . a f te r  t h e  usua l  p a t t e r n ,  o b t a i n i n g . t h e  set  

. .  
[Yo Yo]. Sn +- [Yo Yil. + e ' o e '  +- [Yo Y,]. = 0, 

. where 

. .  
[Y, Y41. = Y, Y, r;r Y,,'p Y,,p i- e . .  

It is c l e a r  t h a t  t h e s e  equat ions.  a r e  formed i n  accordance wi th  t h e . u s u a l  

l ea s t - squa res  model. However, t h e  usua l  assumptions do not  hold i n  t h i s  

case ,  s i n c e  t h e  c o e f f i c i e n t s  i n  t h e s e  equat ions  are sub jec t  t o  e r r o r ,  

whereas in  t h e  o rd ina ry  d e r i v a t i o n  of t he  normal equat ions  it is supposed 

t h a t  only t h e  terms. f ree  of t he  unknowns ( i n  t h i s  case t h e  s i )  are s u b j e c t  

t o  e r ro r . '  Furthermore, as w e  remarked above, t h e r e  is  no way provided i n  

t h i s  method f o r  applying s t a t i s t i c a P  weights t o  t h e  Yqs when they  d i f f e r  

i n  precieion.  

Since t h e  method purpor t s  t o  y i e l d  a l eas t - squa res  f i t  t o  

equa t ions  (4)? it is a t  once suggested t h a t  w e  examine t h e  c o r r e c t  

method f o r  ob ta in ing  t h i s .  The c o r r e c t  method is t o  s o  determine t h e  N+1 

q u a n t i t i e s  y, and t h e  n parameters  S I  t h a t  t h e  sum of  squares  

(7) 2 s = z w, (Y.,'-y,) 

i s  minimized sub jec t  t o  t h e  f u l f i l l m e n t  of t h e  s i d e  condi t ions  (4 ' )o .  

5 



The m u l t i p l i e r s  w, .are t h e  s t a t i s t i c a l  weights a s soc ia t ed  wi th  t b s l  

measurements Y,: If w e  in t roduce  t h e  Lagrange m u l t i p l i e r s  A, and de f ine  

where 
- 

(9) 
- - 

P, =. Y, s, + Y,+l  s,-1 + e " , +  Y p + n  - 0, 

t hen  t h e  minimum is obta ined  by ad jo in ing  t o  equat ions  (4') t h e  equat ions  

and so lv ing  f o r  t h e  unknowns si, AaT and y,. 

are non-l inear  and % h e i r  s o l u t i o n  does not appear t o  be -easy. 

Unfortunately,  t h e  equat ions  

- 
We may, however, proceed as follows: presumably t h e  s o l u t i o n  

provided by Pronyvs method would g ive  at  least  a f i r s t  approximation t u  

t h e  t h e o r e t i c a l l y  c o r r e c t  so lu t ion .  Consequently, we may accept  t h i s  as 

an approximation and proceed t h e r e a f t e r  t o  improve s e q u e n t i a l l y  t h e  

r e s u l t s .  

cons tan t  and l i n e a r  terms, and so lv ing  [see Deming (2), Czuber (1) 1 

For t h i s  we set 

This  is done by expanding i n  Taylorvs  series,  r e t a i n i n g  only  

where t h e  rl are s o l u t i o n s  of equat ions  (5), t h e  p i  and t h e  71i are 

(presumably small) c o r r e c t  ion's. We can c a l c u l a t e  



and by neg lec t ing  terms of second o r d e r  i n  t h e  psi and 7, write,  i n  p l ace  

Qf (99 
- - 
P,, - (7 , .rn  +:.'.+ 7 p + n  ' I . .  + (YP Pn *.:,+ Y p + ~ n - l ~ , ) . .  

, I.f, t h e s e ,  l i n e a r i z e d  .equat ions  are used i n  p l ace  of  (9) . t h e  problem 

.reduces ' t o ,  t h a t  of so lv ing  : a  system of l i n e a r  -equat. ions.  f o r  t h e  unknoms 

7, p and A. We proceed as follows: 

Denote by A t h e  column v e c t o r  of t h e  'A's, by p t h e  column v e c t o r  

of t h e  pvs i n  reversed  o rde r ,  by 7 t h e  column v e c t o r  o f  t h e  q v s ,  and by P 

t h e  column v e c t o r  of  t h e  PoVso L e t  W des igna te  t h e  diagonal  mat r ix  of t h e  

w q s .  F o h  t h e < m a t r i c e s  

. . e  

0 . .  

r 2  

= l  

1'  

. 0 0  

0 

0 

0 

r n  

. .  
0 0 0  

0 . .  

. O C  

r 3  

r 2  

r1 

. 0 .  

. a .  

0 

. 0 0  

o . *  

. . O  

e * .  

. . .  
. " 0  

. 0 .  

. .  
e * .  

0 . 0  

, .  
0 . 0  

. . O  
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I ... . . O  ... I 

Then the . equa t ions  t o  be so lved  are found t o  be 

Hence t h e  f i r s t  o f  t h e s e  ma t r ix  equat ions  g ives  

7, = w' la, 

and then  t h e  second becomes 

R' T I ' .  = p -. yp a .  

I f  we set  

Q = R' W '  R, 

we have 

Hence from t h e  t h i r d ,  

y' Q-1 yp = y' Q-' P. 

' (15) 

I f  we so lve  t h e s e  equat ions  f o r  pp we are a b l e  then  t o  f i n d  first X 

and then  r )  by s u b s t i t u t i n g  back i n t o  t h e  preceding equat ions. .  It is t o  

8 



be  n o t e d ' t h a t  . t h e  .mat r ix  Q i s  a t r i a n g u l a r  .matr ix  and t h e r e f o r e  easy  t o  

inve r t ;  the las t  equat ion  i n  A involves  only  AN-,, t h e  preceding one involves  

only  A N - n ,  and A N - , - , ,  e t c .  The equat ions  can t h e r e f o r e  be solved 

s e q u e n t i a l l y  s t a r t i n g  wi th  t h e  l as t  and proceeding toward t h e  f i r s t .  

When t h e  s o l u t i o n  i s  complete, if t h e  7)'s and p ' s  t u r n  out  t o  be 

f a i r l y  l a r g e  it may be necessary  t o  repea t .  One s u b s t r a c t s  t h e  7)'s t h u s  

found from t h e  Y ' s ,  t h e  pvs from t h e  r's, renames t h e  r e s u l t s  Y and r, 

and proceeds e x a c t l y  as before .  

The s t a t i s t i c a l  t e s t  f o r  goodness of  f i t  c o n s i s t s  i n  computing 

s = ( y  - y)' W(Y -' Y L  (17) 

where.Y is t h e  v e c t o r  of  i n i t i a l  measurements and y t h e  f i n a l l y  accepted 

ad jus t ed  values. .  This  has  a chi-square d i s t r i b u t i o n  wi th  N-n degrees  of 

freedom. 

After t h e  si are determined one must so lve  t h e  a l g e b r a i c  

equat ion  

u n  + SI un- l  + . b . +  s, = 0,  

and t h e  a ' s  are obta ined  from t h e s e  n r o o t s  u i  by 

- .ai - -T--' l o g  U i "  

I n  us ing  Prony's method one must r ep lace  equat ions  (3) by t h e  normal 

equat ions  with Y i n  p l a c e  of  y, and s o l v e  f o r  t h e  A ' s  by leas t  squares . -  

However i f  t h e  ad jus t ed  va lues  y, are used, and t h e s e  have been obta ined  

wi th  s u f f i c i e n t  accuracy, t hen  any set  of n of t h e  equat ions  (3) w i l l  be 

9 



s u i t a b l e ,  and t h e  normal equat ions  are not  necessary  un le s s  g r e a t e r  

accuracy is required., 

Our modified Pronyqs method is seen t o  c o n s i s t  o f  fou r  d i s t i n c t  

steps: The f irst  is t o  form t h e  pseudo-normal equat ions  (5) and so lve  

for t h e  s i "  These va lues  are not ,  however, t h e  t r u e  l ea s t  squares  

e s t ima tes  w e  r equ i r e ,  so  w e  rename them r i  and t a k e  t h e  second s t e p  which 

amounts t o  so lv ing  equat ions  (le$ f o r  t h e  pqs and T ~ S ,  us ing  them t o  

c o r r e c t  t h e  r f s  and a d j u s t  t h e  Yps according t o  (11). 

c o n s i s t s  i n  so lv ing  t h e  a l g e b r a i c  equat ion  (18) whose c o e f f i c i e n t s  are 

t h e  q u a n t i t i e s  si j u s t  found: The l a s t  s t e p  c o n s i s t s  i n  so lv ing  any set 

of  n equat ions  (3), 

f o r  t h e  c o e f f i c i e n t s  A i .  But w e  have, as ye t ,  no c r i t e r i o n  f o r  determining 

t h e  number n of exponen t i a l s  requi red .  We re tu rn ,  t he re fo re ,  t o  t h e  first 

The t h i r d  s t e p  

or t h e  normal equat ions  obta ined  from t h e  e n t i r e  set, 

s t e p  involvi'ng t h e  pseudo-normal equat  ions. 

Consider t h e  v e c t o r s  

- 
vo  - 

where, f o r  t h e  moment, w e  l eave  y unspecif ied.  If t h e  Y, s a t i s f i e d  a 

d i f f e r e n c e  equat ion  o f  o r d e r  n, then s o  would t h e  vec to r s  v i ,  and, i n  

f a c t ,  any n + l  of t h e s e  v e c t o r s  would be l i n e a r l y  dependent. However, 

i f  7 2  n, any smaller number of  t h e s e  v e c t o r s  would be l i n e a r l y  independent. 

10 



We could write, i n  f a c t ,  

(20) 
- v, s, i- V I  s n - p  i- 0 0 0  i- v, - 0" 

L e t  us apply Clhoileski 9 s orthogonalPzat  ion. p ' rocess  ta these equat ions,  ' 

This  p rocess  c o n s i s t s  09 f irst  or thogonal iz ing  t h e  v e c t o r s  

V i .  That is, w e  r e p l a c e  each  v e c t o r  v,  by a l i n e a r  combination o f  t h e  

vec to r s  vo9  v l ,  o s e 9  v i  or thogonal  t o  a l l  v e c t o r s  v o ,  v l ,  o O . ,  v i - l  0 

Thus we set  

where p l ,  is chosen s o  as t o  make a ,  and a , ,o r thogonal . '  

t h a t  

Thi's means 

Next; we s e t  

- 
v, - a, P21 a i  f P,o a, 9 

choosing pzl and p z o  s o  t h a t  a, is or thogonal  t o  both a ,  and a,. Hence 

. -  ab v, - P,, ab a,, 

. -  a;  v, - EL21 a; a, .  

Proce.eding sequent i a l l y ,  we f i n a l l y .  s e t  

11 



yvhere 

..... 0 . . 0 . . . . . . . 0 ~ . . . . ~ ~ ~ ~ ~ . . " ~  

- - 
a: . vn - l  ~ n - 1 , o  ab a0 " 

L e t  Vi, A i ,  M i  des igna te  t h e  mat r ices  

v i  = (vo, V l ,  . e . ,  V i ) ,  

A i  - (ao ,  a ,  9 . * * ,  a i ) ,  
- 

p 1 0  

1 

0: 

. I  

p2 0 

p2 1 

1 

.." 
* . a  

".. 

e o . -  

Then 

(24) 
- V i  - A ,  M i  

NOW Mi, being a t r i a n g u l a r  mat r ix ,  is e a s i l y  inve r t ed ,  s o  that the  s o l u t i o n  

A i  = v i  qo' (25) 

is e a s i l y  obtained. 

Equations (20) can be w r i t t e n  i n  the  form 

12 



i f '  by un we des igna te  - t h e  column ' vec to r  

By means of (24) we see  t h a t  (26,) i s  equiva len t  t o  

.- 
A n - 1  ~ n - 1  c n  + v n  - 0 0  

But s$nce-A, is a ma t r ix  of  or thogonal  vec to r s ,  t h e  product 

- 
Dn- 1 - AA-1 An-1  

is  a diagonal  matr ix .  Consequently (27) can be w r i t t e n  

- 
Dn-i Mn. .p  0, ' AL-1 V, - 0, 

and th i s  g ives  

- 
M,,, 0, + D,!j vn  - 0, - 

by an easy inve r s ion  of Dn-- l ,  and thence 

0, + M ; t l  D i i 1  ALL1 - v, = 0 

by t h e  invers ion  of t h e  t r i a n g u l a r  ma t r ix  M n - , *  

(28) 
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Note t h a t  i f  w e  m u l t i p l y  (29) by MA on t h e  l e f t  w e  have p r e c i s e l y ' t h e  

pseudo-normal equat ions  (5) w r i t t e n  i n  ma t r ix  form. Thus (29) and (5) 

are e q u h a l e n t .  

Now de f ine  t h e  v e c t o h  

The equat ions  f o r  determining t h e  avs and pqs can be w r i t t e n  

(32) 0 .  - - 
8198  + A i  Pi91 v i + 1  

These g ive  

- 
A, V i + I  - AB A i  P ~ + I  9 

s i n c e  a l l  columns of A, are or thogonal  t o  a i + 1 9  or 

whence 

I n  p a r t i c u l a r ,  
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so' t h a t  equat ion  (31) becomes 

TO summarize, w e  c a l c u l a t e  and a i g g  s e q u e n t i a l l y  by m e a s  

of (32). and (33).  We a d j o i n  a,,l t o  A, t o  o b t a i n  A , , , ;  we border  M~ 

by pigl and a u n i t  row-vector t o  o b t a i n  M,,," Each vector a i t l  

is  t h a t  component of v ,+ .p tha t  is or thogonal  t o  t h e  space o f  t h e  

previous ' v p s .  If t h e  v e c t o r s  v i  s a t i s f i e d  s t r i c t l y  a d i f f e r e n c e  

equat ion of o r d e r  n9 then  vn  would be a l i n e a r  combination of t h e  

. .  

preceding vps and a, would vanish.  We could t h u s  cont inue t h e  process  

u n t i l  we found a vanish ing  a, Since t h e  components o f  t h e  i p s  a r e  

sub jec t  t o  e r r o r s  of  measurement, it i s  no t  t o  be expected t h a t  any 

vec to r  a w i l l  van i sh  s t r i c t l y ,  bu t  we may expect  t h a t  for some n ,  

a, w i l l  be n e g l i g i b l y  small, Having found such an an,  t h e r e  'remains 

o n l y . t h e  simple c a l c u l a t i o n  (35) t o  o b t a i n  una 

There remains only one u n s e t t l e d  po in t ;  t h e  choice of  

yo Since a l l  v e c t o r s  v must have t h e  same number of components, w e  

must no t  choose y s o  l a r g e  t h a t  w e  run out  of  components as we 

include h ighe r  V Q S .  

l i k e l y  value of  n, and choose y accordingly.  

small we waste some o f  t h e  experimental  va lues  a t  t h i s  s tage , '  

However, t h e s e  can be picked up aga in  when w e  improve ou r  s o l u t i o n  

Hence w e  must s e t  some upper l i m i t  t o  t h e  

I f  y i s  chosen too  

.by t h e  method of  equat ions  (163 

The above method i s  r e a d i l y  adapted, w i th  minor modi f ica t ions ,  
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t o  t h e  f i t t i n g  of gene ra l  mu l t ip l e -h i t  s u r v i v a l  curves  of t h e  form 

As Ne Me Smith has  poin ted  out ,  curves  of t h i s  t ype  are t o  be 

expected from i r r a d i a t e d  organisms i f  t h e r e  is a reg ion  wi th in  which 

n h i t s  w i l l  be l e t h a l ,  and a l s o  o t h e r  reg ions  i n  which a smaller number 

w i l l  su f f i ce .  Here t s t a n d s  f o r  dose. 

This  func t ion  satisfies an n-th o r d e r  d i f f e r e n c e  equat ion  whose 

c h a r a c t e r i s t i c  equat ion  has  a l l  i t s  r o o t s  equal': Hence t h e  c o e f f i c i e n t s  

sr determined as above must b= such t h a t  f o r  some u 

Consequently 

The cons is tency  o f  t h e s e  equat ions  may provide a rough tes t  of t h e  

hy-pothesis, but  no t  a r igo rous  t e s t  s ince ,  o f  course,  t h e  measurements 

are no t  c o r r e c t l y  weighted. 

Having found uy one ob ta ins  a as before  and then  from (36,) 

t h e  Pvs can be found by ord inary  l e a s t  squares,  
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