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MATHEMATICS PANEL QUARTERLY 

PROGRESS REPORT 

S U M M A R Y  

Two new m e m b e r s  a n d  o n e  r e s e a r c h  
p a r t i c i p a n t  have  j o i n e d  t h e  M a t h e m a t i c s  
P a n e l  d u r i n g  t h e  c u r r e n t  q u a r t e r .  
S u s i e  E z z e l l ,  o n e  o f  t h e  new members ,  
i s  from A b b e v i l l e ,  Alabama. S h e  i s  a 
g r a d u a t e  o f  t h e  U n i v e r s i t y  o f  Alabama 
and i s  now on t e m p o r a r y  l o a n  t o  ANP a t  
Y-12. Herbert  G o e r t z e l ,  t h e  o t h e r  new 
member, i s  from N e w  York C i t y ,  a n d  he  
i s  a g r a d u a t e  o f  N e w  York U n i v e r s i t y .  
S t a c y  H u l l  h a s  j o i n e d  t h e  P a n e l  a s  a 
R e s e a r c h  P a r t i c i p a n t  f rom t h e  U n i v e r -  
s i t y  o f  A r k a n s a s  f o r  a p e r i o d  o f  o n e  
y e a r .  

E r n e s t  I k e n b e r r y  who was w i t h  t h e  
P a n e l  a s  a R e s e a r c h  P a r t i c i p a n t  d u r i n g  
t h e  summer ,  h a s  r e t u r n e d  t o  A l a b a m a  
P o l y t e c h n i c  I n s t i t u t e .  B a r b a r a  M c G i l l  
and  Rosemary Crook a l s o  l e f t  t h e  P a n e l  
d u r i n g  t h e  c u r r e n t  q u a r t e r .  

T h e  G e n e r a l  E l e c t r i c  Company h a s  
p e r m a n e n t l y  l o a n e d  a s p e c i a l  - p u r p o s e  
d i g i t a l  c o m p u t e r  t o  ORNL. T h i s  com- 
p u t i n g  i n s t r u m e n t  ( f o r m e r l y  r e f e r r e d  
t o  a s  t h e  N E P A  m a c h i n e )  w i l l  b e  
i n s t a l l e d  i n  t h e  new r e s e a r c h  b u i l d i n g  
a n d  o p e r a t e d  by t h e  P a n e l .  The  com- 
p u t e r  w a s  d e s i g n e d  t o  s o l v e  l a r g e  
s y s t e m s  o f  l i n e a r  a l g e b r a i c  e q u a t i o n s ,  
b u t  c a n  a l s o  b e  u s e d  f o r  a l a r g e r  
c l a s s  o f  p r o b l e m s .  

Good  p r o g r e s s  i s  b e i n g  m a d e  a t  
Argonne  on  t h e  Oak R i d g e  d i g i t a l  com- 
p u t e r .  For t e s t i n g  p u r p o s e s  a t e n -  
s t a g e  s h i f t i n g  r e g i s t e r ,  a n d  a n e w l y  
d e s i g n e d  dynamic  programmer  h a v e  been  
c o n s t r u c t e d  a n d  f o u n d  t o  o p e r a t e  
s u c c e s s f u l l y .  The s h i f t i n g  r e g i s t e r s  
i n  t h e  m a c h i n e  i t s e l f  c o n s t i t u t e  t h e  
w o r k i n g  p a r t  o f  t h e  a r i t h m e t i c  o r g a n ,  
a n d  t h e  d y n a m i c  p r o g r a m m e r  c o n t r o l s  
t h e  s e q u e n c e  o f  t r a n s f e r s  t h a t  t a k e  

p l a c e  i n  t h e  c o u r s e  o f  a g i v e n  a r i t h -  
metic o p e r a t i o n .  

Work c o n t i n u e s  on t h e  memory t u b e s  
i n  t h e  h o p e  o f  i n c r e a s i n g  t h e  number  
of  c o n s u l t a t i o n s  w i t h o u t  r e g e n e r a t i o n  
a t  a p a r t i c u l a r  l o c a t i o n  b e f o r e  d i s -  
t u r b i n g  t h e  c o n t e n t s  o f  n e i g h b o r i n g  
l o c a t i o n s .  P r e s e n t  p e r f o r m a n c e  would  
be s a t i s f a c t o r y  i f  c a r e  were t a k e n  i n  
c o d i n g a p r o b l e m  t o  i n s u r e  r e g e n e r a t i o n  
a f t e r  amax ima l  number o f c o n s u l t a t i o n s .  
However ,  t h i s  i s  an  e x t r a  b u r d e n  upon 
t h e  c o d e r ,  a n d  w o u l d  s l o w  u p  t h e  
o p e r a t i o n  wheneve r  s p e c i a l  p r o v i s i o n s  
f o r  r e g e n e r a t i o n  h a v e  t o  b e  i n s e r t e d  
i n  t h e  c o d i n g .  C o n s t r u c t i o n  o f  t h e  
c o n t r o l  w i l l  b e g i n  s o o n ,  f o l l o w i n g  
f a b r i c a t i o n  o f  t h e  f r a m e  and  p u r c h a s e  
o f  a power s u p p l y .  

The M a t h e m a t i c a l  Group a t  Argonne  a s  
w e l l  a s  a t  Oak  R i d g e  a r e  w o r k i n g  u p  
s t a n d a r d  s u b r o u t i n e s  s u c h  a s  w i l l  form 
n e c e s s a r y  p a r t s  o f  many d i f f e r e n t  com- 
p u t a t i o n s .  T h e s e  i n c l u d e  r o u t i n e s  f o r  
m u l t i p l e - p r e c i s i o n  and f l o a t i n g - d e c i m a l  
c o m p u t a t i o n ;  e v a l u a t i o n  o f  s t a n d a r d  
f u n c t i o n s ,  b o t h  t r a n s c e n d e n t a l  a n d  
a l g e b r a i c ;  b i n a r y - d e c i m a l  and d e c i m a l -  
b i n a r y  c o n v e r s i o n ;  t h e  s o l u t i o n  o f  
e q u a t i o n s ;  a n d  t h e  l i k e .  L a r g e  
l i b r a r i e s  o f r o u t i n e s  w i l l  be  e s s e n t i a l  
f o r  r a p i d  c o d i n g ,  and  i t  i s  i m p o r t a n t  
t o  h a v e  a good  o n e  p r e p a r e d  when t h e  
machine  i s  r e a d y  t o  go i n t o  o p e r a t i o n .  

A c o u r s e  i n  t h e  t e c h n i q u e s  o f  
p r o b l e m  p r e p a r a t i o n ,  t o  b e  g i v e n  
D e c e m b e r  3 t o  14, i s  b e i n g  p l a n n e d  
w i t h  t h e  c o o p e r a t i o n  o f  t h e  S p e c i a l  
T r a i n i n g  D i v i s i o n ,  ORINS. The c o u r s e  
w i l l  i n c l u d e  b o t h  l e c t u r e s  a n d p r a c t i c e  
s e s s i o n s .  L e c t u r e s  a r e  t o  be g i v e n  by 
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J o h n  VonNeumann, I n s t i t u t e  f o r A d v a n c e d  
S t u d y ;  A .  H .  T a u b  a n d  J ,  P.  N a s h ,  
U n i v e r s i t y  o f  I l l i n o i s ;  D.A. F l a n d e r s ,  
A r g o n n e  N a t i o n a l  L a b o r a t o r y ;  a n d  
members o f  t h e  M a t h e m a t i c s  P a n e l .  The 
p u r p o s e  i s  b o t h  t o  p r o v i d e  a n  i n t e n s i v e  
t r a i n i n g  p r o g r a m  f o r  a l l  members  o f  
t h e  M a t h e m a t i c s  P a n e l ,  and  a t  t h e  same 
t i m e  t o  i n t r o d u c e  t h e  s u b j e c t  t o  
t e a c h e r s  a n d  p r o s p e c t i v e  f u t u r e  
employees  and  r e s e a r c h  p a r t i c i p a n t s .  

Two l a r g e  c o m p u t i n g  p r o j e c t s  were 
c o m p l e t e d  t h i s  q u a r t e r :  "Angu  1 a r  
C o r r e l a t i o n  B e t w e e n  C o n v e r s i o n  E l e c -  
t r o n s  a n d  Gamma Rays , ' '  a n d  " K i n e t i c s  
o f  HRE." B, M .  D r u c k e r ,  ORINS F e l l o w  
w i t h  t h e  P a n e l ,  a s s i s t e d  i n  t h e  numer- 
i c a l  i n t e g r a t i o n  o f  s e v e r a l  s y s t e m s  o f  
n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  o n  
t h e  SEAC ( c f . ,  " K i n e t i c s  o f  H R E " ) .  
The c o d i n g  f o r  t h e  c a l c u l a t i o n  o f  t h e  
L - S h e l l  i n t e r n a l  c o n v e r s i o n  c o e f f i -  
c i e n t s  on  t h e  SEAC i s  b e i n g  c o n t i n u e d  
i n  W a s h i n g t o n  ( c f . ,  " C a l c u l a t i o n  o f  
I n t e r n a l  C o n v e r s i o n  C o e f f i c i e n t s  w i t h  
S c r e e n i n g " )  

J .  Moshman p a r t i c i p a t e d  i n  t h e  
N a v a l  M e d i c a l  R e s e a r c h  I n s t i t u t e  
C o n f e r e n c e  "On t h e  T w e n t y - E i g h t - D a y  
L e t h a l i t y  S t u d y  o f  O p e r a t i o n s  G r e e n -  
h o u s e . "  T h e  c o n f e r e n c e  was  h e l d  a t  
B e t h e s d a ,  Maryland .  

A. S. H o u s e h o l d e r  was a c o n s u l t a n t  
a t  P r o j e c t  Rand d u r i n g  Augus t .  W h i l e  
t h e r e  h e  a t t e n d e d  t h e  S y m p o s i u m  o n  
Simultaneous Linear Equations and the 
Determination of Eigenvalues, s p o n s o r e d  
by t h e  N a t i o n a l  Bureau  o f  S t a n d a r d s .  

Members o f  t h e  p a n e l  p r e s e n t e d  t h e  
f o l l o w i n g  c o n t r i b u t e d  a n d  i n v i t e d  
p a p e r s :  

G. E. A l b e r t  and  L e w i s  N e l s o n  

" C o n t r i b u t i o n  to t h e  S t a t i s t i c a l  
Theory  o f  C o u n t e r  D a t a , "  M i n n e a p o l i s  
M e e t i n g  o f  t h e  American M a t h e m a t i c a l  
S o c i e t y .  

J. W. G '  i v e n s  

" A  Method o f  C o m p u t i n g  E i g e n v a l u e s  
and E i g e n v e c t o r s  S u g g e s t e d  by C l a s s i -  
c a l  R e s u l t s  on S y m m e t r i c  M a t r i c e s , "  
S y m p o s i u m  o n  S i m u l t a n e o u s  L i n e a r  
Equations and t h e  Determination of 
Eigenvalues, s p o n s o r e d b y  t h e  N a t i o n -  
a l  Bureau  of  S t a n d a r d s .  

A. S. H o u s e h o l d e r  

'?The Geometry o f  S o m e  I t e r a  t i  v e  
M e t h o d s  f o r  S o l v i n g  L i n e a r  E q u a -  
t i o n s , "  S y m p o s i u m  o n  S i m u l t a n e o u s  
Linear E q u a t i o n s  a n d  the D e t e r m i -  
nation of Eigenvalues, s p o n s o r e d  by 
t h e  N a t i o n a l  B u r e a u  o f  S t a n d a r d s .  

T h e  f o l l o w i n g  l e c t u r e s  were p r e -  
s e n t e d  by m e m b e r s  o f  t h e  P a n e l  a s  a 
p a r t  o f  t h e  ORINS T r a v e l i n g  L e c t u r e  
P rogram:  

A. W .  K i m b a l l  

" M i c r o b i o l o g i c a l  A s s a y s  w i t h  Non- 
p a r a l l e l  R e s p o n s e  C u r v e s , "  V i r g i n i a  
P o l y t e c h n i c  I n s t i t u t e ,  A u g u s t  20,  
1 9 5 1 . .  
"On Dependen t  T e s t s  o f  S i g n i f i c a n c e  
i n  t h e  A n a l y s i s  o f  V a r i a n c e , "  
V i r g i n i  a P o l y  t e c h n i  c I n s  t i  t u  t e ,  
A u g u s t  21 ,  1951.  

W. C. S a n g r e n  

" M a t h e m a t i c s  a t  Oak R i d g e , "  W e s t e r n  
Mich igan  C o l l e g e ,  O c t o b e r  17, 1951, 

A r e p o r t  o f  t h e  p r o c e e d i n g s  o f  a 
sympos ium o n  t h e  M o n t e  C a r l o  Method 
h e l d  i n  L o s  A n g e l e s ,  C a l i f o r n i a ,  
J u n e  2 9 ,  30 ,  a n d  J u l y  1, 1 9 4 9 ,  w a s  
p u b l i s h e d  by t h e  U n i t e d  S t a t e s  Govern-  
ment  P r i n t i n g  O f f i c e  d u r i n g  t h e  
q u a r t e r .  A.  S. H o u s e h o l d e r  w a s  t h e  
e d i t o r  o f  t h i s  p u b l i c a t i o n ,  w h i c h  
i n c l u d e d  t h e  f o l l o w i n g  p a p e r s  b y  
members o f  t h e  P a n e l  ( P a n e l  m e m b e r s  
names a r e  i n  i t a l i c s ) :  
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A . .  S . .  Householder 

" N e u t r o n  Age C a l c u l a t i o n s  i n  W a t e r ,  
G r a p h i t e ,  and T i s s u e .  

Wendel l  De Marcus ,  Lewis Nelson 
# 

"Methods o f  P r o b a b i l i t i e s  i n  C h a i n s  
A p p l i e d  t o  P a r t i c l e  T r a n s m i s s i o n  
Through M a t t e r . "  

B. A. S h o o r ,  Lewis N e l s o n ,  W e n d e l l  
De Marcus ,  R o b e r t  L. E c h o l s  

"A Monte C a r l o  T e c h n i q u e  f o r  E s t i -  
m a t i n g  P a r t i c l e  A t t e n u a t i o n  i n  B u l k  
M a t t e r . "  

O t h e r  p a p e r s  by P a n e l  members  t h a t  
a p p e a r e d  d u r i n g  t h e  q u a r t e r  were: 

J. Moshman 

"Hemato log ica l  E f f e c t s  o f  C h r o n i c  
Low-Level I r r a d i a t i o n ,  '' The Journal 
of Applied Physiology, A u g u s t  1951. 

"On t h e  S p e c i f i c i t y  o f  H y p e r v o l e m i  a 
i n  C e r t a i n  T u m o r - B e a r i n g  M i c e , "  
Cancer Research, J u l y  1951. 

P R O J E C T S  

METHODS OF COMPUTATION FOR USE WITH A 

PUTER* 
HIGH-SPEED AUTOMATIC-SEQUENCED COM- 

Part i c i p a t i n g  M e m b e r  of Panel. 
Wall  ace  Givens .  

Background and Status. The a d v e n t  
of h i g h - s p e e d  a u t o m a t i c - s e q u e n c e d  
d i g i t i a l  c o m p u t e r s ,  h a s  made i t  n e c e s -  
s a r y  t o  ( 1 )  r e v i s e  e x i s t i n g  t e c h n i q u e s  
of  n u m e r i c a l  c o m p u t a t i o n  t o  c o m p l e t e l y  
mechan ize  a l l  s t e p s  now i n v o l v i n g  t h e  
judgmen t  o f  t h e  o p e r a t o r ,  ( 2 )  i n v e n t  
methods  f o r  n u m e r i c a l  s o l u t i o n  o f  
p rob lems  p r e v i o u s l y  t o o  l o n g  t o  b e  
worked ,  ( 3 )  e v a l u a t e  a l l  p r o p o s e d  

*Cf .  problems 1, 2 ,  3 .  

methods  a s  t o  t h e i r  economy o f  machine  
t i m e ,  and  ( 4 )  o b t a i n  e x a c t  and p e r h a p s  
p r o b a b i  1 i s t i  c u p p  e r  b o u n d s  f o  r t h e  
e f f e c t  o f  r o u n d - o f f  e r r o r  o n  t h e  
q u a n t i t i e s  c a l c u l a t e d .  O t h e r  p r o b l e m s  
o f  n u m e r i c a l  a n a l y s i s  t h a t  r e m a i n  
s i g n i f i c a n t  and  a r e  r e l a t e d  t o  t h e s e ,  
a r e  t h e  o n e s  m o s t  a f f e c t e d  by t h e  
s p e c i f i c  c h a r a c t e r i s t i c s  o f  t h e  Oak 
R i d g e  compu t e  r- h i  gh  s p e e d  s o  t h a t  
c o n t i n u i n g  i n s p e c t i o n  o f  r e s u l t s  i s  
imp0 ssi b l  e; and ,  o p e  r a t i o n s  n u m b e r i n g  
i n  t h e  m i l l i o n s  so  t h a t  r o u n d - o f f  e r r o r  
may a c c u m u l a t e  d i s a s t r o u s l y .  

A d i g i t a l  c o m p u t e r  c a n  c a r r y  o u t  
o n l y  t h e  o p e r a t i o n s  o f  a r i t h m e t i c  a n d  
c e r t a i n  l o g i c a l  c h o i c e s  b a s e d  o n  t h e  
compar ison  o f  n u m b e r s ,  t h e r e f o r e ,  
e v e r y  p r o b l e m  m u s t  b e  a r i  thme t i  z e d  
b e f o r e  i t  c a n  b e  c o d e d  f o r  s o l u t i o n .  
The p r e s e n t  e m p h a s i s  i n  t h i s  l ong- range  
s t u d y  i s  on t h e  f u n d a m e n t a l  a l g e b r a i c  
p r o b l e m s  t h a t  c o m p r i s e  t h e  l a s t  s t a g e  
o f t h e  compu t a t i o n .  

Problem 1. Fields of Values of a 
Matrix. 

Background. W h i l e  s t u d y i n g  known 
m e t h o d s  o f  e s t i m a t i n g  t h e  maximum o f  
t h e  a b s o l u t e  v a l u e s  o f  t h e  e i g e n v a l u e s  
o f  a m a t r i x ,  i t  was n o t e d  t h a t  (1) many 
e s t i m a t e s  were a c t u a l l y  u p p e r  b o u n d s  
f o r  t h e  r a d i u s  o f  t h e  c i r c l e  a b o u t  t h e  
o r i g i n  c o n t a i n i n g  t h e  f i e l d  o f  v a l u e s  
o f  t h e  m a t r i x ,  and  ( 2 )  t h e  d e f i n i t i o n  
o f  f i e l d  o f  v a l u e s  r e q u i r e d  t h e  i n t r o -  
d u c t i o n  o f a m e t r i c  t h a t  was i r r e l e v a n t  
t o  t h e  e i g e n v a l u e  p rob lem.  An i n v e s t i -  
g a t i o n  o f  t h e  r o l e  o f  t h e  ( a r b i t r a r y )  
m e t r i c  was u n d e r t a k e n  w i t h .  a v i e w  t o  
p o s s i b l e  i m p r o v e m e n t  i n  b o u n d s  f o r  
e i g e n v a l u e s .  

Results. D e f i n e  t h e  f i e l d  o f  
v a l u e s  F H ( A )  o f  a r e a l  o r  c o m p l e x  
s q u a r e  m a t r i x  A r e l a t i v e  t o  a H e r m i t i a n  
m e t r i c  H t o  b e  t h e  s e t  o f  c o m p l e x  
numbers  g i v e n  by 

( x ,  A x ) ,  

( x ,  x ) ,  ' P =  

3 
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where ( x ,  y I H  = x *  H y, x a n d  y a r e  
co lumn v e c t o r s  w i t h  c o m p l e x  n u m b e r s  
a s  c o m p o n e n t s ,  x *  i s  t h e  c o n j u g a t e  
t r a n s p o s e  o f  x ,  a n d  H i s  p o s i t i v e  
d e f i n i t e  H e r m i t i a n .  T h e n ,  ( 1 )  t h e  
f i e l d s  o f  v a l u e s  o b t a i n e d  by  h o l d i n g  H 
f i x e d  and  a l l o w i n g  A t o  v a r y  o v e r  a l l  
s i m i l a r  m a t r i c e s  a r e  t h e  same a s  t h o s e  
o b t a i n e d  by f i x i n g  A and  a l l o w i n g  H t o  
v a r y ;  ( 2 )  t h e  i n t e r s e c t i o n  o f  t h e  
r e g i o n s  F H ( A )  f o r  f i x e d  A i s  t h e  
minimum c o n v e x  p o l y g o n  c o n t a i n i n g  a l l  
t h e  r o o t s  o f  A ;  ( 3 )  a n e c e s s a r y  a n d  
s u f f i c i e n t  c o n d i t i o n  t h a t  F H ( A )  i s  t h e  
minimum po lygon  o f  ( 2 )  f o r  some c h o i c e  
o f  H i s  t h a t  t h e  e l e m e n t a r y  d i v i s o r s  
c o r r e s p o n d i n g  t o  roots l y i n g  o n  t h e  
boundary s h a l l  a l l  be  s i m p l e .  

S t a t u s .  A p a p e r  d e s c r i b i n g  t h i s  
p r o b l e m  h a s  b e e n  a c c e p t e d  f o r  p u b l i -  
c a t i o n  i n  t h e  P r o c e e d i n g s  of t h e  
American Mathematical Society. Addi-  
t i o n a l  work  i n  t h i s  a r e a  may p r o v e  
d e s i r a b l e ,  b u t  t h e  p rob lem i s  i n a c t i v e  
a t  p r e s e n t .  

Problem 2. Numerical Invert ing  t o  
Matrices o f  High Order. 

Background and S t a t u s .  T h i s  i s  a 
s t u d y  o f  known m e t h o d s  o f  i n v e r t i n g  
l a r g e  m a t r i c e s  w i t h  m a j o r  e m p h a s i s  on  
o b t a i n i n g  b o u n d s  f o r  t h e  e r r o r  i n t r o -  
d u c e d  b y  r o u n d - o f f .  A f u n d a m e n t a l  
p a p e r  o f  t h i s  t i t l e  by von Neumann and 
G o l d s t i n e  h a s  b e e n  worked  t h r o u g h  i n  
d e t a i l .  T h e  von  N e u m a n n - G o l d s t i n e  
p a p e r  i s  b e i n g  p r e s e n t e d  i n  a s e r i e s  

o f  l e c t u r e s  b e f o r e  t h e  M a t h e m a t i c s  
P a n e l  Semina r .  

Problem 3.  Numerical Computation 
o f  Eigenvalues and Eigenvectors .  

Background. L e t  a r e a l  s y m m e t r i c  
m a t r i x  A b e  g i v e n  a n d  l e t  i t  b e  re- 
q u i r e d  t o  f i n d  a l l  e i g e n v a l u e s  a n d  
e i g e n v e c t o r s  o f  A .  T h e  p r o b l e m  i s  
e s s e n t i a l l y  e q u i v a l e n t  t o  t h e  d e t e r -  
m i n a t i o n  o f  a n  o r t h o g o n a l  m a t r i x  
T (T'T = I )  s u c h  t h a t  T '  A T = D, 
w h e r e  T'  i s  t h e  t r a n s p o s e  o f  T, a n d  
D i s  d i a g o n a l ,  w i t h  r e a l  n u m b e r s  A , ,  
. . , hn o n  t h e  d i a g o n a l .  T h e  com- 

p u t a t i o n a l  p r o b l e m  i n v o l v e s  two m a j o r  
d i f f i c u l t i e s :  t h e  number o f  components ,  
1 - n ( n  -t I ) ,  o f  A i n c r e a s e s  r a p i d l y  
2 
w i t h  t h e  o r d e r  o f  A and  t h i s  r e q u i r e s  
l a r g e  s t o r a g e  a n d  many  o p e r a t i o n s ;  
and, s i n c e  t h e  X i  a r e  t h e  r o o t s  o f  t h e  
d e t e r m i n a n t a l  e q u a t i o n  d e t  ( X  1 - A )  = 0 
o f  o r d e r  n, t h e y  a r e  i r r a t i o n a l  f u n c -  
t i o n s  o f  t h e  c o m p o n e n t s  o f  A and  m u s t  
b e  c a l c u l a t e d  by a method o f  s u c c e s s i v e  
a p p r o x i m a t i o n .  T h e  r e s u l t s  o f  t h e  
p r e s e n t  s t u d y  c a n  b e  viewed a s  a m e t h o d  
o f  s e p a r a t i n g  t h e s e  d i f f i c u l t i e s  so 
t h e y  c a n  b e  e n c o u n t e r e d  s i n g l y  r a t h e r  
t h a n  s i m u l  t a n e o u s l v .  

Resu l t s .  By a s e q u e n c e  o f  a t  most 
1 - ( n - 1 )  ( n - 2 )  f u l l y  d e t e r m i n e d  r o t a -  
2 
t i o n s  i n  c o o r d i n a t e  p l a n e s ,  a r e a l  
s y m m e t r i c  m a t r i x  A o f  o r d e r  n c a n  b e  
r educed  t o  t h e  form 

S =  

% 

4 
0 

0 

. 

. 

. 
0 

4 0 0 0 

a2 p2 0 0 

4 a3 4 0 

0 4 a4 4 
. . 

. . 
0 0 0 0 

. 0 

0 

0 

0 

P n -  2 

0 

( 1 )  

4 
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The c o m p u t a t i o n  o f  t h i s  r e d u c e d  " t r i p l e  
d i a g o n a l  form" o f  A r e q u i r e s  a p p r o x i -  

m a t e l y  - n3 m u l t i p l i c a t i o n s ,  n 2  d i v i -  
4 
3 

1 
2 

sions, and - n 2  square roots .  

The  c h a r a c t e r i s t i c  e q u a t i o n  o f  S, 
f , (k)  5 0 ( w h i c h  i s  t h e  same a s  t h a t  
o f  A ) ,  i s  o b t a i n e d  b y  t h e  r e c u r s i o n  
fo rmula  

T h e  d e t e r m i n a t i o n  o f  t h e  r o o t s  o f  
f , ( A )  = 0 ,  w h i c h  a r e  t h e  e i g e n v a l u e s  
o f  A e x c e p t  f o r  t h e  e f f e c t  o f  r o u n d - o f f  
e r r o r ,  i s  f a c i l i t a t e d  by t h e  f a c t  t h a t  
t h e  p o l y n o m i a l s  f i ( X )  a r e  a S t u r m  
s e q u e n c e  when a l l  t h e  pi a r e  d i f f e r e n t  
from z e r o .  Then t h e  number o f  e i g e n -  
v a l u e s  o f  S g r e a t e r  t h a n  a n y  c h o s e n  
r e a l  number a ,  i s  e q u a l  t o  t h e  number  
o f  v a r i a t i o n s  o f  s i g n  i n  t h e  s e q u e n c e  
1 = f o ( a ) ,  f+) ,  ..., fn+d, f ,(d.  
F o r m u l a  2 i s  r e a d i l y  a p p l i e d  t o  t h e  
a u t o m a t i c  c o m p u t a t i o n  o f  such  s e q u e n c e s .  
I f  t h e  m a t r i x  S i s  s c a l e d  s o  t h a t  i t s  
e i g e n v a l u e s  l i e  b e t w e e n  -1 a n d  +1, 
e a c h  o f  t h e  n e i g e n v a l u e s  c a n  b e  
l o c a t e d  w i t h i n  a n  i n t e r v a l  o f  l e n g t h  
2", by a c o m p u t a t i o n  i n v o l v i n g  n o  more 
t h a n  2 ( s  + 1) ( n  - 1) n 2 2 s n 2  m u l t i -  
p l i c a t i o n s .  T h u s  f o r  n = 1 0 0  a n d  

4 
3 

s =: 40,  i t a p p e a r s  t h a t - n 3  + 8 0  n2 2 

m i l l i o n  mu1 t i p l i c a t i o n s  would s u f f i c e  
t o  d e t e r m i n e  t h e  e i g e n v a l u e s .  I n  t h i s  
e v a l u a t i o n  o n l y  m u l t i p l i c a t i o n s  h a v e  
b e e n  c o n s i d e r e d  s i n c e  a d d i t i o n s  a r e  
much f a s t e r  t h a n  mu1 t i p l i c a t i o n s ,  a n d  
d i v i s i o n s  a n d  s q u a r e  r o o t s  a r e  n o t  
n u m e r o u s .  T h i s  i s  o f  t h e  o r d e r  r e -  
q u i r e d  f o r  t w o  mu1 t i p l i c a t i o n s  o f  

m a t r i c e s  ( u n s y m m e t r i c )  o f  t h i s  s i z e  and 
i s  s m a l l e r  t h a n  e x p e c t e d .  

The components  x i  o f  t h e  e i g e n v e c t o r  
o f  S c o r r e s p o n d i n g  t o  an  e i g e n v a l u e  p 
can now be c a l c u l a t e d  by t h e  r e c u r s i o n  
f o r m u l a  

w h e r e  i = 1, ..., n - 1 ,  P o  = x o  = 0, 
and f o r  i = n, p, = 1, and x n t 1  = 0 i s  
a c h e c k  o n  t h e  c o m p u t a t i o n .  When any  
pi = 0, t h e  d e t e r m i n a t i o n  o f  t h e e i g e n -  
v a l u e s  c a n  be  r e p l a c e d  by t h e  c o r r e -  
s p o n d i n g  p r o b l e m  f o r  t w o  s m a l l e r  
m a t r i c e s .  Fo rmula  3 f a i l s  i n  c a s e  any  
pi = 0 ,  r e f l e c t i n g  t h e  f a c t  t h a t  i n  
t h i s  c a s e  t h e  e i g e n v e c t o r  h a s  e i t h e r  
i t s  f i r s t  i or i t s  l a s t  n - i  components  
z e r o  or i s  m a t h e m a t i c a l l y  i n d e t e r -  
m i n a t e .  F i n d i n g  t h e  e i g e n v e c t o r s  o f  
A when t h o s e  o f  S h a v e  been  c a l c u l a t e d  
makes  h e a v y  demands  o n  t h e  memory o f  
t h e  m a c h i n e  a n d  r e q u i r e s  a d d i t i o n a l  
c o m p u t a t i o n  w i t h  a t t e n d a n t  r o u n d - o f f  
e r r o r ,  b u t  i s  e a s i l y  d e s c r i b e d  mathe- 
m a t i c a l  l y e  

S t a t u s .  T h e  a b o v e  r e s u l t s  h a v e  
been  p r e s e n t e d  t o  t h e  M a t h e m a t i c s  P a n e l  
Semina r  and  a t  t h e  "Symposium on S i m u l -  
t a n e o u s  L i n e a r  E q u a t i o n s  and  t h e  Deter-  
m i n a t i o n  o f  E i g e n v a l u e s "  s p o n s o r e d  by 
t h e  N a t i o n a l  B u r e a u  of S t a n d a r d s  a t  
U.C.L.A. on Augus t  2 3 - 2 5 ,  1951. Bounds 
f o r  t h e  e f f e c t  o f  r o u n d - o f f  e r r o r  a r e  
needed .  How s m a l l  v a l u e s  o f  pi s h o u l d  
be  t r e a t e d  r e q u i r e s  a d d i t i o n a l  s t u d y .  
T h i s  s t u d y  w i l l  be  c o n t i n u e d .  

BASIC STUDIES IN THE MONTE CARLO METHOD 

P a r t i c i p a t i n g  Member o f  P a n e l .  
G. E. A l b e r t .  

R e f e r e n c e s .  ( a )  G .  E .  A l b e r t ,  
" B a s i c  S t u d i e s  i n  t h e  M o n t e  C a r l o  

5 
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Method , "  Mathematics Pane 2 Quarterly 
Progress Report ORNL-1091; and  ( b )  G. 
E .  A l b e r t ,  Memorandum t o  A. S. House -  
h o l d e r  on  "A G e n e r a l  A p p r o a c h  t o  t h e  
Monte C a r l o  E s t i m a t i o n  o f t h e  S o l u t i o n s  
o f  C e r t a i n  F r e d h o l m  I n t e g r a l  E q u a -  
t i o n s , "  P a r t s  I and  11. 

Status. P a r t  11 o f  r e f e r e n c e  ( b )  
was i s s u e d  O c t o b e r  4 ,  1951 a n d  g i v e n  
t h e  same c i r c u l a t i o n  a s  P a r t  I. 

The  p l a n  o f  P a r t  I1 a s  i s s u e d  i s  
d i f f e r e n t  f r o m  t h e  p l a n  p r o p o s e d  i n  
r e f e r e n c e  (a); i t  e n d s  w i t h  t h e  e x p l a -  
n a t i o n  o f  r e p r e s e n t a t i v e  s a m p l i n g  f o r  
c h a i n  l e n g t h s .  R e s e a r c h  on t h e  s t r u c -  
t u re  o f t h e  s t o c h a s t i c  p r o c e s s e s  needed  
f o r  an i n c o r p o r a t i o n  o f  r e p r e s e n t a t i v e  
s a m p l i n g  o f  c h a i n  p o i n t s  i n t o  t h e  
e s t i m a t i o n  o f  t h e  se r ies  ( 1 )  o f  r e f e r -  
e n c e  ( a )  h a s  p r o v e d  d i f f i c u l t .  T h i s  
s u b j e c t  w i l l  b e  t r e a t e d  i n  a t h i r d  
p a r t  f o r  t h e  memoranda o f  r e f e r e n c e  ( b ) .  

COUNTER STATISTICS 

Participating M e m b e r s  of Panel. 
G. E.  A l b e r t  and Lewis  N e l s o n .  

Status. An ORNL r e p o r t  t h a t  i n -  
c o r p o r a t e s  r e s u l t s  o n  c o n f i d e n c e  
i n t e r v a l s  ( a b s t r a c t e d  in p r e v i o u s  
Q u a r t e r l y  R e p o r t s )  i s  b e i n g  p r e p a r e d .  
T h e  r e p o r t  w i l l  b e  s u f f i c i e n t l y  e x -  
p l a n a t o r y  f o r  e a s y  u s e  of  t h e  r e s u l t s .  

TO FIND BOUNDS F O R  THE MAXIHUM OF A 
FUNCTION ARISING IN THE WEIGHTING OF 
OBSERVATIONS 

Origin. A. W. K i m b a l l ,  Ma themat i c s  
P a n e l .  

P a r t i c i p a t i n g  M e m b e r  o f  Panel. 
W a l l a c e  Givens .  

B a c k g r o u n d .  G i v e n  a s e t  o f  n 
o b s e r v a t i o n s  y i ,  ( i  = 1 ,  . . . ,  n ;  
a = 1, ..., p )  o f  p v a r i a t e s ,  t o  f i n d  

w e i g h t  f a c t o r s  1, s u c h  t h a t  i f  x i a  0 

Z a y i a ,  t h e  r a t i o  

i,a R =  

i , a  

i s  an e x t r e m a l ,  where  

and  

I n  t h e  p r e s e n t  p r o b l e m  o n l y  a n  u p p e r  
bound f o r  t h i s  e x t r e m a l  was s o u g h t .  

Results. T h e  e x t r e m e  v a l u e s  i n  
q u e s t i o n  c a n  be shown t o  b e  r o o t s  o f  
t h e  e q u a t i o n  d e t e r m i n a n t ( M )  = 0, where 

= f Yi,Yip, and Z, = C i y i a  . 
F o r a s p e c i a l  c a s e  i n  wh ich  a l l  z, = 0 ,  
i t  was shown t h a t  f o r a s u i t a b l e  c h o i c e  
o f  y i a ,  p r o o t s  c o u l d  b e  d i / ( p  - d i ) ,  
f o r  an a r b i t r a r y  c h o i c e  o f  p p o s i t i v e  
numbers  d ,  w i t h  sum p .  Hence  i n  t h i s  
s p e c i a l  c a s e  n o  b o u n d s  for t h e  roots 
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J 

c a n  b e  g i v e n  o t h e r  t h a n  z e r o a n d  
i n f i n i t y .  Some c o n s i d e r a t i o n  was g i v e n  
t o  t h e  a p p r o p r i a t e  a p p r o a c h  t o  t h e  
p r o b l e m  s h o u l d  o t h e r  r e s t r i c t i o n s  b e  
p u t  on t h e  o b s e r v a t i o n s .  

Status. T h i s  p r o b l e m  h a s  b e e n  
comple t ed .  

A METHOD FOR TREATING CERTAIN SECOND- 
ORDER NONLINEAR DIFFERENTIAL EQUATIONS 

Participating Member o f  Panel. 
W. C. S a n g r e n .  

Background and Status. I t  i s  
p o s s i b l e  i n  an  e l e m e n t a r y  way t o  s o l v e  
or a t  l e a s t  o b t a i n  a n  i n t e g r a t i o n  
c o n s t a n t  f o r  l a r g e  c l a s s e s  o f  s e c o n d -  
o r d e r  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s .  
Some e q u a t i o n s  o f  r e a c t o r  k i n e t i c s  
f a l l  i n t o  t h e s e  c l a s s e s .  The e l e m e n t a r y  
m e t h o d  c o n s i s t s  o f  f a c t o r i n g  a d i f -  
f e r e n t i a l  e q u a t i o n  a n d  t h e n  e i t h e r  
s o l v i n g  i n  s e q u e n c e  two f i r s t - o r d e r  
e q u a t i o n s  or s o l v i n g  a s i m p l e r  s e c o n d -  
o r d e r  e q u a t i o n .  T h e  e q u a t i o n s  c o n -  
s i d e r e d  a r e  a l l  o f  t h e  form 

H ( t ,  y,  y ' )  y "  = F ( t ,  y, Y ' L  
where t h e  p r i m e s  d e n o t e  d i f f e r e n t i a t i o n  
w i t h  r e s p e c t  t o  t .  T h e  e q u a t i o n s  
a c t u a l l y  c o n s i d e r e d  f a l l  i n t o  t h e  
f o l l o w i n g  t h r e e  g e n e r a l  c l a s s e s :  

and 

r 1 

where xl,  x 2 ,  x g  r e p r e s e n t  t ,  y, y '  i n  
any  o r d e r ,  and  where f, h ,  g, G, k ,  K 
a r e  f u n c t i o n s  o f  t h e i r  r e s p e c t i v e  
v a r i a b l e s .  C l a s s e s  1 a n d  2 c a n  b e  
s e p a r a t e d  i n t o  t h r e e  s u b c l a s s e s  a c -  
c o r d i n g  t o  w h e t h e r  n1 e q u a l s  t or y o r  

F o r  c l a s s  1 t h e  e q u a t i o n  may b e  

w r i t t e n  a s  - i- f ( x l )  v = 0, w h e r e  

v = h ( x l ,  x 2  , n,) i s  c o n s i d e r e d  t o  be  
a f u n c t i o n  o f  x l .  T h e  s o l u t i o n  o f  

- i- f ( x l >  v = 0 i s  v =  c e  

w h e r e  c i s  a n  i n t e g r a t i o n  c o n s t a n t .  

Y l .  

d v  

d x  1 

d v  - I r 1  f ( z ) d t  

dx1 
# 

= c .  
s" f ( z ) d z  

T h u s ,  h ( x l ,  x 2 ,  x , )  e 
The e q u a t i o n s  o f  c l a s s  1 can  t h e r e f o r e  
be s o l v e d  i f  o n e  c a n  s o l v e  t h i s  l a s t  
f i r s t - o r d e r  e q u a t i o n .  

F o r  c l a s s  2 t h e  e q u a t i o n  may b e  

w r i t t e n  a s  - i- s ( x l )  w = 0 ,  w h e r e  

s = g(xl, x 2 ,  x j  1, a n d  c o n s e q u e n t l y  
w = G {g), a r e  c o n s i d e r e d  t o  be  f u n c -  
t i o n s  o f  xl. M u l t i p l y i n g  by t h e  i n t e -  

d w  

d x l  

Ixl s ( z ) d z  
g r a t i n g  f a c t o r  r ( x , )  = e and 
t h e n  i n t e g r a t i n g  g i v e s  r ( x l  w(xl  ) = c ,  
w h e r e  c i s  an  i n t e g r a t i o n  c o n s t a n t . .  

r d  i- g(xl, x 2 ,  x 3 )  CG {g(xl, x 2 ,  x , ) ) 3  = , 1 
- 

d 
d t  
- +  k ( t ,  y) [ K  { k ,  k ' ,  t H  = 0 , ( 3 )  

7 
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dr 
S i n c e  - - - s r ,  i t  f o l l o w s  t h a t  

d x l  
( b )  

where  

d r  - 
dX1 

'1 s =- . 
r 

F u r t h e r ,  s i n c e  s = g(xl, x 2 ,  x , )  a n d  
w = G {g>, i t  f o l l o w s  t h a t  

and  c i s  an i n t e g r a t i o n  c o n s t a n t ,  

and t h e r e f o r e  

C .  

The e q u a t i o n s  o f  c l a s s  2 c a n  t h e r e f o r e  
b e  s o l v e d  i f  o n e  f i r s t  s o l v e s  t h e  
f i r s t - o r d e r  e q u a t i o n  

and  ( e ) ,  s o l v e  t h e  s e c o n d - o r d e r  e q u a -  
t i o n  o f  ( d )  f o r  r ( t )  a n d  t h e n  s u b s t i -  
t u t e  f o r  r ( t )  and r ' ( t )  i n  t h e  e q u a t i o n  

r C 

e i t h e r  i m p l i c i t l y  o r  e x p l i c i t l y .  

f o r  r ( x l  1, a n d  t h e n  s o l v e s  t h e  f i r s t -  
o r d e r  e q u a t i o n  

P a r t i c u l a r  s o l u t i o n s  o f  c l a s s  1, 
2 ,  and  3 c a n  b e  found  by m e r e l y  s e t t i n g  
t h e  i n n e r  f a c t o r s  e q u a l  t o  z e r o ,  i . e . ,  
f o r  c l a s s  1 l e t  h t x l ,  x 2 ,  x , )  = 0, f o r  
c l a s s  2 l e t  G { g ( x , ,  x 2 ,  x j ) )  = 0 ,  f o r  
c l a s s  3 l e t  K (k, k', t )  = 0 ,  a n d t h e n  
s o l v i n g  f o r  y f o r  a l l  t h r e e  c l a s s e s .  

for  y. 
INTEGRATION IN THE PHASE PLANE 

The p r o c e d u r e  f o r  c l a s s  3 e q u a t i o n s  
i s  s i m i l a r  t o  t h a t  f o r  c l a s s  2 .  I n  
m a t h e m a t i c a l  o u t l i n e  t h e  p r o c e d u r e  i s :  

P a r t i c i p a t i n g  Member o f  P a n e l .  
W. C. Sangren .  

dw - 
d t  

B ackground  and S t a t u s .  Some n o n -  
! a r  s e c o n d - o r d e r  d i f f e r e n t i a l  
t i o n s ,  i n c l u d i n g  some o f  i n t e r e s t  
e a c t o r  k i n e t i c s ,  c a n  be  s o l v e d  o r  
e a s t  t h e i r  f i r s t  i n t e g r a l  found  by 
a c i n g  t h e  s e c o n d - o r d e r  e q u a t i o n s  
wo f i r s t - o r d e r  e q u a t i o n s  t h a t  may 
n t e g r a t e d  d i r e c t l y  by q u a d r a t u r e  
h e  r e s u l t i n g  p h a s e  p l a n e .  T h e  
owing t h r e e  t y p e s  o f  e q u a t i o n s  c a n  
r e a t e d  i n  s u c h  a f a s h i o n :  

-t d t )  w ( t )  = 0 l i n e  
e q u a  
i n  r 
a t  11 
r e p 1  
by t 
b e  i 
i n  t 
f o l l ,  
be  t :  

( a )  

where  

and  
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SLUGS 

c 

CULMS 

dH 

EXPERI MEN T 

1 
2 
3 

r e p l a c e d  by 

I - 
n x n x 

4 0 .0940 4 0.0725 
4 0.0545 5 0.0558 
5 0.1100 3 0.0900 

r *-l 

DEGREES 
OF 

SOURCE OF VARIATION FREEDOM 

r e p l a c e d  by 

MEAN SQUARE 

** g ( y )  * 2  r 
Y = -  Y + - Y  

h 2  ( y )  r 

X 2  d h  
= - I g ( y )  - - h ( y )  

M y )  dY 

r e p l a c e d  by 

Slugs vs .  culms 1 0.0009879 r ( t )  ; ( 3 )  

- 1 

(1) 

Participating Members of Panel. 
A. W .  K i m b a l l  and G. J .  A t t a .  

Background and Status. As p a r t  o f  
a l a r g e r  s t u d y  on  t h e  p h y s i o l o g i c a l  
p r o p e r t i e s  o f  t h e  s l ime m o l d  D i c t y o -  
stellium d i s c o i d e u m ,  m i c r o - K j e l d a h l  
d e t e r m i n a t i o n s  f o r  n i t r o g e n  i n  t h e  
s l u g s  a n d  c u l m s  were c a r r i e d  o u t  i n  
t h r e e  d i f f e r e n t  e x p e r i m e n t s .  T h e  
r e s u l t s  a r e  shown i n  T a b l e  1, w h e r e n  
i s  t h e  n u m b e r  o f  d e t e r m i n a t i o n s  a n d  
x i s  t h e  a r i t h m e t i c  mean. 
- 

TABLE 1 

where t h e  d o t  d e n o t e s  d i f f e r e n t i a t i o n  
w i t h  r e s p e c t  t o  t .  T h e r e  a r e  numerous 
s p e c i a l  c a s e s  t h a t  a r e  i n t e r e s t i n g ,  
e . g . ,  j :  = F ( j l )  G ( y ) .  

'+ 
NITROGEN DISTRIBUTION IN DICTYOSTELLIUh! 
D ISCOIDEUM 

0 

Orig i n .  J .  H. G r e g g ,  B i o l o g y  
D i v i s i o n .  

Among experiments 0.0042979 
0.0003452 I n t e r a c t  ion 

Experimental e r r o r  0.0002033 
TOTAL 24 

On t h e  b a s i s  o f  t h e s e  f ew d e t e r -  
m i n a t i o n s ,  t h e  n i t r o g e n  c o n t e n t  o f  
s l u g s  e x c e e d s  t h a t  o f  c u l m s  by  a n  
~~ 

(')G. W. Snedecor, S t a t i s t i c a l  Methods (4th 
ed . ;  Ames, I a . :  Iowa S t a t e  College Press, 19%), 
p .  289. 
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amount w h i c h  i s  s i g n i f i c a n t  a t  t h e  5% 
l e v e l .  T h e r e  i s ,  h o w e v e r ,  d e f i n i t e l y  
more v a r i a t i o n  among e x p e r i m e n t s  t h a n  
w i t h i n  e x p e r i m e n t s .  I n  t h e  f u t u r e  an  
a t t e m p t  w i l l  be  made t o  i n c r e a s e  t h e  
s e n s i t i v i t y  o f  t h e s e  c o m p a r i s o n s  by  
d i s c o v e r i n g  a n d  e l i m i n a t i n g  t h e  w i d e  
v a r i a t i o n  among e x p e r i m e n t s .  

T h e  o b s e r v e d  d i f f e r e n c e  b e t w e e n  
s l u g s  and  c u l m s  o v e r  a l l  t h r e e  e x p e r i -  
m e n t s  i s  0 . 0 1 8 1 .  I t  c a n  b e  s h o w n ( 2 )  
t h a t  a r e a l  d i f f e r e n c e  o f  t h i s  m a g n i t u d e  
c a n  b e  d e t e c t e d  a t  t h e  5% l e v e l  w i t h  
a p r o b a b i l i t y  o f  0.95 i f  a b o u t  18  
d e t e r m i n a t i o n s  a r e  o b t a i n e d  i n  e a c h  
g r o u p .  Thus  t o  c o n t r o l  t h e  s e c o n d  k i n d  
o f  e r r o r  a t  a b o u t  5%, t h e  n u m b e r  o f  
o b s e r v a t i o n s  s h o u l d  be  i n c r e a s e d  a b o u t  
50%. 
A N A L Y S I S  OF G E N E T I C S  E X P E R I M E N T  WITH 
DROSOPHILA 

Origin .  W. K. B a k e r ,  B i o l o g y  
D i v i s i o n .  

Participating Members of Panel. 
A. W. K i m b a l l  and G. J .  A t t a .  

Background and Status. A s  p a r t  o f  
t h e  r a d i a t i o n  g e n e t i c s  p r o g r a m  w i t h  
Drosophila, F ,  male  X p e a c h  f e m a l e  and  
F,  f e m a l e  X p e a c h  male ,  i n  Drosophila 
v i r i l i s  r e s u l t e d  i n  o f f s p r i n g  w h i c h  
were c l a s s i f i e d  a s  w i l d  t y p e  o r  p e a c h ,  
m a l e  or f e m a l e .  A c c o r d i n g  t o  t h e o r y  
t h e  f r e q u e n c i e s  i n  t h e s e  f o u r  g r o u p s  
s h o u l d  b e  i n  a 1 : l : l : l  r a t i o .  I t  w a s  
d e s i r e d  t o  t e s t  t h i s  h y p o t h e s i s  s t a -  
t i s t i c a l l y .  

T h e  e x p e r i m e n t  was  a n a l y z e d  by a 
p o w e r f u l  b u t  s e l d o m  u s e d  m e t h o d  o f  
p a r t i t i o n i n g  X 2  i n t o  i n d i v i d u a l  d e g r e e s  
o f  f r eedom.  F i s h e r ( 3 )  h a s  shown t h a t  
i f  x i s  a l i n e a r  f u n c t i o n  o f  o b s e r v e d  
f r e q u e n c i e s ,  s u c h  a s  

(2)M. Har r i s ,  D. G. H o r v i t z ,  and A. M. Mood, 
“On th.eDetertTflination o f  Sample S i z e s  i n  Desi  
Experiments,  J .  A m .  S t a t .  Assn .  43, 396-7 (l!%if: 

( 3 ) R .  A .  F i s h e r ,  S t a t i s t i c a l  M e t h o d s  f o r  
Research Workers ( 1 0 t h  ed sec. 55; Edinburgh,  
London: O l i v e r  and Boyd, 1986).  

and  
t h e  

x = k ,  a + k ,  b f ... -t k l  z , 

i f  t h e  t h e o r e t i c a l  p r o b a b i l i t y  i n  
z t h  c l a s s  i s  g i v e n  by p i ,  t h e  mean 

v a l u e  of  x w i l l  b e  
n c p i  k i  

and  i t s  s a m p l i n g  v a r i a n c e  w i l l  b e  

w h e r e  n = a + b + . . .  -k z .  I f  a 
s e c o n d  l i n e a r  f u n c t i o n  o f  t h e  o b s e r v e d  
f r e q u e n c i e s ,  y, c o n t a i n s  c o e f f i c i e n t s  
k i t ,  t h e n  t h e  c o v a r i a n c e  o f  x and  y i s  

n [ I p i  k i  k i ’  - ( C p i  k i )  ( C  p i  k i ’ ) J  . 
By c h o o s i n g  a s e t  o f  l i n e a r  f u n c t i o n s  
w h i c h  h a v e  ‘ z e r o  m e a n s  a n d  z e r o  c o -  
v a r i a n c e s  ( a n d  a r e  t h e r e f o r e  o r t h o g o -  
n a l )  t h e  (m-1)  d e g r e e s  o f  f r e e d o m  f o r  
X 2  c a n  b e  p a r t i t i o n e d  i n t o  i n d i v i d u a l  
d e g r e e s  o f  f r eedom.  

I n  t h e  p r e s e n t  e x p e r i m e n t ,  m = 4 
and  a X 2  w i t h  3 d e g r e e s  o f  f r e e d o m  was 
computed f o r  e a c h  m a t i n g i n  e a c h  c r o s s .  
Of t h e  28 v a l u e s  o f  X 2  o n l y  two were 
less  p r o b a b l e  t h a n  0 .05  u n d e r  t h e  n u l l  
h y p o t h e s i s .  On t h i s  b a s i s  a l o n e  o n e  
would t e n d  t o c o n c l u d e  t h a t  t h e  e x p e r i -  
m e n t  a g r e e d  r e a s o n a b l y  w e l l  w i t h  
t h e o r y .  Each  X 2  was f u r t h e r  p a r t i t i o n e d  
i n t o  i n d i v i d u a l  d e g r e e s  o f  f r e e d o m  
c o r r e s p o n d i n g  t o  t h e  t h r e e  c o n t r a s t s  
( 1 )  w i l d  t y p e  v s .  p e a c h ,  ( 2 )  m a l e  v s .  
f e m a l e ,  a n d  ( 3 )  t h e  i n t e r a c t i o n  be tween  
( 1 )  and ( 2 ) .  T h e s e  v a l u e s  were summed 
i n  e a c h  c r o s s  g i v i n g  a X 2  w i t h  1 4  
d e g r e e s  o f  f r eedom f o r  e a c h  c o n t r a s t :  

CROSS 

CONTRAST 

(1) ( 2 )  ( 3 )  

F ,  male x p e a c h  f e m a l e  2 2 . 2 2  7 . 4 7  2 3 . 4 8  

F ,  f e m a l e  x p e a c h  ma le  1 3 . 9 8  14.70 11 .92  

1 0  
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6 
5 
6 
7 

c 

39.25  7 .64  
64 .88  20.59 
83 .93  22 .95  

104.80 36.09 

I n  t h e  f i r s t  c r o s s  t h e r e  seems t o  b e  
s o m e  e v i d e n c e  o f  a d e p a r t u r e  f r o m  
e x p e c t a t i o n  i n  t h e  w i l d  t y p e  vs .  p e a c h  
c l a s s e s  and i n  t h e  i n t e r a c t i o n ,  w h e r e a s  
t h e  s e c o n d  c r o s s  d o e s  n o t  m a n i f e s t  any  
d e p a r t u r e  f r o m  h y p o t h e s i s .  I t  i s  
p o s s i b l e  t h a t  some e x p l a n a t i o n  o f  t h i s  
d i f f e r e n c e  c a n  b e  f o u n d ;  i n  a n y  c a s e  
t h e  e v i d e n c e  i s  s u f f i c i e n t l y  s t r o n g  t o  
w a r r a n t  f u r t h e r  e x p e r i m e n t a t i o n .  I t  
s h o u l d  b e  n o t e d  t h a t  a n a l y s i s  b y  
s i m p l e  X 2  m e t h o d s ,  w i t h o u t  p a r t i -  
t i o n i n g ,  would  n o t  h a v e  u n c o v e r e d  s u c h  
e v i d e n c e .  

32.31 

FERRITIN AND HEMOSIDERIN PRODUCTION I N  
LIVERS OF NORMAL MICE 

31.48 

O r i g i n .  J .  K. H a m p t o n  a n d  J .  B. 
Kahn, B i o l o g y  D i v i s i o n .  

P a r t i c i p a t i n g  Member o f  P a n e l .  
A. W. Kimba l l .  

Background  and S t a t u s .  F o l l o w i n g  
t h e  d e v e l o p m e n t  o f  a me thod  f o r  f r a c -  
t i o n a t i n g  l i v e r  i r o n  i n t o  i t s  v a r i o u s  
components ,  an  e x p e r i m e n t  was d e s i g n e d  
t o  r e l a t e  t h e  d o s e  o f  i r o n ,  a s  t a g g e d  
i r o n  ammonium c i t r a t e ,  t o  t h e  a b i l i t y  
o f  t h e  l i v e r  t o  fo rm f e r r i t i n  i r o n  and  
h e m o s i d e r i n  i r o n .  A t o t a l  o f  37 m i c e  
were g i v e n  d o s e s  r a n g i n g  f rom 1 2 . 5  t o  
1 2 5  p g .  A v e r a g e  e f f e c t i v e  d o s e s  
o b t a i n e d  by c o u n t i n g  i m m e d i a t e l y  a f t e r  

i n j e c t i o n  v a r i e d  f r o m  1 0 . 5 1  t o  1 0 4 . 8  
p g ,  s i n c e  some was l o s t  d u r i n g  admin-  
i s t r a t i o n .  A l l  a n i m a l s  were s a c r i f i c e d  
1 5  h r  a f t e r  i n j e c t i o n .  T h e  a v e r a g e  
e f f e c t i v e  d o s e s  a l o n g  w i t h  t h e  o b s e r v e d  
a n d  f i t t e d  f e r r i t i n  a n d  h e m o s i d e r i n  
l i v e r  f r a c t i o n s  a r e  shown i n  T a b l e  3 .  

The r e s p o n s e s  seemed t o  be  s l i g h t l y  
p a r a b o l i c ,  s o  t h e  c u r v e  y = ax i- b x 2  
was f i t t e d  t o  b o t h  s e t s  o f  d a t a  by t h e  
me thod  o f  l e a s t  s q u a r e s .  The  f i t t e d  
c o n s t a n t s  a r e :  

F E R R I T I N  H E M O S I D E R I N  

a 0 .1576 0.1962 
b 0.001720 0.000994 

A l l  f o u r  e s t i m a t e s  d i f f e r e d  s i g n i f i -  
c a n t l y  f rom z e r o  a t  t h e  5% l e v e l ,  b u t  
t h e  d i f f e r e n c e s  b e t w e e n  c o r r e s p o n d i n g  
c o n s t a n t s  f o r  f e r r i t i n  and h e m o s i d e r i n  
( i . e . ,  0 .1576 - 0.1962 and  0.001720 - 
0.000994)  showed no s t a t i s t i c a l  s i g n i f -  
i c a n c e .  T h e s e  r e s u l t s  c o n t r a d i c t  a 
p r e v i o u s l y  a c c e p t e d  t h e o r y  t h a t  i n  
n o r m a l  a n i m a l s  t h e  l i v e r  m a n u f a c t u r e s  
much more f e r r i t i n  t h a n  h e m o s i d e r i n .  

I t  i s  b e l i e v e d  t h a t  some d i f f e r e n c e  
be tween t h e  r a t e s  o f  p r o d u c t i o n  o f  t h e  
two i r o n  f r a c t i o n s  may be found i f  t h e  
r e s p o n s e s  a r e  r e l a t e d  t o  t i m e  a f t e r  
i n j e c t i o n .  E x p e r i m e n t s  d e s i g n e d  t o  
i n v e s t i g a t e  t h i s  a r e  now i n  p r o g r e s s .  

TABLE 3 

Observed and F i t t e d  F e r r i t i n  and Hemos ider in  F r a c t i o n  i n  L i v e r  

F I T T E D  

1 . 8 5  

4.68 
8 .83  

17.46 
25.34 
35.40 

H E M O S I D E R I N  F R A C T I O N ,  p g / g  

O B S E R V E D  F I T T E D  

10 .05  
17 .84  
21.17 

9 .23  
16.92 
23.47 
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INDICES OF O X Y G E N  E F F E C T  O N  MITOSIS 
FOLLOWING IRRADIATION 

O r i g i n .  M .  E .  G a u l d e n ,  B i o l o g y  
D i  v i  s i on. 

P a r t i c i p a t i n g  Members o f  P a n e l .  
J.  Moshman and  G. J .  A t t a .  

Background and Status .  The c h a r a c -  
t e r i s t i c  c u r v e  o f  m i t o t i c  a c t i v i t y  
f o l l o w i n g  i r r a d i a t i o n  o f  s u f f i c i e n t  
m a g n i t u d e  s t a r t s  a t  t h e  n o r m a l  r a t e ,  
i s  t h e n  s h a r p l y  d e p r e s s e d  t o  a p e r i o d  
o f  c o m p l e t e  i n h i b i t i o n ,  r e c o v e r s  a t  a 
r a p i d  p a c e  t o  a p e r i o d  o f  a c t i v i t y  
g r e a t l y  i n  e x c e s s  o f  t h e  no rma l  r a t e ,  
and  t h e n  g r a d u a l l y  t a p e r s  o f f  t o  t h e  
normal  r a t e  o f  m i t o s i s .  

V a r i o u s  m e a s u r e s  o f  r a d i a t i o n  e f f e c t  
on m i t o s i s  were  d i s c u s s e d  i n a - p r e v i o u s  
r e p o r t .  ( 4  T h r e e  i n d i c e s  were  examined  
i n  d e t a i l  f o r  a t m o s p h e r i c  i n f l u e n c e  
a f t e r  i r r a d i a t i o n  w i t h  64 r .  

1. Duration of  mitotic inhibition. 
T h e  l e n g t h  o f  t h e  p e r i o d  o f  d o r m a n t  
a c t i v i t y  was  o b s e r v e d  u n d e r  v a r i o u s  
i n t e n s i t i e s  o f  o x y g e n .  O b s e r v a t i o n s  
c o u l d  be  r e c o r d e d  o n l y  i n  m u l t i p l e s  
o f  22  min ,  wh ich  we w i l l  c a l l  a c o u n t i n g  
p e r i o d .  I n  F i g .  1, l i n e  A d e p i c t s  
t h e  r e l a t i o n s h i p  o f  t h e  d u r a t i o n  o f  
t h i s  i n h i b i t i o n  p e r i o d  and  t h e  p r o p o r -  
t i o n  o f  0, i n  t h e  a t m o s p h e r e .  T h e  
i n t e r v a l  a b o u t  e a c h  p o i n t  r e p r e s e n t s  
a 95% c o n f i d e n c e  band.  The r e g r e s s i o n  
e q u a t i o n  was 

D = 3 . 4 3  + 0 . 1 6  P ( 0  i P  7 1 1 )  , 

w h e r e  D i s  t h e  d u r a t i o n  o f  t h e  i n h i -  
b i t i o n  p e r i o d ,  and  P i s  t h e  p e r c e n t a g e  
o f  0,. A f t e r  11% a s a t u r a t i o n  s e t s  i n  
a n d  t h e  d u r a t i o n  w a s  e s s e n t i a l l y  
c o n s t a n t  a t  5 . 1 6  i n t e r v a l s .  

(4)Mathematics Panel Quarterly Progress Report 
for P e r i o d  E n d i n g  J u l y  31, 1950, ORNL-818. 

UNCLASSIF IED 
DWG. I3442 

F i g .  1 .  Indices  o f  Mitot ic  Effect. 

2 .  T i m e  of p e a k  r e c o v e r y .  T h e  
c o u n t i n g  p e r i o d  a t  wh ich  modal a c t i v i t y  
e x i s t s  was o b s e r v e d ,  a g a i n  i n  u n i t s  of 
22 m i n u t e s .  T h e  r e s u l t i n g  c u r v e  i s  
a l s o  p l o t t e d  i n  F i g .  1 a s  l i n e  B .  
I t s  e q u a t i o n  i s  

R = 1 0 . 6 1  + 0.03  P ( 0  7 P 7 7 )  

w h e r e  R i s  t h e  r e c o v e r y  p e r i o d ,  a n d  
P i s  t h e  p e r c e n t a g e  o x y g e n .  A f t e r  
s a t u r a t i o n  a t  7% 0,, t h e  c u r v e  l e v e l s  
o f f  a t  13.82 c o u n t i n g  p e r i o d s .  I n t e r -  
v a l s  a b o u t  e a c h  p o i n t  a r e  a g a i n  95% 
c o n f i d e n c e  l i m i t s .  

3. Ratio ofnumber of total dividing 
cells to those in a vacuum. R a t i o s  
were computed  f o r  t h e  t o t a l  number  o f  
c e l l s  c o u n t e d  a s  b e i n g  i n  a s p e c i f i c  
p h a s e  o f  m i t o s i s  t o  t h o s e  i n  a p a i r e d  
e x p e r i m e n t  w i t h  n o  o x y g e n  p r e s e n t .  
The e q u a t i o n  i s  

T = 1 . 0 0  - 0 . 0 2 5  P ( 0  7 P 7 1 0 )  , 

w h e r e  T i s  t h e  r a t i o  o f  t o t a l  c e l l  
c o u n t s  i n  P p e r  c e n t  o x y g e n  t o  z e r o  
p e r  c e n t  o x y g e n .  A f t e r  1 0 %  t h e  r a t i o  
r e m a i n s  c o n s t a n t  a t  a b o u t  0 . 7 5 .  T h i s  
i s  s i m i l a r l y  p l o t t e d  i n  F i g .  1 as  l i n e  
C. C o n f i d e n c e  b a n d s  a r e  much w i d e r  

V 
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FOR PERIOD ENDING OCTOBER 3 1 ,  1951 

S E X  

Male 
Female  

T O T A L S  

t h a n  f o r  t h e  o t h e r  two c u r v e s ,  b u t  a r e  
o m i t t e d  f o r  t h e  s a k e  o f  s i m p l i c i t y .  

A G E  G R O U P S  ( y e a r s )  

1 2 3 4 5 +  T O T A L S  

16 1 0  2 1 0  3 4 1  

12  19 8 2 5  3 67 

2 8  2 9  10  35 6 108 

A r e p o r t i n c o r p o r a t i n g t h e s e  a n a l y s e s  
i s  b e i n g  p r e p a r e d  f o r  t h e  open  l i t e r a -  
t u r e .  
H E A T  E F F E C T  ON CELL E X T I N C T I O N  

SOURCE 

O r i g i n .  M .  E .  G a u l d e n ,  B i o l o g y  
D i v i s i o n .  

D E G R E E S  O F  FREEDOM 

P a r t i c i p a t i n g  Members  o f  P a n e l .  
J .  Moshman, J .  H .  F i s h e l ,  a n d  G .  J .  
A t t a .  

Among Age Groups  
Between s e x e s  
I n t e r a c t i o n  
E r r o r  

R e f e r e n c e s .  h ! a t h e m a t z c s  P a n e l  
Quarterly P r o g r e s s  R e p o r t s ,  ORNL-1029,  
ORNL-1091. 

4 
1 
4 

98 
107 

Background and S t a t u s .  A p r e v i o u s  
e x p e r i m e n t  o n  t h e  e f f e c t  o f  h e a t  o n  
t h e  e x t i n c t i o n  o f  c e l l s  t r e a t e d  w i t h  
F e u l g e n  a n d m e t h y l  g r e e n  s t a i n s  r e v e a l e d  
o n l y  a s i g n i f i c a n t  d i f f e r e n c e  b e t w e e n  
s t a i n s ,  b u t  t h e  r e l a t i v e l y  few d e g r e e s  
o f  f r e e d o m  b e t w e e n  e m b r y o s  o b v i a t e d  
t h e  e s t a b l i s h m e n t  o f  a s i g n i f i c a n t  
h e a t  e f f e c t .  

A new e x p e r i m e n t  was d e s i g n e d  w i t h  
a b o u t  t r i p l e  t h e  number  o f  d e g r e e s  o f  
f r e e d o m .  N o n n o r m a l i t y  a n d  h e t e r o -  
s c e d a s t i c i t y  p o i n t e d  t o  a n o n p a r a m e t r i c  
a n a l y s i s .  T h e  p r o c e d u r e  o f  Brown") 
was  f o l l o w e d  f o r  a d i s t r i b u t i o n - f r e e  
a n a l o g  o f  t h e  a n a l y s i s  o f  v a r i a n c e .  
D e t a i l e d  a n a l y s i s  r e v e a l e d  a s i g n i f i -  
c a n t  ( P  < 0 . 0 1 )  d i f f e r e n c e  d u e  t o  
h e a t i n g  and  a l s o  a s i g n i f i c a n t  i n t e r -  
a c t i o n  ( P  % 0 . 0 1 )  b e t w e e n  s t a i n  a n d  
h e a t .  The i n t e r a c t i o n  r e v e a l e d  i t s e l f  
i n  t h e  d a t a  by a r e v e r s a l  o f  r e l a t i v e  
m a g n i t u d e  b e t w e e n  t h e  s t a i n s  w i t h  t h e  
p r e s e n c e  a n d  a b s e n c e  o f  h e a t .  W i t h  
n o  h e a t ,  c e l l s  t r e a t e d  w i t h  m e t h y l  
g r e e n  s t a i n  h a d  l a r g e r  e x t i n c t i o n s  
t h a n  c o r r e s p o n d i n g  c e l l s  w i t h  F e u l g e n  
s t a i n  a n d  v i c e  v e r s a .  T h i s  p r o b l e m  
h a s  been  c o m p l e t e d .  

( ' ) A .  M. Mood, I n t r o d u c t i o n  t o  the  Theory  o f  
S t a t i s t i c s  (New York: M c G r a w - H i l l ,  19501, p .  405. 

A N A L Y S I S  OF BURRO BLOOD D A T A  

O r i g i n .  J o h n  H .  R u s t ,  U T - A E C  
A g r i c u l t u r a l  R e s e a r c h  Program.  

P a r t i c i p a t i n g  Members  o f  P a n e l .  
A .  W .  K i m b a l l  and G. J ,  A t t a .  

Background and S t a t u s .  Not  much i s  
known a b o u t  t h e  b a s i c  p h y s i o l o g y  o f  
t h e  b u r r o ,  s i n c e  i t  h a s  n e v e r  b e e n  
u s e d  e x t e n s i v e l y  f o r  e x p e r i m e n t a l  work. 
P r i o r  t o  a s e r i e s  o f  m o r t a l i t y  e x p e r i -  
men t s  u s i n g w h o l e - b o d y  gamma r a d i a t i o n ,  
b l o o d  s a m p l e s  were  t a k e n  on 108 norma l  
b u r r o s ,  and  s e v e r a l  b l o o d  c o n s t i t u e n t s  
w e r e  d e t e r m i n e d  i n  a n  a t t e m p t  t o  
p r o v i d e  t h i s  i n f o r m a t i o n  w h i c h  i s  
u s u a l l y  w e l l - e s t a b l i s h e d  f o r  m o s t  
l a b o r a t o r y  a n i m a l s .  T h e  b u r r o s  w e r e  
g r o u p e d  a c c o r d i n g  t o  a g e  a n d  s e x  a s  
shown i n  T a b l e  4 .  

TABLE 4 

Number o f  Animals  

F o r  e a c h  o f  n i n e  d i f f e r e n t  b l o o d  
c o n s t i t u e n t s  a n  a n a l y s i s  o f  v a r i a n c e  
o f  t h e  f o r m  s h o w n  i n  T a b l e  5 w a s  
p e r  formed.  

TABLE 5 

1 3  
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T h e  r e s u l t s  w i l l  b e  w r i t t e n  u p  a n d  
s u b m i t t e d  t o  an a p p r o p r i a t e  j o u r n a l .  

IRON UPTAKE IN PEANUT PLANTS 

O r i g i n .  D .  D a v i s ,  UT-AEC A g r i -  
c u l t u r a l  R e s e a r c h  Program.  

P a r t i c i p a t i n g  Members  o f  P a n e l .  
A. W. K i m b a l l  and G. J .  A t t a .  

Background and S t a t u s .  The p u r p o s e  
o f  t h i s  e x p e r i m e n t  was t o  i n v e s t i g a t e  
t h e  n a t u r e  o f  i r o n  u p t a k e  i n  p e a n u t  
p l a n t s ,  i n c l u d i n g  an  a t t e m p t  t o  e v a l u -  
a t e  t h e  e f f e c t  o f  p r e v i o u s  e x p o s u r e  t o  
v a r y i n g  l e v e l s  o f  m a n g a n e s e .  E i g h t  
d i  f f e  r e n  t t r e a t m e n t  coli ibina t i o n s  were 
employed ,  c o r r e s p o n d i n g  t o  t h e  d e s i g -  
n a t i o n s  A A ,  BB, CC, DD, BA, BB, BC, 
and  BD. The l e t t e r s  A ,  B,  C, D r e f e r  
t o  f o u r  d i f f e r e n t  l e v e l s  o f  manganese ,  
0 ,  0 . 5 ,  1 . 5 ,  and 5 . 0  ppm i n  t h e  n u t r i -  
e n t  s o l u t i o n .  F o r  t w o  m o n t h s  t h e  
p l a n t s  were c u l t u r e d  a t  a m a n g a n e s e  
l e v e l  g i v e n  by t h e  f i r s t  l e t t e r  i n  t h e  
g r o u p  d e s i g n a t i o n .  A f t e r  two m o n t h s  
t h e  s o l u t i o n  w a s  r e p l a c e d  w i t h  o n e  
c o n t a i n i n g  t h e  manganese  c o n c e n t r a t i o n  
g i v e n  b y  t h e  s e c o n d  l e t t e r  i n  t h e  
g r o u p  d e s i g n a t i o n .  A l s o  a t  t h i s  t i m e  
F e S 5  was a d d e d  t o  t h e  s o l u t i o n s  a n d  
p l a n t s  w e r e  r emoved  f r o m  s o l u t i o n  a t  
24 ,  48 ,  72 ,  and  120  h r  l a t e r .  S e v e r a l  
d i f f e r e n t  p l a n t  p a r t s  were c o u n t e d  and 
an  a n a l y s i s  o f  v a r i a n c e  was  c o m p u t e d  
f o r  e a c h .  The e x p e r i m e n t  was r e p e a t e d  
f o u r  t imes.  

The a n a l y s e s  d i f f e r e d  s l i g h t l y  f o r  
t h e  v a r i o u s  p l a n t  p a r t s  b u t t h e  a n a l y s i s  
f o r  l e a f l e t s ,  a s  shown i n  T a b l e  6 ,  i s  
t y p i c a l .  When p r e l i m i n a r y  t e s t s  o f  
s i g n i f i c a n c e  i n d i c a t e d  no  d i f f e r e n c e s  
among t h e  GR, TR, and GTR i n t e r a c t i o n s ,  
t h e y  were p o o l e d  t o  p r o v i d e  more s e n s i -  
t i v e  t e s t s  f o r  t h e  m a i n  e f f e c t s  a n d  
t h e  GT i n t e r a c t i o n .  O t h e r w i s e ,  e a c h  
e f f e c t  was t e s t e d  w i t h  i t s  r e s p e c t i v e  
e r r o r  v a r i a n c e .  The  t r e a t m e n t  g r o u p  
sum o f  s q u a r e s  was b r o k e n  down i n t o  
i n d i v i d u a l  d e g r e e s  o f  f r e e d o m  t o  

TABLE 6 

A n a l y s i s  f o r  L e a f l e t s  

DEGREES 
OF 

S O U R C E  O F  V A R I A T I O N  FREEDOM 
t 

Among t r e a t m e n t  g r o u p s  (G) 7 
Among removal  times (T)  3 
Among r e p l i c a t i o n s  ( R )  3 
GT i n t e r a c t i o n  2 1  
GR i n t e r a c t i o n  2 1  
TR i n t e r a c t i o n  9 
GTR i n t e r a c t i o n  6 3  

TOTAL 1 2 7  

p r o v i d e  t e s t s  f o r  t h e  e f f e c t  o f  p a s t  
h i s t o r y  and  f o r  s p e c i f i c  c o m p a r i s o n s  
among t h e  t r e a t m e n t  g r o u p s .  

The  e x p e r i m e n t  i s  b e i n g  w r i t t e n  u p  
and  w i l l  be  s u b m i t t e d  t o  an  a p p r o p r i a t e  
j o u r n a l  f o r  p u b l i c a t i o n .  

FLOW STUDIES I N  TANKS I N  $ERIES 

O r i g i n .  C .  P .  S t r a u b ,  H e a l t h  
P h y s i c s  D i v i s i o n .  

P a r t i c i p a t i n g  Member o f  P a n e l .  
E. I k e n b e r r y .  

R e f e r e n c e s .  R. W .  K e h r ,  " D e t e n t i o n  
o f  L i q u i d s  B e i n g  Mixed  i n  C o n t i n u o u s  
F low T a n k s , "  S e w a g e  Works  J . ,  8 ,  9 1 5  
( 1 9 3 6 ) ;  H .  A .  Thomas ,  J r . ,  a n d  J .  E. 
McKee, " L o n g i t u d i n a l  M i x i n g  i n  A e r a t i o n  
T a n k s , "  S e w a g e  W o r k s  J . ,  1 6 ,  4 2 - 5 5  
( 1 9 4 4 )  ; and  H .  A. Thomas,  J r . ,  a n d  R. 
S. A r c h i b a l d ,  " L o n g i t u d i n a l  M i x i n g  
Measured by R a d i o a c t i v e  T r a c e r s , "  A m  
SOC. C i v i l , E n g r s . ,  7 1 ,  S e p a r a t e  No. 84  
( 1 9 5 1 ) .  

Background  and S t a t u s .  T h e  i n p u t  
t o  t h e  f i r s t  o f  n t a n k s  i n  s e r i e s ,  w i t h  
i n i t i a l  c o n c e n t r a t i o n s  a i ( 0 )  = c i ,  i s  
a , ( t ) .  I t  i s  d e s i r e d  t o  f i n d  t h e  con-  
c e n t r a t i o n s  a i  ( t ) ,  a s s u m i n g  p e r f e c t  
m i x i n g .  T h e  d i f f e r e n t i a l  e q u a t i o n s  
f o r  a i ( t )  a r e :  
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FOR PERIOD ENDING OCTOBER 31, 1951 

i = 1, 2 ,  ..., n , 

-Xi t 
w h e r e  l / h i  i s  t h e  d e t e n t i o n  p e r i o d  R i j k l  = e / ( A j  - hi) (hk  - hi)(h - hi) , 
( v o l u m e / r a t e  of f l o w )  o f  t a n k  i. 

O f  t h e  e q u a -  etc .  There  is o b t a i n e d ,  f o r  t h e  
tions. I t  i s  e v i d e n t  t h a t  t h e  s o l u t i o n  
may be w r i t t e n  i n  t h e  form 

o f  unequal  detent ion t imes,  

4 

a 

f i ( 0 )  = 0 ,  and t h e  f u n c t i o n s  g j i ( t )  a r e  
s o l u t i o n s  o f  E q .  1 w i t h  a , ( t )  = 0 ,  ‘1 ‘23 { R 1 2 3  ’ R 2 3 1  ’ R 3 1 2 ’  ’ 
g j j ( 0 )  = 1, g j i ( 0 )  = 0 ,  i #  j .  F u r t h e r -  
more,  i f  a , ( t )  = C p , ( t ) ,  t h e n  f i ( t )  = 

C p n i ( t ) ,  w h e r e  t h e  f u n c t i o n s  p n i ( t )  
n 

n 

i r e  s o l u t i o n s  o f  E q .  1 w i t h  a , ( t )  = 

p , ( t )  a n d  p n i ( 0 )  = 0 .  ( P r i n c i p l e  o f  a 4 ( t )  = f 4 ( t )  i- 

S u p e r p o s i t i o n .  1 
‘1 ‘234 {R1234 ’ R 2 3 4 1  ’ R3412 ’ R4123’t  

For b r e v i t y  o f  n o t a t i o n ,  l e t  h, = 0 ‘2 ’34 {R234 ’ R342 R423’ 

and 

-hi t 
R i  = e f 

w i t h  e v i d e n t  e x t e n s i o n  f o r  a d d i t i o n a l  
t a n k s .  

F u r t h e r ,  i n  t h e  c a s e  o f  c o n t i n u o u s  
f e e d ,  a , ( t )  = c,, 

15 
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f , ( t )  = c ,  P,, {R,,, -t R,,, + R,,,}, E a c h  o f  t h e  h i s t o r i e s  was  r e o r i e n t e d  
t o  make t h e  h i s t o r y  h a v e  an  o r i g i n  a t  

c O  '123 
t 

e t c .  

t h e  s u r f a c e  o f  t h e  s l a b ,  a n d  t o  make 
t h e  i n i t i a l  n e u t r o n  p a t h  n o r m a l  t o  t h e  
s u r f a c e  o f  t h e  s l a b .  

F o r  t h e s e  s a m p l e s  o f  n e a r l y  1 0 0 0  
r e o r i e n t e d  h i s t o r i e s  t h e  c o l l i s i o n  
d e n s i t y  and c o l l i s i o n  damage were  f o u n d  
f o r  a 3 0 - c m  s l a b  o f  t i s s u e  w i t h  a 

solutions f o r  o t h e r  fo rms  o f  f e e d  c o l l i m a t e d  beam o f  n e u t r o n s  i n c i d e n t  
On the  'lab (F ig*  2 ) *  may be  o b t a i n e d  by t h e  L a p l a c e  t r a n s -  

form method.  
U N C L A S S I F I E D  
DWG ( 3 4 4 3  

Runs  w i t h  i o d i n e - 1 3 1  a r e  u n d e r w a y ,  
and  when t h e y  a r e  c o m p l e t e d  c o m p a r i s o n  
o f  t h e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  

i n c l u d i n g  t h o s e  o f  t h e  e f f e c t  o f  i n -  
c o m p l e t e  m i x i n g ,  a r e  b e i n g  made  by  
C. P. S t r a u b  a n d  D .  A .  P e c s o k  o f  t h e  
H e a l t h  P h y s i c s  D i v i s i o n .  

COLLIMATED BEAM 
r e s u l t s  w i l l  be  made .  T h e s e  s t u d i e s ,  OF NEUTRONS WITH 

MONTE C A R L O  ESTIMATE OF COLLISION 
DISTRIBUTIONS IN TISSUE 

Orig in .  W .  S . S n y d e r  and  J .  N e u f e l d ,  
H e a l t h  P h y s i c s  D i v i s i o n .  

P a r t i c i p a t i n g  Members o f  P a n e l .  
K. A .  P f l u e g e r  and  C. L. P e r r y .  

R e f e r e n c e s .  M a t h e m a t i c s  P a n e l  
Q u a r t e r l y  P r o g r e s s  R e p o r t ,  ORNL-345, 
4 0 8 ,  5 1 6 ,  6 3 4 ,  7 2 6 ,  8 1 8 ,  8 8 8 ,  9 7 9 ,  
1029,  1091. 

Background and Sta tus .  The p r e v i o u s  
work h a s  b e e n  e x t e n d e d  t o  i n c l u d e  t h e  
f o l l o w i n g .  The 2000  n e u t r o n  h i s t o r i e s  
were  s o r t e d  oz the_ f i r s t  c o l l i s i o n  i n  
t h e  r a n g e  E ,  < E E ,  ( E , ,  E ,  f i x e d ) .  
T h a t  i s ,  t h e  h i s t o r i e s  w e r e  d i v i d e d  
i n t o  t w o  p a r t s :  t h e  p a r t  b e f o r e  a 
c o l l i s i o n  i n  ( E , ,  E , ) ,  a n d  t h e  p a r t  
f r o m  t h e  f i r s t  c o l l i s i o n  i n  ( E , ,  E , )  
t o  t h e r m a l .  E ,  and  E, were c h o s e n  s o  
t h a t  t h e r e w o u l d  be  a b o u t 1 O O O h i s t o r i e s  
i n  t h e  s a m p l e  a n d  s o  t h a t  t h e  mean 
e n e r g y  f o r  t h e  f i r s t  c o l l i s i o n  i n  t h e  
s a m p l e s  would  be  5 ,  2.5, and  0 . 5  M e V .  

- 

F i g .  2 .  S c h e m a t i c  Diagram o f  a 
Neutron History. 

. 

CL. 

t 

The d i s t r i b u t i o n  o f  t h e  l a s t  c o l l i s i o n  
i n  t h e  ( f a s t )  h i s t o r y  was  a l s o  t a b u -  
l a t e d  p r o v i d i n g  t h e  n e u t r o n  h a d  a n  
e n e r g y  i n  t h e  t h e r m a l  r a n g e  a f t e r  
c o l l i s i o n .  T h e s e  d i s t r i b u t i o n s  ( o n e  
f o r  t h e  e n t i r e  c o l l e c t i o n  o f h i s t o r i e s ,  
mean 1 0  MeV; o n e  f o r  t h e  5-Mev s a m p l e ;  
one  f o r  t h e  2.5-Mev s a m p l e ;  and  o n e  f o r  
t h e  0.5-Mev s a m p l e )  w i l l  b e  u s e d a s t h e  
b a s i s  o f  f u r t h e r  c o m p u t a t i o n  ( c f . ,  
p r o b l e m  on "Therma l  N e u t r o n  Damage"). 

THERMAL NEUTRON DAMAGE 

Origin. W .  S. S n y d e r  and  J .  N e u f e l d ,  
H e a l t h  P h y s i c s  D i v i s i o n ,  

P a r t i c i p a t i n g  Members of  P a n e l .  
A .  S. H o u s e h o l d e r ,  K .  A .  P f l u e g e r ,  and  
C. L. P e r r y .  

R e f e r e n c e .  S e e  t h e  p r o b l e m  o n  
" M o n t e  C a r l o  E s t i m a t e  o f  C o l l i s i o n  
D i s t r i b u t i o n s  i n  T i s s u e . "  
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Background and Status .  The p r o b l e m  
i s  t o  d e t e r m i n e  t h e  d i s t r i b u t i o n  o f  
t h e r m a l  n e u t r o n  c o l l i s i o n s  i n  a 30-cm 
s l a b  o f  t i s s u e .  The s o u r c e  o f  t h e r m a l  
n e u t r o n s  i s  a beam o f  c o l l i m a t e d  f a s t  
n e u t r o n s  i n c i d e n t  cn t h e  s u r f a c e  o f  
t h e  s l a b  ( c f . ,  r e f e r e n c e  g i v e n  a b o v e ) .  
Let the_ s o u r c e  d i s t r i b u t i o n  b e  P o ( x ) ,  
0 7 x 7 30 cm. T h e  d i s t r i b u t i o n  o f  
t h e r m a l  n e u t r o n  c o l l i s i o n s  i n  t h e  s l a b  
i s  t h e n  P ( x ) , ( ~ )  where  

CT fi30 

The P a n e l  i s  now f i n d i n g  an a p p r o x i m a t e  
s o l u t i o n  f o r  P ( x )  b y  a n  i t e r a t i o n  
m e t h o d  f o r  t h e  f o u r  s o u r c e  d i s t r i -  
b u t i o n s  f o u n d  b y  t h e  M o n t e  C a r l o  
e s t i m a t e  . 
COIL-WINDING DENSITY FOR A N E A R L Y  
UNIFORM FIELD 

Origin .  R .  D .  B i r k h o f f  a n d  W .  S.  
S n y d e r ,  H e a l t h  P h y s i c s  D i v i s i o n .  

P a r t i c i p a t i n g  Members o f  P a n e l .  
H .  B. G o e r t z e l  and  C. L .  P e r r y .  

Background and Status.  The m a g n e t i c  
f i e l d  s t r e n g t h  on t h e  a x i s  o f  a c y l i n -  
d r i c a l  c o i l  o f  l e n g t h  2 2  a n d  w i n d i n g  
d e n s i t y  +(y> i s  

P l  

J w l  

where .  x a n d  y a r e  m e a s u r e d  f r o m  t h e  
c e n t e r  o f  t h e  c o i l .  T h e  P a n e l  f o u n d  
an appro_ximste  s o l u t i o n  f o r  f ( x >  = 1, 
- 0 . 7 5 1  7 x < 0 . 7 5 1 ,  by a s s u m i n g  +(y> 
was a s t e p  f u n c t i o n  w i t h  a s m a l l  number 
( 1 6 )  o f  j u m p s .  The c o m p u t a t i o n s  h a v e  
been  c o m p l e t e d .  

(6)W. S. S n y d e r ,  “ C a l c u l a t i o n s  for Maximum 
P e r m i s s i b l e  E x p o s u r e  t o  T h e r m a l  N e u t r o n s , ”  
NucZeonics 6 ,  No. 2 ,  46 (1950).  

AMPLIFIER R E S P O N S E  TO PROPORTIONAL 
COUNTER PULSES 

Origin. G. S .  H u r s t ,  H e a l t h  P h y s i c s  
D i v i s i o n .  

P a r t i c i p a t i n g  Member o f  P a n e l .  
C. P e r h a c s .  

Reference. H e a l t h  Physics Q u a r t e r l y  
P r o g r e s s  R e p o r t ,  ORNL-1086;  a n d  “ A  
P r o p o r t i o n a l  C o u n t e r  Method  o f  Meas- 
u r e m e n t  o f  F a s t  N e u t r o n  D o s e , ”  G .  S. 
H u r s t ,  ORNL CF-51-4-122.  

Background and Sta tus .  The numer-  
i c a l  e v a l u a t i o n  o f  H u r s t ’ s  f o r m u l a  f o r  
t h e  a m p l i f i e r  r e s p o n s e  i s  b e i n g  p e r -  
formed o n  IBM e q u i p m e n t .  

A S T U D Y  OF RADIOACTIVITY ABSORPTION 
IN GAMBUSIA 

O r i g i n ,  L .  A .  K r u m h o l z ,  H e a l t h  
P h y s i c s  D i v i s i o n .  

P a r t i c i p a t i n g  Member o f  P a n e l .  
A. W .  K i m b a l l .  

Background and Status .  T h i s  e x p e r i -  
men t ,  f i r s t  d e s c r i b e d  i n  OWL-1091 ,  i s  
n e a r i n g  c o m p l e t i o n  and s h o u l d  be r e a d y  
f o r  a n a l y s i s  i n  t h e  n e a r  f u t u r e .  

KINETICS OF THE HBr-HBrO, REACTION 

Origin. 0. Myers ,  C h e m i s t r y  D i v i -  
s i o n .  

P a r t i c i p a t i n g  Members o f  P a n e l .  
J .  H .  F i s h e l ,  N .  D .  G i v e n ,  a n d  C.  L .  
P e r r y .  

Background and S t a t u s .  T h e  s i x  
k i n e t i c  r e a c t i o n s  

0 
HBr -t HBr03 HBrO, -t HBrO , 

k l  
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b CRYSTAL ANALYSIS BYNEUTRON DIFFRACTION > 
HBr + HBr02 - 2HBrO , 

Origin. H. Levy,  C h e m i s t r y  D i v i s i o n  
k 2  

X- RAY CRYSTAL ANALYSIS 

Origin. G. P. S m i t h ,  J r . ,  M e t a l -  
l u r g y  D i v i s i o n .  

a r e  a s s u m e d  t o  t a k e  p l a c e  s i r n u l t a -  Participating Members o f  Panel. 
n e o u s l y  a n d  a t  t h e  r a t e s  i n d i c a t e d  J .  H .  F i s h e l  and  C. P e r h a c s .  
above ,  a f t e r  H B r i s m i x e d  i n  an  aqueous  
s o l u t i o n  o f  H B r O , .  T h e  s y s t e m  o f  Background and Status. I n  b o t h  o f  
d i f f e r e n t i a l  e q u a t i o n s  d e s c r i b i n g  t h e  t h e s e  p r o b l e m s  t h e  e x p e r i m e n t e r  w a n t s  
k i n e t i c s  of  t h e  r e a c t i o n s  i s  t h e  F o u r i e r  s i n e - t r a n s f o r m  o f  e x p e r i -  

m e n t a l l y  d e t e r m i n e d  f u n c t i o n s .  T h e  
d x  t r a n s f o r m s  a r e  o f  t h e  form 
d t  

; . d o )  = 0 - -  - A - B  

d z  

d t  
-- - - A - B - C  ; z ( O ) = z O # O  

d w  
d t  
- -  - c  ; w ( 0 )  = 0 

where A s a z - k, x y 

B = b x z - k 2 y  2 , 

and x ,  y, Z ,  w ,  r e s p e c t i v e l y ,  d e s i g n a t e  
t h e  q u a n t i t i e s  o f  HBrO,, HBrO, HBr,  
a n d  Br2  p r e s e n t  a t  t i m e  t .  The P a n e l  
i s  i n v e s t i g a t i n g  a n a l y t i c  m e t h o d s  o f  
f i n d i n g  a p p r o x i m a t e  s o l u t i o n s  t o  t h i s  

0 

w h e r e  f ( s )  i s  t h e  e x p e r i m e n t a l l y  
d e t e r m i n e d  f u n c t i o n  a n d ,  h ( s )  a n d g ( s ) ,  
a r e  w e i g h t i n g  f u n c t i o n s .  The P a n e l  h a s  
programmed t h e  c o m p u t a t i o n  f o r  t h e  IBM 
Card  Programmed C a l c u l a t o r .  The f u n c -  
t i o n  { f ( s )  -t h ( s ) )  g ( s )  i s  a p p r o x i m a t e d  
by a p o l y g o n a l  f u n c t i o n  w i t h  v e r t i c e s  
a t  s = 0 . 1  n ,  n = 0 ,  1, 2 ,  ..., 1 5 0 .  
T h e  i n t e g r a l  i s  e v a l u a t e d  e x a c t l y  
( e x c e p t  f o r  r o u n d - o f f  e r r o r )  f o r  t h i s  
p o l y g o n a l  a p p r o x i m a t i o n .  The P a n e l  h a s  
s i n e  c a r d s  f o r  r = 0 . 2 ( 0 . 1 ) 9 . 8 .  For  
t h e s e  v a l u e s  o f  r ,  i n t e g r a l s  o f  t h e  
a b o v e  t y p e  h a v e  b e e n  e v a l u a t e d  a t  a 
r a t e  o f  o n e  e v e r y  6 t o  1 5  m i n u t e s .  
L e v y ' s  e v a l u a t i o n s  have  been  c o m p l e t e d ,  
a n d  S m i t h ' s  e v a l u a t i o n s  w i l l  b e  com- 
p l e t e  by t h e  s e c o n d  week o f  t h e  n e x t  
q u a r t e r .  

s y s t e m ,  and  i s  a l s o  d o i n g  some numer-  
i c a l  i n t e g r a t i o n  f o r t h e  c a s e  a = 0 . 7 6 8 ,  
b = 0 . 0 0 6 9 3 ,  c = l o 6 ,  k, = 0 . 0 6 4 5 ,  
k ,  = 2 . 3 3  x l O " ,  k 3  = 3 5 . 0 ,  a n d  
z o  = 0 .00417 .  One  e a s i l y  d e t e r m i n e d  M ~ G ~ ~ ~ ~ ,  Phys ic s  ~ i ~ i ~ i ~ ~ .  
i n t e g r a l  o f  t h e  s y s t e m  i s  

EFFICIENCY O F  A CRYSTAL 

Origin. P .  R. B e l l  a n d  F .  K .  

c 

L 

Participating Members of Panel. 
z o  = x + 2 y + 3  z +  5 w .  K. A .  P f l u e g e r  and  C. L .  P e r r y .  
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4 4 

Background and S t a t u s .  A p o i n t  ESCAPE OF X - R A Y S  FROM A SEMI-INFINITE 
s o u r c e  o f  i s o t r o p i c  r a d i a t i o n  i s  CRYSTAL 
l o c a t e d  n e a r  t h e  s u r f a c e  o f  a r i g h t  O r i g i n .  P .  R .  B e l l  a n d  F .  K .  
c i r c u l a r  c y l i n d e r .  T h e  r a d i a t i o n  
a b s o r b e d  by t h e  c r y s t a l  i s  as sumed  t o  
b e  p r o p o r t i o n a l  t o  1 - e - T n  w h e r e  x P a r t i c i p a t i n g  Members o f  P a n e l .  
i s  t h e  d i s t a n c e  t h e  r a d i a t i o n  t r a v e l s  N.  D. Given  and C. L. P e r r y .  
t h r o u g h  t h e  c r y s t a l .  Wi th  t h i s  assump- 
t i o n  t h e  f r a c t i o n  o f  t h e  t o t a l  r a d i a t i o n  Background and S t a t u s .  A c o l l i -  
t h a t  i s  a b s o r b e d  by t h e  c r y s t a l  i s  m a t e d  b e a m  o f  gamma r a y s  e n t e r s  a 

McGowan, P h y s i c s  D i v i s i o n .  

~ 

T = (1 - COS a,) - -  e - a T  a s i n  a d a - 
0 

2 s" 
a )  s i n  a d a 1 f' e - r  ( b  c s c  a - 

1 U 
2 

when t h e  s o u r c e  i s  l o c a t e d  o n  t h e  s e m i - i n f i n i t e  c r y s t a l  n o r m a l  t o  i t s  
a x i s  o f  t h e  c r y s t a l  a n d  w h e r e  t h e  p l a n e  s u r f a c e  ( F i g .  4 ) .  
p a r a m e t e r s  a r e  a s  shown i n  Fig.  3 .  

UNCLASSI FlED 
D W G .  43444 

S 

F i g .  3. Axial Cross Sec t ion  o f  t h e  
Crystal .  

The a b o v e  i n t e g r a l s  were  s i m p l i f i e d  
( e . g . ,  t r a n s f o r m e d  t o  e x p o n e n t i a l  
i n t e g r a l s )  and  T was g r a p h e d  f o r  t h e  
commerc ia l  c r y s t a l  whose cross s e c t i o n  
i s  g i v e n  i n  ORNL d r a w i n g  9 5 0 0 .  F o r  
t h i s  c r y s t a l  a = 1% i n . ,  b = 1 i n .  
Graphs  were drawn f o r  h = 0 ,  0.2, 0 .5 ,  
1 . 0 ,  2 . 0 ,  and  5 .0  cm. 

U NCLAS S I FI ED 
D W G .  13445 

F i g .  4. S e c t i o n  Normal t o  Crysta l  
Sur face.  

T h e  r a t e  o f  a b s o r p t i o n  p e r  u n i t  p a t h  
i s  a s s u m e d  t o  b e  r e ' 7 Y .  For e a c h  
a b s o r p t i o n  a n  X - r a y  i s  a s s u m e d  t o  be 
e m i t t e d  w i t h  p r o b a b i l i t y  p. The X - r a y s  
a r e  a s s u m e d  t o  l e a v e  t h e i r  o r i g i n  
i s o t r o p i c a l l y  and  t o  b e  a b s o r b e d  a t  a 
r a t e  S e - ' z  a l o n g  t h e i r  p a t h .  W i t h  
t h e s e  a s s u m p t i o n s  t h e  r a t i o  R = ( n o .  
of  X - r a y s t h a t  l e a v e  t h e c r y s t a l )  / (no. 
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of  gamma r a y s  t h a t  e n t e r  t h e  c r y s t a l )  
is 

. 

c J 

G r a p h s  o f  R v s .  E were d r a w n  f o r  t h e  
c r o s s  s e c t i o n s  7 ( E )  g i v e n  i n  d , r a w i n g  
9500. T h i s  p rob lem h a s  been  c o m p l e t e d .  
FERMI FUNCTIONS 

Origin. M.  E .  Rose  and P. R .  B e l l ,  
P h y s i c s  D i v i s i o n .  

P a r t i c i p a t i n g  Members o f  P a n e l .  
C. L.  P e r r y ,  B. M. D r u c k e r ,  H .  B .  
Goertzel, and N, M. Dismuke. 

R e f e r e n c e s .  M a t h e m a t i c s  P a n e l  
Quarterly Progress Reports, ORNL-345, 

1029,  1091.  
408, 516, 634, 726, 818, m a ,  9 7 9 ,  

S t a t u s .  D u r i n g  t h i s  q u a r t e r  t h e  
Fermi f u n c t i o n s  and f i e l d  f a c t o r s  were 
g raphed  and  d i f f e r e n c e d  i n  p r e p a r a t i o n  
f o r  t a b u l a t i n g  t h e  r e s u l t s .  T h e  
f u n c t i o n  

was p r e p a r e d  f o r  t a b u l a t i o n  t o  r e p l a c e  
t h e  F ,  t a b l e s  i s s u e d  a y e a r  ago.  

D u r i n g  t h e  g r a p h i n g  o f  t h e  f i e l d  
f a c t o r s  i t  w a s  n o t e d  t h a t  o n e  o f  t h e  
f u n c t i o n s  f o r  t h e  p o s i t r o n  c a s e  i s  a t  
l e a s t  p a r t i a l l y  i n  e r r o r .  Hence b e f o r e  
t h e  c a l c u l a t i o n  c a n  be c o m p l e t e d ,  t h e  
f o r m u l a t i o n  must  be  examined  a g a i n .  

ANGULAR CORRELATION BETWEEN CONVERSION 
ELECTRONS AND GAMMA RAYS 

Origin. M. E .  Rose  andG.  B. A r f k e n ,  
P h y s i c s  D i v i s i o n .  

P a r t i c i p a t i n g  Members o f  P a n e l .  
C. P e r h a c s , J . H .  F i s h e 1 , N .  M. Dismuke,  
and C. L. P e r r y .  

R e f e r e n c e s .  M a t h e m a t i c s  P a n e  I 
Quarterly Progress Reports, ORNL-979, 
1 0 2 9 ,  1 0 9 1 ,  a n d  P h y s i c s  D i v i s i o n  
Quarterly Progress Report ORNL-1092. 

S t a t u s .  T h e  c o m p u t a t i o n  o f  t h e  
a n g u l a r  c o r r e l a t i o n  c o e f f i c i e n t s  w a s  
c o m p l e t e d  a n d  c h e c k e d  d u r i n g  t h e  
q u a r t e r .  

CALCULATION OF INTERNAL CONVERSION 
COEFFICIENTS WITH SCREENING 

Origin.  M .  E .  R o s e ,  P h y s i c s  D i v i -  
s i o n .  

P a r t i c i p a t i n g  Member o f  P a n e l .  
M. R.  A r n e t t e .  

Other P a r t i c i p a n t s .  G .  G o e r t z e l ,  
P h y s i c s  D e p a r t m e n t ,  N e w  Y o r k  U n i v e r -  
s i t y ,  M .  S. M o n t a l b a n o ,  D i v i s i o n  1 1 . 2 ,  
N a t i o n a l  Bureau  o f  S t a n d a r d s .  

References. " C a l c u l a t i o n  of  I n t e r n a l  
C o n v e r s i o n  C o e f f i c i e n t s , "  a n o t e  by  
G . H . G o e r t z e 1  d a t e d  December 18, 1949 ;  
a n d  t h e  M a t h e m a t i c s  P a n e l  Q u a r t e r l y  
Progress Report ORNL-1091, p .  27. 

S t a t u s .  T h e  c o d i n g  f o r  t h e  SEAC 
a n d  t h e  c h e c k i n g  o f  t h e  c o d e  on  t h e  
SEAC i s  b e i n g  c o m p l e t e d .  I t  i s  now 
h o p e d  t h a t  t h e  c a l c u l a t i o n s  w i l l  b e  
c o m p l e t e d  e a r l y  i n  1952.  

CALCULATION OF RACAH COEFFICIENTS FQR 
THE A N G U L A R  DISTRIBUTION IN N U C L E A R  
REACTIONS 

O r i g i n .  M .  E .  R o s e  a n d  L. C .  
B i e d e n h a r n ,  P h y s i c s  D i v i s i o n .  

P a r t i c i p a t i n g  Members o f  P a n e l .  
S. L .  H u l l ,  H. B. G o e r t z e l ,  R.  C r o o k ,  
and C. L. P e r r y .  

L 

c 

20 



FOR PERIOD ENDING OCTOBER 31, 1951 

R e f e r e n c e s .  P h y s i c s  D i v i s i o n  
Quarterly Progress Report O W L - 1 0 0 5 ;  
Mathematics Panel Quarterly Progress 
Reports, OWL-1029,  p .  2 2 ;  OWL-1091 ,  
p .  10 .  

THORIUM B R E E D E R  S T U D I E S  

Orig in .  J .  L a n e ,  N .  L a n s i n g ,  and  
S. V i s n e r ,  Long-Range P l a n n i n g  Group.  

’ P a r t i c i p a t i n g  Members o f  P a n e l .  
B. S. M c G i l l  and  H. B. G o e r t z e l .  Background and S t a t u s .  T h e  s c o p e  

o f  t h e s e  c o m p u t a t i o n s  h a s  b e e n  e x -  
t e n d e d  t o  i n c l u d e  w ( l l ,  j l ,  1, j , ;  S, 
L) f o r  S = 5 / 2  a n d  S = 3 .  T h e  com- 

Background and S t a t u s .  T h e  t w o -  
g r o u p  c a l c u l a t i o n s  w e r e  c o m p l e t e d  
d u r i n g  t h e  q u a r t e r .  p u t a t i o n  w i l l  b e  c o m p l e t e d  d u r i n g  

t h e  n e x t  q u a r t e r .  

REACTOR R E S P O N S E  C U R V E S  T H E  C A L C U L A T I O N  O F  E I G E N V A L U E S  O F  
D I F F E R E N T I A L  SYSTEMS B Y  N U M E R I C A L  
I N T E G R A T I O N  O r i g i n .  J .  T r i m m e r  

Techno logy  D i v i s i o n .  
, R e a c t o r  

O r i g i n .  A N P P h y s i c s  S e c t i o n .  
P a r t i c i p a t i n g  Members 

K .  A .  P f l u e g e r ,  R .  C r o o k ,  
P e r r y .  

o f  P a n e l .  
a n d  C .  L .  P a r t i c i p a t i n g  Members o f  P a n e l .  

R .  R .  C o v e y o u ,  E .  I k e n b e r r y ,  a n d  M .  
B. G u e r n s e y .  

Background and Status .  The r e a c t o r  
r e s p o n s e  was c a l c u l a t e d  a s  a f u n c t i o n  
o f  t h e  r e a c t o r  f r e q u e n c y  f o r  n e u t r o n  
l i f e  time 1 = l o o 3 ,  10”  s e c o n d s .  The 
s u p e r c r i t i c a l  and s u b c r i t i c a l  r e s p o n s e s  
t o  a s t e p  c h a n g e  i n  k were  f o u n d  a s  
f u n c t i o n s  o f  r e a c t o r  f r e q u e n c y .  T h e  
p o s t - s h u t d o w n  t i m e  d e p e n d e n c e  o f  
p o i s o n  was a l s o  computed.  The r e s u l t s  
o f  t h e s e  c o m p u t a t i o n s  w i l l  a p p e a r  a s  
F i g s .  4 . 2  t h r o u g h  4 . 9  o f  C h a p t e r  4 ,  
Volume I1 o f  t h e  new r e a c t o r  s c h o o l  
t e x t .  T h i s  p r o b l e m  h a s  been  c o m p l e t e d .  

Background and Status .  T h i s  p rob lem 
a r o s e  i n  t h e  c o u r s e  o f  a n  e v a l u a t i o n  
o f  p r o c e d u r e s  u s e d  by t h e  ANP P h y s i c s  
G r o u p  i n  t h e  s o l u t i o n  o f  t h e  a g e -  
d i f f u s i o n  e q u a t i o n .  T h e  q u e s t i o n  a t  
i s s u e  h e r e  i s  t h e  a c c u r a c y  w i t h  wh ich  
t h e  e i g e n v a l u e s  o f  a d i f f e r e n t i a l  
e q u a t i o n  may be e s t i m a t e d  by n u m e r i c a l  
i n t e g r a t i o n .  A f u l l  d i s c u s s i o n  o f  
t h e  p r o b l e m  a p p e a r s  i n  Y - F 1 0 - 7 2 . ( ’ )  
T h i s  p a p e r  e v a l u a t e s  t h e  errors made 
i n  t h e  u s u a l  p r o c e d u r e  a n d  a d v a n c e s  
a s i m p l e  p r o p o s a l  w h i c h  m a r k e d l y  
r e d u c e s  t h e s e  e r r o r s .  D E T E R M I N A T I O N  O F  F A S T  N E U T R O N  F L U X  I N  

ORNL PILE K I N E T I C S  OF H R E  

O r i g i n .  D .  K .  H o l m e s ,  P h y s i c s  
D i v i s i o n .  

O r i g i n .  T .  A .  W e l t o n  a n d  G .  T .  
Trammel,  P h y s i c s  D i v i s i o n .  

P a r t i c i p a t i n g  Members o f  P a n e l .  
J .  Moshman; E .  B. C a r t e r ,  C e n t r a l  
S t a t i s t i c a l  L a b o r a t o r y ,  K-25. 

P a r t i c i p a t i n g  Members o f  Pane l .  
C. L.  P e r r y ,  B.  M .  D r u c k e r ,  H .  B .  
G o e r t z e l ,  N .  D. G i v e n ,  S. L. H u l l ,  and 
W.  C. S a n g r e n .  

R e f e r e n c e s .  M a t h e m a t i c s  P a n e l  
Quarterly Progress Reports, ORNL-726, 
818, 888, 929,  1029 ,  1091.  

Background and Status .  I n f o r m a t i o n  
c o n c e r n i n g  t h e  k i n e t i c s  o f  t h e  HRE may 

( ” R .  R .  Coveyou, The Calculation of E i g e n -  
values of Di e r e n t i a l  S y s t e m s  B N u m e r i c a l  
Integration, L&10-72, August 30, 19tl. 

S t a t u s .  T h i s  p r o b l e m  i s  i n  t h e  
machine s t a g e  o f  c a l c u l a t i o n .  
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be o b t a i n e d  by i n v e s t i g a t i n g  t h e  s o l u -  a n d  o n e  w i t h  t h r e e  e q u a t i o n s ,  were 
t i o n s  o f  c e r t a i n  s y s t e m s  o f  o r d i n a r y  a l s o  c a l c u l a t e d  w i t h  d e s k  c o m p u t e r s .  
d i f f e r e n t i a l  e q u a t i o n s .  S i n c e  o n e  or 
two o f  t h e  e q u a t i o n s  i n  e a c h  s y s t e m  T h e  f o l l o w i n g  g e n e r a l  s y s t e m  w a s  
a r e  n o n l i n e a r  i t  was n e c e s s a r y t o r e s o r t  
t o  n u m e r i c a l  m e t h o d s .  T h r e e  m e t h o d s  

programmed f o r  s o l u t i o n  by t h e  SEAC: 

f o r  o b t a i n i n g  a p p r o x i m a t e  s o l u t i o n  

by t h e  R u n g e - K u t t a  m e t h o d  u s i n g  d e s k  
c o m p u t e r s ,  ( 2 )  n u m e r i c a l  i n t e g r a t i o n  ; = - y ( o )  = z ( o )  = v ( o )  = o  ( 6 )  
by t h e  H e u n  m e t h o d  u s i n g  t h e  SEAC,  

( 7 )  
t h e  N a t i o n a l  B u r e a u  o f  S t a n d a r d s ' s  
e l e c t r o n i c  d i g i t a l  c o m p u t e r ,  and  ( 3 )  a 
s e m i a n a l y t i c a l  m e t h o d  i n v o l v i n g  a 
p e r t u r b a t i o n  t e c h n i q u e .  ; I = c v + d v  1.1 + e y + . f z .  (8) 

were u s e d :  (1) n u m e r i c a l  i n t e g r a t i o n  ; = x - 1  x ( 0 )  = 1 ( 5 )  
8 

; c = a x + z x + b  

Most O f  t h e  sys tems i n v e s t i g a t e d  T h i r t e e n  s y s t e m s  o L t h i 2  t y p e  were  
s o l v e d  o g  r a n g e  0 7 t 7 0 . 3  o r  o n  
r a n g e  0 < t 7 0 . 4 .  T h e  p a r a m e t e r  
v a l u e s ,  i n t e g r a t i o n  i n t e r v a l  ( o f  o r d e r  

* l o g 4  s e c ) ,  and  t h e  p r i n t i n g - o u t  i n t e r -  
z = - v  , ( 2 )  v a l s  were r e a d  i n t o  t h e  m a c h i n e  i n -  

d e p e n d e n t l y  o f  t h e  ma in  r o u t i n e .  The  
t o t a l  m a c h i n e  t i m e  f o r  a l l  13 s y s t e m s  

f o r  c h e c k i n g  t h e  p r o g r a m  a n d  c o d i n g .  
S i n c e  t h e  a c t u a l  c o m p u t a t i o n  t i m e  p e r  
s y s t e m  was l e s s  t h a n  2 0  s e c ,  m o s t  o f  
t h e  m a c h i n e  t i m e  w a s  t a k e n  u p  b y  

W~ L Z  ' w n 2  Y I  9 ( 4 )  p r i n t i n g  t h e  r e s u l t s  a n d  r e a d i n g  t h e  
r o u t i n e  i n t o  t h e  mach ine .  

were  o f  t h e  form: 

i = x - l ,  (1) 

x + z x ,  ( 3 )  was a b o u t  5 h r .  T h i s  i n c l u d e d  1 h r  , 
. P , S - P  x = -  __.__ 

r r 

;I = -a1 v - a2 v Ivl i- 

2 

where  x ,  y ,  z ,  and  v a r e  f u n c t i o n s  o f  
t ,  and where  t h e  o t h e r  symbol s  r e p r e s e n t  
c o n s t a n t s .  P h y s i c a l l y  o n e  c a n  t h i n k  
o f  e a c h  s y s t e m  a s  r e p r e s e n t i n g  two  
c o u p l e d  o s c i l l a t o r s .  The two o s c i l l a t o r  
p a i r s ,  x a n d  y ,  a n d  y a n d  z ,  a r e  
c o u p l e d  by t h e  p r e s e n c e  o f  z i n  Eq. 3 
and y i n  Eq. 4 .  

T h r e e  s y s t e m s  o f  t h e  a b o v e  t y p e  
were c a l c u l a t e d  by  d e s k  c o m p u t e r s .  
A l t h o u g h  two o f  t h e s e  c a l c u l a t i o n s  
were s u b s e q u e n t l y  c a r r i e d  o u t  on  t h e  
SEAC, i t  was d e s i r a b l e  t o  h a v e  t h e s e  
r e s u l t s  b o t h  a s  a c h e c k  on t h e  machine  
r e s u l t s  and  a s  a me thod  o f  e s t i m a t i n g  
m a g n i t u d e s .  One compute r  c a n  c a l c u l a t e  
a b o u t  o n e  s y s t e m  p e r  month f rom t = 0 
t o  t = 0 . 3 .  Two o t h e r  s i m i l a r  b u t  
r educed  s y s t e m s ,  o n e  w i t h  two e q u a t i o n s  

The f o l l o w i n g  t e c h n i q u e  was used t o  
o b t a i n  a p p r o x i m a t e  f o r m u l a s  f o r  t h e  
v a r i a b l e s  x ,  y, z ,  and  v i n  terms o f  t 
and  t h e  c o n s t a n t s .  S i n c e  t h e  i n i t i a l  
v a l u e  o f  z i s  z e r o  and  al and  a, p r o v e  
t o  be  r e l a t i v e l y  u n i m p o r t a n t ,  a f i r s t  
a p p r o x i m a t i o n  c a n  b e  o b t a i n e d  b y  
s o l v i n g  t h e  l i n e a r  s y s t e m  c o n s i s t i n g  

o f  E q s .  1 a n d  2 ,  a n d  x = -  P + 8 - P  X 
r r 

2 2 a n d  b = w H  [Z -I w n  Y I .  H a v i n g  
o b t a i n e d  a f i r s t - a p p r o x i m a t i o n  f o r m u l a  
f o r  x a n d  Z, s u b s t i t u t e  t h e  f o r m u l a  
i n  t h e  r i g h t  h a n d  s i d e  o f  E q .  3 a n d  
i n t e g r a t e  t o  o b t a i n  a s e c o n d  a p p r o x i -  
m a t i o n  f o r m u l a  f o r  x .  U s i n g  E q s .  1 
and 2 ,  a n d ;  = w H 2  [ z  + w n 2  y I ,  s e c o n d -  
a p p r o x i m a t i o n  f o r m u l a s  c a n  t h e n  b e  
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d e r i v e d  f o r  y ,  z ,  and  21. The f o r m u l a s  
g i v e  r e s u l t s  t h a t  i n  g e n e r a l  a g r e e  
v e r y  w e l l  f r o m  t = 0 t o  t = 0 . 1  ( t h e  
most  i n t e r e s t i n g  r a n g e  f o r  t )  w i t h  t h e  
SEAC’s r e s u l t s .  

G r a p h s  o f  t h e  v a r i a b l e s  v s .  t h a v e  
b e e n  c o n s t r u c t e d  f o r  t h e  v a r i o u s  
s y s t e m s .  T h e  r e s u l t s  h a v e  n o t  b e e n  
c o m p l e t e l y  a n a l y z e d  a s  y e t .  I t  i s  
p o s s i b l e  t h a t  t h e  s o l u t i o n s  o f  f u r t h e r  
s y s t e m s  o f  t h i s  t y p e  w i l l  b e  computed  
by t h e  SEAC. More  c o m p l e t e  d e t a i l s  
will a p p e a r  i n  t h e  n e x t  Q u a r t e r l y  
R e p o r t  of  t h e  HRE. 

A MULTIGROUP METHOD FOR COMPUTING THE 
N E U T R O N  DISTRIBUTION IN A FINITE 
CYLINDRICAL R E A C T O R  WITH R E F L E C T E D  
CONVEX SURFACE AND BARE E N D S  

O r i g i n .  N .  M .  S m i t h ,  R e a c t o r  
P h y s i c s  D i v i s i o n .  

P a r t i c i p a t i n g  Member o f  P a n e l .  
N. Edmonson. 

S t a t u s .  A r e p o r t  on  t h i s  work i s  
r e a d y  f o r  p u b l i c a t i o n .  

ANALYSIS O F  FLUID FLOW IN THE H O M O -  
GENEOUS REACTOR 

O r i g i n .  G. W e s l i c i n u s  and  D. Fax, 
Homogeneous R e a c t o r  P r o j e c t  D i v i s i o n .  

P a r t i c i p a t i n g  Members o f  P a n e l .  
J .  H .  F i s h e l ,  N .  D .  G i v e n ,  a n d  C . L .  
P e r r y .  

R e f e r e n c e .  H o m o g e n e o u s  R e a c t o r  
Project Quarter Zy Report, OWL-1121. 

Background and S t a t u s .  An a p p r o x i -  
mate  s o l u t i o n  t o  t h e  n o n l i n e a r  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  d e s c r i b i n g  t h e  
f l u i d  f l o w  i n  t h e  homogeneous r e a c t o r  
was f o u n d  by a n  i t e r a t i v e  m e t h o d .  
S t a r t i n g  v a l u e s  were f o u n d  g r a p h i c a l l y  
and  t h e s e  v a l u e s  were i t e r a t e d  on t h e  
IBM C a r d  Programmed C a l c u l a t o r .  

OPERATIONS GREENHOUSE - LETHALITY STUDY 

O r i g i n .  E .  P .  C r o n k i t e ,  N a v a l  
M e d i c a l  R e s e a r c h  I n s t i t u t e .  

p a r t i c i p a t i n g  Members o f  P a n e l .  
J .  Moshman, G.  J .  A t t a ,  B .  S. M c G i l l ,  
H. B. G o e r t z e l ,  and S. L. H u l l .  

Background and S t a t u s .  One o f  t h e  
p h a s e s  o f  O p e r a t i o n s  G r e e n h o u s e  i n -  
v o l v e d  a s t u d y  o f  t h e  f a c t o r s  t h a t  
h a v e  a d i f f e r e n t i a l  e f f e c t  o n  t h e  
2 8 - d a y  m o r t a l i t y  o f  t h e  e x p e r i m e n t a l  
mice .  F o l l o w i n g  t h e  C o r n f i e l d - M a n t e l ( ’ )  
p r o c e d u r e ,  p r o b i t  c u r v e s  were  f i t t e d  

TABLE 7 

Median L e t h a l  D o s e s  and S l o p e s  o f  
Greenhouse Mice, S t a t i o n s ,  

S e r i e s  7 0  and 7 1  

( P r o v i s i o n a l  E s t i m a t e s )  

VARIABLE 

Sex 

Ages 

W e i  gh t 

Tray 

Row 

BREAKDOWN 

Male 
Female 
7-9 weeks 
10 weeks 
11 weeks 
12 weeks 
15-19 grams 
20-24 grams 
25-29 grams 
30-34 grams 
1 (bottom) 
2 
3 
4 
5 
6 ( top )  
1 (rear) 
2 
3 ( f r o n t )  

~ 

LD- 50 

757.61 
752.88 
739.22 
749.89 
753.46 
761.39 
755.16 
754.24 
760.20 
749.18 
777.09 
767.96 
760.22 
746 44 
747.70 
740.10 
793.57 
758.40 
715.68 

SLOPE 

0.01596 
0.01590 
0.01777 
0.01341 
0.01250 
0.01615 
0.01773 
0.01602 
0.01495 
0.01895 
0.01764 
0.01523 
0.01081 
0.01488 
0.01828 
0.01823 
0.01757 
0.01911 
0.01696 

(8)J. Cornfield and N. Mantel, “Some New 
Aspects of the Application of Maximum Likelihood 
to the Calculation of the Dosa e Response Curve,” 
J. Am. Assn. 45, 181-210 (19507. 
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t o  t h e  l e t h a l i t y  d a t a  when b r o k e n  
down by sex ,  a g e ,  w e i g h t ,  and p o s i t i o n s  
of  t h e  mice. A s  a p r e l i m i n a r y  s t e p ,  
two c y c l e s  of  t h e  i t e r a t i v e  p r o c e d u r e  
were a r b i t r a r i l y  u s e d  f o r t h i s  p r o c e s s .  
The LD-SO’S a n d  s l o p e s  a r e  t a b u l a t e d  
i n  T a b l e  7 .  

F u r t h e r  c a l c u l a t i o n s  a r e  u n d e r  way 
t o  c o m p l e t e  a s  many a d d i t i o n a l  c y c l e s  
a s  may be  n e c e s s a r y  f o r  i n d i v i d u a l  
p r o b i t  r e g r e s s i o n  l i n e s .  Upon com- 
p l e t i o n  o f  t h i s ,  s t a n d a r d  e r r o r s  w i l l  
b e  c o m p u t e d  i n  o r d e r  t o  g u a g e  t h e  
homogenei ty  w i t h i n  t h e  v a r i o u s  g r o u p s .  
One n o t e w o r t h y  p o i n t  i s  t h e  a p p a r e n t  
d e c r e a s i n g  s e n s i t i v i t y  w i t h  i n c r e a s i n g  
a g e ,  as e v i d e n c e d  by t h e  h i g h e r  d o s e  
n e c e s s a r y  t o  k i l l  50%. T h i s  phenomenon 
i s  n o t  p r e s e n t  i n  t h e  w e i g h t  b r e a k -  
down. I t  i s  p l a n n e d  t o  i n v e s t i g a t e  
t h i s  p o i n t  f u r t h e r  by a g e  w i t h i n  s e x  
w i t h i n  w e i g h t  breakdowns .  

Problem. E f f i c i e n c y  o f  a C r y s t a l  
( o f f - a x i s  c a l c u l a t i o n ) .  

Origin.  P. R .  B e l l ,  P h y s i c s  D i v i -  
s i o n .  

Problem. C a l c u l a t i o n s  f o r  C o u n t e r  
C o n f i d e n c e  L i m i t s .  

O r i g i n .  G .  E .  A l b e r t ,  M a t h e m a t i c s  
Pane 1. 

Problem. N u m e r i c a l  E v a l u a t i o n  of  
T r i g o n o m e t r i c  S e r i e s .  

O r i g i n .  B .  S .  B o r i e ,  M e t a l l u r g y  
D i v i s i o n .  

INACTIVE PROBLEMS 

Problem. A n a l y s i s  o f  S c i n t i l l a t i o n  
S p e c t r o m e t e r  D a t a .  

PENDING PROBLEMS 
Origin.  P. R .  B e l l ,  P h y s i c s  D i v i -  

Problem. T h r e s h o l d  V a l u e s  o f  t h e  
Angu la r  C o r r e l a t i o n  C o e f f i c i e n t s .  

O r i g i n .  M .  E .  R o s e  a n d  G .  B .  
A r f k e n ,  P h y s i c s  D i v i s i o n .  

s i o n .  

R e f e r e n c e .  M a t h e n a t i c s  P a n e  I 
Quarterly Progress Reports, ORNL-408, 
818, 979, 1 0 2 9 ,  1091. 

Problem. A n g u l a r  C o r r e l a t i o n ,  K Problem. Quantum M e c h a n i c s  I n t e -  
a n d  L S h e l l .  g r a t i o n .  

Origin.  M. E .  R o s e ,  P h y s i c s  D i v i -  O r i g i n .  F. C. Prohammer ,  P h y s i c s  
s i o n .  D i v i s i o n  . 
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