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A PROPOSED PARTICLE ATTENUATION PROBLEM

G. Goertzel, NDA

Abstract

An atteﬁpt is made to ?rosent in some detail a practical method of applying
stochastic methods with quota sampling to an attenuation problem. After a
discussion of background material, a specific computation set-up is given
in Section 5. This is sufficiently detalled that, using Section 5 as a

guide, an actual computation may be prepared.

1. The Problem
The problem considered is that of the transmission of particles through
a’ slab of homogeneous and isotropic material. The physical arrangement con-

sidered (see Figure 1)

Z=0 Z=L
Ff‘ —\ M—-f—«——m&.—/\—-__‘___./\_,\___
|
: I
|
S R &2 Source

(Vacuum) !

Figure 1

is a semi-infinite region extending in the directlon of positive Z from 2 = 0.

A source of particles, invariant to displacements in its own plane, exists at Z = L.
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The question to be answered is:

What is the expectation valﬁe {e(E)) of the function g(E) where

g(E)

a specified function of the energy E for those particles

which are transmitted

"

0 for those particles which are not transmitted.

In the particular case

#

g(E) = 1 for transmitted particles

il

0 for particles not transmitted
the expectation value of g(E) is the probability that a particle is transmitted
through the medium.

2. The General Method

The problem is to be solved by Monte-Carlo procedures using the quota
sampling procedure discussed in a previoug report.(l) The general procedure
to be used, as applied to the present problem; is repeated here.

A point (E,u,Z) in phase space Jjust prior to a collision is denoted by
a, B, etgo E is the particle energy and u the cosine of the angle between
the particle velocity and the Z-axis. The source is described by a function

S(a) such that

S(a) dox = 1
All a

and S(a) is the probability density for the first collision position. More

detail is given in later sections.

Zl) "Quota Sampling and Importance Functions in Stochastic Solution of
Particle Problems" by G. Goertzel, NDA, June 21, 19k9.



If further, y;’l(a) is the probability density for the n'th collision
position in phase space and if R denotes that region in phase space where

0 £ Z, one has

T () = 5(a)

n+l

(a) = fﬁn(ﬁ) p(g,a)ap D=1, 2, ceronncos
R ‘

whence the fuaction

T () 'Z ¢ (@)

n=1

satisfies the integral equation

Wa) = f%a) p{p,a)dp + S{a).
R

In these equations, p(B,) 1s the probability demsity for an (n+l)st collision
at a for a particle whose n'th collision wes at B.

In terms of the above definitions,

{e(E)) = (a(E) f&(a)p(a,a)ds + s(a)l ac
S R

vwhere o denotes (E,u,Z) and

0 0 o)
g aa = [ dp.{ az j‘ dE .
S -l - 0



The stochastic process for estimating <g(E)> without quota sampling
is given below. A particle is started according to (0) and at each step
the computation either emds or proceeds from (n) to (n+l).

(0): Select a, from the distribution S(a)da.

If o lies in R, i.c. if 0 £ Z, proceed to (1).

If a, lies in S, i.e. if Z < 0, set N = 0, g(E) = g(E,) and start over.
(), n =1, 2, cocos

Select oy, from the distribution plop.y, @)do.

If q lies in R, proceed to (n+l)}.

IfQ, lies in S, set N = n, g(E) = g(Ey) and start over.

If o, corresponds to an a‘bsori)tion process; that is, 1if

p{a,Blap <1
(R+8)
set N = n and g(Ey) = 0.

Clearly
(s(E) = elmy)

whence an estimate of <¢(E)> is given by the average of <g(EN)> over all
particles considered.
The modification of the above prccedure caused by quota sampling requires

the introduction of an importance function Q(c) such that
Q(a) 1is arbitrary for o in R

Q(a) = g(E) for a im S.

One now proceeds as follows:



(0): Select oy from the distribution

S{a)do = ii, s{a) Qo) do

N' = s{a) Q{a) d
{R+S)

Compute the weight
wo = S(ao)/g(ao) = a‘zé—'y s(a) Q(a) do
°" (r+8)

If a, lies in R, proceed to (1).

If a, lles in S, set N = 0, and start over.

(n)9n=lp 23 eooc

Select o, from the distribution
Ll l
'ﬁ(an_lpa)da = P(an_lpa) Q(a) do

N* = p(aa}l,a) Q(a) ao
{R+S)

Compute the weight

¥n = Wp1 P(an-lfan)/ﬁ(an-laan) =

> pa,_1,0) Qfa) &

(R+8S)



If o, lies in R; proceed to {(n+l).
If a, lies in S; set N = n and start over.

Clearly

(@Y = vy a(my)y = iy Qloy))

whence an estimate of <§(E)> is given by the average of WyQ(ay) over all
particles cousidered.
As vas demonstrated in refcrence (1), 1t is of interest to consider what

happens if Q(a) satisfies

i

Qla) g(E), ain s

plo,B) Q(B) @8, « in R.
(R+8)

In this case; one has

1l
Yo = e f S(a) Q(0) ax

(R+S)

Wy o= W Qe ) /Q(ey)e

Thus it follows

Wa(ay) = 5(@) Q(e)
(Rr+s)



and one has Lhe zero-variance estimate

(a(E)> = J 5(a) Q) & .
(R+8)

3. Discussion of General Method

One should note that & variance is defined as pdﬁitivo or zero, so that
the statement that the ideal Q(a) gives zcro variance implies that a nelghboring
Q(a) will give small variance and further that the variance will depend on the
square of the departure of Q(a) from the ideal.

Thus & reasonable estimate of Q(e) should improve the variance of the
computation greatly. I think one should go to great trouble to select and use
a satisfactory Q(a). This philosophy is reflected in the details described in
Section 5.

The reason that use of an importance function is significant ie that in
the stochiaslic cxperiment one no longer requires that a particle is or is not
tronsmitted, but rather permits all particles to be tramsmitied. Thus in the

non-guota sampling procedure one had

<a®)) = {alzy))
with mos{ of ihe g(%) 2ero. That is, one had <WNg(EN)> where for most experi-
ments Wy was cero and for a very few W_ was unity. The quota sampling has the

N
effect of permitting the Wy to take a comtinuum of values so that the Wﬁg(EN)

may have a smaller spread.

The efficiency o~ the quota sampling will thus be partly indicated by the
spread in values of Wﬁg(EN)n It is clear, however, that if all Wy lie in the
range 0 < L <{ 1, the variance is less with quote sampling than without quota
sampling.

-10-



4. The Importance Functions

The first task to be considered is the selection of Q(a). Since @ denotes
the position just prior to a collision, unless anisotropic scattering 1is very
importent. one may neglect the dependence of Q(@) on the velocity direction, p.
Further, an exponential dependence of Q on Z would seenm té express our present
state of knowledge adequately.

We thus take for Q +he form*

~~Kw{E)Z

Qla) = & glE) « R

i

g(E) z2< 0

W -

where G is & comstant between 1/2 and 1 and is necessary to fit the Q(a) on
both sides of the plase Z = 0. w(E) is the reciprocal mean free path of the
medium for particles of energy E and"X is é number which in general should
depend on E. We will take K independent of E and such that 0K < 1. Clearly,
the larger "K; the strouger is the effect of Q(a).
In the detailed treatment of a collision, ome does not in general comstruct
p(a,B) and uaé this. One rather considers a collision in stages, say as follows:
0. Position just prior to collision is (Eo, Mg, Z,)-
1. Choose collislon type 0; one may have various kinds of collisions
of which the following will be considered: |
a) Inelastic and isotropic.
b) Klastic and isotropic in the center of gravity coordinates for
collision with any element bubt H.
¢) Collision; of type b) but with He.

d) Absorption.

* This choice of Q 1s not adequate if g(E) varies rapidly with energy, especially
if g(E) decreases drastically for large E.

-11-



2. Belect E and u, energy aul angle after collisicn.

3. Seleci 2, Kuuwiing dys E, .

Ciearly; for step l, one needs the relative importance of c¢ollisions of
types a;, b, z, d. The imporiance of tyve d is zero, so this poses no problem.

To obtain the importance of types a; b, ¢; one needs

Ag{a) = | py{e,B)Q(B)dp

where p. is the probebilily density for going to B if a collision of type o is
made at . Similar quanlities are needed in step 2.

We will not attempt to use an exact value for ag{a); etc. since this is
based on our approximate Q(B), soc ttat the work would not be Justified. None-
theless, a large amouni of effort will have to be expended in evaluating end
using the iwmporiance functions appropriate to the various steps.

Ia Secticn 5, a detailed proceduce is suggested. The various considera-
tions leading to these choives are outlined in Section §. Of course, the cuoices
of Section 5 are not unique ~-- they are merely ones that seems practical to me.

Before begiuning Section 5, a few remarks are in order. Firet; the handling
of type & collisions (inelastic aud isoiropic) is the most difficult for several
reasons, cue of which is the greater detail needed in presentation of the physical
data. Thus, the treatment of these in Section 5 is besed on a particular repre-
sentation of the data and should be modified if this representation is inadequate
or Inconvenient.

Second; since the quota sampling procedure does not affect the expectation
value of the final auswer; it will be clearly advantageous, wherever tables are

needed for the quota sampling, to use fairly coarse tabular intervels. In this

-12-



case,—however, it is necessary to use care that the weights computed in each
choice are comsislent with lhe sempling procedure used.
5. Detailed Compuiatiou Procedure

5.1 Phyasical Data

For the particular computation considered, oue needs specify g(E)

and L. One needs also specify, for the source neutrons, the energy and angle
distribution s(E,u). In addition, one needs & table, as & function of energy,
of the quantities
w({E) The reciprocal mean free path at energy E
aa(E) The probability that a collision is of type a

®y1(E) The probability that a collision is of type b with a nucleus
of mass My

a.(E) The probability that a collision 1s of type ¢

a3(E) The probability that a collision is aa absorption
aa+abl+%2+ono +ac+ad=l

We call this TABLE A.

Further, for the inelastic process, one needs specify the energy
distribution after the collision. It will be assumed here that this, or our
knowledge of this; can adequately be represented by a set of quantities Yor
such that 1f & neutron has energy E before a collision; such that

Ed‘< E‘< Ea+1

it will have one of the energlies E, after the collision with the probability

of a specific Et,given by 7gpe Thus %E; Yor= 1. Of course, this representa-
T

tion is useful only if the variables ¢ and 7 need not take on very many values.

-13-



In addition a logerithmic and exponential table will be needed.

Also & table of square roots (or squares) and of sines and cosines.

5.2

Quota Sampling Tdables

A choice is made for G and “K. Once these are selected, the following

tables are prepared.

we define

following

Herein, ¢

Ho

Mz

QI. F(u,A)

If €(X) denotes the function

E(x) =0 XKO0
=1 0 <X
vy 1
F(u, A) = f fpiy; A) du’ (f(u':u) au’
-1 -1
l.
F(A) = 1/2[ f(u', A) au’
-1
2w, A) =3 e-ﬂm‘? E(-u)(1 - M) e;%l
JE S
1 +Ku

F(p., A) may be oxi:rossod in terms of exponential integrals.
We will need to tabulute, for various values p, of p and 7L.‘of A the

quantities:

. A ‘
Ai Fop = FGU, Aot Mal) | BMg ol - Ho
o7

0z Foui,v - ¥y

Oy Ly eevees (Z- ﬁ 5y 2o

= -1 Fox =0

= 1 %:T-—-l

-1l-



:E: will be approximately ten. It seems to me that no more than some forty

values of 7 will Le necessary.

QII. H(E,x)
E
- 1
H(E,x) = (dE' g(E') e w(E')x
4
We>tabulate;
- X T Xp 4l AE, Egs1 - Eg
E; x_; B, = EB|Eg, — . 5 =
g’ Xy i Zov g 5 AR T -
' T o+l,T ~ YoT

It again seéms likely that no more than some fortiy values of T should be needed.
For g, one needs specifically consider w(E) and g(E) as functions of E, so that

no estimates for the number of values of ¢ will be given here.

RQIII. Ggyoy
z-1
S e o s
Ggzvy o - Yors F(W(Eqd, Z.,)] g(E)
Ggop =0
Eop = Zc: 70’:F[V(ﬁr): Z;J] 8(Ey)

We tabulate thus:

Egi B .15 Zy s Yoxs DCgzp = 60,741,V - Goz/ -

As was stated before, this particular method of handling inelaestic collieions

’ ' will be feasible only if both ¢ -and ' take on at most a few values.



QIv. Ky

We tabulate: E,, Z, , K;p

Q. F
Apt A
We tabulate: A, , F, =F<—-—5-—E+—l) (c.£. QI)

5.3 The Computation Procedure

" In tvhe following, "select E" yill mean select § at random from a
population equidistributed in the interval (o, 1). The initial or (0) step in
following a particle proceeds &s follows:

(0): 1) Set E, = Egy My = Hgo*
2) ZLook up w(E,) and g(E;) in Table A.
If 0 #Ho

3a) Select §

4a) Compute s = log &

1+ "Kho
| 5a) Look up ;Kh°s and compuie.
Wy = 0M%/(1 + Hgs)
Zo = L + pos/w(E,)
6a) Proceed with step (1)

If ug< 0

(EO)L V(EO)L/uo

3b) Look up e and compute

D= e-'IM(Eo)L - - %) o¥(Eo)L/Hg

) Selecw % and compule

p =Dt (W(E)Lfwo - Tl
*We. do not consider here other forms of source than the momochromatic, unidirecticnal

one with energy Eg and angle u,. For other sources the neceassary modifications are
not difficult.

=16~



]_Zr_O <p

Sba) Compute Wyg(By) = J,0 &(Eo), (N = 0)
6ba) SBtart s nev particle.

It p <o
o a v (E)L
5bb) 8 = T T 1og(_1 - e | nE;)
6bb) Zg = L + pes/w(B,); look up e’Kw(Eo)Zo

D o ’KV( EO)ZO
1 +7Ku, ‘

Tbb) Proceed with (1).

Wo

- . All steps subsequent to the (0) step follow the same procedure, as
given below for the (n) step. We know E11 1s ”n 1, Zn-l’ -1
(n): n= 1, 2, coose
1) Lok up in Table A the quantities*
W(Ey1)s Oa(By)s Gy (Eyg)y - - o 5 Op(Bysy)
2) Look up in Table QIV |
. Kgp  such that  Eg< Bnoy K Egyg
| 2 < Za.1 € Bl
g = Kgp) |
3) . Look up in Table QV
B such that ;\‘t'< zn-l W(Ey1) ‘A?.,,l
( = g(By-y) Fp .
4)  Using Table QII
" a) If po > O determine ¢, 7, such that

. Bg < Fn-l< Eu+1 _ xz <—'xz'n-l< x':z+1

¥ This is partly a repetition of Step 11 in (n - 1).

-17-



b) If u, { O determine 0, -, t, such that

Eg < By  Eon1 x; < 'z‘n-l/""n-l L X4l
Ty By X4y |
Then compute A
H
Bpe =By * ﬁ:'z(nn-l - E)
If p, <0

. AV 9%
Tt = Hov * AE (By.y - Bg)e

9 = ifi‘i‘ {Jn-l Laye * E(-bp.1)(1 - Iy ) Hmt}

5) vComput‘eNqaaa+qb(abl+ab2+ab3+ e o o) + Q0

Then select § and determine
case a) NE < Qg

case bl) qgqag € Ng <qaqa g%,

case b2) QuQp + GO € N'?' < gy + ap(ayy + o)
case ¢) N - 9.8, < N§<N
Case a
6a) W, = -a': Wp-1
Ta) Using Table QIII, select 1; and find
B, Yg» AGgpy such that
By { Ep.1 { Egy15 Zp 1< %y

Gorp ‘(EQ < Gq,z41,7

Ey = By
4
Wa =W oT
D2 1 EE
ory

~18-



8a)  ILook up W{E,;) in Table A.

9a) Us“ing Table QI, select { and find Hgs 2:" s> Fgo 3 such that
ot

Fcfz\< §Fa+1,'?: ; A't< W(E,)Zy 5 < >"z‘+l

10a) Compute

Ay
= fg + ( - Fo' ) g
' E‘ AFqz
yaq™ '
Wy =1/2 —% W,
T ,
o7
Case bi
6b1) wy = Ny _
1 W% n-1
Tbi) Using Table QI, select. 5 and find pg, Dug s g2 such that
1 A¥fgy

Foe X 5 < Par1,zi A< (B 12 1 gy

8b1) Compute

o = o + By - o) i

9bi) . Select %2, look up cosn§2 end compute

o=y g By + AL - “né—l A1 - uE cosn€2
10bi) Compute

/2 2 2
w+w+Mi_1

My +1

_ Aug ("“’ Vo’a + Mi - )2

Wa =
3 AF‘V 2M1'Vw2+M§-l

By = By

v

-19-



Cage ¢

6¢) w1=_15_w

7ca) Using Table QII, with Hm'z: as found in 4, select i and find
AE;
H E,, such that

Hop < S1ng < Hgyy ,T 3 Xy {Ryy { Xpy

; N AE
8ca) Compute E, = Ej + E‘%. (Bmy - Hy)

AE,

o '
9ca) Compute W W
37N R R,

)

Hp-1 < 03 1 -3y 20

. Tcb) With B, and B, as found in L, gelect ]51 and compute

P =91 By -G {Jn-l Bz +(1 - Jn-))nm:}

8cbe) P >0

‘Select and;, using Table QII, find
_ dp %5

AEO,

o

' Hgg < Hm'r 52 < Ho+1,73 Xz <Ko,y < el

AE
Compute E, = 5; + = g '(nm, £, -E o"',)
. °T.' . o

Look up in Table QII

- such that x, < *xzn_'l\g X

JAV: BN

-20-.



8cbb) P o

Select §2 end, using Table QII, find

AE,
Ay ’ Hyts EBys such that

Bot € Epy 5, < H ;X <--___Zn°1<x
ot Emt 72 C oyl 48 Ey T

Compute
By = By + g (B Bp - Hoy)
| JAV: 2y

Look up in Table QII

AE,
-Zﬁ-;- puch that =z, <’KZna1 €3,

9cb) Compute

vy = v 1 Ip-1 By + (1 - Jp.y) Hpy |
%“1 AH
I w_,_(lem)AHot

bp.y 051 - Jn~1 0

Tcc) With K. aud H 4 89 fouud in 4 and using Table QII,

select l;'l and find

AE AE
g o v
ARy, ° OBy T Tow
Kc‘c < ﬁ% < Hcr+1,,’c *r < n=1S 41

x < “Zn;-l/ Hn-1 < Xg4a
8cc) Select § and compute
. 2

Py ZE—E_ E, - A%, o1t (1-3,.7) AT,

If p 0 compute

AR,
By =Eg + Y. (€ ey - By

and continue.

=21~



If p >0, start again at Toc. N
9ecc) _Same as 9cb. ) .
'10¢) Compute @ = VEn/En-l . Select é'o Look up cosx %. Compute

By = nel o+. 1'-p§=]: 4ﬁ.- Goalcou% °

11) Lok wp v(Ea) and g(En) in Table 4,
It p.n »0 |

128) Select §°

13a) Compute & = T

1 _
.log ¢
1ka) Lock up e ¥n8

15a) Compute

W, = wqy S
- 31+%>

Zp = Zp_) + Wps/w(R,),
16a) Prozsed with (r + 1),
o o
12b) Iook w o -1 o, o En)Zne1/tn and compute
pa o PRI L (o 1) HEdntfon. |
13b) Select § and_compute
P DE + () Zno1/on e-"(l'n)zn-l
1lhba) -.‘.Compute
L s(%) = w3 InD o(E,) (N = n)

15be) Start a2 new particle



If p <0

1bb) 8 = - S — log {1 - eKw(En)zn‘l D%)
. 1 +7Kuy '

156b) 2z, = Z . + u e/w(E,)

g
Look up e w(En)Zn and compute

16bb) Proceed with (n + 1)

Note that the thing determined by all this computation is the

value of W, g(E,) averaged over all particles treated.

6. The Why's and Wherefore's

- The impoftance function Q has been previously selected as

Q=G g(r) o SHEZ gy
+ g(E) &(-2)
where
£(2) = 1, Z >0
= 0, Z <0.

In examiﬁing the prescriptiqn of Section 5, we will state the probability
functions p as determined by the physics and will also state the P as determined
by the prescriptions in Section 5. The weights (wf of the particles must be
multiplied, at each randam selection, by the corresponding value of p/ﬁﬁ >This

will be compared with the instructions given above.

-23- .



Further, the reasons for the choice of the various P used in Section 5
will be given. In many cases 1t was necessary to select a T which was relatively
easy to compute, rather than one which might have been desirable for other reasons.
Since the process of determining the D proceeds best in the reverse order from
that of Section 5, we discuss Section 5 in reverse here.

6.1 Steps 11 through 16

We are concerned with determining Z,,; already knowing E, and By and,

of course;, Z

n-1° One may write

Z = Z 1+ [un/w(ln)] 8

and determifle s. Clearly

p(s) = &®
Q(s) = ¢ g(x,) o W(Fa)n €(2y)
o+ e(®,) €(-z,)

= ¢ (B o Fa)n1 e 8[2‘11-1'(‘11) + "na

+ g(By) E(—Zn_lw(kn) - Ups).

On the basis or'_the goneral rrinciples of the quota-sampling procedure, one

wants

B(8) = p(s) Q(s) /T p(s) Q(s) da.
[ %

8Steps 12 - 15 in Section 5,(11) correspond to a choice of s at random

according to the probability density P(s). Then, one should have

- p(s) Q(s) ds
o _pls) _o

3B Q(s)

. .



That this statement is true for 15a, lkba, and 15bb is eaglly verified.

6.2 Steps 6bi through 10bi

The imporisance of a particle at Ep, Mps Zn.1 18 glven by the
o .

fp(e) Qle) da
o

of Section 6.1, i.e. by
AByhg) = 8ly) {7, exp(- T8z, 1)

+ (1 - Jy) eXP(Zn-]_W(En)/Un) f('pn)}
‘i’_lma s one should use
B(E,u) = p(E;u) q{E,n) {normalized)

to select By, u,- Now, for trype bi collisions*

, 2 -1/2

M 1 f

p(B;u) = (_L:_)- 1 - pﬁ_l -w? - w2+ aupn_lw}
harEn_l My g _

S M'i-lll'-'u.l
- Ep-l 2 R

It is clear that the use of p(E,u) q(E,p) for P will involve great effort.

On the other hand, except for H one ezpects no M; less than 8, and usuvally

higher. Thus E will often not zhange much from Ep.1s 90 that the major emphasis
is on the angular change. Also, the average of p(E,u) over all E is independent

of u. Thus, if one selects u from

Blu) = a(By_q,m) (normlizoﬁ)

* See Appendix I.



this modification should not materially reduce the efficiency of the quota
sampling. Of course, this choice of P{u) corresponds to quota sampling as if
the collision were elastic and isotropic in the laboratory coordinates.

The choice of Hy from this distribution is effectively carried out in
(n), Tbi and 8bi. One should note that what actually is used in Tbi and _Bbi

is not
1
B, _;sm) Iq(En_lyu)du
-1 . ‘

but .
Mo+l

Q(En_ly“)du' (“ml = Hg)

Hg ~ AF@%’
1 Apg
f Q(En,lyu)d#
=1

for pe < K { Hgele This is a consequence of using a coarse tabular interval.
Onze Hy is chosen,; we still need E,- Thus, we select ¢ according to 9bi,

so that¥*

' | -1/2
p(w’p) =% EL - ui - “?1-1 -w2 + 2"‘.1.1“11'1 cb:‘

and compute, according to 10bi,

w-;-1/«>2+bl§-1 2

By =By M, 51 ¢

These steps assure that En is consistent with Hpe Now then

AFgy
o
* See Appendix I, p{u | w) ;5 8ince an interchange of o and p is permissible there.

Bleo,m) = plwlu)
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‘i;(Eg“) = S(a 9“) % =

Thus, as in 10bi

. : » 2 |
3 p(Ew) . 1 [¢+’w2+}!§ “_1] Dug

TOWEW) P TETT AT,

6.3 Steps Ta through 10a

Type & collieions ere imelastic amd isatropic, so that

P(E;n) = £(E) g(p) vhere g(u) = 1/2

oxpresses the isotropic mature of the collision. Furthermors, we have assumed

that the possible final energies E'form,g discrete set, Et” such that if
Ey € Ep-1 < Eas1

the probebility that En =5 i Ygr + Thus we hav’e
B(Ey 1) = 1/2 ¥gy

and using q(E,n) as defined in Section 6.2, should use

% Tov Q(% ap)

1
;7@3 f Q(Ez- sht)dn
-1

5(37 .9'4) =

Mo

A selection from this distribution can conveniently be effectuated; this is

carried out in (n), 7a - 10a. The procedure is based on the equation

-27-



1
5(Ez 55-1) = ﬁ(“'Eﬂc)f P(E-g su) dp
-1

i;(Et 9“) - Q(E? ﬂ&)

f ‘l‘s(E‘z YT i q(E,.t. YL
-1 -

where Bluley) =

°

Thus, we first select E, from the discrets distribution

§<Er ) gj 5(E7 ,,;.l)ds.a
=1

and then selest u from 5(u.|E.c. }.

Step 7a is concerned with selecting E, and steps 9a and 10a concern the
selection of Mo The remarks in Section 6.2 on the coarse tabﬁlar interval used
in selecting w, from q(E,u) hold here alsoc., In fact the Hy, cholce 1s carried
out here in the same manner as in Section 6.2. |

It follows that, for ocur detailed methed of choice,

BiRyuy) = Blu |2) B(E,)

B(By) = G5 p41,p - %,799 for K, = Ey
m . o

- for = o
5“:1) AG:WV S

This gives & factor in the weight of w2/wl a8 in Ta. Further (note o and 2 have

new ineanings here, not as abovs)

BluyIRy) = y o Tor g Ky K Koy
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whereas p(pﬁ) = 1/2.
Thus

. 6.4 Bteps 7c tb:rougﬁ lOé' .

Ve are nov considering H collisions. Here the argument differs in
extreme from Section 6. 2. We select the energy in an K collision as if tho
process \nro straight atead. Thig is Plausible, since in gemeral a hich Qqu'gy
rarticle is pore important than e low energ ope, and the particlu losing 1qaat X
energy in a collisien are thoss most forvard Further in sn H collision the
angular distribution is markedly fomrdo

Thus, rather than use

P(E.u) q(E.u)
de/du P(E,u) a{B;u)

to select E, and "‘nf. ve select E from

Q(xyﬂn-l)[P<B.9“) au

f e, ) f au p(::ﬁu)] a
and then select p, from
p(uiE)
that {8, from the actual probability density for By 1f E, is Imown.

¥E) =

Row, from Appendix I it is apparemt that, with M = 1,

fPnytt)du =1 au ~ (Eg Byq)
Tl d g uﬁ_l -2 -2, 2uu°q)1/2
L1
R -
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so that
=3

P(E) = a{Em ) (B sy .1 JAES

-0
This function cammot be tabulated direstly as it depenmds on the four variables,
Er.15 25 bp.1s E. Bowever; if we define H(E,x) as in Sectiom 5 (see discussion

of Table QiI) we have
B(E’Jag =

Tn-1 B(E, BBy 1) + El-pyoy) {1 - By.y) E(E, :%2

Toed M0, K2 4) + 6oy ) (1 - Tgy) H(Enul,‘f:"l)
-1

The procedure of {n), steps 7ca - Sca, Tcb - 9¢cb;, and Tcc - 9ce, are
concerned with selecting E, from B(E); including, of course, the necessary modi-
fication to permit the usé of a ccarse set of tabuler intervals for H(E,x).

Thus for Tea - Geoa, where Pyl # O the procedure of Bca gives

wooy o DHgy  q
P(E) = AE@ E;;" for EG <EL Eer-l-l..

and; gince
r(E) = 1/R, ,

one has v3/v1 as in 9ca.

Por T¢b - Jeb, the distribution used is

Ty By + (1 - Jpoy) By



for B;{ B £ E,,; ond = and t are so sele@ed as to xzorrenpon@ to 2, , and

Zn-1/¥p-1-. | |
Since here 1 - J;_; 1s, by hypothesis, pdaitive, one has to select

-

E from a sun of two distribution.' This is carried out by deciding on one or the
other with one game of chance and then selecting E with & second game of chance.
Thus, which of the two distributions (the t or ) is decided in Tcb by the sign
of p.  For these results, one has the nett; .slte.pg‘.:lh 8¢ba. or Bébb.
Now élea.r]y
$(E) = 8lp.» 0) B(zlp > 0)
+B(p < 0) Brlp C o).

From Tcb . R
Ble >0l =1-8p<o)=
- s By ot B+ (1 - ) By 5
from 8cba L .
SElpy o) = 22l g ¢ :
pLEW ——fﬁ_;;AEU o (B LBy 5
and frop 8cbb
B(zlp < 0) =§Z—$ | B, <ECE,,
so that | AE AR,

o el t - I mEy
p(E) = '

Jp-1 B * (1- Jﬁal) Ent
whence, with p(E) = 1/Eﬂ_l; the value of V3/w1 specified in 9cb is easily seen

to be p(E)/p(E).
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Wher: 1 - J_ 3 < &, the dsvice used above 1s no longer applicable.
The procedure used in this cese, in steps Too - 9cc, consists of selecting
E as followss

Selsct E from the dietribution
E’ KT ot e | e
%( ) AEF Emr for Eg < E < EU+1 *
Eeep thig E if, amd only if
0y gJ-,fA_Eu,ﬂ.‘I_g Aly In-a +(1 - )AH“
L7l Rey, T |BE, -l IE,

where g . is a rendom variable equidistributed in the interval (o, 1). Thus

Bo(®) Bp < 0]®)
fax PolE) p(Jo < olE)

‘ao

but
AE PN |
. AEgr Jn-l + (l - Jn-l) -EE?
p(_p { OIE) = -
5 . Oy
ol BE,
. - I _ + (1 - J,.1) By
Jp-1 nn'c
From this we have IN: . AR

T g - gt
_ “1E§'—+(1 Jn'l)m'&'




Thie is the result desired, so that w3/wl is correctly the same in 9cc as in 9c¢b.

6.5 Steps 1 through 6

The eonaiderstions of Sections 6.2 - 6.4 have given us, to the degree
of approximaticn used therein, sn estimate of the importance cf types &, b, and ¢
collisions. The scheme used Iin 6.2 glves equall importance to all type b collisions,
independent of the mass M; involved.
Thus, from 6.3 the importance of a type & collision is
1

Z; Tor | AlEpsuldn = Ky 4

-1

Mo fi-

where

EU{ E ,<E, a0dZ, <Zu98%, -
Similarly, from €.2 one tme for the importance of a type b collision,

songistent with the modificatioms of 6.2,

1
% =fq(En-1su)du = alBy )l for A Zng M(E ) £ Mo
-1
Fm‘*thar;g from 6.4,

=1
4
L =5 q(E’ 51y, _q)4E

= ‘i:i':jl“ [Jnml By *+ E(-bp-1) (1 = 1) Bmt;l

Tre validity of the choices of rtep 5 sm? the wyfw, 1 of 6a; 6b, snd 6c are clearly
conpistert with the abovs.

@3 3w



7. Conclusicn

I hope that ‘foll‘lc.ﬁﬁ.mg tha shove procedurs will enable the estimation of
<g(E)> for a particular case to an accuracy of some 10%, say with somewhere
around 100 perticles. An experiment carried out in thig wvay will be extremely
informative. Of sourse, ore will atudy in some detail the distribution of the
values of Wngl{E ) for +he warious particles to discover the sfficiency of the
technique and the error in <g( E)> o

Eurthemarg s While no mevtion of the possibility has heen given above,
1t 1s clear that more than ome problem can be solved at a time or, in other
words, given the emlmim of ¢e preblem, cne can change the pt&sical para-
meters and obtsir the avswer io the problem thus a.pfined by merely recomputing the
welghts. This is né't meh work compared with the total effort involved in a
somputaticn.

Clearly, the limitation %o be imposed on fhiﬂ procedure 1s that as the
modified problem differs move from the uvnmedified s the variance of the answer
increases, provided the original quote sempling procedure was reasonably effi-

clent.



APPENDIX I

Collisicns Elastic in the Center of Gravity Coordinate System

Asgume a neutron having a velocity iniﬁially of t, collides with a nucleus
of mase M. We wish to find the pro‘baﬁbility density for the energy and direction
cosing gb E and p, nf the neutron after the rollision. We have, in the center
of gravity system bafore the collision; for the neutron veloeity,

M .
i+ T?O

2

whence after the collision
M oo q'
M+ 1 o
where e’ iz = unit vector selected at ramdom frow an isotropic population.

Hence, converting heck to the laboratory reference frame 3

- o
V:—-.‘L-VO'F‘WM‘VQE °

M+1 M+
1 >
Now let A = v g Ta
80 that -1< A< 1 p(k‘):%
~® VvV E
and let K = Ly o= D
2R,
o _
tha w2 - L )2 M2 + x}
80 that L = Vr_ :;N:I [ l + M
end o lew g1, p(P) MM 2 (E)
‘ Wl it -1, 5.
‘ ' i = Mg
Further, if O= .. T ¥
: : YoV
M+l M-11
=TT RS



where

Thug*

and

peugw +HL-p2 1

p(l{)ﬁ% 0< &<
plufw) = -p(f) %%— =% [l - pi - w2 . pf s -2;1310:»]

' 2
p(Bu) = (8} pluley = QL2 1)

-we

YME

o]

-1/2

~
[1=u§ - w® ~u2+2uuow]

-1/2

* p(u | ) means probability density of p if a.
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APPENDIX II

tstract Report on a Swail Monte Carlo Computation

A semi-infinite homogensous and isotropic plane slab was studied. A source
of particles was placed in this slad sixteen mean free paths from the boundary
of the slab. Isctropic scattering was agsumed, and no energy changes were
considered. The particles leaving the acurce were directed toward and normal
to *he boundary of the slab.

Fifty particles were aongidered. Importance gampling vas used throughout.
The computation was carried out on & hand machine in gomewhat less than two
man weeks. The resuils chtained are given below, as & function of probabllity
of suryival in a collision. Thus, & parametric study in terms of chenge in
composition hss been sarried out., It is hcpeéy at some future date, to find the

effert of vaerying the scattering law from the isotropic cass.

Probability éf Survival Probability of Penetration Percent Probable
in a Colligion L . " FError
0 0.113 ® 1076 (e'16) : o
.3 0.260 x 10“6 18%
S 0.335 x 1076 1h%
5 0.478 x 10“6 10%
.6 0.863 x 10'6- 11%
et 2.48 =x 10-6 21%
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