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National lLaboratory.
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MONTE CARLO METHODS FOR SHIELD CCMPUTATION
G. Goertzel and H. Kahn

Introduction

There is at the present time no reliable method available to
compute the attenuation of a shield. It is likely that suitable methodﬁ
will be developed in the next few years.

The Monte Carlo method (1, 2)* for calculating attenuations is
one of the most promising candidates for development. 1In this report we
discuss the present state of the Monte Carlo method as applied to shield-
ing computations and what we expect to be obtained with further develop-

ment .

The Basic Method

The Monte Carlo method is a random sampling process. To apply it to
a shielding computation one might propose to sample typical life histories of
particles by playing the following series of games, One considers a particle
traversing the shield, First he decides where the particle makes its colli-
sion. This is carried out by playing an appropriate game of chance.** He
then decides, again with a game of chance, whether the particle is absorbed
on the collision or follows some appropriate alternative. The decision is
then made, with a game of chance, where the particle makes its next collision.
This process is continued, collision after collision, until either the particle

escapes the shield or is absorbed. As a result of this series of games of

# See 1ist of References at end of report.
##  Such as the spinning of a roulette wheel or, more conveniently, the selec-
tion of a set of digits from a table of randem digits.
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chance one has obtained a life history of a neutron incident on the shield,
selected at random from the population of all possible life histories. This
process is repeated until the number of particles which have penetrated the
shield is large enough to give a good estimate of the probability of pene-
tration.

The relative probable error of an estimate obtained in this manner is

given by

0.67 ((1—p)/(Np) )i s

where p is the probability of penetration and N is the number of particle
histories, so that Np is the number of particles which have penetrated the
shield. In a shield p is much less than one, so that for a relative probable
error of 10% in an estimate of the penetration, one must trace enough histories
that almost one hundred particles penetrate the shield. Thus one needs 1¢0/p
particles, which for a p of 106 means handling a hundred million particles.
This is prohibitively large.

The necessity for the introduction of the probable error as in the last
paragraph arises from the statistical nature of the Monte Carlo method. The
significance of the probable error and thus the meaning of the type of informa-

tion obtained by Monte Carlo is briefly discussed in the appendix,

Modifications

Various modifications (3, 4, 5, 6, 7, 8, 9) of the above described
primitive Monte Carlo technique have been proposed in order to reduce to
manageable proportions the work necessary in carrying out a penetration cal-
culation. Three of these, each of which make it possible to carry out a

computation are:



1 Splitting,

2 Statistical estimation, and
3 Importance sampling. *

It is our belief that the third method is of broadest applicability and is to
be preferred to the others. However, various combinations of the three methods
may be used and in many problems may be advantageous.

Statistical estimation is a combination of the Monte Carleo method with
analytical procedures for handling certain parts of the problem. For example,
the first and last collisions may be partly treated analytically. (5)

Both the splitting and importance sampling methods are based on the con-
cept of the importance of a region in phase space. (3, 5, 6, 7, 8) A particle
is characterized, say just before it makes a collision, by its position in the
shield and by the direction and magnitude of its velocity. The probability
that the particle will eventually penetrate the shield depends on its velocity
and position just before a collision, This is the ideal importance of the
particle at the particular time in its history considered and is thus the ideal
importance of the corresponding point in phase space. O0f course, the ideal
importance as so defined is not known, or there would be no problemn left to
solve., However, an estimate of the importance of the various parts of phase
space can be made. This estimated importance function is used in both the

splitting and importance sampling methods.

* Importance sampling is the term used herein for what has in several reports
been called "quota sampling." (3, 5, 6, 7) 'le believe "importance sampling"
to be more descriptive.



In the splitting technique, whenever a particle passes from a region
of lower importance to one of twice the importance, it is split in two and
thenceforth treated as two particles. If it passes back into a region with
half the importance, it is forced to play a game of chance in which half the
time it will be killed. 1In this way, more of the computation effort goes into
studying the more important regions.

In the importance sampling method, the importance function is used to
modify each game of chance to be played in such a manner that the particles
are encouraged to travel into more important regions and to avoid the less
important regions. Thus, each particle eventually penetrates the shield.

In both the importance sampling and the Splitting methods the games
of chance have been modified from the form suggested by the physical situation.
This is compensated by giving a weight to each particle in accordance with the
modification of the game of chance. Thus, each particle which penetrates the
shield represents not one particle but that small fraction of a particle given
by its weight.

The modifications of the games of chance as used in toth the splitting
and importance sampling methods are completely compensated by appropriate use
of weights, so that the expected answer is not at all changed. Thus, these
modifications are not approximations that affect the expected value of the
final result. Rather, good choice of importance function and good technique
have the effect of decreasing the number of particles which must be studied
in order to obtain a given probable error. Tt is here, into the importance
function, that one's prior physical knowledge is inserted. The better this
knowledge, the better the importance function and thus the more efficient the

computation.



Conclusions

Shielding computation embodying the above principles have been carried
out by T. E. Harris and H. ¥Kahn at Rand, S. 7. 7. Shor at Fassachusetts Insti-
tute of Technology, . Goertzel at Nuclear Development Associates*, and H. ¥ahn
and 1.. Nelson at Oak Ridge National Laboratory.* In light of the results of
and the experience gained in these calculations we feel that the following con-
clusions may be tentatively accepted:

1 An attenuation computation for a specific shield of homogeneous
material and plane slab geometry can probably be carried out at present
on hand computing machines in from two to six man weeks.*™ Some fifty
particles are necessary and with sagacious choice of importance function
the estimated probable error should lie in the range from 5 to 30 percent.
Of course, the ability to properly choose the importance function will
depend on past experience. However, a pilot computation will in general
aid in choosing the importance function if the prior knowledge and exper-
ience of the computer is not sufficient without this assistance.

2 It is quite likely that, with increasing experience, with
development of the methods and of special techniques, inhomogeneous
shields with arbitrary geometry may be studied in times of the szme
order of magnitude as in 1.

3 It will often be possible to carry out parametric studies,
such as determining the effect of small changes in shield composition,
without a great increase in the amount of work recuired.

Because of these conclusions, we feel that there are two fundamental
reasons for continuation of the development of the Monte Carlo method:

1 It is useful for shield design purposes and may turn out to
be the most useful method available.

2 It is needed at present as a check and counterfoil for the
various analytic techniques which have been and are now being developed.
The lonte Carlo methods are more useful in this respect than experiments,
since there exists the certainty that the comparison of ¥onte Carlo and
analytic results are hased on the same phvsical data and assumptions.

* The NDA and CRNL computations were carried out in connection with the
Oak Ridge National Laboratory Shielding jork Session, Summer 1949.

#%  This estimate does not include a duplicate computation for checking.
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Recommendations

Three lines of approach to further development of the lonte Carlo
methods are recommended:

1l The actual carrying out of useful computations with present
day techniques. }any such results are desirable for comparison with
experiment, for design studies, and for comparison with analytic tech-
niques. The experience so obtained will be invaluable in striving for
improvement of the calculation process,

2 A formal study of the statistical situation involved in the
modified calculstions. This is desirable so that one may determine
with more certainty the reliability of his results and thus avoild
considering more particles than necessary with the concomitant in-
crease in work.,

3 A study of how to use the results of a calculation to deter-
mine an improved importance function. It is conceivable that if this
can be done well, two separate small calculations may be so performed
that the final result (that of the second calculation with an improved
importance function) is more reliable than would be the result of a
single large computation. It is clear that improving the probable
error of a computation by considering more particles is a relatively
inefficient way of improving reliability.



APPENDIX

As was mentioned in the text, the fact that a Monte Carlo computation
is a random sampling procedure means that one cannot say that the probability
of penetration is p, but must rather state that an estimate of the probability
of penetration, p, is given by m, where m is the result of the computation.

The latter statement is incomplete unless one has a measure of how well m serves
as an estimate of p.

This situation is clearly not unknown to the experimental physicist,
as the results of measurements are in this form. OCn the other hand, it is not
a usual situation for theoretical work, but arises in the present case because
one is not carrying out a mathematical computation in the usual (analytic) sense,
but is carrying out a mathematical experiment with the aid of tables of random
digits.

The result of the Monte Carlo computaticn is a set of weights for particles,
these weights corresponding to a sample of particle histories selected at random
from the population of all possible particle histories. The arithmetic mean of
the weights of all histories in the population is the desired penetration prob-
ability, p. An estimate of this is m, the arithmetic mean of the sample weights.
The reliability of this estimate depends on the distribution function of sample
arithmetic means. This is not known, but it is known that for sufficiently large
samples the distribution of sample means is normal. If the assumption o normality
is made, one estimates the parameters of the normal distribution from the sample
by the usual statistical procedures. Thus, one uses the sample mean, m, and the
probable error, d, estimated from the sample to approximately determine the normal
distribution from which the sample was selected. (Actually, Student's distribu-
tion, not the normal, should be used here. These are identical for samples
greater than 30 particles.)
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On the basis of the above, one may make the following statement about
the population mean, p:

"The probability that p lies between m -~ bd and m 4 bd is given by k,
where the relation between k and b is given in the following table."

k b
0.50 1.000
0.70 1.537
©.90 2.439
C.95 2,758
0.99 3.819

The major difficulty with the above discussion is the fact that it is
not known whether one can safely use the assumption that the sample mean is
normally distributed in any given calculation. This point is under investiga-

tion.
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