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INTRODUCTION

Two mutually dependent factors influencing the feasibility of breeding are the losses

of fuel atoms in chemical processing and the losses of neutrons due to absorption by fission

.products. If the fission products are removed by processing exceedingly frequently, the

neutron losses mentioned would be low but the fuel atoms lost would be exhorbitant? con

versely if processing were conducted less and less frequently, the fuel atoms lost in pro

cessing would diminish but the neutrons absorbed by fission products would become prohibitive.

Hence it seems desirable to minimize the sum of these two losses with respect to processing

period and to estimate the magnitude of the losses around the optimum value. It is felt

that sufficient data are available on certain processing losses and cross-section values to

give a reasonable estimate of the probable range of these combined losses and of the optimum

processing periods,

(1)
J- A Lane, et al, have considered the various factors influencing the financial

and neutron efficiencies of a u233 breeder. For a particular pile configuration, they com

puted the lj233 production as a function of processing period.

The purpose of the first part of the current paper was to construct an expression for

the fuel losses due to chemical processing plus the neutron losses due to absorption by

fission products and to investigate the influence of the various parameters on the magnitude

of the losses and on the optimum processing period.

In these calculations the fission products have been divided into three classes? those

removed continuously as rare gases, those with relatively low cross-sections and those with

quite high cross-sections. Then the sum of the two types of losses under consideration

has been minimized with respect to processing period. Our interest here has been limited

largely to the U233 breeder although the treatment should hold for any homogeneous thermal

reactor.

The second part of the paper deals with the build-up of heavy isotopes both in the

reactor and blanket of a u233 breeder and the effects of these species on neutron economy

and chemical processing. The build-up and the effects of U2^ ^235^ ^ ^36 naTe been
(2)

quite thoroughly considered by S. Visner . Some of these higher isotope computations

(1)
OBNL-IO96, Part IV (Dec. 10, 1951)J also see ORNL-855, PP- 50-55 (Oct. 16, 1950).

(2)
** "fl rf-WVWW J* -TO W» - PI 1A 11A /rt.A "t API \
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have been repeated here, however, since it was felt desirable to include effects of TJ25^

and some still higher species.

I. Fission Product Poison Losses vs Processing Losses

In considering the factors determining reactor efficiency, one must optimize with re

spect to some pertinent parameter. For converter and power reactors one wants the cost per

unit product optimized. However, for breeder piles, until we are convinced that breeding is

feasible, it seems more reasonable to minimize neutron plus fuel losses.

A calculation of the optimum processing period was carried out on the basis of a num

ber of simplifying assumptions. All the variables considered have been extended through a

reasonable range of values, and it is felt that the actual values to be realized in a given

reactor system should lie within the range covered.

The fission products were rather arbitrarily divided into three groups;

Average

Fission yield Heutron capture cross-section
symbol value symbol value

— 0.385 —

yr 0.015 Cr 50,000 b

ya 1.6 G 50 b

0; Removed from reactor as rare gases

B; Highly capturing Bare Earths

A: Remaining

The values of yr and (fr for the highly absorbing rare earths are rounded off figures

from the results of Ingraham, Hayden and Hess /Phys. Rev. J_£, 271 (1950J/, and consist

mainly of Sm1^9 (y =0.011, <f"- 47,000) and Sm151 (y -0.0044, <T= 7200). The actual value

of (Tr is not very important as this group is essentially entirely removed by neutron capture,

and this condition would not be altered significantly by rather large changes in (T.

The yield for all the fission products with rare gas ancestors was estimated by Coryell,

Turkevich et al. in 1944 to be about 3(#j it was estimated that this fraction of all the -

fission products could in principle be removed as gases leaving 70# or 1.4 atoms per fission

in a homogeneous reactor solution. A yield of 0.6 for the removable fission products is

probably optimistic under any practical conditions; perhaps 0.4 is more realistic. The

actual value used was 0„385 (i. e. 0.4 less 0.015) so the total yield per fission would be

exactly two. The cross-section value of 50 barns is somewhat larger than the value of
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(3)
Eo P. Steinberg for the average cross-sections for fission products (other than rare

earths) resulting from a Hanford slug which had been irradiated for 10 months and cooled

for three years; their value was 38 barns. A more pessimistic value was taken since the

average value for short-lived fission products almost certainly will be different from that

of long-lived species and the value may be higher. Steinberg et al. concluded that with

the possible exception of the 275 dCe1^ (yield =0.053), there are no long-lived fission

products of unknown high cross-section.

If no fission products were removed as gases, the value of y would become essentially

2„0 (actually 2„0 less 0.015 less 0.06l) and a new "group" of fission products would be

added, namely Xe1^ vith a yield of 0.061 and an essentially infinite cross-section.

The total losses per fission, L, is here defined as the sum of the chemical losses of

fuel atoms plus the neutron losses due to fission product capture weighted by the relative

importance of a fuel atom and a neutron. This relative importance is here assumed to be

unity. (Actually abetter figure is the ratio of fuel atoms produced to fuel atoms burned.)

Hence the total loss at any time t is given by

L = h (fuel atoms lost/fission) + neutrons lost to poisons/fission

•h (U255 atoms lost in chem. proc./cycle)/(fissions/cycle) +(n's captured by F. P.'s/

cycle)/(fissions/cycle),

where h may be considered equal to the breeding gainj we shall let h = unity.

Then the first term on the right is equal to Vjt q- x

where lc =chemical losses, i. e., atoms U2^3 lost/atom processed.
f = neutron flux
(? = fission cross-section of the fuel atoms
T = processing period.

It is assumed here that the chemical processing losses are directly proportional to the

amount of fuel processed.

For batch processing, i. e. periodic processing of the entire reactor fuel the neutron

losses may be computed as follows:

(5) •• ,
ANL-4449, pp. 82-5 (Oct. 1950),
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^r - rate 0f change of highly absorbing rare earth atoms within a processing period
dt

s yrf NfCf - fcr^r 'w- /

or Nr = -—: (1 - e x ur*) -k-., ^
^r

where t'r time after the end of the last period

Nf = number of fuel atoms (held constant) /"y
<3f s fission corss-section of fuel atoms

It is assumed that the loss of atoms Nr by beta decay is negligible compared to loss

by neutron capturej if this is not the case, the above differential equation should

contain an additional termj, - XpNyo

In the case of the remaining fission products (not removed as gases) it is

assumed that neutron absorption or decay results in transmutation to a species of

the same average capture cross-section. With this assumption these poison atoms growi! ,
iv ' *••• • •'" t,r: - h

in linearly with time, i,e.,

Na • yaNff ****

The term involving neutron loss per fission will then be

— f (NaCTa 4Nr^r)fdt z\ yaf^Ti yr [l -(1 "̂ * >]
Nffo-fr _y0xaarr a u fOpT

Putting this term back in the original expression for total losses per fission,

with L being replaced by Lp indicating batch processing,

n.-i. * SESz:«J>[1.ft-'-*g*7V)
Off r 2 r L fcrr r

It is interesting that T always appears in the equation as the product ft $ hence 1^

can be optimized with respect to £T and then for any value of f the optimum T is
readily obtained. To obtain the optimum period one may differentiate with respect to

f T, equate to zero and solve for fTl or one may simply plot Lb against forfT. The
latter method gives more information for relatively little more work since solving the

differential equation would be done by trial and error or by plotting anyway. Inspection

of this equation shows that for positive values of ff and for the range of variables

studied here only one minimum is possible.
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A simplified approximation for the optimum f 7 results if f (j^, is quite large.

In this case Nr rapidly approaches its equilibrium value of y^f^Tf/^Ty. and then

L^ becomes

lcLb =-^rpp +f ya^afr +yr

On differentiation and setting the derivative equal to zero, the resulting optimum

ft is given by

zr .- 2 *•
ya<3~atff

Perhaps a more meaningful basis than loss per fission would be loss per fuel

atom destroyed. The values given by the above equation may be converted to losses per

fuel atom destroyed by dividing Lb by (1 4(X), where Ct is the neutron capture to

fission ratio for fuel atoms, (14 0! ), of course, equals —£—=—£
Of

For continuous processing the fission product concentrations approach constant

values rather soon and then remain constant,

5!e =yrfNf crf - HpCfjrj. 4l/T) :o
dt

°r n yr^fCTf _ yrNfO-ffr
f(Tr 4 1/7 " 1 4 cr^f T

Nr =

^ =ya%G"ff - Na/r =o
at

or Na s yaNf Off r

The neutron loss term per period becomes

Then

i—• (NaO-a 4Nr<Tr)f7 s yaCTafT t yrgrfT

L c *yrr-fT'4 *T*3*t?T
0" C"ff 7 Ja°a 1 4CTj.fr
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For (TlfT greater than unity the approximate expression for the optimum value of ft

becomes

/ lc
*T =•/ Ya<Ta<)f

As more detailed information on fission product yields and cross-sections becomes

available, the neutron absorption effects can be broken up into several terms like the

last two in the equations for Lc and L^ above. The magnitudes of the cross-sections and

yields would determine the number of terms desired and the bulk of the species with smaller

cross-sections would as here be lumped into a single term. Also for radioactive species

such terms should include decay constants; these of course go into the differential equa

tions as additional coefficients of the Hf and Na terms.. The present status of our knowledge

concerning chemical processing losses as well as fission product yields and cross-sections

does not justify a more detailed calculation at present. The data which now exist may be

found in the National Bureau of Standards Circular 499 and Supplements to this circular by

K- Way, L. Farro, M. R. Scott and K. Thew. The'ae data have been summarized by R. P. Schuman,

KAPL-634 (August 1951).

Lc and L^ are plotted against t'y for various values of the variables in Figs. 1/ 2,

3, 4, 5 and a summary of the optimum values is given in Table I. In Table I the first

column indicates the variables in question, the second column lists the standard values of

these variables and the third column shows the values of the variables in question used in

calculating the results given on each line.

Fig. (l) shows the effect of changing the chemical processing losses lc from 0.0003 to

0.005. Fig. 1 can also be interpreted as showing the influence of varying the factor h

(the relative value of a U^33 atom and a neutron) while keeping lc and the other variables

constant. The lc = 0.0003 curves correspond to h = 0.3 and 1 = 0.001 and the lc = 0.005

curves correspond to h = 5 and lc = 0.001. If h is considered as the breeding gain, its

value would very likely lie between 0.90 and 1.25$ however, if h is used to signify the

relative dollar value of a TJ233 atom and a neutron it may differ from unity by as much as

a factor of five.
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Fig. (2) shows the effects of increasing the fission cross-section of the fuel (Tf

from 500 to 8OO barns; this is about the difference which would occur if the fuel were

changed from U2^3 to Pu239. Tn Fig. (3) the product of fission yield and absorption cross-

section, yatf"a, is varied from 20 to 200 barns; this essentially indicates the effect of

varying the value of <SZ from 12.5 to 125 barns. Also from Fig. (3) an indication of the

magnitude of the change to be expected on raising ya from 1.6 to 2.0 may be deduced. The

effects of varying yr and (J^T are shown in Figs. (4) and (5). Fig. (6) shows the effects

of adding another fission product of yield 0.05 and cross-section of 300 or 3000 barns to

those already considered.

From these curves it can be concluded that in all cases batch processing affords (a)

smaller losses, (b) minimum losses at a larger value of ffT, and (c) a flatter minimum, than

the continuous processing, Xt may further be concluded that for any reasonable value of

the variables in a particular case, the losses due to processing and neutron absorption by

fission products are expected to be in the range of 2.5 to 6.0$. The best estimates at

present seem to be about 3-°# for batch processing and about 3.5$ for continuous processing,

the percentages here being given on the basis of neutron losses per fissionable atom de

stroyed (by neutron absorption). Incidentally conclusion (a) holds for any conceivable

combination of half lives and cross-sections among the fission species; see Appendix A.

In spite of the advantages of batch processing mentioned here, any isolated reactor

system would undoubtedly be processed on a continuous basis because of the large hold-up

of fissionable material which would be required for batch processing. At least twice the

capacity of the reactor would have to be on hand if it were desirable to keep the pile

operating while processing the removed fuel; intermittent pile operation and processing, to

avoid such hold-up of material, would seem to be at least equally undesirable. If on the

other hand, several reactors were located at one installation then only one additional

reactor-full of held-up material should be required if all piles were processed batchwise

in series. The percentage of material held-up and not in pile operation would be much

smaller—perhaps as small as in the case of continuous processing. Under these circumstances
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the advantages of batch processing may well outweigh the disadvantages. It has been pointed
out that the assumption that the processing losses will be proportional to the fuel atoms
processed may not be valid for all methods of processing. For example, with an ion exchange
method, fuel solution could be poured through an absorption column until the radiation had
destroyed the usefulness of the resin or until the column was loaded with fission products
and the uranium losses on the column might be essentially independent of the rate of
throughput. This might be true and in such acase the treatment given here would not nec
essarily be expected to hold for ion-exchange processing; it is not entirely clear, however,
exactly how an' ion-exchange continuous process would be carried out. It is felt that the
calculations made in this report would be pertinent to asolvent extraction process whether

conducted in light water or directly in heavy water.
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TABLE I

Minimum Losses in f> Due xo unemicaj. rrw«o^ + -•-"•» *^ —_

Fuel Atom Destroyed. (Fuel Atom Lost Assumed Equivalent to Heutron1 Lost).

1 r(Days) T(Days)

variable

std.

value value h> frx 10"19 at f = lO1^ Lc
-19

frx 10 y at f = lO1*!

„ std. 2.9 21 24 3-5 15 18

*c 0,001 0.0003 2.0 10 12 2.4 10 12

lc .001 .005 5-0 50 58 6.5 35 41

(Si 500 800 2.5 16 19 3.0 12 14

yr .015 .005 2.0 22 26 2.6 15 17-5

yr .015 .03 4.1 19 22 4.7 14 16

Cr 50,000 10,000 2.4 18 21 5.1 14 16

<Tx 50,000 150,000 3-0 20 23 3.6 16 19

ya(^a 80 20 2.1 40 47 2.4 30 35

yada 80 200 3.8 13 15 4.8 10 12

a 0 500 3.0 19 22 3.7 14 16

*

0 5000 3.8 14 16 4.7 10

12
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II. The Effects of Build-Up of Heavy Isotopes

In a U233 thermal breeder the U233 concentration in the core will remain essentially

constant by addition of new material as the fuel Is burned, and the isotopes U^4, jj235

and u236 will slowly grow in and attain concentrations of roughly the same order of magni

tude as that of the U233. Other species, e. go U237, Hp237, Np238, Pu238, Pu239, U231,

U^2^ etc., will also grow in in smaller amounts and the methods and schedule of processing

the fuel will determine the maximum levels of the lfp and Pu isotopes. The following sche

matic diagram indicates most of the pertinent reactions which will occur in the core.

Meutron fission reactions are omitted although tJ231, U232, u233, ^235^ n237 g^ ^259 are

known or expected to undergo fission with thermal neutrons.

Pu238(n,y)Pu239

*2.0d ^ ^2.3dr.Od *2

9i
239

Np2^(n,y)^Hp238(n,r)Hp

^l(n,2n) Ug32(n,2n) u233(n,y) u23lKn,7)?pg35(n,r) ^(n^&31(n,7)&&(*,7) U259
The nuclides IJ231, Tfi3®, T&39, Np239 and Pu239 will not be discussed subsequently

since they will exist in rather small concentrations and since calculations concerning

their build-up would be very unreliable.

The effects of the uranium isotopes consist largely of increasing the total uranium

concentration and specific alpha activity. The total uraniua concentration at equilibrium

becomes about 2.l8 times that at the start-up of the pile. The alpha activity change will

depend largely on the U232/u233 ratio as discussed below. In addition, the 1^37 growing

in will cause even the "decontaminated" fuel to contain appreciable quantities of beta and

gamma radioactivities. The effect on neutron economy is small.
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Considering first the major heavy isotopes, the differential equations for growth are

dN24
= H23ftfc(23) - N2l;f(Jc(24)

dt

—22 = H24f<rc(24) - N25fda(25)
dt

—— = H25f(fc(25) - H26f<^(26)
dt

Where f represents the neutron flux, «c and va indicate respectively cross-sections

for neutron capture and for neutron absorption (i. e. fission plus capture). The H's indi

cate the concentrations of the various species; the subscript and parenthetical numbers are

the usual code symbols for the heavy isotopeB, e. g. 23 represents element 92, mass 23£.

The fission cross-sections for both U2^4 and U23« are negligibly small.

The final equilibrium values of the relative concentrations of U233, U234J u235, and

D236 are obtained by equating these differential equations to zero and solving for the vari

ous isotopic ratios. The following ratios are obtained using the cross-sections given in

Table II.

N24 dc(23) 50

N25 tfc(24) 70
= 0.714

^ =<fc(23) =50_ =001Q
N25 0a(25) 640

N26 (Jc(25)(^(23) 100 x 50
• 0.391

N25 0c(26)tfa(25) 20 x640

From these values one sees that the final equilibrium number of uranium atoms per atom

of TJ233 i8 2„i8, i. e. the uranium concentration increases by this factor.
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TABLE II

Thermal Heutron Cross-Sections of Heavy Isotopes Used in this Beport. (Values Given in

Barns).

Nuclide <>c <Ta

Th232 7.0 7.0

Th233 1350 1350

Pa231 150

Pa233 50 «•->

U232

U233

j&h

u235

n236

U237

Np237

Pu238

50

50

70

100

20

180

460

100

550

70

-640

20

840

480

Bemarks

Value from H. S. Pomerance, 0BHL-51, p. 16 (19^8)-

Hyde, et al. AHL-4165, 6-25-48 reports (Tc • 1350 \
100 barns, (f^ assumed equal to d"£.

A better value is probably <TC = 290 + 2C#, reported
by B. E. Elson and P. Sellers, ANL-4112, p. 27 (19^7).

L. I. Eatzin and F„ T. Hagemann, CC-3699 (19**6)>
report 37 + 14 for<Tc(13), but there Is evidence from
Hanford irradiations? of Th that their figure is too low

A. Van Winkle, B. Olson, W. C. Bentley and A. Ghlorso,
CF-3795 (1947), obtained Off(22) = 83. The value of
(Ta (22) used here is purely a guess.

G. Haines and K. Way, OBNL-86, report as a consistent
set of values, <TC = 74, 0"a .- 564, ^» 2.35.

(J^(24) = 88 was reported by H. Pomerance, Beactor Sci
ence and Technology 2, Ho. 1, p. 83 (April 1952b this
is probably the best value.

G. Haines and K. Way, OBHL-86, report as a consistent
set of values, dTc = 98, (T8 = 644, i\ = 2.12.

P. B. Fields and G L. Pyle AHL-4490, p. 5 (1950)
give CTc = 23.5.H. Pomerance. ibid., gives 5.8.

A guess, giving tfa(27) + A27/f =2 x 10~21 at f =
10*5, T1/2 (27) = 6.9 d.

Value quoted for pile neutrons by P. B. Fields and
G. L. Pyle, ibid.

G. Beed and W. Bentley, CC-3780(1947) report 0*7=
300 - 800.
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On solving the differential equations, the isotopic ratios as afunction of

time become

I. <Tc(23) -(Tc(24)ftt , 0 , , -(rc(2^)ft.N24 vcio; (l - e ) - 0.71428571* (1 - • >
(Tc(24)

'23

^25
N23

H23

(Te(23) ^(23) -<£(24)ft tfc(23) <*~c(24) -<£(25)ft
_ _e + . -—

(fa(25) <F;(25)-<k(2lO 0li(25)Zcra(25)-^(24i7
-(Tc(24)ft -(Ta(25)ft

. 0.078125 -0.0877192982 e + 0.00959*29824e

N0< " <5c(23)tfc(25) ,•-<Te(26)ft^ (Te(25)^(25) [-CTc(24)ft -0c(26)ft
2o _ (1-e ;+

<ra(25)<rc(26) _Ta(25)-(Tc(24_7_^(24)-(rc(26_7

(£(23) <Tc(24) (Te(23) -(Ta(25)ft -Cfc(26)ft.
- v (e -e )

/?a~(25) -(Tc(26_7_?a(25)-&(24_7tfa(25)
_(fc(2U)ft -<Ja(25)ft -<Tc(26)ft

=0.390625 +0.175^385965 • -0.00154746T458e -0.02052783923^

Values of N^., I^. *** *26/n25 a8 *function °f ft are giVen in "^ ^ At
short times, i. e. up to ft =1021 neutrons/cm2, the approximation

-__- =l<&{23)fc(2k)(Tc{25) fV
H23 6

may be used with amaximum error of 20* at the highest ft.
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TABLE III

j3e-La.T._ve ouuuou

-19
ft X 10 *24/»23

4.998 x 10"

j r, _—

-4

N25/H25
1.746 x 10"•7

N26/H25
" '^ll

1
5.845 x 10

3 I.498 X 10--3 1.564 x 10".6 I.567 x 10-9

10 4.983 x 10"-3 1.709 x 10"•5 5.728 x 10~8

30 1.484 X 10'
-2 1.468 x 10"-4 1.492 x 10"6

100 4.829 X 10"
-2 1.395 x 10"-3 4.894 x 10'5

300 0.1353 8.428 x 10--3 9.646 x 10"1*

1000 .3596 0.03458 1.556 x 10"2

3000 .6268 .06738 .10230

5000 .6927 .075^8 .1882

7000 .7090 .07747 .2527

10,000 —
—

.31^

15,000 .7143 .07812 .3625

20,000 .71*3 .07812 .3803

30,000 .7143 .07812 .3892

cc
.7143 .07812 .391
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In view of the beta and gamma activity associated with T3r37 aB well as its possible

fisslonabillty, the concentration of this isotope as a function of time was also determined

as follows:

Symbolic forms of the equations for Spg/N2^ and H27/h

i e - -<Tc(24)ft -<*i(25)ft -CTc(26)ft,
26 = a + b e +ce +de

H23
•̂ Tc(24)ft -(Ta(25)ft -0~c(26)ft - q ftand N2j _ &i + v e + ^ + _, g

H23
were put into the differential equation,

+ gJ e

dH

' =H26f(Tc(26) -H2? q f,
dt

where q=^(27) +^2y/ , A 2j "being the radioactive decay constant of U2^.

The values of a', b', c', d' and g' were obtained in terms of g, the various cross-

sections, and the values of a, b, c, and d; the latter numerical values are those in the

last form of the equation for H2g/H2* presented previously.

a' ~ a(Tc(26) ; b' - bCPe(26) ; c' = cCTc(26) ; d» - d gc(26) ; g' = -a'-b'-c'-d'.
q q - CTc(24) q -fja(25) q -<r_726)

Then at f = 1015,

N -Oc(24)ft -CTa(25)ft
_____ = 0.00390625 + 0.00181801654395 e - O.OOOO22756874378 e +
N23 -vT*c(26)ft -q ft

- 0.0057021831206 e + 0.000000673451984 e

1*5 -21 2
The value of q used for f - 10 was 2 x 10 cm .

While these calculations are quite elaborate, the methods used here are considered

better, if a desk calculator is available, then using sufficiently precise approximate

expressions.

Values of H__,/H?, and curies of U- per gram of XT are shown in Table IV.•'27/1,23 The

subsequent approximate expressions were used to obtain the values of Np7/H2» at the

shortest times and to check the values at t x 10"^ = 1, 3 and 10 and at the longest times.
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The first involves substituting the approximate expression for H2g/H2,, i.e.,

the expression proportional to t5, into the differential equation, for H2y growth
given previously, solving the resulting equation, expanding the exponential term

in the solution and dropping off higher terms.

-$• - *26f ^(26> -% *f
- *0^(23) 0^(24) (73(25) (73(26)A5 -H2? qf

H2? =1 <£(23) <%(2k) (£(25) 0_(26)fV/l -£^_J

The second approximation, which actually can be as accurate as one wishes with

enough work; providing N26/N23 is known as a function of time, utilizes the assumption

that N26 can be considered constant over small increments of ft at the higher values

of the latter. On this assumption the differential equation becomes

dN27/dt ~ 5J26 £ °-c(26) - N27 q f,

where Njjg is the average value of N26 over the time increment in question At _ t-t1.

If now N27 is the concentration of U^7 at time t, N27 the value at t* and AN27 = •
1

N27 - N27,, the solution may be expressed alternatively

N27 s 5H CTc(26) r^ _/ _qN27/N23 \ _-qA(ft)
Noo No? q L \ 0-c(26)N^I/Noo ' *N23 N23

or ANg7 =(N26crc(26) _ ^)r_ _.qA(ft)l
N23 N23 q N23J I J

The equilibrium value of N27/N93, unlike the ratios of the lower uranium

isotopes, is flux dependent.

_!___ = ____• Q"c(26) - ][26 fcrc(26)
N23 " N23 q " N23 (X27 +fC"a(27))

= 0.00391 at a flux of lO1^
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Table IV

U237/u233 Ratios as a Function of Irradiation Time at Flux of lQl5

t(sec x 10-5)* N26/N23

0.1 5.83 x 10-11

.3 1.57 x 10-9

1.0 5.73 x 10"8

3 l.ltf x 10"6

10 Ii.89 x 10-5

30 9.6$ x 10-U

100 1.56 x 10"2

300 0.102

1,000 .3-ii

3,000 .389

10,000 .391

OO .391

One day is O.86U x 10i> sec.

N27/N23

2.91 x lO-1^

2.36 x lO"1*

2.8 x 10-11

2.01 x 10-9

1.77 x 10-7

6.U6 x 10-6

1.U0 x 10"^

9.99 x 10-k

3.1-i x 10-3

3.89 x 10-3

3.90 x 10-3

3.91 x 10~3

Curies U237/g u233

2.35 x 10-10

1.91 x 10~8

2.27 x lO-6

1.63 x KD-U

1.1*3 x 10"2

5.22 x 10-1

11.3

80.8

25U.

31U.

315.

316.
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The concentration of Np237 will depend on the processing method, i.e. whether

or not neptunium is removed from the fuel during processing. If it is not removed

it will continue to build up with time and its relative concentration will be given

N37 _ / A27N27dt
N23 =y N23

until its destruction rate by neutron absorption becomes significant. The accurate

expression for N27/N23.given previously may be put into this equation and integrated,

thereby giving an accurate expression for N37/N23 for shorter times. At longer times

the concentration would be obtained by integrating the equation

— = ?v27 N27 - N37 f<75(37)
dt

If the neptunium is partly removed in chemical processing the differential equation

becomes

-Si _ X27N27 -N3? (f <7e(37) +a/r)

Where T is the processing period and a is the fraction of Np removed from the fuel

in processing. (Complete removal in processing corresponds to a = 1). The maximum

possible relative concentration of Np237 at equilibrium, assuming a=0 and assuming

the values of cross-sections given in Table II, would then be

___! = A 07
N27 " qf20c(37)

2
or N37 _ N37 N27 _ N26 A27 <5~c(26)

Ify " N27 N23 ~ N23 q2f2 C^(37)

21z 0.037 at f s 10l£, q _ 2 x 10";
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Considering the growth of Np237 for intermediate and long times under the con

dition where none of it is removed by chemical processing, it may be assumed that

the production of Np237 is equal to the neutron capture by U236 less the neutron

absorption by U237 and Np237, i,e„,

-Si _Ni6f^c(26) -^-N37f<rc(37)
dt ^

where I26 is the average concentration of U236 over any interval At or A(ft).
On integration the increase of Np237 in any interval becomes

__37 -("___£ °"c(26)' _2_1 -___!
A N23 "[N23 0-c(37) qf N23^

-C~c(37)A(ft)

where N37 is the concentration of Np237 at the beginning of the interval A(ft).
This expression should be quite accurate for longer tines of reactor operation

providing the Np237 is not removed by chemical processing. If the Np is removed

by processing then A N37 may be taken as the amount of Np237 produced since the
end of the last processing period if the processing is conducted batchwise. In

the latter case, N^A^ =0and A (ft) becoraes fT at the end of aProcessinS
period; with these substitutions the above equation gives N37/N23 at the end of

aperiod (providing the period is long compared to the 7day half life of U )s

„37Al23 J_5 _____ ___}[_-.-*••<*>"-)
N23 o~c(37) qf. i

(1)

If continuous processing is employed and Np is removed with high chemical

efficiency, an approximate expression for N37/N23 is

-Si - li6fCTc(26) -_-?! -N37 lf<Tc(37) + |̂= 0



-26-

or £37 _Ng6 &7 Q~c(26) f nT
N23 N23 q f 1-t 0~c(37) ft

(2)

where T is the processing period.

In view of the uncertainly in the factors which determine the Np237 concen

tration, it was not felt meaningful to calculate the Pu23° concentrations except

under certain extreme conditions. It seems pointless to carry out more calcu

lations on Pu until a given reactor system is designed. As an example, however,

the N_$ in a reactor where equation (2) holds and where Pu is also removed by

continuous chemical processing may be obtained in a manner similar to the N37:

-2-8 z N37 f crc(37) - Nu8(fcra(ii8) +JL) - 0
dt T

_M = __37 ____!_____-____ . _!______£_ (Q-c(26)fT, Q-e(37)f T
N23 " N23 14c-(U8)fT N23 q f (1 +o-c(37)f T) .(l +0~a(U8)f T)

Table V shows the relative concentrations of Np237 and Pu23° compared to U233

as a function of ft (flux times time of pile operation) for two different values of

fT for continuous processing. Column five shows corresponding N37/N23 ratios for

batch processing at fT = 1022.

The neutron loss due to the absorption by U23k, U235 and U236 less the re

production of neutrons by fission of U 35 is given by equation (U).

t. _ neutron loss _ N2ji C5~c(2U) + ^ _„ %N2£cra(25) +N26 gp(26)
U233 atoms destroyed " N23 C5—a(23) N23 0"a(23) N23 CTa(23)

s 0.003295U5U51 4 0.029792663ii7 e"0 '̂21*^ _0.01256o25877 e"°"a(25)ft

- O.02052785923li e" <ro(26)ft CU)

Here, 'O25 " neutrons emitted per neutron absorbed by D235 and is here assumed equal
to 2.12. A plot of Ln vs. ft is shown in Fig. 7. The losses are seen to increase

to a maximum value of O.OO63 (i.e. 0,63%) at about ft = 3 x 1021, then decrease to
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Table V

Concentrations of Np237 [Equation (2)3 and Pu238 [Equation (3)] as a

Function of ft for Continuous Processing Where Both Np and Pu Are Chemically Removed by Processing.

(t is time after reactor first starts up.)

N37/N23 N37^23 NU8^23

ft x 10-21 N26/N23 fr = 1020 f 7" = 1022 fT = 1022 fT = 1020 f 7" = 1022

«* U.9 x io-5 5.7 x 10-8 2.0 x 10-6 2.6 x 10"6 9.7 x 10-1° 6.3 x 10-7

3 9.6 x 10~k 1.1 x 10-6 U.o x io-5 5.2 x io-5 1.9 x 10~8 1.2 x 10-5

10 1.6 x 10"2 1.9 x 10"^ 6.6 x 10-^ 8.6 x 10-U 3.2 x 10*7 2.0 x 10-U

30 0.102 1.2 x 10-k U.2 x 10-3 S,S x 10-3 2.0 x 10-6 1.3 x 10-3

100 .31 3.6 x 10_ii 1.3 x 10-2 1.7 x 10"2 6.1 xlO"6 U.0 x 10-3

300 ,39 U.5 x Wh 1.6 x 10"2 2.1 x 10"2 7.7 x 10-6 5.0 x 10"3

c=o .39 U.5 x lcr1* 1.6 x 10"2 2.1 x 10-2 7.7 x 10"6 5.0 x 10"3

*Batch processing, calculated by Equation (1).

**Unity here would be about 11.6 days at f=10--5 or 116 days at f=101 .

00
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a minimum of -0.00U3 (i.e. a net neutron gain) at about 3x 1022 and then increase

again and level off at an equilibrium value of 0.0033 above 3x1023. The equili

brium value alone, of course, can be obtained from the above equation in its first

form by insertion of the equilibrium values of the relative concentrations ^2\J^23>

N2£/N23 and N26/N23. It is interesting that while the total uranium atoms per atom

of U233 approaches 2.18, the maximum neutron loss is only about 0.6$ and the equili

brium value is only about 0,3$.

Breeder Blanket

In the blanket the following scheme was considered:

23U

1.1 m; 6.7 h^ K
a

Th23U £
A 2U.1 d >

Pa23U
2.3 x 105 y

(*>r)

Th233 0

(n,T)

Th232

(n,2n)

Th231

23.5 m

_£
25.6 h

(n,7) (n,r)

Pa233

(n,2n)
2?.U d

U233

(n,2n)

y

Pa232 p U232

%v)
1.3 d

3a231 oc

The primary reaction sequence, of course, is

Th232(n, )Th233 r 233 &~ y u233•> Pa'

PL s,
(n,fiss.)

OL
70 y

and the other reactions may be considered according to their effects on the production

of U233. Neutron capture by the members of the 233-chain involves a double loss, i.e.

a neutron is lost and an actual or a potential U233 atom is converted into a non-

fissionable U231* atom. Higher isotopes may be built up by neutron capture if the

blanket is not processed very frequently. Fission of U233 need not involve a net
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loss since most of the resulting fission neutrons should be absorbed in the

blanket, especially since most of the fissions will occur toward the inner edge

of the blanket (i.e. the edge nearer the reactor). It may be reasonable to

assume then that absorption by U 33 results in neither "a neutron loss or gain.

Should some fast neutrons come in contact with the blanket, the (n,2n)

reactions will occur to a small extent. These will involve a small neutron

gain (a negative loss). The principle (n,2n) reaction may be expected to be

Th232(n,2n) Th231 °~ > Pa231

in view of the high relative concentration of Th 32« The net gain would obviously

be equal to the number of (n,2n) reactions by thorium less the number of neutrons

211
absorbed by the Pa •.

The principle effect of the U232 will be to increase the specific alpha

activity of the product. U232 decays to the 1.9 yTh228, all the daughters

of which are much shorter than 1.9 y. Hence the activity resulting from any

U232 will grow with a 1.9 y half life and finally attain a disintegration rate

six times that of the parent U232 (i.e. five additional alphas from the

daughters). The effect of U , in addition to the losses mentioned above, is

merely one of diluting the product with a non-fissioning isotope.

All the calculations made here assume constant flux, i.e. invariant in

time and independent of position. While this assumption is reasonably good

for the reactor, it is much poorer for the blanket. Should the fuel and blanket

be intimately mixed in a one core reactor, the results here would be somewhat

better for the blanket reactions and somewhat poorer for the reactions con

cerning the fuel. In the cases of the (n,2n) reactions the calculations are

based upon cross-sections for (n,2n) reaction per unit thermal flux; obviously

any particular value for such a cross-section can hold only for a particular

geometrical configuration. Hence the (n,2n) calculations are particularly poor
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unless an appreciable amount of fissioning of U233 occurs in the blanket or unless

a one region breeder reactor is being considered.

The losses due to capture by menbers of the 233-chain may be estimated as

follows!

For any reasonable irradiation time, the Th233 concentration will be at its

steady state value because of the short half-life of this species (23.5 m).

Hence

^ =N02f cr_(02) -Ao3N03 _0
do

or N03 - N02fg-c(°2>
A 03

The resulting los s of Th 3"* atoms per U 33 atom produced will then be approximately

N03fcrc(03)t _ fcre(03)
No2fcr_(02)t " X03

and will remain independent of irradiation time as long as the U 33 production

is directly proportional to irradiation time.

As long as the fraction of Pa233 and U 33 atoms absorbing neutrons is small,

the concentrations of these two species may be simply expressed?

—=_; _• neutrons absorbed by Th less decay of Pa233
dt

= N02f CTC(02) - X13 N13

or N13 =N02^o(°2> Le" X&\

N23 - N02f crc(02)t - N13

=N02f O-c(02)t [l - 3^7 (l-e~>l3t)



-32-

For long irradiation times or very high fluxes, more accurate expressions

will be required which take into account the loss of Pa233 and U 33 atoms by

neutron absorption. For the present purposes, however, this is not thought

necessary especially in view of the question concerning the value of the

capture cross-section of Pa233. in any case, the methods employed here will

be satisfactory for checking more accurate calculations? also in combination

with successive approximations for the neutron absorptions mentioned the

methods used here can be made essentially as accurate as one wishes.

The total loss (of neutrons and neutron-equivalence of 233-chain atoms)

per U233 atom produced is then

L_(H h) [frvCOMAo, *IT5TJ55-S- f *•u-.wH
•>0

_ 2.2 [^(o3)/Ao3t-^a-Tiir-a-.-^)]

where his the breeding gain (i.e. the U233 atoms produced per U233 atom des

troyed) and may be assumed equal to about 1.2. The absorption of neutrons by

U233 while producing little or no net neutron losses will cause a time loss

in that for each U233 atom destroyed aTh233 atom is assumed to be produced

and this atom must decay through Pa 33 to Uz330

The U23k formed is produced by capture by Th233 and Pa233 and U233, the
U23^ to U233 ratio being given approximately by the equation

t

l-_iSfae(03)/Xo- ♦
N23

°3 * N02CTC(02) ft
w0

Nl3G-0(13)fdt f / N23CTc(23)fcit

'0

fcrc(03)M03t£Si(13)
*13 A13

+ <_-(23)ft
*13*

+ 1^ (l-.-*13t)
AT13*
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If now 0^(13) = 0^(23) = 03

2--S - £0^(03)A0, 4i cr3ft
N23 °3 2 3

Thus within the accuracy of the above assumptions the U23U produced by

Th233 capture per U233 produced depends on flux only while the U23u produced

from the other two members of the 233-chain per U233 atom produced depends

directly on the product ft. The U23h/U233 at any given irradiation time is, of

course, directly proportional to the neutron flux.

Some figures on U233 production, U23Vu233 ratios and losses due to U23i*

production are given in Table VI.

The production of Pa231 and U232 will now be considered. In these calcu

lations some of the cross-sections are either unknown or poorly known, and hence

the results may be considered as very rough estimates or guesses. Since the

half life of Th231 is sh0rt compared to the probable irradiation time, Th 3

may be considered to be transformed directly to Pa^3i by (n,2n) reaction.

£__1 -
dt

= N02^n,2n(02)f - NnCTc (H)f

or Nll 4a*2n(02) , -s-c(ll)ft.
5o7 = ^-c(n) /

.LOxlO-Ud-e-^dDft)

The symbol**(3~n 2n(02) stands for a number which when multiplied by the thermal

neutron flux gives the specific rate of transformation of Th232 to Th231.

Actually this (n,2n) reaction can occur only with neutrons of kinetic energy-

greater than the binding energy of one neutron in Th232, and hence the value

of the cross-section can vary greatly at constant thermal neutron flux. In a

given pile assembly, however, the value of 0^ 2n(°2^ vill be constant in time,



Table VI

U233 and U23U Production in U233 Breeder Blanket

Losses Resulting from Neutron Capture by Th233.and Pa 33
(All figures are for flux of 10--U and are directly proportional to flux)

N2l/N°-* Resulting Yrom
L x 102total 233

t(days) N13/N02 N23/N02 N13 4 N23

N02

Pa233 Capture U233 Capture chain** i .e. in %)

1 5.97 x 1<T* 0.08 x io-5 6.o5 x io-5 2.Ill x 10-u 1.82 x ID"6 5oOU x 10-U 0.110

3 1.76 x lO"*1 0.06 x 10-k 1.82 x lO"1* 6.35 x 10"1* 1.56 x 10-5 9.38 x 10-« .203

1Q 5.35 x 10-fc O.7O x lO"1* 6.05 x 10-1* 1.99 x 10-3 1.68 x 10-k 2.U5 x 10-3 .501 t

30 1.28 x 10-3 0.5U x 10-3 1.82 x 1CT3 5.13 x 10-3 1.37 x 10-3 6.79 x 10-3 1.19 1

50 1.72 x 10-3 1.30 x 10-3 3.02 x 10~3 7.U3 x 10-3 3.37 x 10-3 1.11 x 10-2

1.53 x lO"2

1.70

70

100

2.00 x 10"3 2.2U x 10-3 U.2U x lO"3 9.15 x 10-3 6.00 x 10-3 2.07

2.21 x lO"3 3.8U x 10"3 6.05 x 10"3 1.09 x 10"2 1.07 x 10~2 2.19 x 10-2 2.U6

150 2.37 x 10"3 6.71 x 10"3 9.08 x 10"3 1„28 x 10"2 I.96 x lO"2 3.27 x 10-2 2.88

200 2.U0 x 10-3 9.7 x 10"3 12.1 x lO'3 1.38 x 10"2 2.93 x 10"2 U.35 x lO-2 3.10

300 2.Ill x lO-3 15.8 x 10"3 18.2 x lO"3 1.51 x lO-2 5.00 x KT2 6.53 x 10"2 3.39

233*Ratios given are for complete decay of the Pa • .
**A constant value of 2.88 x 10-U is included in this column for neutron capture by Th .

***Neutron plus fuel atom losses due to neutron capture by Th233 and Pa .
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at constant power, and will vary somewhat with the space coordinates; in an external

blanket the value will vary to a greater extent with space coordinates, decreasing

rather rapidly with increasing distance from the source of fast neutrons. The value

of cTJj 2n(02) used here is 0a0l5 barns which is approximately the value for the

(n,2n) reaction on U3 in the Hanford piles. I. Perlman (MB-IP-62U, November 15,

1952) gives a figure of 0.007 barns for the U238 (n,2n) reaction for pile neutrons

and suggests that the Th232 (n,2n) may be a little lower. On. the other hand

Perlman suggests a higher value, i.e., 290 rather than 150 bams, for the cross-

section for the subsequent Pa231 (n,Y) reaction.

For the U23 formed by neutron capture by Pa23l followed by beta decay of Pa 3

dN22 _

dt
r H___a~c(ll)f - N220"a(22)f

N22 .CTn,2n(02) ^n,2n(02) e-<re(ll)ft _ q. (02) ^(ll) ^(22)tt
N02 <3"a(22) C-c(H)- <Ta(22) o-a(22)[^(ll)-(ra(22)]

- 1.5 x10-U (1 42.0 e-*-c(lDft -3.0 e-^22)")

At small values of t

___2 •_/

No2
1.5 x10-U [(Vc2(ll)- |o-a2(22))f2t2 41^(22) -I^c3(ll)]f3t3_

The relative concentrations N^j/No? and N22^02 at various values of ft are

given in Table VII.

It does not seem feasible to estimate with any accuracy the amount of U 3-

produced by (n,2n) reaction on UZ33 or by (n,2n) reaction on Pa233 followed by

beta decay of the Pa232, as these (n,2n) cross-sections for pile neutrons are

entirely unknown. If, however, the (n,2n) cross-sections for Pa233 and U 33

are the same as for Th232, then the amount of U 32 produced from these two species
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will be about l/20 that calculated in Table VH as formed from Th232 via Pa231

up to about ft « 1022; above this ft value the U232 formed from Pa233 plus u233

approaches about 3/£ that shown in Table VII.

Table VII

Pa231/Th232 and U232/_h232 Ratios Formed in Blanket Due to Reactions

Th232 (n,2n) Th231-^il»Pa231(n, 5)Pa232-/2Z> U232

ft Nn/N02 N22/NQ2

1019 1.50 x 10-7 1.12 x 10-1°

3 x 1019 U.50 x 10-7 1.01 x 10-9

1020 1.50 x lO"6 1.12 x 10"8

3 x 1020 U.U9 x lO"6 0.99 x 10"7

1021 1.39 x 10-5 l.oU x 10-6

3 x 1021 3.62 x 10-5 7.92 x 10-6

1022 7.77 x io-5 5.11; x io-5

3 x 1022 9.Q9 x io-5 1.31 x 10-U

io23 1.00 x io"U 1.50 x 10-U

1.00 x 10-U 1.50 x 10-U
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Appendix A

Relative Losses for Batch and Continuous Processing

It might be argued that with some combination of half lives and cross-sections

of the shorter lived fission products it is conceivable that continuous processing

might afford lower losses than batch processing. It can easily be shown that this

is not possible.

Consider a hypothetical fission product of yield yx, capture cross-section

of T--|_, decay constant X, and concentration Nx; and define A= \ 4£0^.
Then in the batch case, at time t after the last processing Nx becomes

Nx =____£2_£ (1 - e-^t),
A

and the contribution of this species to the overall loss per fission

1 r „---*__ yi°".f H 1 /- _- Ar
V - .pry" / NlCrifdt = A

O

In the continuous case the steady state concentration Nx and the contribution to

the overall losses LQt become

yiNfOfftr Nl^lf^ . yi^-lf T
Ni = i —• and Lf,' s "• = •" • •_•1 1 + AT %<3^f X 1 4AT

Now consider the total losses Lb and Lc with the contribution from the

species N;_s

Lt, - JLiS-. 4\ ya0Sf 4yr
CT,f T 2

1 - _1_ (1 - e-^r«-)
<3__?T

Lc _ ________ 4yaC3V7 4r---^ 4_12£I^ ojfr y* a uc^r 14 AT

4______-£

l___-(l-e-'v' )"]
AT J

1 - -±— (l-e-AT)
AT
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Comparing these equations term by term at T =optimum processing period for
continuous processing, it is readily seen that the two first terms are equal.

Each of the other terms is smaller in the batch case than the corresponding

term in the continuous case; this is obvious for the two second terms. The

third terms are very similar to the fourth ones (i.e. they become exactly

similar in the limiting case where X_ =0); hence the argument to be made

for fourth terms will also hold for the third ones.

Take the ratio

S-l -14AT l-_-L-(l-e-Ar) .
V Ar AT

This ratio is equal to l/2 at AT =0, continues to increase as ATincreases
and finally approaches unity as AT gets indefinitely large. Hence it is
always less than unity for finite AT. Any further breaking up of fission
products into additional groups will give further terms like those already
considered, and therefore would not alter the conclusions drawn here. A
possibility not explicitly covered so far is the production of a highly
absorbing species from a moderately long-lived fission product of lower cross-

section; such a case would tend to favor batch processing even more than those

considered above.

The argument so far proves that if the optimum T for continuous processing

is employed for both types of processing the batch method affords lower losses.

Obviously if the batch case were optimized independently with respect to T it

would afford even lower losses.
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