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ON THE THEORY OF INNER BREMSSTRAHLUNG INP -PROCESSES 
J. M. Jauch 

I. INTRODUCTION 

The low energy continuous -radiation accompanying various types 

of /% -processes have been studied theoret ical ly  by a number o f  workers. 

Knipp and Uhlenbeck' and Bloch 2 developed the  theory for the ordinary 

(3-processes. Morrison a d  Schiff 3 applied the theory t o  the case of I(- 

capture and Chang and Falkof P reviewed t h e  e a r l i e r  work and extended it 

t o  the case of other coupling types and forbidden -transitions. P 
The fundamentdl physical process involved is the following: 

the case o f / 3  -transit ions an electronic charge is suddenly released from 

the nucleus and transferred t o  the outgoing electron. 

a magnetic moment of  the order of a Bohr magneton b created. This  sudden 

change of the s t a t e  of motion of the charges causes a rearrangement of the 

electromagnetic f i e l d  osc i l la tc rs  which resu l t s  i n  an emission o f  radiation. 

It i s  clear t ha t  t h i s  b" emission is a general feature  of all types of 

charge transfer processes and could be observed under many di f fe ren t  

experimental conditions. 

and TomonagaS that such radiation should occur i n  the high energy nuclear 

col l is ions which r e s u l t  i n  meson production, 

Le I, Schiff 

This case has not y e t  been studied, 

I n  

A t  t he  sane time 

Thus fo r  instance it w a s  pointed out by Hayakawa 

ThLs e f fec t  w a s  studied by 

-meson decay. P- 
6 A good example is also f u r n i s b d  by the 
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The s o f t  r - r a d i a t i o n  has been observed by various experimental 

workers. Stahel and Guillissen? have compared the t o t a l  radiation emitted 
8 by RaE with the thecry and Wu has done the same fop $*. Both found 

excellent agreement with the theory of Knipp and Uhlenbecko I n  the case 

of K-capture the radiation was observed f o r  the first t b e  by H,, Bradt 

and coworkers9 with FeSse For K-capture processes tk t o t a l  number of photons 

emitted per capture pocess  depends on the t o t a l  energy difference f o r  the 

nuclear t ransi t ion,  

energy i n  Fes5 and found a value wo = 0.15 MeVo A more sensit ive method 

would be the measurement of the energy spectrum and determination of the 

Bradt and coworkers made a rough estimate fo r  thia 

. 
endpoint with the method of a Kurie plot,  

The sensi t ive solid r - r a y  counters now available make possible for 
10 the first time a detailed study of t h i s  radiation The quant i t ies  which 

can be measured are the energy spectrum and the t o t a l  number of photons per 

nuclear process, 

t ransi t ion,  

From t h i s  can be obtained the maximum energy of the nuclear 

This  is of special  in te res t  fn the case of K-capture where 

t h i s  process seems the only poss ib l i l i t y  of  measuring th i s  quantitr.&ect&, 

can a l so  measure the arlgular correlation of the f - rays  w i t h  the electrons. 

Theory predicts a strong angular  correlation with 

preferentially i n  the direct ion of the electronso 

p- rays  coming out 

For allowed t ransi t ions t h i s  correlation turns  out to be independent 

of the interaction type 30 t ha t  i n  these cases no information can be gained 
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regarding these interactions. 

dependence on the interaction type remains which r e su l t s  from the r e s t r i c t ion  

imposed on the four outcoming par t ic les  by conservation of energy and 

momentum, 

I n  the case of the p -neson decay a small 

The e f f e c t  would be very d i f f i c u l t  to  observe experimentally, 

In  t h i s  report we s h a l l  discuss the theory of  t h i s  radiat ion f o r  

the cases of f 3  -decay and K-capture. Far the case of ordinary 6 -decay 

t h i s  i s  par t ly  a repet i t ion of previous wark, the case of K-capture is a 

s l i g h t  improvement of older work. 

preliminary measurements on the continuous 6C-radiation i n  the 

K-captm of FeS5 are analyzed and the f eas ib i l i t y  of the method is 

demonstrate d . 
110 INNER BREMSSTRAHLUNG FQR A L m D  -DECAY 

The inner Bremsstrahlung results from the  t ransi t ions produced by 

two par ts  of the Hamiltonian i n  a second order process. 

may be written 

The par t  

Here the quant i t ies  6 3 are the spinor f i e l d  operators 

referr ing t o  the proton, neutron, electron and neutrino respectively. 

ra( , k4 represent any one of the f ive  combinations of the Wrac 

f o r  nucleous and 8 
i n  p -theory. The Dirac 

for leptons which represent the f ive  coupling types P 
y a re  chaen  so as  t o  satisfdr F 



(202) - - 
The spinors and are the conjugate spinors defined i n  the following 

way: 

L e t  be the Hermitian conjugate of & , then we define a P /I" 
matrix 7 up t o  an arbi t rary r e a l  factor by the conditions 

Then we define 

jc  where 'f is the Hermitian conjugate of # If $ is considered a column - + spinor then y and i s  a row spinor, This def in i t ion  does not make use 

of any special  representation of the b" 
f i e lds  present) the  

For fkee f i e lds  (no external 

can be decomposed i n  plane waves, We shall write 

where fi is  the fundamental volume. 

momentum. 

p is the four vector of energy and 

a i s  the operator which annihilates an electron i n  s t a t e  po 
P 

creates a positron i n  s t a t e  po The c-number spinors u, v sa t i s fy  the 
b; 
equations 

f f + z c = . o  

k - V - 0  (2.7) 



where ( P I =  i Y  . Since p L + m L  = u these 

operators are of rank tkjo and allow two l inea r ly  indepmdent solutions 

5, 61 % Cr, = I ~ L )  each, They are  normalized according to 
J 

sr-s CSr v-3 ) = - - w 
E- 

where E = poe 

Pam (2.8) fol low the important relations 

which we s h a l l  use often i n  the following calculations, 

The second Hamiltonian i s  t h a t  describing the interact ion w i t h  the  

electromagnetic radiat ion and i s  given by 

(2  .lo) 

Here A 

we s h a l l  write i n  Fourier decomposition 

is the operator f o r  .the transverse electromagnetic field which 
P 

The operator ark annihilates a photon with momentum and energy I( (ko= 0) 

and polarization vector e Fm reasons of formal synmetry we t r e a t  e /" r 
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as a four vector w i t h  the spec ia l  condition e o %  0, We a l s o  have 

(2012) 

The constant e in (2.10) i s  the dinensionless interaction constant and re la ted  

t o  the f ine structure constant d =  ,s7 by e= . The 
I 

interaction constant G in ( 2 4  is of dimension cn2 and of order lO"3* m20 

The expressions (2,l) and (2,l.O) are  the Hamiltonian densities. The t o t a l  

Hamiltonians are  obtained by integrating over the three dimensional volume 

The process we wish t o  calculate is obtairred by a second order 

perturbation calculation according t o  the standard formula for  the t rans i t ion  

probabili ty per unit t h e  dp for the emission of an electron with momentum 

p within dp and so l id  angle dc+$ a photon of momentum k within dk and so l id  

angle d(3 and a neutrino within the so l id  angle d P .  

- 

The summation sign indicates the sumation mer all the final spin 

states and the polarization and u f l l  later also be interpreted t o  include 

integration mer a l l  the directions of the neutrino. H stands f o r  the second 

order matrix element 

denotes the density per unit energy o f  the f i n a l  states 
and P 
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The i n i t i a l  (i), final. (f)  and intermediate states (n) are characterized 

as follows 

I n i t i a l  s t a t e  

Nucleus in s t a t e  given by a nuclear wave function V 

mtermdia t e  s t a t e s  

a) Nucleus U 

Electron - PI, 2' 

Neutrino , 
b) Nucleus V 

Positron 9 , F 

Electron p0 E 

Photon k, c3 

c 

- 
c 

Final s t a t e  

Electron - p, E 

Photon k, W - 
Neutrino - V ,  t 
Nucleus U 

There are  thus j u s t  two intermediate s t a t e s  possible in t h i s  case and H 

becomes 

(2.15 



-10- 

For the energies w e  have 

r -transition 
E;=. Q = maxfmm energy available fo r  the 

Energy conservation requires 

b =  E+ &-tu 

and we obtain 

with k /=s+GI  

The matrix elements involved i n  t h i s  t rans i t ion  are* 

( 20 17) 

(2,18) 

*he difference i n  sign between the H a t  and Hfi a r i se s  from the d i f fe ren t  order 
i n  which the emission and absorption processes occur i n  the two intermediate 
s t a t e s  a and b, 
elements are f o r  the two cases .p" ap, a;, for (a) and b a b far (b) e We see 

them in the same order we see that  the r e l a t ive  s ign of the two terms is opposite 
since the operators anticonmute. 
We have chosen +1 for  case (a)  and - 1 f o r  case (b), 
from expression (2,21) t ha t  t h i s  charge conjugate treatment adopted here is 
equivalent with the "naivea negative energy picture where v i r tua l  electrons are 
emitted in to  negative energy s t a t e s  and no account is taken of the exclusion 

Indeed the relevant operators which rnultigly*these matrix 

tha t  the emission and absorption operators a re  i n  a difrerent  q p q  ordere By bringing 

The absolute s ign is arbi t rary and i r re levant .  
One Sees then immediately 

(continue on next page) 



with 

Substitut-3g these expressions in H (2,15) we cvta in  

(2021) 

and the summation i s  extended over the spin s t a t e s  of t he  electron (PI) and 

positron (9). W i t h  the help of the relat ions (2,9) we f ind  f o r  these sums 

Here use was made of the momntum conservation I n  the intermediate s t a t e s  

- p)=  p t  
q = - p o l e  - - - 

from which follows E'= F 

* (continued) 
principle f o r  the supposedly f i l l e d  negative energy s ta tes ,  
familiar from t h e  theory of  the Cornpton effect ,  As a curious f a c t  we mention 
here that the f i n a l  r e su l t  fo r  dp comes out the same whether the s ign  i n  (2,l9) 
fo r  €Ifb is Correct o r  not, 

This s i tua t ion  is 

- 
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which w a s  used i n  (2.23). 

We can now subs t i tu te  (2,23) i n t o  the curly bracket i n  (2.21) and 

obtain 

(2,26) 

where g has the four components 

We now f ind from (2.21) and (2.26) for I bl 

where 

(2.27) 

A closer  examhation of this expression shows tha t  as long as we consider 

only the unre la t iv i s t ic  approximation t o  the nuclear wave function ( t h i s  

means we  disregard the small components i n  the nuclear matrix elements) . 
we can fac tor  aut the nuclear mtrix element far all f i v e  covariants and obtain 
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where we have made use again of ( 2 . 9 ) *  

The expression f o r  Y can be evaluatedwith standard methods of 

t race calculations and gives 

We now carry out the summation Over the photon polarization which gives 
P . 

- e  c 

and the integration over a l l  direct ions of the neutrino 

The t h i r d  term i n  ( 2 . 3 2 )  is  then zero since eo : 0 ard f o r  the others we 

( 2 . 3 3 )  



We f inal ly  express the result i n  terms of the variables E, u, kl s E +W 

0 -  E - p c o S ? *  

The following formulae are useful in this  calculation 

g W =  - 2 0  @ 

- &  0 

and 

For the f inal  expression w e  may then wr i te  

(2 .38)  
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where 

i s  the probability for  emission of an electron with energy 

within dE per uni t  time and 
= E + 

is  the probability tha t  such an electron i s  accompanied by a photon a t  angle 

9- within sol id  angle d and energy 4, within d o  This is t h e  result 

obtained Knipp anl Uhlenbeck for the  Fermi type interaction (Vector), 
P 

For the total probabili ty of emitting a photon with energy U 

within dW i n  any direction together with an electron of energy E within a, 
We obtain by integrating (2,hl) over the so l id  angle 

F d u =  J w t l c t p d r ,  
P 
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The total  number of photons per unit time of  e n e r g y u  within d CJ 

emitted regardless of the electron energy is  given by 

$ ( u l d V =  f.w F Po (2,431 

ht+W 
From t h i s  w e  can obtain the behaviour of the photon spectrum near the 

maximum energy in the form 

The following two limiting foms of formula (2,42) are a l s o  usefUlo 

For E GI arbitrary, TJIE) obtain 

( 

For E arbitrary Q (‘ 
v=vol ic i ty  in units c c, k 

hr 



As an i l l u s t r a t i o n  and a check we shall give a derivation of the resu l t  (2,39) 

with the Feynman-Dpon graph method 

which is  eas i ly  obtained with Dysonts reduction of the multiple in tegra l  

over P-bracke ts 

11 
A s l igh t  generalization i s  needed 

We calculate d i rec t ly  the  S-matrix i n  t h e  form 

s = J, + $,+ s,-c ' 4 '  

(2.48) 

(uni t  matrix) 

We are  only interested i n  the terms i n  S2 which give rise t o  the t ransi t ion 

i n  question, These terms are  contained in 

Here P i s  the time-ordering operator defined by Dp.Sonu. A closer examination 

reveals t h a t  the two integrals  are the same ard thus just cancel the f ac to r  

2 i n  front,  Thus we a lso  have 

When we se l ec t  out ef this double integral  one matrix element corresponding 

t o  a given t ransi t ion,  it appears i n t h e  form 

where R is the matrix element depending on the fiitial and final momenta of 

a l l  the par t ic les  involved and Po, P are the i n i t i a l  and f i n a l  momentum 
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four vectors. 

and in te rna l  s t a t e  function Uoo The f i n a l  state is characterized by a 

nuclear momentum Kp wave function Up electson po photon k, neutrino V. 

Thus 

I n  our problem we have an in i t ia l  nucleus of momentum KO 

The t rans i t ion  probabi l i ty  per un i t  time is  then obtained according to the 

formula 

where n i s  the  number o f  outgoing par t ic les ,  i n  this  case n z 4, and t h e  

integrat ion i s  extended over the respective volume elements characterizing 

the f i n a l  s ta te .  It rnay a l s o  include the sumnation over spins and polarization, 

The problem is thus reduced t o  calculate Bo This can be done by 

drawing tht9 graph corresponding t o  the process in question and then o b t a i n h g  

the corresponding analyt ical  expression by a generalization of the ru l e s  

derived i n  Dyson 12 

The graph i n  question containsfour types of lines and two vertices. 

The types of l i nes  are 
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1) Heavy directed f'm the nucleus 

2) Light directed for the electron _--- 
3) 

4) 

Wavy directed f o r  the neutrino 

Dotted undirected f o r  the photon - - ---  - 
The graph which represents the  inner Bremsstrahlung i n  -decay i s  given by 

(2.55) 

m 

The incoming ard outgoing nucleus i s  represented byGfld = G& 7 No) 
the nuclear matrix element. The outgoing neutrino by ~ ( u )  the vertex 1 

the l i n k  1 3  2 by the propagation function *(p+Le) - m 
@ A J ~ +  mt 

by r& 
the  outgoing electron by u(p) and the  outgoing photon by 

f ina l ly  the vertex 2 by 

and 

. Thus the analytical form of  (2*55) is 
/" 

In  order t o  see t h a t  t h i s  reduces t o  the same result ( 2 . 3 9 )  we need only 

t o  remark t h a t  according to  (2.27) 

(2.55) ' 
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so that 

in t h e  previous notation, 

(2.26) shows that the agreement is complete, 

a = 

Comparison of (2.59, (2,s) with (2,Zl . )  and 

(The fundamntal volume 

1 i n  th i s  calculation,) 

111. INNER BREMSSTRAHLUNG IN K-CAPTURE 

In the K-capture process we have also a sudden change of motion of 

a charge and the process should be accompanied by an inner Bremsstrahlung. 

s ince i n  t h i s  case charge i s  only transferred from the dis t r ibut ion i n  the 

K-shell t o  the nucleus it is expected to  be a l e s s  intense radiation than 

f o r  &-emission, This i s  borne out by the calculation, 

Besides t h i s  difference energy release the process differs from 

the radiation i n  r-emission also qualitatively,  Hrst the succession of 

intermediate states is a d i f fe ren t  one since we s t a r t  out with one external 

electron ard end with one photon and one neutrino. 

emit a v i r tua l  positron and a r e a l  neutrino, 

annihilated by the electron i n  the  K-shell, 

can first get scat tered in to  a different  a t a t a  under emisaion of a photon 

The nucleus can first 

The positron i s  then subsequently 

Alternatively, the K-electron 



. 

and is subsequently absorbed by the nucleus under emission of the neutrino. 

A second difference a r i ses  from the f a c t  that  the electron in the bound 

s t a t e  has a f i n i t e  extension i n  9 -space, 

in te rmdia te  states with a continuum range of the momentumo 

not j u s t  a summtion over the spin s t a t e s  but also an integration over 

various momentum values i n  the intermediate states.  

This allows t ransi t ions to 

Thus we have 

For the  Hamiltonian which is  responsible fo r  the transit ions,  we 

can again take 

l 4 =  Hp t k ,  

with the same notation as i n  Section If. 

we use muo (2,13), ( 2 . a )  of the previous section, For the density 

of f i n a l  s t a t e s  we have instead of (2.15) 

since there are only two outgoirg particles.  

We characterize the i n i t i a l  and f i n a l  nuclear wave function by V 

and U respectively and denote the  nuclear matrix elements With 



-22- 

For the  i n i t i a l  e lectronic  wave function we write 

transform 

x) and f o r  ita Fourier %(- 

The u&) and %(9) are  spinor functions representing the s t a t e  vector of 

the electron i n  the K-shell, 

c anbe  neglected, 

characterized a s  follows: 

For the actual application the small components 

The i n i t i a l ,  final and intermediate states are then 

I n i t i a l  state: 

Wucleus V 

Electron uk 

Intermediate states: 

a) Electron % 
Positron q, F 

Nucleus u 
Neutrino v, 

- 

- 
b) Electron E, E 

Nucleus B 

Photon k, CI - 
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Final state: 

Nucleus U 

Neutrino v ,  & 
Photon 4, 

- 

For the energies i n  these states  w e  have 

A+K 

Here 4. represents the energy of the in i t ia l  nucleus (not the atom) and K 

the energy of the K-electron including its rest energy. 

zero point for the nuclear energy, the energy of the f ina l  nucleus. 

We take again the 

E, - - K t F +  C 

- E + U + A  - 
Energy conservation gives 

A+K = L + Q  
and for  the energy denominators we obtain 

E, - h= - k / - f  
E . -  € b =  w-L 

c 

c 

(3.7) 

(3.8) 

(3.9) 

(3 .la) 

(3.11) 



-&- 

e For the matrix elements of these processes we obtain 

(3.12) 

where 4 -  P 
a @ =  w 
- -  

Z C k I X )  = &&.)P Introducing the notat ion 
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we obtain f i n a l l y  for tfie probabili ty of the emission of a photon of energy 

CJ w i t h i n d a  

where k,  = A + h is  the araximm energy f o r  the photons. 

The re la t ivs  probabili ty per emission process is  obtained by dividing the 

expmssion for  dp with Po the K-capture probabili ty per uni t  time 

This gives 

(3.16) 

If the photon energy i s  large compared t o  the binding energy of the K-electron 

LJ >> K - h  
by putting the K-state wave function r c o n s t .  z 1, 

we may approximately evaluate ~e i n t e g r b s  i n  (3.a) 

Frcm (3.6) we ge t  

and 
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Thus 

approximation va l id  far L.J >> k- h.\ thus especially a t  the 

upper end of Spectrumo 

process is  very nearly given by 

The t o t a l  number of photons emitted per #-capture 

Thus, far instance, for  F d 5  b d ~ 0 . 2 1 0  MeV 

From formula (3.20) one deduces t h a t  the photon spectrum is expected t o  

have i ts  maximum a t  

(3 .22)  

(3 .23 )  

In order t o  t e s t  the f e a s i b i l i t y  of the method here proposed fo r  

measuring the energy release i n  K-capture processes, p. R. B e l l  and J, Cassidy 

have made a t e a t  run on FeS5 which goes by pure K-capture to  Md5. This 

9 was the sane substance used by Wadt and coworkers who made a crude de- 

termination of t h i s  energyo They give a value of l$) keV. 
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3r;cr 
The graph shows a plot  of  hJ where n ( b  )d &.J is the mber 

of photons of energy Gj within d w  . The p lo t  according t o  (3.20) is  

supposed t o  be a s t r a igh t  l ine.  

the m a x i m  energy a d  turns out t o  be 

The intersect ion with the abscissa gives 

(tl, = 206 keV. 

!Phis compares well with the independent determination of t h i s  energy 

by the measurement of t h b  Q value i n  the reaction Mn 55 (P,N)F&. This waa 

done by Stelson and Preston13 who find Q TI 1.006 2 0.010. This gives 

b/ 3 219 keV f 10 keV. 

. 
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