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ABSTRACT

In section 1 a general stochastic particle problem is defined. Section 3

defines a quota sampling method available for simplifying the solution of such

a problem. In section 4 an importance function^ Q(oO is defined such that if it

were known and could be used in the quota sampling, the solution of the stochastic
e

problem is greatly reduced in difficulty. Thus any function q(«), used in quota

sampling should be selected to represent Q(o0 as closely as one's knowledge per

mits o

In section 5 it is shown how to set up a pair of problems, such that the

solution of each is the importance function for solving the other. Thus Q(<*)

may be estimated stochastically*



QUOTA SAMPLER AM) XMPQBEalCI FOTCTHMB II STOCHASTIC SOLUTION
Off PAlflCLI FBOBLBB

@. ©oerfcsol June 21, 19*9

HOTBs fhls document is inteas&sd to 1m a working report for the OOBIL «™«l,*^g

Work Session (Saner 19^9) and does not have the complete sot of references a

final report would haw*. Ibno-the-less, I feel it desirable to remark that the

work herein is a logical continuation of some work of H. Eahn and T. B. Harris

(various SAJD Boports). Further> many of toe thoughts herein arose during

conferences betwoen Mr. bum and m during the days June 15-17.

1. IWHODWTlOi

In studying the motion of many identical particles thru a medium,,

one may focus ©ae°s attention on the coordinates, energy, and direction of

velocity of ttfj particle immediately before each collision, fhe multidimensional

space thus set up (axes representing energy, velocity direction, position) is

called the phase space of the particle. Points in this phase space will he

indicated fty ct> 0, 7, £ s ... and the entire space will be indicated by P.

The description of the physical processes InrolYod if then wholly

contained In the functions P(a, 0) whick are so defined that if a particle is

at a just before its a th collision* tfc» probability that it will be in the

small volume in pout* space dp at ft just prior to its n+l'st collision is

given by P(a,0)A6. Zt is thus necessary ttmt:

J Ha em 1 1
p



where the inequality will hold if any absorption processes occur. If P(a,D)

is the probability of absorption in a collision occuring at a, then:

; P(a,0)dB + P(a,») - 1.
P

She particle source is specified by stating the distribution in

phase spaoe of the particle Just prior to its first collision, ifa (°0

(J -\ir (a) da " 1). Letting TJ/^ (a) be the distribution of the particles
P

just prior to the n'th collision, one has

Yn+1 (0° =JYn Mp(p>a> *

whence, if the collision density is defined as

one has

OO

lifia) - H -\ir (a)
' n=l

OO
. r

la) , JY1w + 2l %iM - j t; £»>«».«>* +£«•>
n=l

or

Y"(o) - J ]^(e) P(e,a) da +f\(a)
as the equation for llf .

Now, one may pose the problem of estimating by stochastic techniques



the ejiamtitgr

1I « J ~ty\*) *(«,») /° |o) da
f

where li^Ca) ?(<*,&) is the capture density at aami /° (a) is aweight
assigned to a capture at a.

In order to estimate I stochastically, one may proceed as follows

for the i5th particle

1select o^ from the distribution ifa (a)

U>i

>*•»

(a) da = 1
P

i i i(2) select Og from the distribution F(a£, a), P(a£, D)

If D, cease and start again at 1) with 1+1 —> i

If not D, to to 3).

000*000 OOOAOOOOOOOOOOOOOOOOOOOOOOOOOQOO.OOOO«000

i 1 in) select o^ from tbe distribution H<£ji» «)*- pC\=i* BJ

If J>9 cease and start again at 1} with 14-1 —* 1

If not 9, go to n+1.

OOOOOOOO.OOOO.O.O.OOOOOOOOO.OO.O.O.OOOOOOOQOOO.

Shis process is repeated for say V particles. Bien, en estimate of

I is given by

S



where n^ is the total number of collisions undergone by the i'th particle, so

the a* is the point at which the i'th particle is absorbed.

If, however, f° (a) is of appreciable magnitude only for such a that

are large space distances from the points where \j/\ (a) is appreciable, amy
ismall proportion of toe points 0^ will contribute to the estimation of I and

the process is extremely inefficient.

To overcome this difficulty a method of quota sampling is introduced,

based on an estimation of the Green's function. Ihis is treated below,

following a brief Green's function discussion.



2. thtc flwamnq FUNCTION AM) US ADJOINT

If the particle source }pi (oO in th6 equation

VrW -jV(/J) ?(&«) d/s 4̂£ (oO
p *

is taken to be a particle which is born at cr (i.e. which is at o'-^ust before

the 1'st collision-), -one may write for the Green's function of the present

problem

g(o-,Ov) - J g(or,/5) P(A°0 d^+ S (ff-OQ

calling g(o*,«0 a Green's function is justified by the result

y/i&) =j ^£ (cr) g(o-,o0 d<r-.;

Since P(j5,c<) / P (o^tf) in general,

g(<r,o<J / g(a,oi.

However if an adjoint function is defined

g+ (tr,c*) * fp(<x,,6)g4 (cr,/6) d/8 ♦ o(<x -cr)
P

one immediately sees, by evaluating jg(T,oO g*(cr,o<)id<x from the,defining
equation for g and also from that for g*.

fS(« ~cr) g(T,«) d<x -Jo (« -T) g (<r,o0 d<*

or

g (T, cr) •= g* (C, T).

Clearly the equation for g* differs from that for g in that

?(<*,$ ? P (>&,<*).

-9-



3. qtTOTA SAMPLING

The stochastic procedure of the end of section 1 may be modified as

follows. An arbitrary function q(a) is introduced. In the work below it is

given physical meaning, but for the present q is of purely formal significance.

The weight W(a,B) is defined as

»0w - J ft M«<j>' *
v(«,s) . j pfa7> ifrj *r +p(«,d) ^°(«)
W(a/D). „ J p^y) *(y> d? * p<g'D> /» (a)

^°(a)

' 1 W0 (a)

' ^/ «\ P (a> P)
p («'») B W(a, p)

and one carries out the procedure at the end of section 1 using y/Z, p

instead of "y^, P, the corresponding estimate for I becomes

N iI*gZI ^(^) W0 (on.) w(oJ, o£ )... w(ofli_i,oii) wfaj^, »)

where n. again is the total number of collisions undergone by the i'th particle.

This transformation has not changed the expected value of I.

If then

=10-



k» IMPOBTANCE FUNCTION

It will now be shown that by a proper choice of q(a), which special

choice we will write Q(a), the estimated value of I is always the same and

therefore the exact value (since the expectation value is the exact value).

It follows from this, that if q (a) is taken as close as possible to

Q(a), one may expect to obtain an estimate of I with little work.

She proposed Q(a) is given by

*(a) - J g (a, ft) P(p, P) f* (ft) dp
P

whence

Whence

or

But

:,B) = J J P(a,7) g(7,P) P(M>) <° (P) 47 *PQ(P) W(a,
P P

+ P (a, P) r° (a)

JJ P(a,7) g+0,7) *(P, P) /° (•) d7 dft +P(a,P) &(a)
PP

J P(a,7) g+(•> r) *7 • g* (ft, a) - «? (* - a)

:, P) - J ft l">ri " $ (o "r3 P(^D>^(7) *rQ(P) W(a
P *•

+ P (a, D) ^» (a)

- Q(a)

w(a,p) - 2§£ ;w(<*») - $4 Jw0(a) =JV£ (a) q(a) da.



Thus for this choice of q,

|2£ Jft <«)««>*« -Jfita) 4(a) da

as was to be shown. Further, this agrees with the previous definition of I,

since r

Jf: (a) Q(a) da

-JJi$(«) g(«, P) MP, P) ^°(P) 4adp

where use was made of the result

•j^ (a) -J ^ (p) g(p, a) dp.

-.. The Q(a) used' above is clearly a measure of the importance (to I) of

a neutron at a. This follows from the definition of Q(a) directly or from

'the result

Itxp 'x

We may thus use the term importance function (coined by Harry Soodak in a

similar situation) to describe Q(a) and its guessed at approximation a/g),

^42-



5. THE APJOINT SITPATIObT

Clearly, If one computes I as above, in general he can obtain at

the same time an estimate of ^"(a). However "^(a) is not readily related
to Q(a), so tnat it is difficult to use the information on J^* (a) to improve
q(a). On "Kte other hand, if a pair of problems is set up as below, one may

•circumvent the above difficulty and calculate y(a) and Q(a) side by side.

g(a, p) mJ g(a, 7) P(7, P) *7 + ^ (a -p)
P

+ / + A
g (a, p) * J g (a, 7) P(P, 7) »7 + •M<* - P)

where, as shown before

From which

« (o, P) • g (P, o)

Q(a) -4 g(a, p) P(p, ») /° (P) dp
P

- JP(p, P) 1° (p) g+ (P, a) dp.

J P(a,r) Q(7) dy + P(a, P) /° (a) - ©.(a).

This is a stochastic problem equivalent to the one for "y (a),

Jiftr) *(7, «) 47 +^ (a) -^(a),

*&3»



and may be solved by similar processes using as importance function q (a)

"*" ♦ f +* (a) = J g+ (a, p) \fr (p) dp
P 7 1

• J g(P,a) Y<. (p) dp - -J^(a)
p x

as is suggested by the results found above:

I -

P '* P

Jife (a) Q(a) da -J P(a, D)/°(a) "^(a) da.

Thus, the problem of determining I may be solved by solving in parallel the

stochastic problems for y (a) and Q(a) and using them to estimate q(a) and

1 (a) as one proceeds, thus improving the computation of y(a) using the

result of the computation of Q(a) and vice-versa.

6. CONCLUSIONS

The general considerations above give a procedure for quota

sampling which consists of estimating q(cr) to match the definition of Q(a) in

section k, using one's best judgment, and then carrying out the stochastic

process as specified In section 3. The procedure of section 3 should be

further investigated to determine in what problems it is useful.

.-IV-
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