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MATHKM~lICS iRANEL 

.Quarterly 'Report ,to :Novemberlp : 1949 

;AlstGn :S.: :Householdet. 'Chief 

:Two.of.the ,fotmet members ofothe.Panel, Mrs.: Hullings ,and:Miss Martin, 

,have .transferred to the~,Technieal ,Division, ,and ,a .thiJ.!d,Mrs.' Palmiter)' ex

pects' to leave .Oak Ridge, in the.near, iu ture. R~p18.ge.~eh:tsare in vEI;rying 

. stages .of' the .clearance ,process and. termination of present lemployment.) so th.~t 

,it .willvery likely be .two ,~rthFee months .01' .longer :before ,thc,.Panel.is back 

to full strength. 

Work. oni two . classifiedproble~s" to t>e rep'prted, elsew~ere; .·has .consti tuted 

a la:rge. fraction of the:p,.anel' s activities d';1ring; :tJ:!.~ q1l:.~rter under .review and 

.willcontinue ,througl:!- ,at least a p,rt of thecoming.quaJ.!ter< "sa consequence· 

icertain other problems have .been set aside, ,inch;ldi!,g·.:~l1el~9nte Cilrloestimate 

of, collision densities in bioiogiclli. tissue,· and I the.i attempt; t~ solve a: certain 

integral:equation arising.in j3~ray spectro~copy.!It is p~anned:to resume work 

on ·the tissu.e .problem immediately upon termination .of.the .. classified problem •. 

Meanwhilerenewed·emphasi. upon.reactorpro~lems .at.the .Laboratory re

quires.a re-orientation in the ,wowk of the Panel .andt.he need. for some :expan-

,siono.Dr.Nelson has been giving.a series of lectures, ~o be described below, 

at,the ,Laboratory Training School to serve as a mathematical ,introduction, to 

react6r theory, and ,memb~rs of the Panel generally are reviewing.the .back

ground ,for .problems nowarisingo' 

Final :eonsideration is be'ing given: to the ,selection .0£ a highspeedcom

puting .machine to be located in the Oak ,lHdge ,area and .to ~e ~·sedin large .part 

for. the :solu.tion .6£ shielding, and reactor .problemso' The,j oint ORNb-NEPA ;com

mittee selected last summer for an intensive revie~ of the;chaFacteristics and 

.availabili~y of ,machines issued its report rec~mmending.the .purchase.bf a 

Raythebn Computer and.theRaytheoll Corporation ,is preparing. detailed estimates 

of cost' and ,construction time. Meanwhile, however, word:c,amethat Edmund 

,Cn Berkeley an'd ,Associates, and the :Sylvania Electric Produots; Inc"·~, w,ere 

interested.in·constructing Mark III computers, and on October 28,~Drn'Householder 

·and .Mr.· P< R.;.Bell of ORN1., and .Mr,,· Eo' E.n St,,:J,ohri ,of i NEl:\A, .representing the 
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committee, went to Boston to talk with representatives of the .two companies, 

and with Professor Aiken of Harvard. Selectibn.fromthealternatives of 

Raytheon and Mark III should be made.sometime.in November. 

Preparation for computation of the .Internal.Conversion coefficients for 

the L-shell are being.made.byDr.Rose in consultation with members of the 

Panel. Mrs. Dismuke~s exploratory sample calculations will be described below. 

Since the .bulk of· the computations consist in the numerical integration of 

systems of. equations a careful.selection of the.method. is required. A met.hod 

recently published by L. Fox et al ·of the National .Physical Laboratory, England, 

.appears to be ideally suited. formachine.solu,tion of linear, equations of this 

type., It is identical with a somewhat older :method by Mi·lne. for equations that 

are not· ,necessarily :linear, but.with the .iinprovement ·made .possible by the line

arity of passing immediately to the limit of the iteration that .is otherwise' re

quired for each new value.of the .variable.: Order:'of-magnitude-,estimates of errors 

due ,to round~off an'd ,truncation place these well within the required limits.' 

On October 12, 'Dr.: Nelson .presented a paper before the Mathematics Collo

quium.at ,the University of Tennessee on the subject "An.Abel,Integral Equation 

with Constant Limits of Integration.~ 

The American Mathematical Society has ,accepted an invitation to hold a 

meeting of the Southeast Section in Oak Ridge on Apl'il 21, 22, 1950., The 

Committee on Arrangements for the Society includes Dr .. Householder representing 

ORNL·andDr. Snyder, of the ,Health Physics Division, representing ORINS·and 

the University of Tennessee,' Tentative arrangements have bee" made .toinvite 

the Biometric Society to sponsor a joint session on the·first day of the 'meet

ings,devotedto non-statistical applications of mathematics to biology. 

Publication of the proceedings, of last summer's Monte Carlo conference at 

Los Angeles has been delayed somewhat, but it is now hoped ,that papers can be 

sent ·to the National BUl'eau of Standal'ds ,for reproduction by the ·end .of 

November. Dr.: J.'<H. Curtiss of the ~ureau has asked Dr .. Householder to re,

lieve him as editoroin-chief. 

The detailed listing of technical problems follows . 

. PROBLEM: Tetrad analysis (yeast genetics) 

'oRIGIN: Dr. Seymour Pomper, Biology Division 

PARTICIPATING·MEMBER OF PANEL: A. S.: Householder 

BACKGROUND AND STATUS: Lindegren presents a set of gl'aphsfor estimating 

gen6-to-centromere distance in yeast. No ,derivation ,is given, however, nor 
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any statistical evaluation of ·the estimates.: Furthermore, the method ,requires 

the .dete·rmination of the .frequency of occu,rrence of cert,ain combinations ,of 

characters governed by independent ,genes, thus ,necessitating a preliminary 

test for independence, an·d ,there is dis'agreement ,among .geneticis:t,s a8to the· 

correct method .of testing ,for independence,: 

Each .ascus. ,contains 4 spores< If two gene ,loci are under observation, 

; then ,in the .case of heterozygosis with respect to both characters the ,spores 

can be all of parentallty~e. all of non-parental .ty~e, or ~wo paiental and,two 

,non~parentaL In the .absence of linkage" the ,all-parental type ,asci, .and the 

all non-parental.type:shouldoccur with equal frequency; while the frequency 

of ,occurrence of the .other type of ascus (two .parental .and ~two ,non~paren·tal 

.ty~e spores) depends·upon the ·crossover probabilities of the.twogenes., Hence 

theltestfor inde~endence consists .in testing,the'equalit~ of the two fre

quencies, ignolring,the presence of the :third .. , 

If A'1 .and A2 denote the two ,characters, 0. 1 and .a2 the ,crossover prop

.abilities, then from Nasci the expected number of asci of .thet.hird type comes 

out. to be. 

n .'- 2 v N ::::: N [(11 (1, ~ 0. 2 >, + 0. 2 (1 - 0.1 ) + ai. a~:!, / 2 ]" 

Since two .unknowns" ,a i · anda2 " are involved, ,observations ;made .upon ,a single 

pair of characters are no~ sufficient .for determining.the .a's ~ut.with three 

characters taken in pairs,the ,equations can be solved for the 3 a's" 

Lindegl'en '. s', method. amounts. to taking. the estimates 

2 v Ji J n Aj I Nf,j' 

wnel"e the subscripts indicate the genes .concerned, .and dn' solving ,for thea's. 

graphically< However, it is easy to solve the equation's·.algebraically obt.aining 

3 .X ft Its/Wjlt (i. j. k all diffetent) 

. where' 

x! et i / 2 
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is the ,so-called "dis.tance"·' from gene to chromosome, 

W jk 1-3v jk • 

and 

$2 
W2!1 W31 W 12 ·•. 

Unfortunately the sign of s is ambiguous, leading to two theoretically possible 

sets of values, and, what is worse, sampling errors may lead to a negative 

value of S2. A more general approach is therefore required, partly because of 

these complications, but also to allow for combinatiop.s of more than 3 genes, 

to provide ,the single estimate for each distance that is simultaneously best 

for all observations, 

We :therefore return to the above expressions for vi J' The estimate given 

above is indeed the maximum ,likelihood estimate made for that v independently 

of the others. However it is determined by the probabilities a, each' of which 

enters other combinations. Instead of making independent maximum likelihood 

estimates for the v' 5 independently, and then solving. for the a's (or the %' s) • 

one should make the .single lIlaximum . likelihood estimate of the a's from all 

available data simultaneously" 

Ifwe make.the ~ubstitution 

3 0,1 2 (1 - 7]1) 

we·obtain 

3 v ij 1 - 7]1 7]j" 

The probability of obtaining n ij 

is then 

asc~ of the third type out of a total of Ntj 

[ .N iJ ] [(2/3)0 - 7]1. 7]j)]n ij [(1/3)(1 + 2 7]i 7]j») 

n i J . 

7 
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Hence the likelihood,function is 

L L, {n log (1 ~ 71i 71j) 
(i,j) Ij 

+ (N ij - nij) log (l + 2 711 71 j )}, 

the,stimbeingtaken over all combinations (i,i).; 

maximized with respect to the 7]'s. 

This qu.ntityis to be 

In this treatment it is not presupposed that spores in any given ascus 

,can ,be 'tested for more than ,two ,of the chal'acters~ II they can ,be tested for 

three.characters, then a.slightly improved method is available, since then the 

distinguishable asci fall into 5 classes.' A~,ascusmay be of the third type 

with respect tono pair of genes; or with respect to each of two pairs; or with 

tespect to every pair. These probabilities can be ,expl'essed as 

Po :::: {I + 2 (711 + 7]2' + 71s ,) + 2 (712 71s + 71s 711 + 711 712 )} / 9, 

Pi :::: (1 + 2 712 71s ) / 3- Po, 

P2 
:::: (1 + 2 71s ' 711 ) / 3 Po 

Ps 
:::: (1 + 2 711 71;) / 3 - POI 

P4 ; :::: 1 - Po W Pi -P2 ~ Ps . 

The,likelihood.function is then 

L nO log Po + n1 log P'1 + "'2' log P2 , + ns log Ps + n4 ',logP4 1 

wh~r;e'"the n's represent the ,number of ~sci found ,in the various .classes. The 

best.estimates for the 71'S are then those which maximize this function. 

Procedures are being worked out ,for,c*l'ryingout the solu~ion for·the 

maximum in each of the two cases discussed. 

PROBLEM: Fitting ,exponential .decay curves 

PARTICIPATING MEMBER OF PANEL: A. S. Householder 

ORIGIN AND BACKGROUND: Continuation. See previous Quarterly Reports. 

STATUS: The report on Prony's method appeared during the past qual'ter as 

ORNL.455. Previously the endeavor has .been to develop effective methods for 
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solving.the·.1east-square equations. The ,equations ,for the maximum likelihood 

fit are now being.e*amined.' Ifrl are the ,measurements. and 

IT/A = 11 / ( 1·- fA ) 

are the best estimates, thesemust.satisfy 

10 iII!. ci o 110 ~ 0. 1 111. + 0.2 , 112 ~ .;<~ ± T/p = 0 

IN E 
0.0 111'1 .. o..l·17N'hl + 0.2 7]'N~ - .:.'" ± 11

N
+P = 0', 

while I the equations, foll" minimizing. tlte .like·lihood ,fu,nction have' the form 

Ao 110 + A:,' 7}i + " + A.1f 7}N = 0, 

'(':~:O '<0'.;0;0",0- o>.:o:(.:,>~(» :"',, <l~') (.'F. ''''''(1"" 0 \) Q 

Ao 11 'l!.' .+,A. TJ P9& P + .". + A.N 7}N+p~l 
:= 0, 

wheFe,the A'S are Lagll"ange:muitipiiell"s, and 

Co 0.0 A.o • 

Ell. 0.0 Ai 0.1 ' A.OI 

£2 0.0 A2 · o.i' A.1, + 0.2 ' Ao» 

<> j'\ t\." .. ",(\·O:fl~O:O·O ":{),Q.,,.o<)~-<>~n:o:():(j:o r<(\:oi(~' ~~ 0"" 

eN+P - ( -1)P A o. 
N. 

The ,equations f = 0 8.l'e: eas il y -expressible in matrix, form as 

H a o. 
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where H is the !1latrix of the ,1]' s, and this .is in turn equivalent to a matrix 

equation 

AIH 0, 

w~ere each column of the matrix A consists of the elements of the vector a 

preceded and followed by zeros. Since 

.A' H = 0, 

it follows that the vector A with N+l components Ar is expressible in terms of 

a vector b with N~p+l components: 

A A b, 

so·that the number of unknowns is reduced by p. 

A direct solution in the general ,case seems out .of the question, ·andan 

iterative solution is sought" In the special case p = 1, a = a 1 is the single 

positive root of 

a [1 + 2a + 3a 12 +.". + (N+I) aN] 

(N+l) ,+,Na + .. " + aN 

Y . 2y +.0. + (N+ 1) y 
1 2, N+ 1 

(N+l) Yo + NY1 + •••. + Y
N 

PROBLEM: Effect of intra-class correlation ,upon test of significance of 

di f ference. 
ORIGIN: Dr. W. Lo Russell (and others), Biology Division 

PARTICIPATING MEMBER OF PANEL: A. S. Householder 

BACKGROUND AND STATUS: In order to judge whether a factor has .or does not 

have a particQlar effect it sometimes h~pp~ns that the samples taken from the 
two populations, where the factor is and where it is not present, consist of 

sub-samples within each of which additional.factors may tend to uniiormize the 

effect in question. In one ,extreme case these additional factors may cause 

all members of a given sub-sample to be alike, in which case the examination 

of a single individual from each sub-sample would provide all the information 

,available, and·thesize of the sample is simply the number of sub-samples. In 

the other extreme case the additional factors are negligible, and the segrega-

10 
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tion into sub~,samplesmay be ignored" 

The ,dis tributi ons . involved' ate of. the so~called 9t'contagious"', type of 

which various .examples have. been considered by Feller and others, and,characte r· 

ized by the,fact that.out of a family of ~opulations, one .selects a population 

at.random ·and.then from it a sample at random. If the effect in question is 

the presence or absence of a specified character) the po~ulations are distin

guished by the.relative fre~uency p of occurrence of th~cbaracter within that 

population, whi Ie the parameter p has a certain eumulaq ve dis tributionF(p) 

among the populations" 
Now,suppose that Fl(P) represent~ tbe distribution over the .family of 

populations in which the factor ·is present, and .f.;,(p) represents the distribu

tion over the family of populations ,in·which the factor is absent. The.null 

hypothesis is thatF1(p) == F2 (p), and .the .admissible alternative is. that 

either Fi(P) ~ F<J(p) for all p or else that Fi(P) .,:;i.F2 (p) for all p • . If 

nothing is known concerning the form of the .functions F(p) then a non-parametric 

test must .be invoked.: .Sharper tests would, .ofeourse, be possible in cases 

where one could suppp~e that the ,functions .Fare of a specified form F(p., a) 

depending upon a parameter a, in which case, if 

FA (p) F (p, all)' 

the.null hypothesis would be simply A1 a2 : • 

PROBLEMS: Miscellaneous stat'istiealealculations 

ORIGIN: Biology Division 
PARTICIPATING·ME~ERS'OF PANEL~ A" S" Householder, Rosemary Crook, Lewis 

Nelson. R,. R,: Coveyou 
BACKGROUND.AND·STATUS:Sev'eralshort calculations of standard deviations, 

chi· square. least squaring,. ·e·te,. bave been performed from tiine to time for 

Dr" Whittinghill, Dr .. Henry Kohn, and other members of the Biology Division, 

besides brief consultations on various ,statistical questions. 

PROBLEMS; Calculations of cloud chamber·tracks . . 
ORIGIN: Mr. C. D". Moak, .Physics' Division 

PARTICIPATING MEMBER OF PANEL: K .. ·M" Martin 

STATUS: Work completed,,' 
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PROBLEM; A Monte Carlo shielding ,experiment 

ORIGIN: The summer work session on shielding 

PARTICIPATING MEMBER OF P~L: Lewis Nelson 

BACKGROUND: See last Quarterly Report. 

STATUS: A major part of the computation ,has ,been construction of , numerical 

tables for use in tracing the life histories. These tables have been completed 

andcheckedo The tracing of life histories has begun. 

PROBLEM: A short course in mathematics 

ORIGIN: Dr, L C,,' VonderLage 

PARTIGIPATING MEMBER OF PANEL: Lewis Nelson 

BACKGROUND ,AND ,STATUS:. It was thought necessary to offer a short review 1n 

mathematics for the benefit of those who are to enroll in the Laboratory's 

training course in v'pile physics""; Between 20 and "'30 'students have attended 

this class which meets on Tuesdays an~ Thursdays, 8 to 9:30. Fivemeetings 

have been held. Perhaps five more will be held, 

The aim is to review some of the important idea~of the .calculus,such 

as the derivative with its mean,value theorem; the integral as the limit of a 

sum; the gradient, its geometric meaning and how to compute it in rectangular, 

spherical and cylindrical coordinates .. In addition an effort is being made ,to 

discuss ,differential equations, both ordinary and partial. This is an attempt 

to convey the idea of an eigen-value problem and of a boundary value problem. 

Time permits neither rigor nor detail~ Nevertheless, it is hoped that 

identification of some of the basic mathematical concepts which are needed in 

elementary pile physics will: 

(1) eliminate dread of them in those students who understood 
them insufficiently well 

(2) provide.a basis for each ~tudent to satisfy independently 
his own,needs in using these ideas when the time for it 
arr1ves 

PROBLEM: Numerical integration 

ORIGIN: Dr, S. M. Dancoff, Physics Division 

PARTICIPATING ,MEMBERS OFPANEV Donna Palmi ter, Ann Forbes 

STATUS; Work completed. 

PROBLEM: Miscellaneous ,interpolating, graphing, etc. 

ORIGIN: Dr. M. E., Rose, Physics Division 0 

PARTICIPATING ,MEMBERS OF PANEL: Donna Palmiter, Ann Forbes, R. R. Coveyou, 

M. K.Hullings 

12 
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BACKGROUND: Preliminary to computation of the Internal Conversion Coefficients 

for theK~shell andL~shell on the Mark III 9 many miscellaneous ,hand .computa~ 

tions were Jrequi red": :These weremainl yin terpol a tions ,and .preparationof 

graphs. 

STATliJS: 'Work completed" 

PROBLEM: ·Monte Carlo . computations 

ORIGIN: Dr. Lewis. NelsoDp Math Panel 

PARTICIPATING·MEMBEFSOF PANEL: Donna.Palmiter, Ann.Forbes 

BACKGROUND: The ,Mont:eCarlo shi el ding, experiment (mentioned separ.atel y) 

required some hand ,computation in preparati~n .of,the ,necessary .curves, and 

· tables. 

· STATl!JS: Work completed". 

ffl9~~~~; Sllnlf!le sohtions ,of ,a~ ei$e~.,value .problem 

Q~I,~~.N,: :Dr."M. ,E, Rose' 

PARTI(j:IPATING ',MEMBER OF PANEL: Nancy Dismuke 

,BACKGROUND: This is for the purpose of testing ·the method .of ,Df.:' M. E,. Rose 

(ORNL ,481) for .determining ,the eigen·value, W., for ,the pair of ,first order 

differential equations (wave equations) 

dF/dx = (2v/x) F + x [1 w + Vex)) ,G. 

· (1) 

.dG/dx :.: x'[1 + W~ V(x) 1 F ~ (2 vlx) G, 

where 

Vex) ;:: (-2 a. Z/:i 2
) <PI (:i) 

FIG, is known',near .the ,origin and for large ·values of .i., 

~TATUS: Briefly. the method is to integrate from O. to some point x f i referred 

to below ,as .integ:ration region I, and .from large x (large ,enough x that .the 

asymtotic value ,for FIG is valid) :inward to x,»' integration region II.::For 

the .correct eigenovalue F" G" . ..!. dF, .!. dG. are continu.ous ,at ~ I {actually of 
.F .dx G.dx 

course they will be continuous ,for any p~int xL Since t"he"ini,tial conditions 

.in both regions 1 and II fix only the,ratioF/G., .F and .G, can ,be made . continuous 

13 
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at ,x, by multiplying by the proper constant. By calculating the logarithmic 

derivatives it can be seen at they.will be continuous ,if the ratio 

(2)R(W.)=[(F/GJ on curve of Region I]/UF/GJ on curve of Region II] _. Xg lt f 

18 equal ,to 1. ,The method is to integrate ,equations (1) in region I and in 

region II·for two values of W and.to calculate the.ratio given by (2) for each 

W.. With these two values of R(W) it should be possible to extrapolate or 

,interpolate to find a third value of W which wi 11 m'ake R(W) nearer to 1. This 

value of W. is then used to integrate equations (1) a~d again the ratio R(W) is 

'calculated. If ,this third value of W. is not sufficiently close to the eigen-

value, a fourth can be found, and so on. 

The ,real ~roblem in testing Rose's method is integ!ating equations ,(1). 

The ,numerical .integration is being done with the help of Miss Phyllis Johnson 

of Y~12on the IBM equipment there" The integration procedure followed is due 

to L.- F.
o 

Hausman and M. Schwarzchild, Rev., ~f Scientific Instrument~ 18, 877 

. (1947). 

Following.the suggestion 

were made where ; / 2 

F := rr"')' F 

Region I 

G r~'Y G 

f F 

Region II 
g ~~ eA.'! G, 

of R. Coveyou the followi~g transformations 

y;;;: /1.)2:, a,2 Z2 

A. ::: if 1 W2 

To remove singularities 
in the coefficients at 
the origin 

To prevent .increase of the 
functions over many powers 
of 10; hence to increase 
accur~cyof the numerical 
integrations 

F(xn'\-l) and G(xn-l-j,) are expanded ,in Taylor series about xn' FI(x~),G'(xn) 

were obtained from the di fferen tial equations (1). .Higher deri va ti ves in the 

series are approximated by central differences through the fourth. The 

,difference equations thus obtained are (since the form is the same for both 

regions D we simp 1 y wTi te F and G): 

14 
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F(" +1) .n {l + a11 (.'I: n ) h} F("n) + h a12 G("n) + Dl (.'I: n ) 

( 3) 

( ) G. "n+ i. = h a12 G(" D) + {1 + a 22 (Xn)} Gh n ) + D2(.~n). 

The ,a's are the coeffici~nts of (1); D1 and .D 2 are the second,third 

and fourth derivative terms of the Taylor's series (approximated by central 

differences th~ough the fourth); and h is the difference interval.-

D1 ("n) = (1/12)F(x n+ 2 ' +(1/3)F(x n + 1 ) - F("n) +(2/3jF("n_l)- (1/12jF(.l: n • 2 ) 

D2 is the same with F replaced by G. 

(a) For the casebein •. tested Z = 92', v 

determined. 

+1. Vex) had been previously 

= .024 to x = 5.620; for 

2.620. The interval widths, 

For region I integration is from x 

region II ,integration is from x = 10.820 t9.x = 

hn' used were determined by the values of x for which Vex) was recorded. h n 
ranges from .004 to .2 . 

(b) The coefficient of F(x n ) and G(x n > in equation (3)ar:e calculated before 

the so -called "integrationtt;is begun. An integration run is then made, that 

.is. equation (3) is calcuiated Over the entire integration intervaL For the' 

·first integratibn run Dl and D2 are taken as zero. For the other runs Dl and 

D2 are calculated from the preceding integration run. 

(c) As soon as approximations to F and G are available a correction run can 

be made, Le., Dl and .D2 can be calculated from the preceding ,integration run 

. fbI' use in the' succeeding one . This procedure is con tinued until the diffe,rence 

between tw.o successive integration runs is small.' An .explici t estimate of. the 

accuracy obtainable has not been made. However, the fifth difference of the 

integrated functions wi 11 shed some light on this question, ,as will an estimate 

of the-round-off error. 

In the calculation 8 digits are carried for F. G,and D and for the 

coefficients of equation (3).' ·If·F or G. had increased beyond. the 8 place 

capacity allowed, then from that point on F/I0 k and G/lb k ~oul~ have been 

integra,ted., This did not occur cin this problem, . ratherF and G. decreased, so 

that. accuracy greater than 4 or 5 significan,t figures cannot be expected. 
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PROBLEM:: Change ,of .weight with change ofdependentlvariable in curve fitting 

by the :method of least 'squares . 

ORIGIN: .Within the Panel 

PARTICIPATING MEMBER OF PANEL: RoR. Coveyou 

BACKGROUND AND ,STATUS In a current problem. the following situa~ion arose: 

We were given a set 

(1) 0- (Zi), "'.') u (Zn) 0-1 , ' . ',' .'; 

of;experimentally determined values ofa function o-(Z.) , together with a set 

(2) W(Zi),· ..... ! W(Zn) 

of ' statistical .weights ,of these determinations. Also, physical ,theory predicts 

a functional form 

(3 ) 0- u (a., /3, y, S Z) , 

where 0.,:/3, y, 0 are parameters whose determination is one of the chief objects 

of ,the ,expe~iment. The determination ,of the parameters a., /3, y, 0 is, of 

course, to be ,done ;by the method of least squares. ,For reasons of computational 

convenience. it was decided that the fit should be made, not to~, but,to an

other function which we shall denote by A (u).Then we·compute 

(4) A (0- i) A [u(Z 1 ) ] " A2 " "", An, 

and,treat ,these,as the experimental data. The problem then arises, what are 

the statistical weights which should be attached 'to the ,A's? Let us denote 

these new weights by 

(5) * W .. " '" '1 
w* 

n 

If we .adopt the criterion that ;the contribution of a single point to R,the 

weighted sum of squared residuals shall be the same, which ever way the 

computation is made, we have 

( 6,) (0- , _ u.) 2 
a a 

'* 
W'i A-A. )2 , 

1 ' . 

16 
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.whare,~he.ba~red quantities are the values of.(T(or~) calculated from the 

formula'(3) for the best choice.of the parameters el, .{3, 'Y. 8, Then we·clearly 
have 

(7) • W.I. W'i ( (T i - O"i )2/ (1:'1 - '" i ) 2 

Now, if we· make. the assumption that ".'1 and O"i; T, and Ai do not differ very 

much, we can write 

(8) w~ ... W/('O'" / Ocr )~. 
<Ti 

which.is the ,usualformula .. However, in our problem, this condition is violated; 

. though ,(T1 and ,(Ti are: reasonably close together, the transformation hom (J'. to '" 

is such that .X;. and "'i may be quite widely separated. H~nce, a more accurate 

formula was ,sou·ght.· The formulas below were derived an'd. applied, with gratify ... 

ing.im()rovementin the relJults. 

Now, if we havereasonahle estimates O"et for (T . .I.' "'.1 for Ai' and .if we 

require tha.t a small change fnany A. . sh'all have the same effect on R as the . e 1 

cO.rresponding change in C);'.i' we have, if Ri is the contribution of the i-th 

p.int to R. 

(9) dlt i = d [ If; (A. i + S' "'., ' "'. )2 ] l 
d [ Wi S (T. i. + S' (J' e i .;. 0" i )2 ] I 

where S· A.lIS (T.t are .corresponding small changes in ~.1.' (T.t 

Then .we .have 

2 If; . ( A • .l + 8 A. i - "'1) 8 A.. i 2 If,! ( (T.l + 80:'''1- (T1 >..8· (T61 1 

or 

Op) • If'i ( A. i-A i ) 8 "'.1 Wi ( 0". i - (J'i ) 8· (T • .t ; 

( 11) • If.! = "'1 (( (T.t,- (Td/( A. i - ~l)] ( 8 (T.l /'1) (TeA 

(12) • .. lf
i 

"". 
=.~ ~((T.i- (T~)A A"1 - Ai l] ( d O"/d A )A = Aei 

In.pite of the fact that ,these weights are not constant, but depend upon the 
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estimated .(J".' S and A.' s, hence must be recomputed at ,each iteration, ,the total 

effect is that .of a saving of labor (of course, for our particular problem), 

while the improvement in accuracy in the use of (12) over the use of (8) is 

quite appreciable, and well worth the extra labor. 

(13) R = ji d R 1 

(J"i 

and, ,if we carry ou.t ,this integration, .using (12) a-!ld (9), the ,result is 

equivalent.to using (7) to determine the weights. 

Hence, we arrive at the prescription: 

(14) In'calculating:corrections, (12) is the correct weight .formula. 

(15) In calculating R, (7) is the correct weight formula. 
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