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ABSTRACT

The penetration of neutrons through a thick shield is

analysed with the aid of the Boltzmann equation. If this is

written in the form for a plane source

(jJ3T*°)Fs iff +W^(2n*1} ^'n** (H)
corresponding to the expansion of the flux nv in Iegendre functions

F8^fl(2a*D Fn *n <p)

the Boltzmann equation is equivalent to an infinite set of equations

in Fn„ For the special case in which the coefficients C are independent

of the distance z, methods are developed for calculating Fn numerically

in terms of the discrete and continuous spectrum of the homogeneous

system* If the shield contains some heavy elements;, an approximate cal

culation for the high energy region can be made in which CQ is determined
*

by the elastic scattering from these elements„ The calculations are

shortened by a systematic use of the recurrence relations,,
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In the case of a shield material containing some heavy elements

whose nuclei scatter neutrons chiefly in a forward direction, a large

number of spherical harmonics may be required to represent the neutron

flux at any point of the shield. The analysis of the problem with the

aid of determinants of large order may be less useful than a method of

calculation based directly on the recurrence relations between the co

efficients, and the purpose of this paper is the development of formu

las convenient for the solution of a reduced form of the Boltzmann equa

tion of the problem. Some extensions of formulas of Verde and Wick-/

are derived, and a numerical calculation with the aid of the continuous

spectrum of the system of equations is outlined.

Introduction

If the flux nv per unit solid angle and per unit log energy

interval is expanded in a Lsgendre series

1 °°F-XT Zo(2ntl) FnPn (/a)

Some stationary distributions of neutrons in an infinite medium,
PoRo 71, 852-864. (194.7) 1 cfo Go C„ Wick, Space distribution of slow
neutrons, P.R. 75, 738-756 (l949)s also R. E„ Marshak, Reviews of
Modern Physics 12, 185-238 (1947).



the Boltznann equation for the problem with a plane source of neutrons

27
can be writte

oo

(1) (' £+«)F -&+wI(2ntl) °"r* p"(")
Here F • nv, c is the total cross section of the material, z is

a distance from the plane source, u is the cosine of the angle between

the neutron velocity and the z-axisj and Cn is a coefficient which may

depend on energy, (and on distance in general) and is defined by the

various scattering functions of those nuclei whieh scatter elastically,

as well as on the energy distribution; hydrogen and possibly other

light elements are sometimes assumed to function as absorbers for an

energy region where o* is considerably increased after the energy loss

associated with one average collision. Here Cn is calculated from the

elastic scattering functions for the heavy elements only, and is essen

tially independent of z in this approximate treatment.

Introducing a Fourier transformation with respect to z, which

replaces oVBz by -ko-* p, and replacing Fn by its transform Gn, one

obtains from (l)

(2) (1- kp) 0- Jp^+ ^ Z<2n* 1) GnGnPu (fx)

2/ See GRHL-424-, equation (3)
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If each side is multiplied by ?n (fx) and the result integrated

over the unit sphere, the result is

(3) (2n +1) On-k|n 3n-l +(n+l) QnA =£ao */*+ (2n+1) cn Qa

Let \ s 1- Cn,^s 1/k, Gn s 0, n<0. Then

U) (2n+l)Xhn0n - [aQn-i +(a tl)Qil+i| *ASnoQ/o- ns 0, 1,2...

Consider a set of homogeneous equations

(5) (2a +1) *hn Ga - |_n Gn<=1 +(n+l) gJ =0, a- 0, 1 ...

Multiply U) by Gn , (5) by Gn, and subtract the latter productj we

obtain

(6) (2n+l)(*ha-XhQ)Gn Vn (Vl °n " 5n-l an>(a+l)(GnGn+1-an Gn+1)

=X5ao % Q/r o

Adding the first N+l equations, one finds

N

(7) 2l(2w.l)(Ahn-Xhn)an 3n * (»+!)(% %+r % 0H+1) =A Q0 0/<r.
0

The solution for a finite number N + 1 of equations

It is assumed that N is arbitrarily large, and that GN+1 = 0 .

For Q= 0, hn = hu ,A / X, from (7) two distinct solutions satisfy

- 6 -



the orthogonality relation

N

_ (2n*l) ha Ga Ga - 0 .
a=0

Hence roots A. are real if ha is > ,05.. Also from (6), with A arbitrary,

but only the first m ♦ 1 equations or the last N-a satisfied,

(9) mX(2n*l) ha Ga2 - (n»l) Gffl2 ^ (3**) -0
a«0 \ vm /

N_

(2n +l)hnGa'i+ (m +DG/ -^ ( "fn 2 > /_ , -, x r 2 d / Q»+1

ass+l

If h_ = ha and Ga represents the solution for the non-homogeneous

equations, from (7)

(10) ^- x _ Xfio Q/o"2>ntl) b^ Ga Ga - ^;fc
n»0

(r)Let G have a representation in terms of the eigenvectors (Ga ),r=l...N 4-1

^- (r)
»a « y «r an

From the orthogonality of distinct eigenvectors, it results that

"r - -r-r- t,

0

^-=p%» V=-^'» ^-k"1 .
- 7 -



The inverse Fourier transformation gives the result

ioo (r)
(p) dp-

i oo

(11) Fa(z) - -^ feP3 Ga
^ioo

(r; P <s\

a n
-s(r) Pd*^ ePz G?J q/ddp

CP-Pr) ^ (2m41) h.Oi
ra

(r)l
ra

-kj. o"z
QQ<*> Gar> k, e

(r)ir ^T(2m4l) hmGm
m

Besides the value or values corresponding to the discrete spectrum

(X>1) the values on the continuous spectrum (X<1) may be important. The

constants C become negligibly small in practice for n> nQ, and for h * 1,

the recurrence equations for X<1 have solutions, Pa (X), (^ (A), the

Iegendre functions of the first and second kind. For large n, =/ A.= cos9 ,

(12)
f(n +l)

tf/4*<^*fc^ 7^ *[<■♦*>••

Qn(cos9)
\2 sin^

f T(n 4 1)
——: _cos

r(-f)
(n +i) ©47TA

1/ Hobson, Spherical and Elliptical Harmonics, p. 297.

- 8



^R+1) ^(n*i)
r H)

If the values of Gn (n$n0 + l) are determined for small 1 -X ,

small values of 1 -X are required for large distances from the source,

and power series in terms of powers of 1 -A can be calculated without

difficulty), the solution for n > n0 can be found from the conditions

(13) S,•A Vt \ wt»f| \ w

Vi =A^Vi(AUB\/lviW

%W - i !
1

M
r i+.>\ x— , ,m

pa (»'iift(-Yrd*2_am (1~x}

where the Cauchy principal value is chosen. Hence

Gtt(A)^ [(a +i) sin el (A2+B2)sin |i

and for N larg

a9* 5 + d * +-«" B
2 U



N

(2n +l) G^ = A24B2
sine

N -
cos (N6 + 2oc) sin (N+l) 9

»1
sin 9

0C = _9_ +X+tan-14-
A2 4

b(***)sine

(The first equation (9) gives this also).

The density of the roots of G„ = 0 is found from the asymptotic expression;

we have approximately

sin(N9 4 oi) - sin (N9~ 4 oC) ,

N (9'- 9)= 7T, A9 = JT/X

A - cos 9 ,

AA: - sin 9 A 9 =- |/l-X2 A9

. . \ZoTx2) /r/N.

Then

and

p(X) *
AX

N

TTsin 9

N

J (2n+l) ha Gn2 =%f> (A) (A\ B2)

10 -



Hence

( \ ( \ ~^r ^z^ AXr/o (Ar) Qy;gyV e Afc
F*(z) " Q̂ 7r/>(Ar)(A^B») AA^ s"^

r

- -ko'z i \ t \ "^r ^MJ_ p^GQ(k)Gn(k)e ^dk+ /QJrMg)tf«
* T( Jl (A2 +B2) k +QS ^(2lB+l)hiaG(r)2

m

The second integral represents the contribution of the discontinuous

spectrum.

For the calculation of the functions Q one has the relations

XQo- Qx= 1 Qo^ln^;
l«* A.

n Q - (2n+l)XQa + (n+l) Qa+1 =0. n = 1, 2, 3, ...

Calculation of Ca .

If the elastic scattering as function of the angle for a given

scattering nucleus is of the form

Ogf(/i)d.a, n • cos 9 , evidently

2X \*W d/a= 1

For scattering which is highly concentrated in the forward direction,

approximately

- 11 -



f (p) - y^ e

The constants c^ are defined by (c. t. ORNL-424)

CnM) =27T ff (p) PB</0dnflf <J») ?m

Now if the total cross section, the reaction cross section and the

transport cross section are known, we have

(18) &

£{ (" w/&
2 ( -2ac -4 at -6 ex A

•— - 2 \^ e +e +e +J

Hence ot can be determined from these cross sections, which will be

taken from the curves of Feshbach and Ifeisskopf, (Physical Review, 26,

p. 1551, (1949) ) .

We have

-oc

(19)

m *

M -OtM rjjr-
Gn " 2*M e fn <<*M>, fn^= |/ji W (*>

A useful recursion formula is

- 12 -



2v

Iy-1 (z) - ^i(z) = -5- ^ (z)> v = n + i

For several scatterers,

rr~ ^S M)
(20) Ca - 2_ -F" cn

H

M
If a single heavy element is present the coefficients c may be

computed from the recursion formula for Iy. (oc) and the relations

(21) Ia (z) MhrT °osh z, l£ (z) =y^i" siah z
ITz

cn " 2^«""w W
2n+l _ 1 0 o

c - - c , • c_ n - 1, <c, 3 . .
n-1 n+l oc a

"Of- cA^U n, «_ 9 O a-0t r 1
bosh oc -
L *

c = 2 e"^ sinh «., cj_ • 2 e jcosh oc - -^- sinh oc

Discussion

The calculation of the discrete spectrum is carried through by

setting up equations (5) with GQ = lj trial values of x are used

until a value is found such that G becomes a positive fuactioa of

a up to a = N, (N ru 12 in one application). When the trial value is

too small, Ga becomes negative; if too large, after an initial de

crease G starts increasing, contrary to the requirement that
n

Ga _> 0,n -> 00 .
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When a continuous source distribution is present, the cal

culation is required for several values of the energy, after which the

functions Fa(z) given in equation (11) are to be summed or integrated

over the energy distribution.

FHMslg
6/28/50
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