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SOME THEORETICAL PROELEPIS I N  NUCLEM ALIGNMENT e 

do Mo Jauch and A. S h o n  

I, INTRODUCTION 

The d i r e c t  method of nuclear alignment leads t o  an appreciable e f f e c t  

only i f  the  magnetic f i e l d  H and the temperature T are of such magnitude 

t h a t  

l It was pofi ted out by Rase and Gorter t h a t  nuclear a l i g n m n t  could 

be obtained fo r  nuc le i  of paramagnetic ions under much more favorable 

conditions i f  there exfsts a h,f, couplbg  between the ion and the  nucleus. 

A search f o r  altgnment i n  the  case of the Mn nucleus has not yet 

given any posi t ive resultsI We s h a l l  therefore examine once more the 

theore t ica l  foundations of t h e  effect .  

In  the course of this work w e  s h a l l  pay spec ia l  a t ten t ion  t o  an 

objection t o  the theore t ica l  predict ion of  n u c l e a  alignment w i t h  h,f, 

coupling ra i sed  by Bleaney 

(or  alignment) requires  magnetic f i e l d s  so  strong that the e lec t ronic  s p l i t t i n g  

2 Bleaney believes t h a t  the nuclear polar izat ion 

is  large compared t o  the h o f ,  sp l i t t i ng .  a l so  believes t h a t  t he  di!U:ion 

of the sa l t  must be s o  la rge  a s  t o  reduce the l i n e  width of the magnetic 

levels t o  an amount less than the h.fo spread. Both these statements are 

wrong a d  lead t o  much too r e s t r i c t i v e  conditions on the experiment, 

Rose and Simon 3 have recent ly  answered these objections. iie s h a l l  give a 
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s l i g h t l y  more rigorous derivation of t h e  same r e s u l t  and develop a general 

method t o  c a l c d a t e  higher order e f fec ts  i n  t h i s  type o f  pmblem . The 

general  theory i s  then used t o  evaluate e x p l i c i t l y  the order of  magnitude of  

the correction Bleaney visual ized i n  h i s  appraisal  of the method and i t  i s  

found. to  be negligible.  

A d i f f i c u l t y  which w i l l  reduce t h e  expected effect r e s u l t s  from an 

e n t i r e l y  d i f f e ren t  q m r t e r ,  however. 

absorpt ion(b the  thermal neu%rm region of the l e v e l  wi th  the o the r  value 

of t h e  resu l tan t  spin,  

This i s  due t o  t h e  contrfbutfon $0 

1 
The da+a avai lable  a t  present seems t o  indicate  a 

possible  reduction of the expected e f f e c t  i n  a neutron absorption experiment 

(with Mn) by about a fac tor  of ~ W Q ~  

11. THE Lf, GOUPLIE TEORX 

1, The Interact ion Ctperatola 

Abragan and Psyce 4 give the  follow5-ng general expression f o r  

the  h.f. in teractfon e,mrgy. 

This i s  cor rec t  only f o r  the submatrix of W re fer r ing  t o  the (2L +1)(2S 3.1) 

dfrnensional subspace o f  t o t a l  o r b i t d l  angular momentum L and spin S o  - L9 2 
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are the vector operators for  these quant i t ies ,  

there  is spin-orbit  in te rac t ion  which splf%s the  mult iplets  or a st rong l o c a l  

e l e c t r i c  f i e l d  which quenches %he o r b i t a l  motion, 

This is s t i l l  cor rec t  i f  

The various quant i t ies  enterlfng i n  the  expression (2,l) are: 

the nuclear g-factcr 

- e' nuclear magneton 
p d -  276 

averaged f o r  the 33 - elec%ron s h e l l  

a numerical fac tor  dependhg on t h e  configuration and the 

termo For the normal states (foeo, the states o f  maximum 

s .and L compatible with t h e  exclusion pr inciple)  which are 

ground terms according to HundOs rule can be given by 

a numerical-factor a r i s ing  from the  admixture of other 

configurations 
3c 

For the Mn* - ion we have the term 6s fo r  the ground s t a t e o  For t h i s  

term the  operator L is zero and consequently Whf reduces i n  th5s case t o  



I n  order to  obtain a c l ea re r  understarding of the or ig in  of the 

terms in (2.8) a& espec ia l ly  of the term (2,3) we shall give an elementary 

derivation s t a r t i ng  from first principles ,  

The Hamiltonian for  an n-electron system in a magnetic f i e l d  s H = V x  A 
is given by 

+-v 
Here we have included in V a l l  the terms a r i s ing  from the Coulomb e n e r a  of  

the nuclear charge, the Coulomb in te rac t ion  of the electrons,  the spin-orbit  

and spin-spin in te rac t ion  and the poten t ia l  energy due t o  the c rys t a l l i ne  

e l e c t r i c  f i e ld ,  

a r i s e  from the magnetic moment of the nucleus, because these terms lead t o  

We are only in te res ted  i n  the l i n e a r  terms i n  - A and _.. H which 

the h,f, coupling term (Zol)o 

a s  an order o f  magnitude estimate e a s i l y  shows,, 

The quadratic term i n  c A is ent t re ly’  negl igible  

The vector po ten t ia l  -..3 A(x) 

a t  the point  due t o  a magnetic located a t  the or ig ln  - 
is  given by 

Thus 
YI 
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a 

J 

T b  first term of ( 2 , 6 )  is eas i ly  evaluated, Subst i tut ing (2,5) and 

usfng the vector i d e n t i t y  

by some average over the d-shell  (only’ d-electrons contr ibute  I 
7; tie now replace 

to the sum since a l l  the o the r s  are i n  closed she l l s ) .  I n  t h i s  way we obtafn 

f i n a l l y  

wi. t h  

V t (  

This accounts f o r  the f 5 r s t  term i n  (201). 

The remaining terms i n  (2,b) a r i s e  a l l  from the  second t e r m  i n  (2 .6)  

which we must examine now more carefully.  The evaluation o f  t h i s  term is 

somewhat i n t r i c a t e  on account of the  s ingularf ly  of the vector’ potentia3 a t  
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1 

. 

the or igin,  The s ingular i ty  a t  %he or igin gives the  singular contribution 

f o r  S-electrons discovered by Fern5 5 and contained in the -term i n  (2,1) ,, 

If we disregard the s ingular i ty  fo r  a moment we obtain by d i f f e ren t i a t ion  

I n  order t o  exhib i t  the singularity we write H(x) i n  a Fourier 
I _ -  

representation, Since 

Since ( 2 , U )  is homogeneous of order zero  in k the sl”rrgularfty a t  t h e  or igin 

is o f  the 2 -type, Me 6.m thus determfne f t  by evaluating the  integral. a t  

x s  0, After the angle integrat ion we obtain f o r  t h i s  singular par t  of t he  

integrand 



Thus the s ingular i ty  i s  

(2012) 

The fu r the r  s impl i f ica t ion  of these two te rns  which reduces them t o  
6 the  desired form can be car r ied  through by an appltcation o f  Eckarts thearean 

we write f o r  &2,9) 

Eckarts theorem f c r  t h i s  case says then that  the matrk  elements f o r  
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h 

and 

Thus 

the proportrfor!allPP;$ factor C w-L1T depend on L,S a d  the configuration out  ef 

which t h s  tern Z;, S arises, 

one component say i =k c, 3 and only one matrix elememt %= L$ 19s 'r S, 
Since 

Ir, order t o  determine f t ,  w e  need m'4y t.o take 

In order t o  evaluate this term w e  must use the e q r e s s f o n  fo r  the 

e lec t ronic  wave func&ions, It is su f f i c i en t  t o  consider only the  p a r t  which 

belongs t o  the 1gg9X!-!ed sheI.1, 

( t r ans i t i on  element) or hf -electron ( r a re  ear ths)  

I:? o w  problem there are either 3 d - e l e ~ t r o n ~  

Each electsonfc wave function msy be characterized by a s e t  o f  quantum 

where m i s  t h e  z cornpolrent of t h e  o r b i t a l  

The whole wave function b 

numbers m b'' m('" 
angular momentum and ms the spin component, 

written as the a n t i s p m e t r i c a l  product (Slater determfrlqnt ) of one body wave 

functions. and sy?nbolicaily mitien as a col lect ion o f  t h e  quantum numbers 

(V =I, n) s 
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1 

We prove firs% t h a t  the expression (c3L6)=PCV~ I )  q)', 
is indepersder,% sf T and the same f o r  +he s h e l l  less t h a n  half f f l l e d  as 

for the s h e l l  more than half f i l l e d  w 'k th  the 3mtaer or" holes i n  the second 

case equal t o  the  number of electrons i n  thE f i rs t ,  hri3 s h a l l  l imi t6  PJX 

discussion t o  the, case of the r r a r , d  t e r m ,  

E Ir, t h i s  case a less t%n half  f i l l ed  s h e l l ,  such as 3d" would be 

given by 

5 and it represents tihe %= Lb 
matrfx element i n  question we o b t a b  then 

S component of  $h2 tern Do For %he 
I) 

FOP the corresponding matrix element f o r  the mare than half  f i l l e d  

s h e l l  we obtain s imi la r ly  

(2.20) 
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I n  the l a s t  r ek i t i on  we have made use of 

c 

the shc l f )  i n  ( 2 , 2 0 )  and (2e21) w i l l  j u s t  cancel i n  the sumat ion  over vd 

Thus the two expressions become equal a s  stated*, 

~t i s  then suf f ic ien t  t o  evaluate the expression (2,20). The 

summation over m can a$ once be car r ied  ou t  t o  give 

I ,e 3m2- t(d.C.1, 2c 

(2.22) 

~~ ~~ 

3t NOTE: I n  h evaluation of t h i s  expression it was e s sen t i a l  t ha t  we included 
the spin S[vj. If instead we had taken only the  quant i ty  ( 3  cos2 
we would have obtained a reversa l  i n  s ign f o r  t he  more than h a l f  f i l l e d  she l l .  
This e r ro r  occurred i n  an e a r l i e r  report  (ORNL 813, page 37) and l e d  t o  an 
erroneous in te rpre ta t ton  o f  the h,f .  s t ruc ture  i n  the  Cu* -ion, 

- 1) 



t 

2c-4-I - 4.3 

This gives %he expression (2,l.) wtthout, the -term, The term involvtng 

: l u r t c . d  ”I tk.3 fr?l!.owinp way. It i s  obviously connected with 

N w  t h i s  e q r e s s i o n  involves a $-funct.ion the expression ( 2 , 7 3 )  

and therefore vanishes f o r  any configuration which has only f f l l e d  S-shells, 

In order %o o b t a i n  a non-vantshiry cont r ibu t ioq  fo r  m + t i t  is thus necessary 
t o  have configurat ional  mixing, 

HOK --JJW z x i z i  p r a t i o n s l  mixing can occur rrlay best  be i l l u s t r a t e d  by 

the  exarnyk o f  the M~I+* ions,  

is  31, 3d* giving r ise t o  the ground term 6 S ,  

belonging tc t h e  saiw tern i s  obtained by the :r o~:.~t.i.on of a 3s e lec t ron  t o  

a 4s l e v e l  leading t o  ~ f .  = 39 ?dr ~ s ,  

The eonf igura t fm which t.3 R3fnly p+esem 

5 The nearest conf igu ra t~on  

/ 

Now there  are two states  of t h i s  type whfch fn the notat ion of the 



(2.24) 

We m u s t  s e l e c t  from these two functions the l i nea r  conbination which 

belongs t o  the 6s-term since the  admixture must belong to the same term 

system, A c lose r  inspection shows t h a t  t h e  only function which has t h i s  

property is 

Thus we may write f o r  the whole s t a t e  function 

where 

It seems t o  be very d i f f i c u l t  t o  calculate  o( 

4 i s  a numerical coef f ic ien t  expressing the amount of  admixture. 

d i rec t ly ,  Even the sign o f  

it i s  not e a s i l y  calculated. 

Instead of doing t h i s  we s h a l l  estimate the order of magnitude of 

from the amount of h.f . s p l i t t i n g  i n  the Mn" ion t o  which t h i s  example 

applies. For (2.13) we write again by applying Eekarts theorem 

(2.26) 



where 

To first order Fn 4 t h i s  is then 

In the case 0. t6 
MH the constant A = PC is of order A t -~6,01 ano1 

which corresponds t o  ( 1 c ~  0,60, 

I n  order to obtziin from t h i s  value of X. we need t o  know 

t3 lo) 
value of these if we take the values of these quant f t ies  from t h e  r - - e  of 

neutral  Fe 

fo)and {is) . !de obtain an order or" magnitude idea of the 

8 t+ 
whfch is not too much d i f f e ren t  from Mn (3d5) Here 

we have 

Thus 
J 

+LJ- 

4a- 

(2.28) 
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kru 10404 
Thus the mount  of admixture needed order t~ account for  t h e  h , f , - sp l i t t ing  

Mn++ is 

The existence of h,f, in te rac t ion  i n  th fi+'--ion 3s a b r f l l f a n t  confirmation 

of FenniDs in te rac t ion  Hamiltonian (2 .13) .  It shou ld  be emphasized tha t  the  

old question as t o  which type GIC i n te rac t ion  exists between a neutron a& an 

electron is thereby experimentally s e t t l e d  s ince it seem clear  t h a t  the 

magnetic fnteract ion between a neutron ard an  e lec t ron  should i n  pr inc ip le  

be the. same as t h a t  between a proton or a nucleus and an e lec t rone  The 

in te rac t ion  operator (2,13) fs indeed equivalent with the operator derived 

by Schwinger' f o r  the neutron problem with t h e  help of a r e l a t i v b t i c  

discussion of  the magnetic e lectron,  

confirmed by d i r e c t  neutron d i f f r ac t ion  experbent.s 

This expression has n3w also been 
10 

e 

111, NEUTRON ABSORPTION BY ALIGNEX) H U C L E I  

Absorption by a single nucleus 1, 

When a nucleus o f  spin f abscrbs a slow neutron the resu l t fng  

campound nucleus will have a spin e f t h e r  j s f f 4. Thus, f o r  instance, the 

slow neutron capture i n  Mn of spin i = 5/2 leads t o  an -intermediate compound 

nucleus of spin e i the r  j I 3 or j 'T. 2, 

nucleus and a r - r a y .  

Mns6 (2,60 h) which can be detected wi.th standard experimental methods. 

This state then breaks up i n t o  a final 

The f i n a l  s t a t e  i n  t h i s  case i s  the -radfoactfve P 
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. 

L e t  us denote the  capture cross  sect-fon with 6- f o r  states $'- of 
J J 

t o t a l  angular momentum j 1 it 2. 1 We ask 

f o r  the absorption cross  sect ion slflr) when the spin states of neutron and 

nucleus ks given by a state vector 3. %e have then 

where 
c + z c'+ 

3 
J 

O f  pa r t i cu la r  t n t e r e s t  is the case when t h e  s t a t e  

is  the shul taneous  eigenstate  of I3 and S3" L e t  these efgenfunctions 
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. 

j 
where C3 are the (normalized) Clebsch-Gordon coeff ic ients ,  Thus w e  f i nd  m s  

2, Absorption by a statist ical  ensemble 

The actual. experiment of neutron absorptton i s  ca r r i ed  out with 

a la rge  number of neutron-nucleus sys temdis t r ibu ted  in a cer ta in  way over 

a l l  possfble s t a t e s ,  Thus t h e  p r o b h  requires a s t a t i s t i c a l  treatment f o r  

which the formalism with the density matrix fs admirably suited, 

We consider thus an assembly of R Sdenticai  systems distinguished by 

ql'' be t h e  spin-state of the d - IH, an index 6( ( td, -1, , 

system (consisting of a neutron and nucleus), 

, N) L e t  

For such a s ta te  we may always 

w r i t e  

For the cross  sect ion of an individual  state @ we obtain according 

t o  the foregoing 
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and f o r  the average cross sect ion 

Jw J 
where we have introchced 

the density matrix of the s t a % i s t i c a l  ensemble7, 

nucleus a re  in t h i s  case s t a t i s t i c a l l y  independent we may always write 

Since the neutron and 

(3.10) 

(3.11) 

the quant i ty  

(30 12) 

is  the neutron polar izat ion,  

calculat ion of t h e  density matrix f o r  the nucleus, 

The problem is thus reduced e s s e n t i a l l y  t o  the 

3e Nuclear spin coupled with an ion 

The s t a t e  function 9 Id' of one of the mmbers of the s ta t is t ical  

assembly may now be wr i t ten  
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where 4- 5s eigenstate  of S39 the s p h  operator f o r  t he  ions.  

Going through the same arguments which led t o  equation ( 3 * 9 )  we 

obtain 

where now 

We see from t h i s  resul t ,  t h a t  the  expression of the average absorption 

cross sec t ion  de-pends only on the submatrfx fm f o r  t h e  nucleus which i s  

obtained by 

variable of  

4. 
The 

takipg the t race  of the  t o t a l  f with respect t o  the spin 

the ion, Thus we s h a l l  write 

Ions coupled by magnetic or exchange in te rac t ion  

formulism can be generalized t o  the case where the fons s t rongly 

i n t e r a c t  with each o ther  through nagnetfc o r  exchange type of coupling, 

t h i s  case i t  i s  no longer permissible t o  t r e a t  the individual systems o f  

ions + nuclei  a s  independent of  each other ,  

In 

Instead the whole sp in  system 
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cons.f5jting of r t i a  ions together wfth therir nuc le i  must be regarded as one 

individual system of an ensemble a f  a large number of such iden t i ca l  systems. 

The general spim-state of one such system may then be given by 

where 

c J I * , W z . * ,  - - 04, ) ) I  

The cross sect ion f o r  the absorption by the nucleus v is then gfven by 

where 'Cl: 

so Application %o the case of a s ingle  ion  coupled with a nucleus 

by H.F. in te rac t ion  and in thermal equilibrium 

'de make the assumption %hat a hyperfine couplirig exfsts ef the 

form t A i  Si Pi between nuclear spin - I and r a n k  spin 2, fn a n  external. 

magnetfe f i e l d  - He is1 
The Hamiltonian f o r  the system is them 



. 
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3 

The l as t  t e r n  can be neglected i n  comparison with the other terms in t h i s  

expressiono For thermal equilibrium corresponding t o  a temperature T the 

densi ty  matrjuc i s  given by 

W k r  ' e- 

is the p a r t i t i o n  function of the system, 

We need only the suhnatr ix  which r e fe r s  t o  the nuclear 

'ke/6r 
spins defined by 

-. 

The densi ty  matrix contains a l l  the s t a t i s t i c a l  information of 

the ensemble. 

nuclear polar izat ion ( f i r s t  moment of  the nnclezr spin) 

I n  par t icular  it is  then easy t o  calculate  the amount o f  
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and s imi la r ly  f o r  tk nuclear alignment (second moment of t h e  nuclear spin) - 
Thus one has the answer t o  a l l  t he  problems i f  one can evaluate f,, e 

The matrix elements of f!, are i n  general d i f f i c u l t  to evaluate 

but it i s  possible t o  develope a perturbation technique with respect  t o  

the parameter 4 
hr a 

IV, A PERTURBATION THEORY FOR T I E  DENSITY MATRIX 

1. Me wish t o  calculate  the dens i ty  matrix and i ts  submatrix P 
f o r  the nuclear spins  f o r  thermal equilibrium 

We assume the Hamiltontan t o  be of the form 

xl contains the interactfon energy of  a l l  the ionic  spins (F) md the 

in te rac t ion  of the ionic  spins with the nuclear spins  (G). I n  order not t o  



complicate the theory we assume the la t ter  t o  be Tso.bropic, thus 

This  spec ia l  choice s impl i f ies  the  thecry a I f t t l e  but will not  be e s s e n t i a l  

'in the following. 

de notice  t h a t  the pmbleem of calculating (4,,1) is equivalent t o  

finding t i l e  5 cllution of the tune dependent Sehrodinges equation 

Let  the so lu t ion  o f  t h i s  equation be 

with 

we obtain - Ci- Then putt'ing c= 

Thus the problem is shown t o  be  equivalent t o  finding t h e  W-rnatrix" which 

belongs t o  the Hamf1tonian';Vt. 

I n  order t o  develoF 3 perturbat ion theory we introduce the  Minteraction 

representation" by defining a new state vector 



Thus by d i f fe ren t ia t ion :  

where we have defined the new the-dependent Hamiltonian 

-, I t )= 
Let the so lu t ion  o f  (boll) be wr i t t en  as 

Then the connection r[C) with the 

a l o )  
( I r o 1 3 )  

m a k k  S( t) (4.7) is given by (4.10) 

since Ab) = CJIQ) 
We proceed now t o  solve Eqe (4.11) by the method of  successive 

approximations t r ea t ing  %, L. ( c) as a small perturbation, 

f ind f o r  T(c)a  

This means that we 

s e r i e s  so lu t ion  i n  the form 



where 

and 

This  set  of operator equations (4.16) with the i n i t i a l  conditions (h.17) fs 

by (4013) equivalent t o  The nth equation (b.16) can be integrated 

s t  0 
thus gfving the nth approximation i n  terms of the (n - I) - ,, By iterating 

the process w e  obtain 
c 

I’w -1 t t, 

JdC, p q w .  S A C ,  7 t  l V  7?, /c&)- *, Ct;) - 
3 ,  m= I 

(4.18) 0 0 3 

I n  order t o  progress fur ther  wjth t3l.s expression i t  f s  neressary t o  obtain 

an e x p l i c i t  representation of t h e  dependent Hamiltonian x( t L ) 
I 

We write 
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whem Sp)(c) i s  the  fth component of the time dependent spin vector of 

ion (v), defined by - r x ,  2: & 

It i s  possfble t o  evaluate the r-dependence of these operators ra ther  e a s i l y  

by making use of the property o f  the spin operators t o  gemra te  the inf in i tes imal  

ro t a t ion  in  the 3-dimensional space, This can be exhibited most concisely 

by choosing the direct ion of - H as the 3-direction and introducing the 

components 

(We suppress the index \r f o r  the time being). 

These components have the commutation rtiles 

We f i n d  then with the help of th commutation irrles 

8 =  s-pcrr 
We may now express (4.19) h terns o f  t h e  components %(C) (4,21) and 

obtain then 

(4.21) 



k k '  
(4.24) 

Here t h e  In are defined i n  terms of the I, by the  r u l e  In c. I ,, -n 
Then formulae (bo&) i n  conjunction with (4,,18), (b.14), and (4.9) 

give a general expression f o r  the density matrix which can be used t o  evaluate 

t o  any desired approximation,, 

2, A general theorem regarding t he  first  order t e r m  i n  A 

Rose and Sinon stated the general result t h a t  the first order  

contribution i n  A t o  the nuclear alignment, depends only on the t o t a l  

magnetization of the ions b u t  not expl ic f ty  on the type of in te rac t ion  

between the ions. 

The proof of this follows immediately from our general formglism, 

We have the Hamiltonfan 

F(S) denotes the in te rac t ion  between the ionic  spins,, hie make no fu r the r  
- X A r  asswTtion about t h i s  in te rac t ion ,  If i n  the expression p,, =a e z =  

we r e t a i n  only the terms independent of A and l i n e a r  in A we can express 

it i n  the form 



. 
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C 

N is t h e  number of  ions in k e  system, Neglecting terns  of order A 2  we ftnd 

2 has no l i r e a r  terms -in A since the waces  of the operatars Pi dl 

Inspection sf (b031) shows thaG 

Since the  a t w a g e  magnetic moment of the e l ec t ron ic  spins  is  given by 

we may wri te  for Qi 

PY, 
and f i n a l l y  for  



P 
This fo~rriLvaa is val id  if rrc/ , No assuxption i s  made as t o  the order 

of magnitude of - A The quantity 
9P FI 

It is wmth emphaskbg tha t  the va l id i ty  o f  (h.35) does n o t  depend on 

the s t rength of L h  ex te rna l  magnetic f i e l d  nor on t h e  strength of the 

in te rac t ion  ba%ween neighboring ions. 
A order i n  - 
k r  

electronti: sp:rme 

against  t h i s  22th od cf :xor!uci ng nuclear alignriient a 

Thus the  nuclear alignment i n  f i r s t  

5s e n t k e l y  a funst ton of f , ,  the  degree o f  altgnment cf the 

Wtth this -7s have answetL,i both sf Bleaney's objections 

V, APPLICATIONS AID EXMWLZS 

We s h a l l  now use the general  theory o f  the l as t  sec t ion  t o  ca lcu la te  

some of the higher arder  e f f e c t  i n  nuclear a l ignmnt  wfth hofo coupling. 
A A s  a f b s t  exmplp we ca lcu la te  Lle secanci order %em i n  - 
L r  

the i n t ~ l a c t i o n  of ?,tie electror,  Spinss 

disregarding 

That is, we put F s 0 in Eq, (b.4). 
Thus we can use Eq, (4.18) with q(0 replaced by G ( C )  (Eq. (he&)). The 

special izat ion t,o this case give:s then the basic formulae 
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The las t  expression may a l so  be wr i t t en  

The functions Fs(xl m2 @I 
below. Since we take afterwards %he t race  with respect, t o  the e l e c t r o n k  

var iables  we neeci only t h e  dlagonal elements o f  (5.2) and t h i s  means that  out 

of t h i 5  tern we need t o  consider only those f o r  wM.cl% q + rn2 = 0, 
t ab l e  below we have l i s t e d  these quant i t ies  and also the correspondifig 

may be evaluated and tabulated and are given 

In the 

+I -1 

-1 + 1 
0 0  M2 [ f ] =  S(S$1) - M ( M , f l )  

diagonsl matrix elements of 5 We obtain thus  forp la t  the tern 
ml sm* h 
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where O( i s  the cor rec t ion  term proportional t o  A2 i n  the normalization 

f ac to r  

o( is so determtned t h a t  

s 
as it must if t h e  normalization condition of the density matrix is t o  come 

out  correct; in t he  o rde r  A2: 

(5.7) 
It i s  now convenient t o  express t h i s  r e s u l t  i n  terns of the  pa r t i t i on  

f a x t i o n  Ze(@) of t he  e l ec t ron  spins only. Thus we have 

The f i n a l e x p r e s s i c n  w e  may now express in t h e  operator forms 
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We f i n d  f o r  o( the value 

lg a2 
Thus we can express the  result, e n t i r e l y  i n  a 

The correction to the nuclear alignment will be contained i n  the  term with 

a It is o f  order o f  nagnitude 
1’ 

8/3y 8 =  kr 
for all values of 



f+ Thus the contrrbution for Mn t u r n s  out to be a t  kT qp.1 em-’ 

The correct isn due to  t h e  in te rac t ion  of the  icns  t o  the nuclezr ahig-vent 

calculated from the first  term ~ S G W  will t hus  turn out to be 

where ris some mean 6f t k ~  euef f ic fen ts  b, (b.19)* 

The Bleaney Alignment 

I n  a recent  l e t t e r  Bleaneyl’ proposed a method of nuclear 

alfgnment making use of  the asymmetrical hof, coupling which is known t o  

exist i n  many crys ta l s ,  

is probably the only s igni f icant  one, can be easily calculated. 

The f i r s t  orcier contribution t o  t h i s  e f f ec t ,  which 

The Hamiltonian may be taken as 

The density matrix is then given by 

We wri te  it i n  the form 
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We obtain then f o r  the successive apgroximations 
I - fO'= 2r+/ 

= Q  f @ )  

The constant o( is determined from the t race  condition 

or 

Thus f i n a l l y  

( 5.22) 
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2 From t h i s  we see t h a t  the f'"vanishes if B2 = A , t ha t  is i f  the hef ,  

coupling is i so t ropic ,  We see furthermore t h a t  a l l  the odd powers of Io 

have average values Z ~ P O .  Thus i n  par t icu lar  - 
Thus in t h i s  case there  is  no polar izat ion of the nuclear spin, For the 

second power, on the other  hand, we  obtain 

- 
fs the difference of 12 from the value for the isotropic  case 

I(1+ 1) and represents thus a measure of the  degree o f  nuclear alignment. 3 
we obtain fo r  A 

Making use of  the r e l a t ions  

kr,Z $ ,~c.T+,J CZ.IT-+~ 

(5.25) 
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The Pound Alignment 

In IPomdPs method of nuclear alignment ,he quadrupole i n t e r a c t  .on 

of the nucleus wfth the c r y s t a l  f i e l d  is used t o  prodme an uneven population 

of  the s t a t e s  o f  the nucleuso 

I n  case of cy l ind r i ca l  s y m e t r y  the  relevant p a r t  of  the Ramiltonian 

is then 

where 

9 9  
< - 9t% Here 9 is the e l e c t r i c  quadrupole moment of the  nucleus and 

the gradient  of the e l e c t r i c  f i e l d  i n  the d i rec t ion  of the synnnetry ax ise  

Since ws quadratic i n  the nuclear spin the dens i ty  matrix has a term 

l i n e a r  i n  I which is  
LT 

(50 28) 

This is  of the same form as (5*22) and w i l l  thus lead t o  the same r e s u l t  far 

the  second moment wfth su i tab le  change of constantso 

The two e f f e c t s  become equal a t  a temperature T such t h a t  

(5030) 
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The two e f f e c t s  become thus comparable i n  the neighborhood of a b u t  1' g, 

It should be not& t h a t  t h e  two contributions add algebraical ly  and may 

add as w e l l  as sLbtract, depending on the s ign  of F, We have thus a method 
s 

of measuring the  s ign  of  F by measuring nuclear alignment,, 

VI. BETHODS OF DETECTION OF MUCLEAR POLAFtIZATION AND ALIGMMENT -- 
I n  order t o  detect and measure the nuclear polar izat ion and alignment 

it is necessary t o  study physical e f f ec t s  which depend on the or ien ta t ion  

of the nuclear spins. 

slow polarized neutrons and the emission of 

Possible effects of t h i s  s o r t  are the absorption of 

p-rays. Me s h a l l  discuss 

these e f f ec t s  for the special case of the  Mn nucleus s ince t h i s  seems to be 

s o  far the most su i t ab le  nucleus fo r  p-oducing polarization, 

Detection with Neutron Absorption 

The most recent  da ta  on the Mn nucleus were obtained by Harris, 

Hibdon and M u e h l h a u ~ ' ~ ~  

levels of Yn are s i tua t ed  a t  

According t o  these authors the lowest resonance 



332 = 2400 ev 

They assign t o  them the f-llowing widths fo r  n- and#Y-ewiss 

The lower l e v e l  corresponds t o  the r e s u l t a n t  spin J = 3 and tb u w e r  t o  

J = 2, 

absorption a t  law energy which can be c a l c d a t e d  from the BrefL-Wfgner 

Each of these two levels contributes a cer ta in  amount t o  the neutron 

formula for non-interfering levels 

where g i  are the s t a t i s t i c a l  weight f ac to r s  f o r  the two l e v e l s  

I n  case of WI we have 

For thermal neutrons we may develop (6,2) and wrfte 



. 

. 

The r a t i o  fo r  the two levels thus turns out t o  be independent of the neutron 

energy 

It fs seen that the ratio of  t h e  two absorption cross sec t ion  depmds only 

on the r a t i o  of the F-widths .  

is not  very w e l l  known, 

leve l ,  then we obtain f o r  

Unfortunately the width of the upper l e v e l  

If we assume it t o  be the same a s  that o f  t h e  lower 

- z  = z ' t r , o  

with X we can ca lcu la te  the  e f f ec t ive  absorption cross sec t ion  fo r  slow 

polarized neutrons by polarized nuclef 

t - 
(409) 



where 

is the t o t a l  absorption cross sec t ion  f o r  thermal n a t r o n s ,  

effect i s  thus always reduced by the contribution of  the  upper l e v e l  t o  the 

slow neutron absorption, 

we compare the  t o t a l  measured absorption c ross  sect ion f o r  thermal neutronso Y) 

The polar izat ion 

I n  order t o  obtain an estimate o f  t h i s  contribution 

with the value obtained from the one l e v e l  formula 

(6.20) 

The difference is then presumably due t o  the upper level which gives  

corresponding t o  a K-width r~ w L 5 2  ev, I n  the following table we 

give the  polarfzatfon e f f e c t  for three valm s of $ 

% Polar izat ion 

k2 z A lu)  Effect r 

z -  ( . + r ) K  

100 

83 

62 

0 

0,6 

E o  52 

w 
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W e  see thus t h a t  a reduction of the polar izat ion e f f e c t  by 10 t o  205% fs 

very probable and perhaps as much as 40% is not  impossible. 

m t e c t i o n  with dc-emfssion 

I n  order t o  make any statements regarding the angular 

d i s t r ibu t ion  of tb p-rays emitted upon slow neutron capture by the Mn 

nucleus it is necessary t o  know something about t he  type of electromagnetic 

radiat ion (multipole order) t o  be expected from the tntermedfate compound 

nucleuso This is possible if we  have some information on the sp in  and p a r i t y  

of the exci ted state a d  the ground state of Mn % e 

The spin of MnS5 is known t o  be I 5/2, It is one of the  few 

exceptions of the spin predictions of the s h e l l  model, The latter would 

have given I 

4 

7/2 ar i s ing  out  of  tk configuration f7/2 5 The actual. 

spin and magnetic moment v a l e s  indicate  tha t  t h e  configuration is very 

l i k e l y  f712 d5l2 leading to f = 5/2 and pa r i ty  even, 

The compound nucleus of the lower l e v e l  (El) fs formed by S-capture 

resu l t ing  thus in the excited state  with spin J =: 3 and parity even, 

We have no d i r e c t  information about the ground state of &I 56 ,, The 

s h e l l  model would predic t  parfty odd s ince there  are three p 

t o  be f i l l e d  in over the closed neutron s h e l l  of  28. 

s h e l l  modal makes no de f in i t e  prediction s ince MnS6 is an odd nucleuso 

neutrons 

As to the sp in  the 
3/2 

The 

5 known examples of odd odd nuc le i  wfth known spins show that  the  r e su l t an t  
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1s spin is obtained by combining the spin of the neutron core t o  a value 

which usually I s  nei ther  the maldmum nor the minhum but is perhaps closer  

t o  the maximum, 

fo r  the protons and 3/2 for the neutrons thus the I@$ ground s t a t e  can 

have spins 1, 2, 39 4 and par i ty  odd with perhaps spin 3 most probable, 

In  our case the resu l tan t  spfns of the two cores are 5/2 

In  order t o  ffx the sp in  value of I@s6 with  some degree of ce r t a in ty  

we have t o  look for other evidenceo This is obtained from the subsequent 

13 -decay Mn 56 + Fe 56 + (J 
Deutsch16 and of Siegbahn17 have shown that  the 

(2,6 h), The investigations of E l l i o t t  and 

-spectrum is complex 

and is accompanied by several  8 - r a y s  accordfng t o  the following scheme2 
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. 

L It is  notable t h a t  there is no d i r ec t  t r ans i t i on  to Fes0 The 

various energies and l i f e t imes  are given as 

2 e 8 1  L80 1320 3 
h Hev x 10 sec x lolr 

This makes the t r a n s i t i o n  allowed and p2, probably almost 

ce r t a in ly  f k s t  forbidden, 

middle l eve l s  of  Fe' s ince the p a r i t y  change f o r  f irst  forbidden t r ans i t i ons  

is Rgesn. 

must assign t o  these two l eve l s  even w i t y e  

f3 
This allows us to asskn par i ty  t o  the two 

Since we have previously found the pa r i ty  of MnS6 t o  be odd we 

We know a l so  that the sp in  of the ground level of  Fe% is 0 and 

p a r i t y  even s ince it is an  even even nucleus. 

exci ted s t a t e s  of cven-even nuclei  have almost always spin two and even 

parity. 

Furthermore the f i rs t  

We are now i n  a posi t ion t o  rule out  some of the sp in  values o f  the 

Mn 56 nucleus. We have previously seen t h a t  possible values are 1, 2, 3, be 

Since there is  no direct p - t rans i t ion  t o  the ground s t a t e  FeS6 we must 

assume thfs t r a n s i t i o n  t o  be a t  l e a s t  second forbidden which ( for  Gamow-Teller 

se lec t ion  ru les )  corresponds t o  a spin change 

MJ' i s  either 3 or 4, 

I> - 3, Thus the spin of 



We look fo r  fu r the r  information on the Mns6 ground level studying 

the rad ia t ion  which can be emitted from its two excited s t a t e s  

2-+ 7 Possible multipole radiation: 

E 2l 23 25 0 0 0  

M 22 24 0 . .  

The two  typesof rad ia t ion  E3 and M2 are  the ones whfch have the  r i g h t  

probabi l i ty  and which come i n t o  queption. 

than E3 and may be excluded, 

expect the former t o  be more probable f o r  the energy involved here,, 

El is usual ly  much less probable 

O f  the two p o s s i b i l i t i e s  E3 and % we would 

Thus 
we conclude the capture f i r a d i a t i o n  i s  likely an e l e c t r i c  2 3 -pole radiation. 

Of the two possible spin values b9 3 f o r  the ground state both are 

compatible with t h i s  radiat ion.  It is, therefme,  not possible on the bas i s  

of ex i s t ing  evidence t o  make aqy def in i t e  assignment of  the ground level 

spin, 



Assuming now tha t  the capture occurs primarily through the lawer 

l e v e l  and t h a t  the rad ia t ion  i s  e l e c t r i c  z3 pole we obtain for  th? angular 

d i s t r ibu t ion  of the p-rays emitted from an assembly of nuclei  with a 

probabi l i ty  d is t r ibu t ion  p f o r  the M~~ level  18 M 

are the Clebsch Gordon coe f f i c i en t s  f o r  the composition 

t o  a r e su l t an t  j and I ~ ( 0  ) are  t he  angular 

3rF i where C 
of angular momnta 3 3 

h-w, VI 

J F  Jm 
d i s t r ibu t ion  of the electromagnetic spherical  wave of angular momentum Jm 

For the spec ia l  case of  the Mn-nucleus we obtain the r e s u l t  f o r a  = 3, 
t 3 or  h9 and according t o  the foregoing 3 = 3 ( e l ec t r i c  2 3 -pole 

F 
radiat ion) ,  

t o  take 3 = 39 7 = 3 or 4 and j 

I n  case electric dipole  rad ia t ion  is important we had instead 

1. 
F 
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