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CRITICAL VALUES OF THE LOG-NORMAL DISTRIBUTION

Introduction:

A common statistical problem is that of testing a null
hypothesis using a statistic drawn from some unknown distribution.
The general configuration of the probsbility density function is known
from empirical evidenc.;ew It is suggested that for certain applicetions,
the logarithmic-normal distribution be used to approximate the unknown
distribution by equating the first three moment?o It would then be
converient to have a teble of critical values of the log-normal
distribution; standardized for the first two moments and tabulated for
various values of the skewness.

Pearson Type III Distribution:

The Pearson Type III distribution is thé only three-parameter
distribution whose integral has been extensively tabulated and 1s generally
availaeble. There are several importemt differences between the log-normal
and Type III distributions in spite of their superficial similarity.

These differences may be exhibited as follows:

€
Criterion Type IIX Log-Normal
Points of Inflection Equidistant from mode At proportional

distances from mode

High Contact Not present at finite end Always present
for large skewness; lower .
part of curve may have
negative curvature.

Kurtosis Always mesokurtic Varies with skewness
from mesokurti¢ to
moderately platykurtic



Application:

The use of the normal distribution in applications where
the coefficient of variation is large, presents many difficulties.
Observed values more tham twice the mean would then imply the existence of
observations with negative values. Frequently this is a logical
absurdity. The use of the logarithmic-normal distribution has been
suggested as a solution of this problem.

In a review of the literature Gaddum [3] found that the log-

normal distribution could be used to describe :

(a) The threshold of sensation;

(b) The size of silver particles in a photographic emulsion;

(c¢) The sensitivity to drugs;

(d) The survival time of insects treated with disinfectants;

(e) The average size of the different species in each of
various phbylogenetic groups;

(£) The number of planktonm caught in different hauls of &
net; and

(g) The amount of electricity used in medium-class American
homes.

Yuan [?:]found there to be an excellent fit to weights of
female students by the log-pormal distribution. Kottler [5 wrote
extensively of the application of the log-normal distribution to the
distribution of sizes of small particles. Epstein [é] derived the log-
normsl distribution as tbe asymptotic distribution of particle sizes
resulting from breakage processes, where he assumed the independence
of size and probability of fracture. Recently, Krige [é] applied the
log-normal curve to the distribution of gold values in the mines of

the Witwatersrand.



Critical Values:

In many of the previously mentioned applications, as well
as others, it would be quite convenient to have available a table of
critical values of the log-normal cumulative distribution corresponding
to specified values of the parameters of the distribution.

The log-normal probability density distribution may be written

as

1 1 x-8 2}
£ = e e - — 1 — 1
(x) c(x-a) V2= P {j 2c2 (1og b ) (1)

and the cumlative distribution function is then

x
F(x) = [ £(t) adt (2)

a
where we assume b >0 . If b< O, then a represents the upper rather

than the lower limit of the dastribution and all statements may be suitably
modified.
The paremeters e , b and c¢ are related to the mean ( u) ,

variance (02) , and skewness (03) as follows:

o= b wl/a 4+ &8
= b2 (w=1) (3)
az= (w - 1)1/2 (w + 2)

2
vhere ¢ = ec . The sign of 03 is chosen to agree with that of b .

A~



If in (1) we let

log X8 ’ (%)

then t is distributed normally with zero mean and unit variance.

Solving (4) for x

x = be - + & , (5)
and solving (3) for b and a
g
P =
[m(w - 1)] 1/2
(6)
e = p-b wl/2 - - o
(o - 1)172
Substituting from (6) in (5)
% = o St uo- g
E’(m - lil 1/e (0 =~ l)l:2
N
w—1/2 ect -1
X = (w N 1)1/2 g + u
Then from (7)
<1/2 ct
X = e« 1
v. Xz, ow e gl (8)

(0 ~ 1)

-l



[t}

vhere T may be considered a standardized log-normal variate in terms of
the unit normel deviate t+ , w and ¢ , but w and ¢ are each

expressible in terms of . If t is defined by
03

B
- E
1 f 2
e at = B (9)
v2ax tﬁ
then '
ct
wal/ 2 e B. 1l
T, = (10)
3 (m - 1)1/2
Thus to obtain say the 5 °/o eritical value of the upper
tail of the log-normel distribution for 03 = 2 , one first solves the
equation
W o+ 36E - (u+a§)=o (11)

for w , which is the only real root. Knowing w ,

e = Viogw »
t 05 = 1.644854, and - 05 meY be determined from (10). Finally, from

(8)

X = p + 1.050' . (12'}9



Table I contains values of TB for B = .005, .01, .025, .05,
.10, .90, .95, .975, .99 and .995 for 03 = 0(.01) 3.00 . The computations
were performed with punched card equipment and rounded to four decimal
places. More extensive hand calculations were used to smooth out
second differences where necessary. The tabular values are believed
correct to within one to tyo digits in the last decimal place.

Example:

A standard laboratory procedure consists of submitting a certain
compound in crystalline form to a grinding process. After 2 minutes the
average diameter of the pieces is determined from a sample of 10, selected
at random from the ground pieces. Considereble experience shows that the
means are well described by a log-normal distribution with mean, 5.76 mm.,
standard deviation .81 mm. and skewness .13.

A nevw grinding process is now introduced which may have the
property of displacing the previous distribution to the left which is
an indication of greater efficiency. In any event the shape of the
distribution will remain invariant. A sample of 10, selected from the

‘result of a 2 minute application of the new process, has a mean diameter
of 4.45 mm. Does this represent a significant departure from the
established average for the older process?

The problem reduces to determining the probability that » ,

from equation (8), will have as extreme a value as that noted. Since

the shape of the curve is invariant ¢ = .81 and a3 = .13. We find

-6-




T =

b.45 - 5.76
_——-81_— = - 1.617

In Table I, for a3 = .13 we find that -1.617 1lies between the

tabulated values -1.6070 and -1.8981 which corresponds to velues of

‘B equel to .95 and .975 respectively. Hence in from 2.5 °/o to 5 o/o

will one obtain a mean value of L.45 or less. One has then good reason
to conclude that the new process is more efficient. If, on the other
hand, one ignored the skewness present, and used the normal curve then
one finds that a value of t = -1.617 would occur by chance between
5 o/o and 10 o/o of the time. This may be seen when a3 = 0 1n Table
I which reduces to the normal curve.
Comment :

The critical values tabulated apply to cases where ¢ and
a3 are known. In many dpplications there will exist a fund of
experience which will insure this. However frequently one will have
not o and 03 , but estimates s and a, . If s and a, are based

3 3

on small samples, the use of Tabie I may well be invalid.
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