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v Pagé 8, In Fig. 1, angles PQR and PQO" should be shown as right angles.
V/ Page 16, Substitute attached revised Fig. k.

v~ Page 17, Eq. 23 should read as follows:

{;x-éx + 1] {ﬁ (2 + 0% + 2+rfx2j
{(ﬁ-éx)2+xt2+l}2 El}‘\ (l+5))~]2+1‘2}

" Page 21, Eq. 35 should read as follows:

!
t(r) = t, for O<|rl<-—-—-—2———
t. +t t, -t t, +t
1
=-r+—%—§-—-2— forz—l<lr,< 2
t +t
= 0 for —s— (, ’

The same correction should be made on page 61 where Eq. 35 is repeated.

-1-



- ~ Page 24, Eq. 55 should read as follows: =

b, = (+ + g» b

I/”‘Page 27, Eq. 68 should read as follows:

L = i% S A/oi Af:i E, N(*E'n, ﬁl) K(En) R
The factor R was similarly omitted in Egs. Tk, 80, 81, 82, 85, and 86
and in the calculations for Fig. 6. The revised figure is attached.
-~ Page 37, Eq. 97: Minus sign should precede fraction on left side.
Page 43: To make page 43 agree with the revised Fig. 4, add an extra prime
to each of the coordinates x, y, z, except for the expressions enclosed
in brackets.

Page 51, Eq. Al.k should read as follows:

2 2 - 2
Pac +2)oao$0ac +f)ao

Pa
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GENERAL PRINCIPLES OF A PROTON
RECOIL FAST-NEUTRON SPECTROMETER

B. R. Gossick
Summary

A general equation for calculating the neutron energy spectrum from

proton recoil counting data is derived. This equation is optimized subject to

a constant total error to determine the most favorable experimental conditions.
Feasible accuracy is illustrated by presenting a family of curves of the counting
time (required for one point on a spectrum) plotted sgainst total error with
source intensity as a parameter. The calculations apply only to a "good geometry"
experiment with & point source. The subject is treated for the most part in
terms of a thin radiator, but the calculations apply equally well for the case

of a thick radiator by a simple extension which is outlined.



Introduction

A proton recoil instrument has the dual purpose of obtaiﬁing information
about both neu?ron energy and neutron intensity. Since the measured intensity
can be increased by only three means (1) widening the collimator, (2) making the
radiator thicker, and (3) increasing the counter detection width, the information
about intensity cén be gained only by sacrificing information about energy. This
is shown by the facts that enlarging the collimator increases the uncertainty in
the collision angle, making the radiator thicker increases the uncertainty in the
beginning of the range, and expanding the counter detection width increases the
uncertainty in the end of the range.

That such a relationship exists between energy and intensity errors is not
surprising as it is apparently inherent in the general principles of measurements.
What is of interest is the magnitude of this relatiohship for particular types of
measurements since the quantitative expression for this magnitude provides a cri-
terion of feasibility for the experimenter.‘ The following paragraphs are mainly
devoted to determining the relationship between energy and intensity errors for
the special case of a proton recoil instrument with a collimator. However, in order
to establish the connection between these errors it is first necessary to determine
the counting rate and the separate error contributionsa.

Instruments which fall into the category considered here have been reported
recently by B. E. Wattl, Los Alamos Scientific Laboratory; D. L. Hille, Argonne
National Laboratory; B. B. Kinsey, S. G. Cohen, and J. Dainty3, Great Britain;

B. L. Cohen and C. E. Falkhy Carnegie Institute of Technology; R. G. Cochran,
B. R. Gossick, K. Henry, and F. J. Muckenthaler; Oak Ridge National Laboratory,

the prototype of which was described by Gossick and Henrys.
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Calculation of the Detection Rate

The essential geometric details of a proton recoil instrument are por-
trayed in Fig. 1. As shown, the neutrons are considered to be emerging from a
roint; and the radiator and collimator are circular with equal radii. "Good
geometry” is assumed, i.e., separation distances b and b, are large compared to
a. If the radiator area were small compared to the collimator area, recoil pro-
tons could be treated as cdming from a point source, simplifying the problem.
Simplication could also be éttained by making by large compared to by so that
the neutron emission angle ;\.may be neglected. However, both of these simplifi-
cations involve a loss of intensity which cannot be afforded. n-p scattering is
treated as being elastic and isotropic in the center of mass system. According

6
to SegrE this assumption is good up to 14 Mev, below which there is no departure

from spherical symmetry in the scattering. The departure from spherical symmetry6
increases with energy, and at 27 Mev ——Eifl— =1.28 + .008.
a(Zy -
2

Let N(Ep,< ;) denote the emission rate of neutrons per unit energy per
unit solid angle, where E, denotes the neutron energy and -1, the solid angle.
The n-p process rate in a small element within the radiator is given by

af = N(Ep, 1) S o(Ey) t(R, A ,7p) dBpd N, (1)

where d(En) represents the hydrogen scattering cross section, S 1is the density of
hydrogen atoms in the radiator, and t(R, ;L,yp) the effective radiator thickness

as a function of proton range R, neutron emission angle ;{ , and proton range

_7..
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obliquilty angle Tp- Since

dN, = sin A dA de (2)

(1) may be rewritten as
&f = 8 N(Ey,<T;) o(Ey) t(R, A,7) sin A dA a@dE, . (3)

Assuming isotropic scattering in the center of mass system, the fraction

of df which is scattered into a small solid angle dSL, equals

sin2 W a2l a9 _ sin¥ cosy¥ dayW 4@ (k)
Tx 7= = 7

When d“fle is directed toward the collimator, the contribution of the interval

(Bas B + dn; 0, 0448 A, A+dA5 @, p+d@; @, F+4 ) tothe

detection rate may be expressed as
dr = -i- N(En, 4% ;) o(En) t(R, ) »7p) sinA sinfp cos f 8 X ap djp aE, .(5)

The counting rate is obtained by integrating (5) over the contributing intervals
of the arguments, and as (5) is the partial weight for a recoil being detected,
it provides the distribution function for determining the errors in the proton
range. Since neither t(R,‘A_,yp) nor the errors are functions of @ because of
symmetry, it is éonvenient to integrate (5) with respect to © at the outset and

ignore it in subsequent calculations. Thus

dL = 28 N(Ep,L;) o(Ep) t(R, A »7p) 81inQ sinf cosf aA ay df dE, . (6)

-9 -



By Geiger's Law the range of a recoil proton with collision angle, @,

may be expressed in terms of neutron energy E, as

g/2
R = k Ey cosg(,u y (7)

where k 1s a constant and g is a very slowly varying function of proton energy.
Since we always consider here the interval of resolution for the measurement of
one emergy point, which is small, we may consider g as being constant in that
interval. Figure 2 is a plot of g for paraffin, which was calculated from the
range-energy tables of Hirschfelder and Magee [

It follows from (7) that

- &8 R g 8
so that
2B
dE, = 2 @&, (9)
gR

which, when substituted into (6), yields
aL = %ﬁ ERn N(En, 11)0(E)t(R, A .7p)sin A sin ¢ cos dAd¥a PR (10)

Since "good geometry" is assumed, angle A is always small. Hence sin A may

be replaced by A . Then by using "good geometry" (10) may be approximated by

a = 1_;_3. 20 N(En, 111)0(En)t(R, A ,7p) A sin Pcos P d A a yaga® . (11)

4
The effective radiator thickness has been treated by Cohen and Falk as

a function of neutron energy by considering only head-on collisions so that

- 10 -
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neutron and proton energy are interchangeable. The function for the effective
radiator thickness used here is essentially the same because the dependence on
A and 7p can be neglected with "good geometry". To show this, it is conveni-
ent to commence with Fig. 3. to, %1, and t, refer to distances in terms of

the stopping power of the hydrogengus radiator. Only the radiator, shown as

t1 in Fig. 3, is hydrogenous, and the values of t, and t, must be converted
from range energy data. Protons are produced in tl, and some traverse the in-
tervening distance and come to rest in the detection width ts. 1t represents
the total stopping power of material between tl and t2 in equivalent centimeters
of the radiator material. That the end of the range is within t, may be made cer-
tain by either a coincidence - - anti-coincidence circuit, or by using a
differential counter in conjunction with a pulse height discriminator. The
detectlion width t, must be calculated from the characteristics of the particular
detection apparatus employed. In obtaining t(R, A, 7p) we let t7 and t, re-
present radiator thickness and detection width interchangeably, but choose them
so that t; € to. Taking into account only head-on collisions and considering
all possible ranges beginning in the radiator and terminating in the detection

zone, the following function can be readily obtained.

t(R) =0 for RL
=R - tg for toe R &Lty + 1y
=1 for to+ 1€ R Lt + 1o
‘
=-R+t,+t +t, for to + to LR Lty + % + 1,
= 0 for R>to+tl+t2
1-

- 12 -
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Having obtained t(R) it is evident that R must be replaced by the pro-

Jjected range R cos 7p in the general case, and the thickness enlarged by the

factor o; for neutrons with oblique incidence. Then in general
c
t(R, /\:7p) = 0 for R cos 7p £t
= Rcos yp -ty for to LR cos yp Lto + 1]
cos A
- % for to + t] LR cos 7p Lto + to ?(15)
cos A

=R co8 75 + 15 + t1 + to for to + to LR cos yp Lto + t1 + tp

cos A

= 0 for R cos 7p Nto + t1 + o

Since /\ and 7, are small with "good geometry", we are at liberty to replace
t(R, A ,7p) in (11) by its value in (12).

E
As an approximation 2 N(Ep,<%)o(E,) is now replaced in (11) by its
R

average in the interval of resolution..f1l; is determined from the geometry of
the experiment while En is determined by the egquation
— tl + te

R = R(E,) = to+ — - (1%)

Employing the substitutions in (11) indicated above give for the partial

contribution to the detection rate

dL. = %S— E-_B%- N(Ep, 71;)0(En)t(R) A sin Pcos WaAa Pdde (13)
= K(Ep)t(R) A sin Ycos #a A afapawr . (16)

- 14 -



It is now advantageous to make a transformation of coordinates, eliminating

Y and f in favor of & and 7 » Where

E = X (17)
b
and
7= PN (18)
bo

Coordinates x and y are shown in Fig. 4. Since the maximum values of both x
and y equal a, then & and 7 are both small with "good geometry”. 1In order

to make the notation more concise, let

R
and
b
- L (20)
bo
We use the Jacobian determinant IJ ] to affect the transformation of co-
ordinates.
apay - p|d5d7 ) (21)
where
¢ Qv
o8 P 7
3] = : (22)
252 2 2
2& o 7

A calculation of lJ' is made in Appendix 1, the result of which is

-15 -
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sin y’cos w \Jl =

(er-98. 0] {fe- . )32 +1% 4722} .
EERE R o | R R

With "good geometry" it is possible to neglect terms of order 2;2, and when
this is done, it may be seen that (23) equals unity. Therefore (16) may be

rewritten as
@ = KEJER)AaAdEZaAN &R . (2k)

Thus

t(R) Adgdvld AdR  (25)

The integral of (25) over the dimensional coordinates A, q, and 2

is carried out in Appendix 2. The following result is obtained

" 5 R & to+tl+t2
- = = - t(R)dR (26)
SEHONCEE S

(e}

The final integral is given by the area of the trapezoid in Fig. 5.
Thus
totty+ts

R =
f t(R)JAR = 1t tp (27)
R'= t,

-17 -
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Therefore -

2 2
= X(E,) ’2‘ (§1> <§2> £ t,
- ’

2%S 2 2 E _ = _
; (§1> (§e> "ty o NEy, ) dE)

e

=
|

(28)

Equation (28) gives the counting rate, and from the experimentally obtained

value of L, one can immediately solve for N(Eﬁ,Jﬁ.l).

Calculation of the Range Error

The following error components in the proton range must be considered:
(1) energy straggling, (2) angular straggling, (3) radiator and detection width
errors. The first error is independent of the instrument, and the value for

8

this error given by Livingston and Bethe” always applies. The second error is

due to uncertainties in the neutron emission angle ‘A ; the n-p scattering

angle QV, end the range obliquity angle Tps it is an instrumental error, de-
pending upon the dimensions a, by, and bo. The third error is due to the uncer-
tainty in the beginniﬁg of the range within the radiator and the uncertainty in

the end of the range in the detection width. This again is an instrumental error,
and iﬁ depends upon the dimensions tg, t;, and t,. The partial contribution to

the detection rate given by (24) provides the distribution function for calculating
the second and third errors in the range. |

The third error enters into the partial weight through the factor t(R)

which is independent of dimension coordinates éf, ?7 , and A using "good

- 19 -



geometry". Let Jpl denote the fractional range error due to the radiator and
detection width. and‘/g the fractional range error due to angular straggling.
LetJ/% nov represent the range error due to t; and t, which would occur if the
path of the proton were along PQ in Fig. 4. However, on the basis of "good
geometry", ?5 and 070" are considered here as being interchangeable so that

,/% may be considered as a function,/%(R). The errorlfz then is made to account
for the proton path being along PR rather than PQ. In the latter case PQ is

not replaced by 0'0", and/g is considered as a function/oa(g, '?’ A). Although
(24) supplies the partial weight in both cases, the two errors are independent
of each other because they depend upon different variables. Hence, we may

write
PalEs 0y A) = 8g A (29)
as the distribution function for "angular straggling”, where

L= 2 (2;)2 (22)2 (30)
a T a a

is the normalizing constant.

Similarly, the distribution function for the radiator and detection width

errorjf% may be expressed as

P.(R) = Ay t(R) (31)
where
- l /
et e, ()

is the normalizing constant.

- 20 -



To simplify calculations involving (31), let

t :
R=‘co+—--——--l+J62 +r (33)
2
@R = dr (34)
t(r) = tem ]

t,  t

= 1 for O(/r/é—g—é——l—
5
I S for to -t P t1 4+ t2 b (35)

2 2 4Ir 2
t
=0 por —Lr'2 4//

J
Cﬁdn,c) per ¥olice ”/1/53
Then

Pe(r) = Ag t(r) . (36)

By making this transformation, the convenient relation
- 00 o
ﬁ: = A j Lox) t(r) ar = o0 (37)
_(_x) ‘

is obtained. The combined range error due tb /Oa and ft is then /O= /i +,/€,

and the combined mean square deviation may be obtained as follows.

i

a/by « '\I rfz 0o _
(P-P)? - S j f 5 (P - Lo+ f2)2 By(r) Pa(f,;\,}z)drd; ay aA
L Lo (38)

ji . (j;)a +)0i (39)
A)Oa + Aft (40)

- 21 -




— .
whereft is the same as A Pt because of the transformation made by (33).
For convenience, we shall proceed to calculate J/Z,Jfg and_jot separately.

The proton range is given by (7), which may be written as

g/

R = kE ® (1 - sin? y)g/z | (k1)

and with good geometry, since y/is always small, R may be approximated by

R = k Eng/2 (1 - g/2 sin® ). (42)
Since k Eng/2 represents the range R(En), we shall replace it by
R = to, + ~E} + 2 as we did in (1k4).

2

R = R (1 - g/2 sin® 97) . (43)

The apparent or projected range is R cos 7p which is denoted here by

g/2 sin® ¢ ) cos 7, | (L)

Rp=§(1

R (1

1P

g/2 sin® @ - 1/2 sin® y,) (45)

Then, by (45) the fractional error in the range due to "angular straggling” may

be written as

R, _ R
- B ey et 06

Since the first term represents the fractional decrement due to the scattering
angle ;ﬁ ;> and the second term represents the decrement due to the angle of

obliquity Tp» Ve shall keep the two terms separate, distinguishing them by the

- 00 .



Added per Mefiec ij.jss

Wrmr—e—cany
F————

Page 23, At top of page attach the following note:
In the range error calculation due to collision angle starting with
Eq. 47, the coordinates A‘i&md R should be interchanged to agree with

Fig. 4. Because of symmetry, interchanging these coordinates does not

affect the outcome of the calculations.

sinQ;a = $2+ [(1+5) A-rl:]"’ ) (47)

and
sin27p = £2 4 (5A-r{)2 . (48)
Therefore : ’
Lo = -2 22 [(us)?\-ﬂa (49)
and

Po = -1/2 [52 s (B A- n )2]. ‘ (50)

i P - p R i determined separately.

Since /Z "/a?c *+ fao ? the two contributions are dete P y
This makes the calculation somewhat more concise, and it is interesting to be
able to compare the two terms. This calculation is carried out in Appendix 3,

and the results are stated below.

7. . e 2|,V ., ¥ | (51)
/fc‘ R by b, p

7. . 1 (aY (52)
ao =~ T "o by

2

a g 2g gra| | (53)
= -+ B2 bb, 2

2

It is interesting to note that /—;o: is independent of the separation distance
by. In a later calculation it is shown that it is profitable to make by about

half the value of by, in which case /g, = 5g _fao » and since g ~3, /2 ~15 /5,

-23 -



Unfortunately, the separate contributions of /gc and /go cannot be identified

2
in the expression for A fa since the latter contains cross products of /gc

and/:o.

The calculation of Aji is carried out in Appendix 4. The result is

stated below.

2 g2 g 1 a + g2 a 2 a a 2
Afa =\T8+*t 2 + T (:62> + (5 + %E) ( b_g_) (:EI + SE)
L

2 fa  a ga5a a
s Gy ) (R )

The optimum relation between b and by is that which provides a maximum
counting rate for a constant error Ajﬂi . It is convenient to calculate first
the corresponding relations for constant errors /"aC and /Z max’ Using the familiar

method of Lagrangian multipliers one obtains

‘ — U/
bz,,ﬁ@l ,  by= (4 +—;—’—) b, (55)

for constant /_ .. C‘ln,( rcr wo7ice ulifs3

for constant /—g—

2 A

On the basis of (55) and (56), 11)—- is now replaced in (54) by T + T
1

where A is considered to be small. The optimum relation between b and b for

AJ) = constant is calculated in Appendix 5. All terms in A2 and of higher

order are neglected. The following relation is obtained.

- 2h -



bo _2qy + 6qp + 270q3 - 2 :
- L* % 3.7 "% (57)

L1 bqy + 108q3 + qy
where

2

a - BT (58)
5

oy = & (60)

3 18

o = £ (61)

b
Since g varies slowly with proton energy, the ratio b2 is somewhat energy
1

dependent in (57). 1If this is neglected and g is replaced by 3 as an approximation,

1 1.96 i 1 2 A

then =

% = , which justifies our having replaced —— by Y (1 + _2_)
1 2 1 2

in (54). As A ~ - 0.04, the higher order terms are small compared to A.

Setting g equal to 3, the value of A fa for the optimum relation between
a

b, and b, (taken as by = 2by) is
af = 200 (2 y 62)
= 29, . 2
fa. (b2> (

Substituting (62) into (28) yields the counting rate, optimized with re-

spect to ‘b1 and b2.

B - o= -
= NM(En,1) oF) (63)

£ S 2
L = — A t t
T & 4f, Mt

The next range error to be considered is that due to the radiator and de-

tection widths, which was introduced za.s/ot in (37). On the basis of (1k) and

- 25 -



(33) it follows that

(64)

i

r
Jf%(r) = 3

Thus
A/Oi = 2, 6/ fi t(r) ar \ (65)

The value of the above integral is calculated in Appendix 6. The result

is given below.

2 .2 2 .2
t - - t1 + t .
12(R)? 12(t, + __1_2__2.)2

The optimum relation between t; and t2 is tl = t2, as may be easily veri-

fied by maximizing the counting rate (63) subject to constant éjbi.

Since background depends upon particular experimental conditions external
to the equipment, it cannot be treated in general. By neglecting background we
have implicitly assumed that our instrument discriminates perfectly against back-
ground. Thus the optimum relation t; = %, holds only for an ideal instrument.
It should be recognized that background intensity may necessitate making the de-
tection width less than the radiator width, a practical limitation making it

impossible to utilize the benefit of the relation t; = t,. Then, for an ideal

instrument only

2

t1 1 2! (67)
A = =
ﬁ eme  © <to ¥ tl> ,



which provides a counting rate

1.65 x 2 T 7 = = = —
L = -_E?"_ 8 AP, f/ot Ep N(Ep, 71,) o(E) - R (68)
CAE}yeo’ Piid melrce ’//1/53
The error in the range due to the instrument is now obtained by inserting

(54) and (66) into (40)

N (69)
. ) 2
+ qy (a—f (a— + 9——) + 1t
b b b 2,
e 1 2 12 (to + L1+t )
2
y

The total error in the range must contain a term which accounts for energy
straggling. This error is caused by the mechanism by which the proton energy
is attenuated in traversing a substance. The proton suffers many small decre-
ments of energy to electrons in the stopping substance. There are statistical
fluctuations in the number of interactions and the amount of energy transfer per
interaction. Thus, there are statistical fluctuations in the ranges of protons
emitted from a monochromatic source, and this is consequently an error which is
independent of the instrument. The total mean square deviation in the range may

be expressed as the sum of (69) and the mean square deviation in the range due

to energy straggling A>F§ . By employing equations (79la), (792b), (793) and

(79%a) of ref. 8, one can obtain

) 2 N2
_ 2 (Rex - R0} . _(R-Ro)
afs = x <: Ro ;) ) 2 ' (10)
(¢}



R

2 ‘
The ratio °X has been recently tabulated by Bethe”, and earlier in

Ro
ref. 8. The total range error is thus given by the sum of (69) and (70). Let

this sum be denoted by

Y _ 2 2 2
Af]tot = Afs + A(oa + A/ot . (71)

By Geiger's Law the corresponding energy error is
€ - (5 o, ™
g tot

The optimum relation between by and b2 and the corresponding relation be-
tween ty and t, have been determined, but not the optimum relation between b; and
t1. That may be obtained by optimizing the counting rate (68) subject to (71)

b
being constant. Of course (71) in this case represents the error when b = _Tg_

2
and t; = to. Since A(3 has nothing to do with the counting rate, it drops out
s _
of the calculation. The result is that APz should equal A Pz , giving the
a t

relation

)
2 “1
13.3 (b2> © T ] (73)

Therefore the maximum counting rate may be written as

b
sy = -1-—63—-"-&- (apf E, NEy, {1 ) o(,) R (74)
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where

5 1 ot 2 (67)
afy = 5 (THrE ;
[»]
- tl
13.3 (—\ =

b to + tl J (73)

bo

bl— '—é—'

t = %

Thus, for a given source intensity N(Eﬁ’J;Ll)’ the maximum counting rate
Lpax cennot be increased except by increasing either the range error or the

hydrogen density in the radiator S. Typical values of S are:

S = T7.65x 10°2  (paraffin)
s = 6.4 x 10°2 (glycerol tristearate)
S = 4.92 x 1022 (polystyrene)

According to (T4), Lp,x can be increased without sacrificing accuracy if
N(En;q;il) can be increased by a constant factor, e.g., by increasing the beam
current of an accelerator. Then for a perfect instrument the counting rate is
limited only by the existing limitations of source strength. However, as the
background rate increases with increasing source intensity, the maximum counting
rate is limited in practice by the resolving time of the electronic circuitry

associated with the spectrometer.
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Calculation of the Minimum Counting Time

The number of counts C taken for one point on a spectrum curve is given
by the product of L in (24) and the counting time t. The curve is normally
a plot of the experimentally determined values of N(ﬁﬁ,.fil) against E, or
., as abscissa. In the following discussion only Ep is considered as the
abscissa. The coordinate of the point in the ordinate N(Eﬁ,-fil) is obtained
directly from (28) because all terms excepl N(Eﬁ,afil) are specified by the
conditions of the experiment. The fractlonal error in intensity o is

N
determined from the standard déviation as

i = : (75)
The fractional error in the ordinate is hereafter denoted by u2

The fractional error of a point on the spectrum curve then has two components

,l 52 along the abscissa, and r\] |.12 along the ordinate. In order to take
cognizance of this fact, let

-z
5, = w2+ E° (76)

define the total error of a point on the curve.

Since a spectrum curve consists of information about both intensity and
energy, it does not appear consistent to measure lntensity quite accurately
and leave the energy relatively uncertain, or vice versa. For example, it is
certainly unsound to provide excellent collimation, but count so few protons
as to be unable to make a reasonable estimate of the average rate at which

protons traverse the collimator. On the other hand, it appears inefficient to
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spend a lot of time taking counts if the collimation is poor. We feel justi-

fied therefore in saying that there is an optimum relation between u2

and 6?2 which permits the equipment the least time to drift while collecting

data for a point with an error 6? . This relation is determined by mini-
mizing the counting time subject to (76) being constant, and is the only
general consideration we have been able to make which allows for the fact
that the equipment is not perfect.

The counting time t, the number of counts C, and the fractional error

in the ordinate Al u2 are related by the following equation.

Employing optimum dimensions, (71) becomes

Afiot = Afz + eAf% . (78)

Hence

A/Oi = - : (79)

) 2 2\ _ L
bos lgs (,Af tot - Ayos) E, N(Ep, M1,) o(E,) R (80)
or
5 = 3,2 _ -
L = 12.2 (€2 -€3) Ey N(En, /1) o(F,) R (81)
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in terms of the corresponding errors in energy.
The counting time for one point on a spectrum curve is obtained now by

inserting (81) into (77).

£t = 12.3 — 5 82
g2 s uf (€2 -¢€2)2 By N(EBp, A1) 0 (E,) K (®2)

Minimizing t,subject to 8? = constant,yields the relation
o 2
—p €° - €
we = —=k (83)
2

which on the basis of (79) means that 2 should equal E;%—. Thus the op-

timum number of counts is given by

2 t t 2
- @ 2 - e (52
1
APy

\ (84)

]
/’\\
h] (]
S’

n
N
O} +
'—l
T~
ol o

n
~2_

=~

Substituting (83) into (82) yields

24.6 =
tpin = — — = 2 (85)
" &3 S(€2 - €2)° Ey N(Bn, IL) o (E) X

for the minimum time required to obtain one experimental point subject to
6? = p2+ €2 = constant. Equation (85) provides a useful feasibility

criterion. Suppose there is a need to take measurements in a given range of
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intensity values N(Eh,ngl) and the available time per point is tmin: Inserting
these values in (85) one can immediately solve for é?é since g, ézg , and o(E,)
are fixed by the choice of En. The value of éEE-obtained may be regarded as the
practical lower limit of error.

The following equation glves tpy, in terms of the width at half maximum,

which is 2.36 times as great as the r.m.s. error.

4232.2 —_—
tmin = ‘—2 T 3 _ _ _ _ & (86)
g3 (€, - €0 B N(Ey, Ny) o)

Since resolution is normelly stated in terms of width at half maximum,
(86) may be of more practical interest than (85). Equation (86) is plotted in
Figs. 6, 7, and 8 for 1.5, 3, and 9 Mev with N(Eﬁ,_fil) =3 - 104 as representative
of a plentiful (a,n) source, and N(Eh,_fil) = 106 for a fairly copious yield from
an accelerator. For isotropic sources the first rate corresponds to a total emission
of 3.78 - 10° neutrons/sec/Mev, and the second rate corresponds to 1.26 + 107
neutrons/sec/Mév. Paraffin was selected as a typical radiator, having a hydrogen
density of S5 = 7.65 - 1022 atoms/cm3. The tables of ref. 7 were used for the range
data, and values of g were taken from Fig. 2 which is based on the same reference.
Adair'slo compilation was used for the n-p scattering cross sections.

That the data collection time increases with increasing accuracy is to be
expected, but the absolute magnitudes here may be surprising to those who have not
worked with these instruments. 1In using the curves it must be kept in mind that
they assume perfect discrimination against background. Thus, although a comparison

(of the curves in Fig. 6) shows that the data collection time for a point at high energy
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is less than for a point at low energy, this is not necessarlly so 1n practice
because high energy neutrons are capable of producing more background than low
energy neutrons. With poor discrimination against background, it takes longer

to establish statistical accuracy.

Infinitely Thick Radiator

The thickness of an infinitely thick radiator is greater than the penetra-
tion depth of the most energetic recoil protons. Hence it is infinitely thick for
protons. At the same time, fast neutrons are so penetrating that the radiastor may
be regarded as thin in connection with neutron transmission. Thus multiple scattering
may be neglected. In treating the thick radiator, we imagine it to be split up in-
to many laminations of equal thickness. The protons of minimum energy, whose range
terminates in the detection width, come from the lamination of t;; next to t,, the
thickness of absorbing material between the radiator face and the detection width.

The contribution of this lamination to the counting rate may be obtained by re-

placing t; by t;; in (28).

-
2 2
21S a a - - = = t1l
t, +
(o]
. > (87)
= M Enl N(Enl,_/_il) d(Enl) t.”
11 + B2
to ¥ — 33—

et

The second lamination faces an absorber of thickness t, + ty; and provides recoils

from a radiator of thickness t,;. Thus its contribution to the counting rate is

ALy = M By NE_, /1)) o(F) Sl (88)
to + t1 + ——iiz;——g

where En2 is given by



= t1 + B2
R(Er12) = to + tll + —"""_—2'—__ . (89)

Similarly, the third and r contributions are

t
- = = =~ = 11
dLy = M Ep3 N(E;3 1) o(Eq3) TR - (90)
b o+ ot + —it 2
o 11 2
_ - 11
aL, = MEy, N(Eg, 1) oE,) e (91)
t11 + Y2
b+ (r-1) by + —————
2
Therefore the counting rate for an infinitely thick radiator with absorber tg
is given by the sum
r — — -
max B, N(E .0 /1)) ofEpy) t
L-n I or Mpp 77y) ABnr) t11 (92)
r=1 t t
11 + “2
ty + (r-1) ty; + .
where
radiator thickness
Tmax 1
Since
t t
11 + 72
R(Enr) = to + (r-1) ti; + ; (93)



t11

the fraction in (92) may be replaced by

t11 + T2
t, + (r-1) ty1 +
AR E
_ or [B-\[2En \ invoking Geiger's Law. Substituting the latter
R(Epp) 2 ol
nr Enr /

into (92) yields the following expression for the counting rate
a 2 a 2 max _ - _
L = n8S t2 (—-.5-]—-) (—T)—z-) E- N(Enl"-/)-]_) U(Enr) A En . (9’4)

Since there is nothing to prevent us from allowing the number of laminations to
increase while A Eﬁ correspondingly decreases, we may replace (9%) by the

limit of the sum.

2 2 P
L(Ea) = %8 % <_g_) (_g_) J @A) @y (95)
1 2 Eno
where Epo is given by
_ t
R(E ) = to + —2§- . (96)

Consider now that we have a set of experimental values of L(Eﬁo) taken with
different absorber thicknesses %y, and that these values have been plotted against
Eﬁo. By taking graphical derivatives of this curve, we obtain values of the

function

- L) . 454, <;E->2 é%;>2 W(Enor 1) 0 (Epo) (97)
d E-DO b 2
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vwhich may be solved immediately to obtain N(E .,/ \,).

Except when t, approaches the range of the most energetic recoils pro-
duced by the neutron source, the counting rate is large because it is the sum
of the contributions of many laminations in the radiator. Since the counting
rate is large, the values of the points L(Eho) are relatively precise. However,
the values along the ordinate of the spectrum curve are calculated from the

derivative géigggl and hence it is the precision of the derivative which is

dEno
important. The errors must be indicated on a spectrum curve to provide complete
information. If one agrees on this point, he can no longer differentiate the
experimental plot of the function L(Eﬁo) in calculating N(E, ,-fil). Rather, he
is forced to take the differences between the experimental points. Otherwise
the error given before as ‘IF? cannot be evaluated. In taking the difference
between two adjacent points where absorber thicknesses are t, and to + & t5 ,

one obtains the contribution to the counting rate from a radiator of A t,

thickness, and this contribution may be written by (28) as

) Aty
n + Ato + Bp
2

(98)

from which the point N(Eﬁ,iﬁll) may be immediately obtained. This is the same
as would have been obtained directly with a thin radiator of thickness A t,

and an absorbing length t,, except for the error A}.;é— . Consider now the
same energy point taken by the two methods where the same number of recoils

are observed in each case. ILet C and C; - Co denote the number of counts with
the thin radiator and the differential number of counts with the thick radiator

respectively where C = C3 - Co. The error with the thin radiator is
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1 1
NC ,Icl - Co

vwhile the error with the thick radiator is

ol

(99)

- '\lCl+ Co

C1 -Co

Cl+02

Thus the error with the thick radiator is greater because it is o o
1 - %2

times as great. Then the only difference between the thin and thick radiator
is that the latter provides poorer statistics in spite of a higher apparent
counting rate.

In case the spectrum consists of several widely spaced lines, a thick
radiator may be used conveniently to locate the lines. With one line, the in-
tensity may be represented by N(En,_fll) 8(Epo - En), where 8(Eyg - E,) is the

delta function. Here

L(Epo)

o

2 2
a a _ -
%St (T,I) (?) N(Ep, /11)o(En) for Bno £ Ey
(100)

=0 for En_4gﬁho
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Eno)

For two lines

7
a8 .8 _ _ u _
Tt S t2 (T]) (_b_g) l:N(Enl’ fll)o(Enl) + N(En2’ —n—l)O'(En2 )J for Eno AEI]_]_AEnQ
TS t, (.@_\7 (_a_\i Ev(Enz’ 1) U(Enz)] for En) £ Epo £LEpp

The extension to n lines is clear from the above.
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Appendix 1

The x', y', 2! coordinates (Fig. %) are transformed into the xl', yl', z

coordinates by the equation

xt cos A 0 - gin A X
v | =/ o 1 0 ¥ (al.1)
zt sin2 0 cos X z /,

which with good geometry may be approximated by

xt 1 0 - ) x
Zl >] 0 1 z (8.2.1)

In turn, the xl‘, yl’, zl'coordinates may be transformed into fﬁ, '70,@

coordinates by the equation

xl sin \7L« cos qﬂ
vt = PR siny. sin {0 (a3.1)
71 cos%

The coordinates of the point at the terminus of PR in the x', y: z' system
are [x -b AT bg], . Placing these in (al.l) obtains the coordinates

of the same point in the xl', yl', U system, namely the polnt

ERCER PSSP LA (ak.1)



Thus, we may write

| 3
siny = \H [x - (by + bg)ﬂ + yz
PR ’ (a5.1)
- 2
cos ¢ = XA -DP1IAT + by,

PR . (a6.1)

By (a3.1), (alk.l) and (@5.1) it follows that

cos @ = x - (by + Do) A

\l [= - (bz + ;;)ﬂf+ yr (a7.1)
sin = —
? J [x - (b1 + b2)>\]2' + y:b . (a8.1)

Making the substitutions indicated by (17), (18), (19), and (20) of
the main text and by differentiating (al.l) through (a8.1), the following

may be obtained:

Q¢ - £- (1 +dI)A

o7 [6- (1 +<§”)2]2'+71' (a9.1)
ag = -7

9 [? - (1+ J))]L + ?2' (a10.1)

N



2E4 -gX + 1)
o7 ,\] (- (1+ 6)7\]2' + 71' [(5 A 4 p + 1] (a11.1)

3

(§ - J2) - 9>+ 1) |
AF- e+ [(8- 6" ep*v1]  (az)

Qv
9%

By forming the Jacobian with (a9.l) through (al2.l) and applying the

factor sin( cosy, the following is obtained:

sin W cosy[J | =
Sea- 41l [[ﬁ;}(1+ £0]Y n* o ¥7F
[(5“ JA)L +71' + 1} [[?- (1 + J)?\Jz + 72} (a13.1)

Neglecting terms of order 52' , which is permissable with "good

geometry,"” (al3.l) equals unity.
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Appendix 2

bl a 02" 2
mog N
ERE

2 ?bl z A,lo?-y(a drldﬂ

I, = Z Adzdy\dh

(A1.2)

(A2.2)

(A3.2)

(Ak.2)



Let

Then

and

P
o
—~

o]

o

&Se

2
o

1

o

(c2 -

Appenatx 3

Y

[52“ (SA"‘)QAd;'d?d;{

2. 2
’\/'\ A(kk-q)edgd7da
..No@,_WQ
j )\(02-r(2)3/2 dr]d/\

-a
2)1/2 = G Ssin 91 .

|

Qa cos 91

—I5
[t}

d Q = - o sin 8] 49,

_[‘_7_

{’7’2 ' [(l i 5)""]] 2} AaEa 7d7\(A1‘.3)

(a2.3)

(43.3)

(A4.3)

(45.3)

(46.3)

(a7.3)

(48.3)



0
f 2 - n2)? an = - [ (@sine)® ae (A9.3)
4% { /
b
= o1 [ (sin 9> ae) (A10.3)
0
S+1 L¢ ) S-1
- 2 b/' (sin 89)°7" a&y . (A11.3)
Furthermore
n
- 2 = | % _ sin20 = x : A12.3)
‘Z(mn 9,)° a0, LE i ]O s (
Thus
b a/b
J = -"‘2_ /l )\dA] (sin ;)2 de; (A13.3)
(o) o)
I S (L)Q (Alk.3)
8 by .
a/bl (04 o o 5 1/2
Jp = 2 KA- -n2) 7 an aA (A15.3)
2 [ AkA-pT %oy n

i
o

71)1 j [kz A2 - 2krl)\+ Ar]{] Ca -qz)l/z drld;l (416.3)

o]

= Jdpp t Jop * oz - (A17.3)
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By (43.2)

a./bl
b1 = 28 [ A2 aA "2"2

(o]

2 4
n k a
)
Since it is an odd function in r\

Jdop = 0 .
Joz = 2/ / (0@ - n2) dn aA -
AP B

./Oé )'\2(02 _q2)1/2 dr] = a)+ ’[n(cos 91)2 (sin 91)2 de,
o)

-

= ah ‘/ﬂ‘ [(sin 91)2 - (sin el)ujl del .
o]

b
as f Gsimeptae; = 2/ (sin0))? a6y
(o]

1/2 b x
2)/ dr\ = iﬁ—/(sinel)gdel = 3 ot

o]

a/a R

J23=Ta { Adr\=—8—a (—i-)

le
i
o
'_l
+
5
N
|
=
U‘IW
'_l
~—"
Ql\)
I b |
no
Fare
o'l
<
n
+
IRy
L~

(A18.3)

(419.3)

(A20:3)

(A21.3)
(a22.3)
(A23.3)
(A21+k.3)
(A25.3)

(A26.3)

(A27.3)



o

S

Thus all

%. Ag {Jl + Ja} for k
1
— Ag {Jl + Ja} for k

terms in /% have been evaluated.
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Appendix 4

- —

2 2 5
/Oa::joacfe/oaof)ac +,10ao ’ (a1-4)

}Oic = _.gi {5”+2[(1+J)A-7]2 52 + [(1+J)A-VI]“} , (A2.4)

2 foo fac T -%Jgh ([Ja-ﬂe e [+ A-rﬂ2>52

L
+ (Jk-q)"‘ [(1+J)A—ﬂz} , (A3.4)
/0§o=‘%—{$h+2(9-)-rz)2$2+ (JA-W)“} . (A%.4)

T, = f J i 7 g*a ae an ad (A5.4)

[o] Lo - a2 - 2
i

a/b o «]W

Tp = fl f j [ (kA - q)e 52,1 ag drI aA , (a6.4)
o a e - n? ‘
oo T

Ty - | (R A-n)*A ag ap ad , (A7)
° o —Jhlae -72 q 7

1l
—>

Ty



By Eq.

3
—
[]

]

Since

To

]

n

rl(a2 -r]2)3/2 is an odd function in r? , the second term drops out.

(kz 23 . r]a A) (@2 -72)3/2 dV‘l aA

(A9.4)

(A10.4)

(A11.4)

(A12.L4)

(A13.4)

. (A1k. k)

(A15.4)

(A16.4)



1]

By Egs.

it

By Egs.

b1

a

(A11.3) and (A12.3),

2

3

1

3

1

3

)

L)

a/by

(%)

(46.3), (A7.3), an

(&)

(

2
a
)

. (A11.3) and (Al2.3), the definite integral above equals

(

by

f

ki 23 (@@ -p2 dr] dA
( vl 3/2 dq an
q A (2 3/2 an e al

2,2 _ 2\3/2
(R L

d (A8.3),

j (cos 91) (sin el)l‘ aey

o®

2

[(sin Ql)h - (sin 91)6] de,

)a6.

_53-

P

z

(A17.4)

(A18.14)

(A19.4)

(A20.4)

(A21.4)

(A22.1)

(A23.4)

(A2k.})



4
= LS 2 z
w e e g () o r () 5.1
1 1
To evaluate T3 we first expand (k2 A - 7 )h and omit odd terms in q , since they
contribute nothing to the integral. In this manner T3 becomes
a/bl 2 WQ
L 5 2 \3 2 L
6.4
(k2>\+6k2Ay\+)\f])d5 d)’l dA  (A26.4)

(A27.4)

]
H
w
—
+
H
+
H

Ty = 2k: S ? PY ,,‘a2 -yf drl aA (428.4)
O

kg a 6 . 2 2
- — <_‘°I> ja ® -nf e (829.4)
By Eq. (A3.2)
T _ _n 4y o fa 6
31 5 Tk, @ (—b'i , (A30.4)
Alaz_ 2
Tap = 6k ra jY\ 3 2 A b
3 = 6% 5 f Aq dEdrfd (A31.4)
o a - ‘ ne
a/bl a

(A32.4)
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= 3k§ (%)h i 72 «'oﬁ-«f dr] an . (A33.4)

T32 (A34.Y4)
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(A35.4)

-3
w
(U8
|
n
C—
—
>
—
=4
Q
n
S
N
o}
B
o}
>/

a

<_%I>2 _«& Y]hw d,,l . - (A36.4)

By the transformation indicated in Eq. (A6.3), the equation for T33 may be written

as

x
T33 = (_q) 06 j (sin 91)2 (cos 91)h a6, (A37.4)
)

[(sin 01)2 - 2(stn 07)" + (stn 91)6] o, . (A38.4)

/T\
o'l m
H
~—%
193
O\
[0 A

2
. 2
T33 = (q) o® [3 -3 fg:l - & (%l) b, (A39.1)



4 6 4 2
T, = K <'%I> o+ 3L 2 (—3—1) . 2 (‘%) o . (A40.1)

In order to treat T), we expand the product (k; A -rl)z(kg A - y()z and omit
odd terms in TI .

ol

a/‘bl Q ,\ _'-‘2
T, = g f (1<3,\5 + Ky pE ,]2 + ,\rf‘) ak a.rl aA ,  (Ab1.h)
0 < @ -n2
-n V]
where
K, = (kik,)°
3 7 1% ’ (Ak2.4)
2,y 2 |
k, = (k + bigky, + k) . (A43.4)
By Eq. (A26.4)
k Xk ;
Ty, = '_'%— T31 + —"'g"' T3p + Tg3 (AbL. %)
X 6k,
6 h :
- 2 [a_ 4 2 :
- o (bl> f o w, ({ﬂ : be?) o (k)

7 2 a6 % 2 2 ah 4 % a:26
< (kkx) (—q) + 1—6—(kl+hklk2+k2) (—-EI> a +l—‘6—(Tl-> a® . (Au6.4)

it

By Eq. (A2.%)

2 P

f) = -%;“ Ag (Tl+2T2+ T3) for ky, = (9+ 1) . (A%7.4)
ac
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By Eq. (A3.%)

2 f;o ﬁc = —%— Ay {Tl + Ty + Tp s Ty } (Ak8.4)
kp=J ko=(5+1) k=0
ky = (o + 1)
By Eq. (Ak.k4)
(02 = _Ilr' A, (Ty + 2T, + T3) for ky = o . (Ak9.14)

—————

Fe is the sum of Eqs. (A4T7.4), (A48.4), and (Ak9.4). -é‘ was evaluated in Appen-
a a

2 2 (3
dix 3. Then A€ = (7 - ((oa ) has been evaluated, except for the elementary
a

process of squaring é and collecting terms which have been omitted to save space.

The result is given as Eq. (54) of the main test. Equation (54) may also be written

in the form:

2 2 4 2 3 6 2 2
ae. —%—(—%) + B ({':1) (§2>+ _&(sgtl) (§1> <§2>

3 2
1 1
s(g3+ ) (‘1) (§2> , & +6 ) (ge) . (450.4)

..57..



Appendix 5

Let
1
—B—I = Bl ’ (Al'S)
1
—,b; = Ba ) (A2’5)
By = Bp(2+4) . (A3.5) .
Making the substitutions indicated above in Eq. (54) of the main text, and
neglecting all terms in A? and of higher order, one obtains
L oA ’
A ‘02 = 52 q+ 9(1+ 3 )Q2+ 81(1 + )Q3 + 3'-'1)4"' h%] ’ (Ak.5)
a
where the q's are given by Eqs. (58) through (61) of the main text.
2 L |
A(O = (KA+KBA)B2 . (A5.5)
a
daA 3 = sl‘ aA + u53 (K, + A)dg (A6‘5)
Q 2KB o Ky + X 2 ’
By Eqs. (28), (A1.5), and (A2.5) the counting rate may be written here as
2 2 L A
L. = Ky By By = K, B, 4(1+ —2-—)2 . (A7.5)
= A3 A
aL = MK, (1 + -5—)32 [:Bsz + 4(1 + '5‘)d6%] . (A8.5)
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I

We now maximize Eq. (A7.5) subject to Eq. (A5.5) being constant. Let a' be

a Lagrangian multiplier.

bKo(1+ 508k + at gy Ky = O (49.5)
16Ky (1 + 292 B3 + ba'(Ky + Kz &) = O (A10.5)
By E&- (A9.5)

- MK (1 + 53
Q' = 22 _ (A11.5)

X3

Substituting Eq. (A11.5) into Eq. (A10.5) and collecting terms, yields

K
A = 201 - —Kf—) , (n12,5)
X I
2+4A = 2(2 - Kg ) . (A13.5)

Then by Eq. (A3.5)

B, = 2(2 - Kg )8, (ALk.5)
or

by Kp

- =2 - ) (Als.sj)
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By Eqs. (A4.5) and (A5.5)

KA = ql + 9q2 + 81(13 + 3q)+ ’

Ky = hq-2+108(i3+éh
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Appendix 6

— 00
A =
C: A j e, ’
-00
t(r) = &)
_ 2 -t
= t, for 0 AL\rlAi 5
t t2 t t
= v+ — ; for —2 5 L
t
-0 for 4’ /
G = =
R

By Egs.

Hence,

2

Aft

(A1.6)

(35)

(A2.6)




Integrating and collecting terms yields

. 2 M t1 4 t2 \' t - t1 Y
4P, T e <__§—> ) <__7=‘—_ (Ak.6)
Ay 3 3
= — (tot? + t2t.) (A5.6)
12(R)2 21 21
= — . (A6.6)
12(R)

- 62 -



	image0001
	image0002

