


ERRATA

p. 28, line 1ll--for "y [1 - Prob B > o]" read "y [1 - Prob {B > o}] "

P. 32, line 5(bottom)--for "where q denotes" read "where [q] denotes”.

p. 42, line 6--for "summing (3.25) over" read "summing (3.28) over".
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CHAPTER I

INTRODUCTION

Discrimination in Linear Normal Regression

Let y denote & normally distributed, random variable with
constant, unknown variance 02 and whose mean is an unknown linear
function, E(y) = a* + p* x , of a continuous, non-stochastic variable

X . The probebility density function f£(y; x) has the form

1 (y - a* - r3*x)2

(2.1) £2(y; X) = - :
viE 0\/5;—— o 202 }

The following problem is frequently encountered in numerous
applications. A series of observations Vo3 (3Jj=1,2, ..., m) 1is
taken at a single, unknown value X, of x . From these observations,
it is desired that X, be estimated. It is obvious that the solution
of this problem requires the existence of some prior information about
the values of a* , p* and 02 .

It is weli knoﬁn [}, PP, 5&9-55@] that unbiased estimates of
the three unknown parameters mey be obtained as follows: Make
observations (xi, yi) ,{(1i=1,2, ..., n) on y at n known

values X, of x . The x, need not all be distinct, but at least

i

n

two distinct values are required. Let x = % xi/n and define
i=1

new parameters @ and B by p =p¥ and a=o* + p¥ X . Thus

E(y) assumes the form



(1.2) E(y) = a + B(x - Xx) )

for an arbitrary x . Estimate a , p and 02 by

n

= / ’
a Z y,/n
(1.3) L oy(x -D/L (x, - D°
1.3 b = - X - ’
2 vy (x, - x 2 X, - X
and 2
o n
= Z - - b( - x) -2 ’
8 2 [yi a X, - X J / (n )

respectively. The expected value of y , (1.2), may then be estimated

by
(1.5) Est [B(y) | = & + b(x-%) .

m

Possessing estimates of the parameters and letting ?o - L Y, J/m »
J=1

one may estimate the unknown value of x, corresponding to the n

observations Y, 3 by solving the equation

(1.5) J, = & + D [Est(x) - X ],

for Est(xo) .
An estimate of the varisbility of Est(xo) is needed to obtain
a measure of the reliability of the statistic. Since Est(xo) is a

continuous, random variable, the probability of its assuming any



3
particular value is zero. Non-trivial probability statements may be
made about Est(xb) only if one considers the probability of it
falling in some region, rather than at some specified point.

The Neyman-Pearson [9] concept of a confidence interval used

to estimate the parameter of e distribution will be employed. A
procedure for the determination of a confidence interval for xo
from the data of the type described above is known but apparently not
clearly understood by all statisticians. If one, for example, inter-
prets literally the procedure described in & well known teitbook on
mathematical statistics [s, p. 301] it is quite possible to arrive at
a confidence interval with end points that are complex numbers.

It is the purpose of this thesis to clarify the apparent anomaly.
Furthermore, the two-sample technique of Stein Eug will be applied to
devise an efficient design of the experimental procedure leading to

the determination of confidence intervals.

General Method for the Construction of Confidence Intervals

It will be convenient at this point to sketch the general
procedure that will be used in the sequel for the comstruction of
confidence intervals.

Let 0n be a sample of n observations taken from some
population with a probability density function of known form, but with
unknown parameters © , £y, €5y -:e5 &) (k 2> 0) . The parameter
@ is the one for vhich a confidence interval will be constructed.

Let the vector ¢ denote the set gl, §2’ ceey gk of nuisance

parameters. The probsbility density function will be denoted by




f(u; 6, &) . If there exist two functions Ll(On) and L2(0n) s
which depend on the sample but not on @ or ¢ , then Li(on)

(1 =1, 2) are random variables and the interval
(1.6) 8(0):  Iyfo) < o < Lo
is a random interval. If, independent of the true values of © and

¢ , the probability is (1 - y) that the random interval 8(0n)

covers © , then 5(0n) is termed a confidence interval for © and

(1 - y) 1is the associated confidence coefficient. The values of the

functions Li(on) (1 =1, 2) are called the confidence limits

[}5, Pp. 122-126] .
- Instead of finding the functions Li(On) (1 =1, 2) end their

distributions directly, it is frequently more expeditious to proceed
in the following indirect manner. Let g(on; ©) be some random
variesble which is a function of 0n and © and whose distribution
g(t) is known and independent of © and ¢ . Let w(on) be a
random variable such that { is a monotone increasing function of V¥ ,
but ¢ may &lso be a function of some other random vector varieble,
say p(On) . Let the probability density function of V , given p ,
be hp(#; 9, t) which will generally be dependent on @ and § .

For the purpose of this paper it will be sufficient to assume that the

random varisbles ¥ and p are statistically independent. Let




Probp (A) be the conditional probability of A given p. If

g

1l -7 = J/
Cl
1

= E ,:Probp {C < Cz} - Prob, {C < gl}—' ’

&0t = Prob {t o) - o {t < 4
(1.7)

and ¥ =y, vhen { =1¢ (1, h =1, 2; i # h), then, regardless of
the true values of © and ¢ , Probp {y £ vi; 0, g'} =

Probp {F £ Ch} is a random variable dependent on p and, from (1.7),

(1.8) 1-7=E [Probp {v £ ¥; 6, g} - Prob {v £ V5 6 gﬂ .

As the notation implies, vl and vz are functions of © .
Assume these functions to be monotone increasing and to range over the
interval of definition of ¢ as © ranges over its set of admissible
values. If p 1is given and if, for a given ¥ , Ll(On) and L2(On)
are the values of © for which ¥ = *1 end ¥ = *2 respectively,

then

(1.9) prob {¥ < ¥y; & £} = Prov {0 > 1;(0.); 6, £}

lThe expectation of a conditional probebility will be teken to
be the expectation with respect to the conditional vector variable.
If F(p) is the cumulative distribution function of p , then

E I:Probp(A):! = fProbp(A) aF(p) ,

where the integral is taken over the domain of definition of p .




and

(1.10) Prob_ {v < o5 O g} = Prob_ {o 2 L,(0); 6, g} ,

vhatever the true values of © and § may be. Substituting (1.9)

and (1.10) in (1.8), one obtains

l-v E E’robp {9 > L,(0y); 6, &}

- Prob_ {o > Ly(0,); 6, gj:‘
(1.11)

Prob {o > L,(0,); 9, g} - Prob {0 2 L2(0n); 9, E}

Prob {Ll(on) £ @ £ L2(on); e, E} ’

the desired result.

In the event that *1 and #2 are monotone decreasing
functions of © , then Ll
in the same manner as before. In this event the analogs of (1.9) and

is assoclated with ve and L2 with *1

(1.10) are

(1.12) Prob_ {v £ ¥y 9, g} Prob_ {o < Ly(0)); 6, g} )

and

(1.13) Prob {v & Vo3 O g} Probp{o < 1(0);5 6, g} ,



respectively which, when substituted in (1.8), again give (1.11).

The relationship described above may be exhibited graphically
as in Figure 1. The two curved lines are vl(G) and ve(G) . If y*
is the sample value of ¥ , one erects a horizontal line at ¥* which
intersects vl(O) at A and ve(o) at B . The vertical projection
of BB on the 6 axis is the confidence interval (0 ) . If O, 1is
the true value of © , then 6 € 5(On) if, and only if, ¢2(Oo) <
¥ < vl(Oo) . The confidence coefficient is (1 - 7) .

The preceding discussion may be generalized to construct a

confidence region for two or more parameters. Conditlons of monotoni-

city apply to functions of several variables in a similar way.

Purpose of This Thesis

Assume the normal, linear regression model described above. Let

x, (1=1,2, ..., n) be arbitrarily specified, subject to the

i
condition that at least two values be distinct. Corresponding to each

x. one makes an observation on the random varisble y obtaining

i
values ¥y, (L=1,2, ..., n) . In addition, m further values of
Y, s&Y Yy (j =21, 2, «o., m3y m > 1) , are observed where it is
known that each yoj corresponds to the same but unknown value X,

of x . The joint distribution of the entire sample of the (n + m)

observations is




Figure 1

Graphical Determination of Confidencé Limits




£(y s Ypr +ver Yo Youo Yopr =vr Yous ¥12 %oy oe0 Xy %) =
N
(1.1k) n _ 2 . _ 2
N - .Z |:yi -a - B(xi-xﬂ - X yoj-a-B(xo-x):l
exp i= tl .
T mn 56°
2,2 o
(210 ) —/

In (1.1h) it is assumed that the x, (i=1, 2, ..., n) are known,
the ¥y, (1=1,2, ..., n) and Yoj (3 =1, 2, ..., m) are random
variables and a, P , 02 and x, are unknown parameters. This
peper will describe a procedure for determining a confidence interval
for xo having the following properties:

1) The confidence intervel will be unambiguous and not lead to
any absurdities.

2) The sampling procedure will be efficient in that the sample
size required will not be unnecessarily large to obtain an interval
with the desired confidence coefficient.

3) The confidence intervel will be independent of the nuisance
parameters @ , f and 02 .

Chapter II will describe the ususl one sample procedure. It
will be seen that properties two and three are not fulfilled. Chapter
TII will outline the recormended two sample procedure. Chapters Iv

and V discuss the extension of the two sample method to higher

dimensions. A summary and example will be found in Chapter VI.




CHAPTER II

THE ONE SAMPLE PROCEDURE

Introduction

This chapter contains an heuristic graphical description and a
rigorous analytical discussion of the well-known one sample procedure

for the comstruction of confidence limits for xo .

A Graphical Construction of a Confidence Interval for X,

The customary procedure used to determine a confidence interval

m
for x  1s as follows. Compute the mean 5; = L yoJ/m of the m

J=1
observations on y corresponding to the unknown X, and a , b and
n
62 as defined in (1.3). Let S = I (z, - 2, M=C+3) and
4=1 m n
¥y - a - b(x -3X)
(201) m = ° o .
-2
(x, - x)
s /M + ——meg——

. S
It is well known [h, P. 536] thet u has Student's distribution with

(n - 2) degrees of freedom defined by

_nd
(n - l) 2 2
(2.2) gn_a(u) = r 2 [} + Eggl} .
Jx(n-2) [T (255

Let v = 1-y/2 and define tv(n - 2) to be the 100v percentile

of Student's distribution with (n - 2) degrees of freedom, i.e.,



tv(n-2)
(2.3) jgn_a(u)du = 1-79/2 .

Since gn_a(u) is symmetric about uw =0 |,

(2.4) Prob{lu|< tv(n-2)} = 1-9 .

Expanding and squaring the inequality within the brackets of (2.4)

one has
2
y - a - blx. - Xx)
(2.5) [ 2 ° :] < ti(n -2) .
2 (xo - x)
s M + -5
Defining
o ti(n - 2) 92
B =D - 5 ’

one may write (2.5) in the form
(2.6) Blx, - )° - lx, - DF, - &) + (7, - )< We® t5a-2) .

The equality in (2.6) defines a conic whose discriminent is

2.2
h g tv(n - 2)

(2.7) hba - B = 5 > 0 .

The graph of the conic is an hyperbola. The inequality in (2.6)
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specifies that the point (xo, 3;) lies between the two branches of
the graph. Thus, for a given value of §; , an interval, that mey be
of infinite extent, of wvalues for xo is specified. In many appli-
cations, the range of admissible values of X, may be known to be
finite, or semi-infinite. If this be the case, the confidence
interval so obtained may be truncated to exclude inadmissible values
of X, -

The asymptotes of the hyperbola are obtained by setting the

left-hand side of (2.6) equal to zero. The asymptotes are

(2.8) 7 (%, - %) PP

2. - = - b - e—————— ’
Y, a x, - X e

and
_ st (n-2)

(2.9) Y, - & = (x X)) b ¢ —e— .

° Vs

Several cases may be distinguished in terms of the slopes of

the asymptotes:

Case (la). If

st (n-~2)
(2.10) b > — ’

VA<
the slopes of both asymptotes are positive. Figure 2 illustrates the
situation. Both branches of the hyperbola are continuous and

monotonicelly increasing functions of X, ; they will be used to
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Figure 2

Confidence Limits for xo

under Case (1a)
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define the functions vl and Wa discussed in Chapter I. Thus, if
condition (2.10) holds, a conditional confidence interval for X,
may be obtained by intersecting the hyperbola with an horizontal
line through the observed value, say 53 . The projection X1 4;
X, <; X0 of the line segment PQ is the desired intervel. The
conditional probability, under (2.10), that this interval covers the
true x is (1 - 7) , since this interval is derived from the
inequality (2.6), which in turn is Just & restatement of the inequality
in (2.4).

Case (1b). If

st (n-2)
(2.11) b & - ———

V'S
the slopes of both asymptotes are negative. Figure 3 depicts the
construction of the confidence interval. The situation is entirely
analogous to Case (la) except for the reversal of the sign of the
slopes of the asymptotes.

Caese (la) or (1b) results if B > 0 .

Case §2a}. It

8 tv(n - 2)

(2.12 0 < » < —m}m— ,
) e

the slopes of the asymptotes are of opposite sign as in Figure 4. The
two branches are not admissible definitions of the functions Wl and

wa for they are not monotone functions of X, - An. horizontal line
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Figure 3

Confidence Limits for

%o

under Case (1b)
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Figure L

Confidence Limits for xo

under Case (2a)
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at 53 intersects the same branch of the hyperbola twice, at P and
at Q . It will be convenient, and realistic, to define the condi~
tional confidence interval for X, to be the entire real line
whenever (2.12) holds, although rigorously one does not have a
conditional confidence interval in this case.

Ccase (2b). If

s t (n~2)
(2.13) 0> b > -t
Vs

the dual of Case (2a) is obtained. The same definition will be
applied to construct a conditional confidence intervel when (2.13)
holds. Figure 5 illustrates this case.

Case (2a) or (2b) results if B < O . One cannot strictly
speak of the probability that the real line covers e S If B < 0O,
the sample actually does not provide enough evidence for the depend -~

ence of y on X .

Case (3a). In the event that

st (n - 2)
(2.14) b = et ,

Vs
the slope of one asymptote is zero and that of the other is positive.
The two branches of the hyperbola are monotone functions of X, and

may be taken to define ¥; and ¥, . If (2.14) holds, a conditionsl

confidence interval for X, may be obtained by intersecting the

hyperbola with an horizontal line through the observed value

o




Figure 5

Confidence Limits for x. under Case (2b)

0
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The line intersects but one branch if 3’-3 ;4 a , and none otherwise.

If 'ig > & , the conditional confidence interval is the proJjection,
1 <

X, , Of the half-line commencing at P . If ig < a, the

conditional confidence interval is the projection, X, < D 7 of

%o
the half-line terminating at Q . If Sr'g = a , the conditional
confidence interval will be defined to be - oo < X, £ oo in

the seame sense as in Case (2a). Case (3a) is illustrated in Figure 6.
Case (3b). If
st (n - 2)
(2.15) S A ,
Vs
the slope of one asymptote is negative and that of the other is zero
as in Figure 7. Conditional confidence intervals are constructed in a
manner analogous to that described in Case (3a). If 5‘5 > a, the
conditional confidence interval is the projection X, < X050 of the
half line terminating at P . If y* < a , the conditional

(o}
confidence interval is the projection xol < X, of the half line

commencing at Q@ . If 0 , the conditional confidence interval

* =
will be defined to be - oo < X & =< 1in the same sense as
Case (2b).

Case (3a) or (3b) results if B = O . The confidence coeffi-
cient is not readily determinable, but since b is a continuous random
yariable, the probability of Case (3a) or (3b) occurring is zero.

These cases are sketched for the sake of completeness and as a

definition to serve in actusl practice when (2.14) or (2.15) may hold



Figure 6

Confidence Limits for x_. under Case (3a)

0
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Figure 7

Confidence Limits for xo

under Case (3b)
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to within the number of significaent digits used in the calculations.

An Analytical Determination of a Confidence Interval for X,

The graphical construction described in the previous section is
heuristic. Conditional confidence intervals for x  are provided
under various conditions on b . In order to establish rigorously,
that the combined procedure furnished a rule for the determination of

unconditional confidence intervals in the sense of Neyman and Pearson

[9] , the procedure will be developed analytically. A pair of random
variables Li(on) (i =1, 2) that are functions of the sample 0n

will Be defined in such & manner that

. (2.16) Prob{Ll(On) < x, < L2(0n); x& > 1-7,

independent of the true value of x, - Consideration will be given

to the amount that the probability (2.16) exceeds (1 - y) . The

excess will be taken as a measure of the inefficiency of the procedure.
Definition. Let k be the observed value of the variable

(55 -a) and n' = (n - 2) . Define Li(on) (i =1, 2) as functions

of the sample 0n by

(’ s t (n') 2
- bk v k
x+_§-__ﬁ_.__ _S+MB if B> 0
) -~ k bSM _
(2.17) Ll(On)-<x+—2—- 5T if B=0 and k > O
Kj o0 otherwise ,




(2.18) L2(On) =<T X o+ —%5 - E‘%EE if B=0 and k < O

+ o otherwise.

These functions, so defined, agree with the limits set in the
discussion of the graphical procedure sbove. Statement (2.16) will
now be sharpened and proven in

Theorem 2.1. Let Li(On) (£ =1, 2) be two functions defined
by (2.17) and (2.18) respectively and let 7 be a pre-assigned number

such that 0 < 7 < 1. Define v=1-7/2 and

2.2
8 tv(n - 2)

B =D - —5 .

Regardless of the true value of X, s
Prdb{zbl(on) < x, < Ly(0_); zE;} =

(L-9) + 7 [; - Prob-{g > d}} .

(2.19)

Proof. By well-known rules of probability



2k
Prob{Ll(On) £ X, £ L2(On); x;} =

Prob{Ll(On) < % < L,(0o ), B > 0; x;I
(2.20) + Prob{Ll(On) < x, £ Ly(0)), B =0; x‘}
+ Mb{Ll(On)< x, < Ly(0), B < 0; x& .
Now, if B £ O, Ll(On) = - oo and 1.2(on) s oo 80 that the

inequality Ll < X, < L2 imposes no restrictions on the parsmeter.

Thus the third term in (2.20) is
Prdb{-:xa( x, L eco , B < O;x%

= Prob{B < 0}= (l-7+7)Prob{B< (%

Since the sample set on which B = 0 hes zero probability,

(2.21)

Prob{Ll(On) £ x, < Ly(0), B=0; xo}

(2.22)

= Proby _ {Ll(on) < x, € Ly(0); xo}

'Prob{B=0} = 0 .

To evaluate the first term in (2.20), let B > O and consider



o
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. (2.1). The variable u has Student's distribution with n' = (n - 2)
degrees of freedom. Hence, if v =1 - 7/2 , then
t(n')
1-7 = f gnl(u) du =
(2.23) /-t (n')
Prodb {u < tv(n')} - Prob {u < -tv(‘n')} .

But u is & monotonic increasing function of (3':0 - a) , as well as
a function of s and b . However ('};O - a) is statistically inde-

pendent of s and b , so that, given the latter, one may write

-~

- = vy - £ -x
1-9 E Pro‘os’h{yo a £ b(x X) +

e

. = —a!
(x, - %)
(2.24) s tv(n') M o+ 5 ; X -

- yd - x) - 1
Prob_ a £ b(xo X) - s tv(n ) M+

0§70
It may be seen that u plays the role of { and (;o - a) that of
¥ in the discussion in Chapter I. The random variebles s and b

correspond to the vector p. Furthermore the limits of ¢ are

2 |

(x, - x)
S 2

i+l

¥i(x) = b(xo-z—c) + (-1)7s t (n') (M4
- (2.25)

(i=1,2) .
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Now
ay, (x,) 5 (1) s t,(a') (%, - %)
[P S = + -
d(x°°§) (X - 2)2 !
S M+ ° 5
(2.26)
- b o4 ()it s t,(n") ]
Vs [1+ ""'i'gz“g'l
(x, - x)
If D > 0, then
dy,(x,) s t (n')
(2.27) 22 b - o,
d(xo-f) > J? >

since B > 0 . Obviously dvl(xo)/d(xo- X) > 0 . Thus if
» >0, tl(xo) and va(xo) are monotone increasing functions of
(x, - x) and hence of x . If b < 0, then dva(xo)/d(xo- x)
< 0 and

ay,(x) s t (n')

d(xo-x) \/—S_|
because B > O . Thus, if b < O, vl(xo) and wz(xo) are
also monotone decreasing functions of (xo - X) eand hence of X

The following argument will assume that b > O . The

modifications are obvious 1f b < 0 . The functions vl(xo) and

va(xo) are similar to those depicted in Figure 2. Corresponding to
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an observed value k of (y_ - &) x_ =1L,(0_) when (¥
o] ’ o] itn

Wi(xo) (i = l; 2) . Thus

l1-7 = E Lhobs’b (L;fo -a K \Vl(xo); xo} -

(2.29)

i
=
i} —
3
o'
2
o
e
}_‘A
(&)
A
IN
ON
I~
[
mA
O
B
ol
\.SiJ
1

= Prob {Ll(orp £ x, £ Le(on); xo}

Throughout the above discussion it was assumed that B > O . Hence
(2.30) ProbB>o{Ll(On) £ x, £ L2(on),- xo} = 1l-9 ,
and therefore

Prob{Ll(On) £ x £ L2(On), B > 0; xo}

] (2.31) = ProbB7o{Ll(On) £ X L LE(On); xo} Prob{B > o}

- (l-y)Prob{B > o} .
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Substituting (2.21), (2.22) and (2.31) into (2.20), one obtains the

unconditionsl probebility
Prob{Ll(On) < x, < Ly(0); xo} =
(1-7+7)Prob§3 < §}+0+(1-7) Prob{3>c§
= (1 -7)[Prob{B > o} +Prob{B < o}] +7Prob@3K(}
= (L-7) + 7 [# - Prob-{f > q}] :

(2.32)

This concludes the proof of Theorem 2.1.

The Evaluation of the Confidence Coefficient

Theorem 2.1 proves that the usual analytic determination of a
confidence intervel for X, does not result in the pre-assigned
confidence coefficient but exceeds that amount by ‘7{% - Prob B > 0] .
An efficient procedure is one which will reduce the excess to zero.

If the excess is greater than zero, part of the sample is, in a sense,
being wasted in obtaining a confidence coefficient larger than that
originally specified. The probability that B > 0 1is equal to the
pover of & test of the hypothesis thet p =0 .

The power of a test of hypothesis in the Neyman-Pearson [9]
theory is the probebility of rejecting the hypothesis. It would be
desirable that the power be low when the hypothesis is true and large

otherwise. The power function of any non-trivial one sample test of
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the hypothesis that P = O depends on the true velue of P , as it
intuitively should, but also on the true value of 02 [2] . Thus
one would have to know the trume variance in order to control the
excess over (1 - 7) .

The power of the one sample test of B = O is evaluated by
means of the non-central t distribution [7] and is actually a
function of B/o . Figure 8 depicts the curve of a typical power
function when ¥ = .05 . If the power is large, then the analytic
procedure is efficient; if the power is smell, the procedure is
inefficient. If the power is small, then B  does not significantly
differ from zero and the dependence of y on x is not demonstrated.
Hence, knowledge of 55 should not give one information about its
associated X,

Another interpretation of the power is that the confidence
interval is finite if, and only if, B > O . Thus, a relatively
inefficient procedure results when the a priori probability is large
that B does not differ significantly from zero. Since this
probability requires information about both £ and 02 , one cannot
generally control the excess over (L - 9) in edvance.

The following chapter describes a two-sample procedure that has
the advantages of meking the power independent of the variance and of
further reducing the excess in the confidence coefficient to any
arbitrary quantity © , in the reange 0 < & < <y , whenever B

is outside some pre-specified zone of indifference about zero.
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CHAPTER III

A TWO SAMPLE PROCEDURE

General Description

Assume the normal, linear regression model postulated in Chapter
I. Let the non-stochastic variable x assume a fixed set of values

x, (1=1,2, ¢ee, P) such that each unit of sampling consists of D

i
observations on y , corresponding to each of the P fixed values of

X o Define

X = % xi/p and S = § (x, - §)2 .
i=1 i=1
Assign & positive integer, n, to be the number of sampling units to
be selected in a first sample. Let 2z be some positive, real number.
Let ¥y be the J-th (J =1, 2, ¢eo, no) replicate of the
observation on y corresponding to Xy (1=1,2, ees, P) o According

to the model, the mean and variance of yij are

(3.1) E(ygy) = @ + B(xy - %) (1=1..0,p5 J= Lyeeesny)
and
(3.2) Var(yij) = o (1 =1,00e,P3 3 = l,...,no) ,

respectively.
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Preliminary estimates of a@ and f based on the no sampling

units are
n
(3.3) * S
. a = y P)
By 421 g1 M
and
n
(3.4) oo L T T y(x -
. = y X, - X ’
By B 4oy g 10

respectively. The variance 02 is estimated by

n
2 1 P 0 o2 2 2
(3.5) &§ = —P—ﬁ:-_—g— ( 1§1 ,jEl Vi3 ~ P o, a*" - n, S b*7) .

Define the random variable n to be

2
(3.6) n = max [j-:—]+ 1, n, ,

where q denotes the largest integer less than q . Select (n-no)

edditional sempling units, meking observations Yy (1i=1,2, ..., p;

J=n, +1, n°+2, «eey, D) . Final estimates of @ and P are

P n
(3-7) a = 'Lﬁ X X Y-J P)
PR oy =1

and
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P n
L Ly
i=1 j=l

(3'8) b = '_-};S_ ij(xi - E) )

respectively. Now define

b b -
(3.9) poa fE L Bop)VE B
Many of the theorems that follow will be simplified by applica-
tion of

Lemma 3.1. Let s2 be such that E'TSE nes the X° distri-
bution with n' degrees of freedom and n obe a random variable defined
by (3.6). Let ¢ be a random variable whose conditional distribution,
given s and n , is normal with zero mean and variance 02/n + Then
T= gﬁ/ s has Student's distribution with n' degrees of freedom
unconditionally.

Proof. If s and n are fixed, then the conditional distri-
bution of T is normal with zero mean and variance 02/ 52 . However
n and s are random variebles related by (3.6), which implies that

n=n, is equivelent to
(3.10) nz > 8 ,

and n=m > n, similarly, is equivalent to

(3.11) mz > 52 > (m - 1)z .



As assumed in the hypothesis, 32 is such that

(3.12) e - X%,

2
has the X distribution with n' degrees of freedom:

Xz (n*-2)
(3.13) (XB) = = (X3 7,
22T (ar/2)
Thus
Prob‘{n.= nj} = Prob {- s; n, z:}
k4 n'zn
(3.14) _Tu°
[ ] 2 !
= Prob| ~—p <n:n° =j pn.(Xz)le2 .
o ] o
Bimilarly, for m > no+l s
n'mz
(3.15) Prob{ } f e X 2y 12
'(m-l)z
]

The distribution function of T may be written in conditional form
with either 8 or n the conditional variable. It will be convenient

to choose the latter. Thus
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Prodb {]1’] < } Prol::-mﬁ1 {]Tl < J’o} Prob {n = m}
(3.16) '
= 2 = .
o, Prob{|1| n&

It was shown that the conditional distribution of T was normal with
zero mean and variance 02/32 which, by (3.12), equals n'/ ’)Qa

Writing the variance of T 1in this form and using (3.1%),

Prob{]r\ < t,n-= no} =

T 2

1 ° 9 .2, \1/2 T Ton’
.17 : '

(3.17) a2 /al—.(n,/a) Lo fo (XE/nY) e

_ ___2_ n'-2
2

. e ( xra) 2 e | 7('2du »
and for m > n_ , using (3.15)

Prob{l‘rl < To,nam} =

n'mz
’ TO 0'2 /
(3.18) ( XB/mnt®
Vor' 2° b " (n'/2) L’o n'(m-1)z
2
o
SR & n'-2
2
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Substituting (3.17) and (3.18) into (3.16) one has

1
Prob {|TI < TO} = Y 211'/2 |._| (n'/Q)

Yo 02 ni-l 7(2 2
(3.19) , f [ (Xe) 2 exp< - -2—-(1 +-::—,—) a X%

n'mz

2
+ io yo S XQ 2 exp{ -—(l+ ,)}dxedu .
m=n°+l -'ro n gm-lzz

2
o

The infinite summation in (3.19) is a nniformly convergent series
in u . Therefore the sumation may be permuted with the integration

. with respect to u , giving

1
Prob{|'l’| < T& = ...__Ien - 2n1/2[—-,(n'/2)

n'zn
To 02 n'-1 o o
(3.20) ( J (Xe) 2 exp{-%(l+-;—,) a X2 du +
-'ro 0]
n'mz

i To 02 n'-1 o o

J io (Xe) 2 exp{-%(l%)}dxe du
] Ty m=n,+1 n'gmélzz




1 I (1*'2_')( 2)nlél X2
= n e d du
V2z o" 2° /2 [ (nt/2) [To fo x
T oo 7{2 u2 n'=-1
1 ° f . _2‘(1*'2_)( 2, "3 . 42
= X/2) < a(X"/2)au
v [ (n'/2) Lo 0
(3.20)
(n'zl) T u2 né+1 T
= V@;;?l” —R J;(l + =5 du = [Tgn,(u)du .

Equation (3.20) is just the probability that a variable having
Student's distribution with n' degrees of freedom has absolute value
< T * Hence T has Student's distribution with n' degrees of
freedom. This concludes the proof of the lemma.

The foregoing lemma may be applied directly to prove

Theorem 3.1. let s , n and b be random variables defined
by (3.5), (3.6) and (3.8) respectively. Let B be the unknown

paremeter of (3.1) and

Then
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has Student's distribution with n' =p n, - 2 degrees of freedom,
and independent of 02 y a and B .

Proof. Given n and s, b 1is conditionally normally
distributed with mean B and verience o-/nS . Hence the conditional
distribution of ¢ = (b - B)\/? is normel with mean zero and variance
02/n . Since us=¢/n/s , n 1is defined by (3.6) and n'sa/o2 has
the X/z distribution with n' degrees of freedom, by Lemma 3.1, .
u has Student's distribution with n' degrees of freedom independent
of 02 ,a aond B .

Theorem 3.2. Assume the linear normal regression model and let

2

a,b,s ,and n be defined by (3.7), (3.8), (3.5) and (3.6)

respectively. In addition to the n sampling units let there be m
single observations on y , say YOJ (3J=1,2, ..., m) , correspond-
ing to a single unknown velue X of x . Let M=(%+-%-ﬁ-)

m
define yof = = yod/m >« Then

- a - b(xo-i)

-2
(x, - x)
B\/M+—xoxs———x——

bhas Student's distribution with n' = p n, - 2 degrees of freedom.

(5.21) W =

Proof. Let n and 8 be defined by (3.6) and (3.5) respec-

tively. Given n and s , then

(3-22) E = - ’
-2
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. is conditionally normally distributed with zero mean and variance 02/n .
Since v = ¢/n/s , and n' 82/62 pas the X 2 distribution with n'
degrees of freedom, by Lemma 3.1, W hes Student's distribution with

n' = (p n, - 2) degrees of freedom.

Confidence Intervals in the Two Sample Procedure

It is necessary to show that Theorem 2.1 has an analog for the
two sample procedure. let 7y , O € vy €1, be some preassigned
number, Vv = 1-7/2 and define tv(n') to be the 100v percentile of
Student's distribution with n' degrees of freedom. The notation of

this chapter will continue to be used and let

5 82 ti(n')
(3023) B = b - S .
. Let k be the sample value of (;; - a) and define two functions

' Li(on) (1 =1, 2) of the observations on the n sampling units by

_ st (n') 2
x+%’£-———§ 1‘Eafn1a,1f13>o,
(3.24) Ly(0) =< X + 45 - s, if B=0 amd k > 0 ,

- o0 otherwise,




(- st (n') [
- b k v k ,
x + 5 o+ B = MB, if B > 0,

(3.25) 130 ) ={X + 12‘.0 - bQSkM , if B=0 and k< O,
+ o0 otherwise

The desired analog of Theorem 2.1 is provided by

Theorem 3.3. Let Li(on) (1 =1, 2) be two functions defined
by (3.24) end (3.25). Let 7y be a preassigned number such that

0 £ 7 € 1 andlet

Regardless of the true value of X,
1 ) t -
Prob {Ll(on) < x, < rA(0.); xc} =

1 - 7 + 7[1-Prob{_3 > o}].

(3.26)

Proof. Let

y - a - b(xc> - X)

-2
(z, - %)
8 [M + -
nS

By Theorem 3.2, w has Student's distribution with (p n, - 2) = n!



b
degrees of freedom. One may prove Theorem 5.3 in identically the same
manner as used in proving Theorem 2.1. One need only replace the
gymbols n , S , u and Li(on) (i =1, 2) of Theorem 2.1 with opn ,
nS , v and Li(on) (1 = 1, 2) respectively. The proof then follows
verbatim; after using Theorem 3.2 as above, no further revision in the

proof is required because of the two sample procedure.

The Choice of =z

It is seen that efficiency in the two sample procedure reduces

to making Prob-{p > é} large. As defined in Theorem 3.3 ',

8 tv(n')

(3.27) 1-Prob{B > c{} = Prob< |b| < =

Now given n and s , (b - B) ot /8 is normally distributed with
zero mean and unit variance. Thus
L}
5 tv(n )

/s’

Prob || <

8 tv(n') B /DS' \< b-p ,__,ns <

= Prob - - 2K
n,s g o g
(3.28) :
st (n')
v B V1S | _ b-p
p - - -Probn,s{A1<—U-\/nS\<A2}
A X 2
-1/2 2 -7
= (2n) ( e dx .
A

From (3.6) 1t is seen that n > 32/z or 1//z < V/nfs . Let B

be outside some zone of indifference about zero, say lBl 2'2 . Define
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st (n') acC!
v _ Asvs and C. = i

@ o /2 177®

the normal probability density function is unimodal and symmetric

c = (-1)1 (1 =1, 2) . Since

about its mean,
A, x° c} =
(2x)~1/2 j e 2 ax ¢ (em)/2 J e 2 ax =
C

A 1 4
(3.29) 1 1

[} (b‘B) v — b"ﬂ)
Probn’s{clg -——a——\/ns'< Cir = Probn,s ¢, < Ss—\/n?< Cor -

Upon summing (3.25) over n and s as was done in the proof
of Lemma 3.1, and since Q%P—) v nS has Student's distribution by

Theorem 3.1, then
c

2
(3.30) l-Prob{B > o < f g (w) du .

¢

The numbers {, S and t V(n') are all constants. It is important
to note that the parameter 02 does not enter into (3.30) either
explicitly or implicitly. Equation (3.30) indicates the criterion on
which to base the choice of z.. To make Prob {B > O} > 1- 8/y
vhenever |B| > ,Q , 1t suffices to fix z so that

c

2
(3.31) J gn,(u)du < 8fy < 1.

Cy

An explicit value for z may be obtained by equating the upper limits

] /s \
to t5/7(n') obtaining C, = tv(n') -/z_' = t6/7(n ) , so that

_ 12 s
[tv(n') - t8/7(n')] ‘

(3.32) z
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The resulting lower bound will generally not be distinguishable from

- oo for computational purposes.

Exact determination of 2z , considering both upper and lower

1imits of the integral (3.31), may be obtained by using a table of

the Student's distribution to approximate the equality, but for

practical computation, the formulation in (3.32) is sufficient.

The Choice of n,

The purpose of this section is to examine the criteria on which

to base a choice of the initial sample size,
(3.14) that
n'zn
o]
(1]
(3.33) Prob-{@ = n:} = S
2 0

and in (3.15) that, for m > n_ ,

(3.34)

The expected value of

E(n)

(3.35)

Prob-[n

1]
F

n 1is obtained from

oD
x m Prob-{n =

m=n
(o]

n'zn

n
o]

+

It was seen in

T

m=n_+1
nO

Pn'( X e)dX2 )

n'zm

2
mp (X% .
n'z(m-1)

o
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let A = z/02 s0 that A 1is a function of n' and hence of n,

A typical term in the summation of (3.35) may be written as
' 2
n'am X n'-2

- - N - 2
(3.36) - (x5 % aX
2272 [ (a1/2) L'x?mfl) =

Foramy m > n_, the variable of integration, ](,2 , 1s constrained

(o]
by the limits so that

n'AMn - 1) < Xf € n'Am ,
or

2 2
(3.37) %%;<m<-%x+l

Substituting (3.37) into (3.36), there results the inequality
2

e g
1 2, 2
. (X2mnye 2 (%3 a X?
211 /2 r-' (n'/2) £ll(m_l)
(3.38) & ——ypm—— me 2(X%) Z24x2
ANV J;.'l(m-l)
n'mXQ 'xi‘ 212.3 2
1 c 2
< - (Gr+1) e (X)) “aX
S oB /2 r (n'/2) [n'l(mig

Observing that
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on'/2 [r‘(n'/a):l o= 222 [r'(n'/a)}a% =
plnt42)/2 [ [(nuz)/at\ ,

(3.39)

one may write (3.38) as

-1 n'lm - '_X; y
A 2.n'/2 2
T e ( X ) a X
gn'+32 I—I@n'+gl/2) n'3(n-1)
e X% wee
: 1 2 2, 2 2
< u e (X %) a X
2n 7? r (n'/2) n'A\(m-1)
(3.40) w92
-1 n - A
A 2 2,n'/2 2
< 5 : e (XS a X
i 02 [ [qr40)5) n'\(m-1)
n'am Z%E n'-2
1 2,72 .y 2
+ Y e (X ) d ,
B/ (n'/2) 2'\M(m-1)
which is the same as
n'Am n'\m
1 2 2 2 2
3 pa (XD XE mp (X)X
A n'A(m-1) n'+2 h i'l(m-;)
(3.41)
n'inm n'lm
< 3 Pl X B)a )Lz+j p (X PaX? .

n'A(m-1) n'A(m-1)
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Substituting (3.41) into (3.35) and summing, one obtains

n'ln oo

(o)
n fpn;(xa)dXz + %; j 1),11"L2(7<2)d7(2
0 n'dn

n'lno
(3.42) < E(n) < n f P (X 2)d X2 .
0

[ o

£'hpn.+2(7<2)d7(2 + f'ﬁn.(Xz)dXe ,
o]

n

>

o}

as bounds for E(n) . The bounds are good ones, for the difference
between the upper and lower bound is just the last term which is less
than one. It is seen that E(n) is a function of n, and )\ and
therefore of n_ , o>, ,y and & . If, to find that n which
minimizes E(n) , one differentiated (3.42) with respect to n, and
equated the derivative to zero, there would result a formidable
equation to be solved. It is much more convenient to use (3.42) to
plot E(p) against n = for various choices of p and A .

Table 1 contains E(n) and the 95 per cent points (n.95) of
n as & function of n  for the combinetions of p = 4% and 8 and
2 =.1 and .2 . As typical examples, the cases of p=8and A= .1
and .2 are plotted in Figure 9. The expected values were calculated
from the dominant inequality of (3.42) and the upper percentage points
directly from (3.31) and (3.34). It may be seen that doubling P

effects only a slight decrease in E(n) , but n 95 is significantly



TABLE I

EXPECTED VALUE OF n , E(n) , AND THE .95 PER CENT

POINT, n g5 » AS A FUNCTION OF n,

FOR

VARIOUS COMBINATIONS OF p AND A

N7

p=t  A=.1 p=8  1A=.1 p=k  2A=.2 p=8 ' A=.2

o M g@ ngs | E(@ ngg|l E(a) m g || En) ngs
1 || 10.99| 29.95 | 11.00 | 20.98 || 5.95 | 14.98 || 5.98 |10.k49
2 || 10.99 | 20.98 || 11.00 | 16.91 5.95 | 10.49 5.98 | 8.46
3 || 10.99 | 18.31 || 11.00 | 15.45 || 5.95 | 9.16 5.96 7.73
4 || 10.99 | 16.91 || 11.00 | 1k4.60 5.97 | 8.46 5.91 | T7.30
5 || 10.99 | 16.04 || 11.00 | 1k.04 |} 6.11 | 8.02 5.92 7.02
6 10.99 | 15.45 10.99 | 13.60 6.49 7.73 6.28 6.80
T 10.99 | 14.90 10.98 | 13.41 7.16 T7.45 7.0k 7.00
8 11.04 | 1Lk.60 10.97 | 13.20 8.03 8.00 8.00 8.00
9 |l 11.15| 1%.32 || 10.98 | 12.90 {| 9.00 | 9.00 || 9.00 ! 9.00

10 || 11.38 | 1s.04 || 11.22 | 12.T3

1 || 11.78 | 13.80 || 11.50 | 12.60

12 || 12.39 | 13.60 || 12.16 | 12.48

13 || 13.16 | 13.55 || 13.05 | 13.00

1k || 14.05 | k.00 |} 14.01 | 1%.00

15 || 15.02 | 15.00 |} 15.00 | 15.00
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Figuare 9

Expected Value, E(n), and 95 Per Cent Point, n 95° of

Distribution of n as a Function of no
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reduced. On the other hand, doubling A results in almost a 50 per
cent reduction in E(n) with exactly a 50 per cent decrease in B gs
for the lower values of n, -

The slight minima of the E(n) curves are not detectable on the
graph. It should be observed that when p =8 and A= .2 if n
were chosen to be 4 , the expected total number of observations is
5.91 vhereas if n = were chosen to be 6, E(n) =6.28, an
increase of .37 observations. However, in the first case, 5 per
cent of the time in the long run, the total number of observations
will exceed 7T.30 whereas if n, = 6 , the upper 5 per cent point
is only 6.80 , half an observation less. It may frequently be
advantageous to choose n_  not as that value which minimizes E(n) ,
but so as to mske E(n) not greatly different from the absolute
minimum and to provide thereby further insurance in the form of a
smaller upper percentage point. ‘

Choosing 2z and n, is equivalent to designing the two sample
procedure. If 02 is known, or an espproximation exists, theﬁ z 1is
chosen as a function of n, , 8o that A = z/o2 is a function of n, -
If E(n) is too large for some practical reason, it is possible to
adjust the specifications of the problem to reduce E(n) . The
adjustments will consist of the alteration of y , 8 or £ or any
combination of the three.

If 02 is not approximately known, so that A 1s unknown, it is
a more conservative procedure to choose n, too large rather than too
small. This safeguards one from the very high upper percentage point

characteristic of the distribution of n for small no .



CBAPTER IV

MULTIPLE LINEAR NORMAL REGRESSION SINGLE SAMPLE

Introduction

This chepter will extend the usual one sample method of construct-
ing a confidence interval for X, to the case where there are more
than one continuous, non-stochastic variables. In particular, the
discussion will be based specifically on the model postulating two
independent, arbitrary variables, but the formal extension to higher

dimensions is straightforward.

Discrimination in Multiple, Linear, Normal Regression

Let y denote a normelly distributed random varisble with
constant, unknown variance 02 , and whose mean is an unknown linear
function of two continuous, non-stochastic varisables X and Xy o
Let there be n observations (yJ, x) 40 x2,j) (j=1,2, «vs, n) on
y corresponding to n known pairs (x, ., } of and .

o X153 %23 ﬁ X2
= 2 xiJ/n, (1 =1, 2) . Let the expected value of y be

i =1
written in the form

Define X

(k.1) Ey) = a + ol -%) + o - %)

for arbitrary x and X, end where a > end a, are unknown
parameters. It will be convenient to introduce the notation

=
n

(4.2) b = (g - 5)my - %) (L, B=1,2) ,

[ Y
i
‘_‘L"lb
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with the further provision that

1 o -
(%.3) Ly = 3 J§1 ¥ylxyy - ) (h=1,2) ,
and
1 n
(h-h) ’.oo = E JEl y,j .
Let
(1 0 0 T
(4.5) /\ - 0 i, A
K 221 222 )

and denote the determinant of _/\. by L and the cofactor of lih by
Lin (i, h =1, 2) . By Cauchy's inequality [12; D. 2:] L > 0 and
it shall be assumed that L > O . This is equivalent to the linear
independence of x, and X, . Let a, be an estimate of a, (1 =0,
1, 2) and define the column vectors

faow

(4.6) a

P




(. )

Lo
(4.7) [P

Lgon

(4.8)

. N,

Hence, the expectation of the a (1 =0,1, 2) 1is

1
Ba) = e\ Q) = ATE(L)
so that

(+.9) a - Ea) = A7 [lo -EULO)]

The variance-covariance matrix of the estimates is

E{[ - &(a)] [a - E(a)]l}
- E {(/\:1) (8, -=2)] [, - = 0] L/\-l)z} =

(4.10)
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- (N\ME L -4 - E<Jlo)]T} (N\™?
(4.10)

2
AT ANY - ATE

since (/\_-l)T = _/\.-l because of the symmetry of _/\ . An

estimate of 02 is

2
2 1 o - -
L= N T Sl Pl %) - eplxpy - xe)] ’

which is independent of &, (1 =0, 1, 2) [@; P. 552] .

A series of m observations 7y _, (h=1, 2, ..., m) are taken,

all corresponding to the unique, but unknown, pair (xlo, x20) . Let

3;0 = hgl Yoh/m , end consider
(h22) Vs T - om - oalng -t ) - el m %)

Since v is a linear combination of normally distributed variables,
it too is normally distributed and, by virtue of (l4.l) has mean zero.

An estimate of the variance of v 1is

2 L
e 211 1 1 - —
(4.13) u = 8 [ﬁ += 4 z = (xio - xi)(xjo - xj)] ,
i,3=1
with n' =n - 3 degrees of freedom and independent of the parameter
estimates in (4.12). Thus, the ratio t = v/u has Student's distri-

bution with n' degrees of freedom. If M = (1']1-7 + J_r.x)’ v=1-y/2 and
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tv(n') is the 100v percentile of Student's distribution with n'

degrees of freedom, then
1-7 = Prob{ltl < tv(n')}

(4.14)

‘yo - 8y - oaxy-x) - 8‘2("20"—‘2)1

2 L T

1 - ——

8 v//M + X -;% (x,, - xi)(xJo - xJ)
i,J=1

<t (n")

Squaring and rearranging terms within the bracee of (4.14), the latter

may be written in the form

2,2
2 to(n') L - - -
Prob<{ 2 . [:gi 8, - A/ 1) (xio-xi)(xdo-xd)tl+ (yo-ao)2
2 T aly -a)ix, -Xx)4 52 M ta(n') 00 =1-
1Y o’ ‘"o i v w - 7 .

A Geometric Construction

The inequality within the braces of (4.15) may be taken to define
a prediction region for ;; in terms of X, (1 =1, 2) . To deter-
mine the nature of the bounding surface it is sufficient to evaluate

the signature of the matrix of the quadratic form within the braces

in (4.15). Let




(%.16) )

then the matrix is

~
2
ol
(4.17) O =
S—
Let
—
1

(h.lB) Q = 0

80 that

(4.19) QA Q =

-

»(1’ h=1, 2) )

-
o * Tp
F]
-32
- Tpo
>
-
Y12
Ty
2Ty * 8 T
T
1l ’
A
—_
0
0
2
Tie - T Ta
LR
-

The signature of QTA Q is -1 because T,, > 0 (1=1,2) and
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2
T2 " T

invariant under a congruence transformation, the signature of A is

h
T., = -sh tv(n')/na L < 0 . Since the signature is

also -1 end inasmuch as 32 M ti(n') > 0, the bounding surface

is an hyperboloid of two sheets l:}; p. 230:] and the confidence region

is that region of the space bounded by the two nappes of the hyperboloid.
A Jjoint confidence reglon may be obtained for (xlo - ;1) and

(120 - x2) corresponding to en observed value y_ - & =k by

substitution into the expression within the braces of (4.15), obtaining
(62 -1 Yz -%)2 + 2(e; 8+ P )x - %) x,, - X))+
b B B AL o B | 8 8+ Npll%o - XXy = X2

(8.20) (o2 - Tpy)(myy - 5p)° - 28 Kxo - X) - 2 &y klxyy - Xy)

+ Ko - sati(n')n < 0.

The equality in (4.20) represents a conic in the X4 1 Xpg plane

whose dlscriminant 1s

D = b [(81 8y + T12)2 - (ai - Tu)(ag - 22):]
(4.21)

2 2 2
= h[alT22+a.2Tll-TuT22+T12+2ala2‘T12:|.

To eveluate the sign of D one may consider the matrix A

formed by permuting the last two rows and columns of A . Thus
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— ~\
2
& - Ty &) 8 + Ty, -8y
2
(k.22) A = a8, + T, a;, - Ty -8,
-a-l "32 l [
It
e 2
N _h%tTy % Top + 8 Tjp
2 o D/%
% -
& Ty + 8 Tp
(4.23) Q' =1! 0 1 7%
0 0 1 ,
L J
then
~ .
2
& - Tyy 0 0
(b.24) Q'T A'Q' = 0 - 'ZEL 0
(a) - Ty4) 2
™, - T
o o 12~ 11 "2
L_ - DS
J

The signature of Q'T A' Q' equals the signature of O ' which
must, in turn, be equal to that of A which is -1 . Since T§2 -
2
Ty Top < O, then sgn(a._L - Tll) =1 implies sgn D =1 , but
the converse does not hold.
The permutation of rows and columns in (%.22) is arbitrary for

the quadratic form wes originally symmetric in X0 and X5 * Thus
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if either of ai > Ty for 1i=1 or 2, or both, hold, D > O

and the curve in the X10 ? X0 plane is an hyperbola or one of its

limiting forms, the result of the intersection of the plane Yo = 8 = k

with both nappes of the hyperboloid. If both a.i > T,, and a.g >

T22 the conditional joint confidence region for X0 and %50 will

be taken to be the region in the plane bounded by the hyperbola (4.20).
Since (4.20) 1s a direct consequence of (4.17), the associated confi-
dence coefficient is 1 - 7y .

If either 32 2 > T

1 > T oF 8 22
do not hold simultaneously, a reduction to the simple regression model

but both inequalities

will be made. If, say, ag < T22 , then the conditional Joint

confidence region will be defined by letting - oo x20 < ee

and by constructing an interval for X0 according to the discussion

in Chapter II, identifying 8y 5 % and X10 with b , x and X,

respectively.
2 2
If both a8, < T11 and a, < Top > then no jointvconfi-
dence region for x and x strictly exists. As in Case (2a) of

10 20
Chapter II, one may define a conditional confidence region to be the

entire x 0 plane.

10 * *2

The Analytic Determination of a Joint Confidence Region

Tt will be demonstrated in this section that the heuristic
discussion of the previous section may be used as a basis for a

rigorous definition of an unconditional Jjoint confidence region for

(xlo, x20) . The discussion will refer to the following

Definitions. 1) Condition Pl will be said to obtain if
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2 2
&) >Tll and a, > T22.
2) Condition P2 will be said to obtain if a?
2
> T, end a < T (i, h=1,2; 14£hn) .

3) Condition P3 will be said to obtain if

2 2
Conditions P, and P, do not, i.e., both & < Tll and &, (

T hold simulteneously.

22
Ly 7If Vo = 8 = k , then the region R 1s the

set of all points (xlo, x20) satisfying (4.20).
5) If 55 -8, = k , then a random covering
region, dependent on the sample On , which is a subspace of the X

X

5 space is defined to be

(r(i) all pairs (x in R if Condition

Pl obtains

(11) L,(0) < %0 < ILy0)5 -eo < Xy, <

10° *20)

=< where Lj(on) (j =1, 2) are defined
(%.25) [“L(On) = in (2.17) and (2.18) with 8y, Xy and
X6 identified with b , x and X,

respectively if Condition P2 obtains

(11i) all pairs (xlo, x20) in the plane if

Condition P3 obtains.

The random covering region _(‘x(on) agrees with the limits set
in the geometric discussion earlier in this chapter.
10 P2 and P3 be defined as
in Definitions (1) - (3) above. ILet () (0,) be & random covering

Theorem 4.1, Let Conditions P

region defined by (4.25) depending on the sample On . Let 7 Ye some
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preassigned number such that 0 £ 7y 1 . Then, regardless of

the true values of xlo and x20 R

Prob {(‘10’ Xp0) € LL(0) 5=x ., xg(}
(4.26)

=1l-7+7 l:l - Prob {(‘,‘ond. Pl or Cond. Pé}jl .

Proof. Conditions Pl ’ P2 and P3 are exhaustive and mutually

exclusive so that

Frob {(‘10’ %) € (1(0)5 3 x20}

Prob {(xlo) eﬂ(on), Cond. Py; xlo,' xeo}

(4.27) + Prob {(xlo, x20) eﬂ(on), Cond. Py; X,,; xeo}

+

Prob {(xm, xeo) eﬂ(on), Cond. Py; X xeg .

Now

Prob {(xlo, X5) eﬂ(on), Cond. Py5 X, xBO}
(4.28)

= ProbPl {(xlo, "20) eﬂ(on); Xy07 Xpg [ PTOD {Cond. P]}.

Let u and v be defined by (4.12) and (4.13) respectively. Then
t = u/v 1is distributed as gn,(t) , Student's distribution with n' =

(n - 3) degrees of freedom. Let v =1 - 7/2 and tv(n') the 100V
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percentile point of gn.(t) . Then
t,(n')
1-9 = ygn.(t)dt = Prob{t < tv(n')} -

(4.29) i)

Prob{t < -tv(n‘)} .

Now (370 - a.o) 1s statistically independent of e , &, and s, and
t 1is clearly a monotone increasing function of (§° - a)) . Thus,

given a = (8;, 8y, 8) end letting

A, = a(xg -%) + ay(xy - %)

(4.30)

2 L
+ (-]_)h 8 tv(n')/M + 2 —%‘i (xio - Ei)(xjo-;,j)
i,

then, in view of the monotonicity of t ,

l-9y = E_ [Pmb_{-y-o = a‘o < A2; xlo’ XQO}

Prob_{'y'o -8, £ A X xagl =

E_ I:Prob_ {Al < ¥, -8, < Ay xp xz&] :
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independent of the true values of xl0 and X5 * Let

M Ly
CP(x:l.o’ xho) = — Lo, 2 R
Exio %) g O - XJ
11
(4.32)
2 -2
. T A I A S Lig
- Lin e oL ’
ok Lyy [(xio'xi) * L (x'ho'xh)}
%0 that
dA . s tv(n') Ly

(4.33) J = &, + (-1)
3z, - %) ! nL fp(x,00 %)

(i, b, §=1,2; 1 #n) .

If a, > 0, then BAl/B(xio -Ei) > a8 - s t,(n') Lii/nL > 0
2 - .

vhen a; > T, - Clearly B.A2/B(xio - xi) > 0 if &, > 0.

If & < 0, then 9 Al/ B(xio - ;i) is obviously negative and

- 2
- ]
aAz/BSxio xi) < 8y + 8 tv(n ) Lii/nl‘ < O when & > Ty, -
Hence, when Condition P, obtains, Aj (j =1, 2) are
monotone functions of X0 and of %50 separately and thus are
monotone functions of the two variables jointly. Therefore, correspond-
ing to an observed Go -8 )=k, say, when (50 - a ) 1is bounded

by A, and A, then (”'10’ x20) € ﬂ(on) so that (4.31) may be
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written in the form

(1-7) = B [Pmb {00 %) € 2005 300 &]

(.3k)
= Prob{(xlo, X50) € (L(0,)5 x5 xzo}

independent of the true value of (xlo, x20) . But (4.34) was derived

assuming that Condition Pl obtains. Hence, from (4.28),

Prob {(xlo, x20) € ﬂ(on), Cond. Py X)) xaé =
(4.35)
(1 - 9) Prob {Cond. Pl} .

The second term on the right hand side of (L4.27) may be evaluated,

a.ss_uming e.i > Tll and ag < '.1‘22 s by writing
Frob {("10" %p0) € (L(0y), Cond. Ppj X x20}

= PmePa{Ll(on) < X0 < La(on)’ - o< %20 < oo
X0’ xzcﬁ Prob {Cond. Pa}

= PrObPa{Ll(on) < *10 < La(on); 0’ XZO}

- Prob {Cond. Pa} .

(4.36)
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According to the definition in (4.25), & X and X, ore identi-

. ‘ fied with b , x and x, of Chapter II respectively. Thus

e tiil-l') L, ) 82 tﬁ(n')

2 2
b= 8y > Ty = oL 5
nlL -2
22 Ly
(4.37)
8> tf,(ru) g2 ts(n') g2 tﬁ(n-)
> TH_ - " T = — -

T = 2
o1 (xld xl)

Hence with the identification made, a.i > Tll implies that B > O

so that, using the results of Theorem 2.1,

Frobp {Ll(ona < 1o < Lyoy); x4, “2(& Prob {Cm’d' Pa}
(4.38) = ProbB>o{Ll(0n) < 25K L00)5 x5 xa;} Prob{cand. Pa}
= (1 - 9) Prob {Cond. Pa} .

In view of the symmetry between 8 and a, , one obtains the same
results if thelr roles were reversed.

. The final term of (4.27) reduces readily to

(4.39) Prov {(ﬁo’ Xyo) € (1(0,), Cond. Pyj x., x20} =
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(4.39) = Prob {Cond. P3} = (1-19+7%) Prob {Cond. P3} ,

since if Condition 1=3 obtains, () (on) is the entire ("10’ xeo)

plane eso that the joint event on the left hand side of (4,39) imposes
no restriction on (xlo, x20) and the equality results.
Finally, substituting (4.35), (4.38), and (4.39) in (4.27) one

obtains

Prob{:(xlo, xao) € I\L(On); X, 00 xeé} = (1 - 7) Prob {?ond. P;g

+ (1 - 9) Prob {COnd.. P?_} + (1 -19+7) Prob {Cond. P3}

= (1-7) [Pro'b {Cond. P]} + Prob {Cond. Pe} +
Prob-{Cond. P;E] + 7y Prodb {?ond. P;}

= (L-9) +7 [1 - Prob {Cond. P, or Cond. Pa}] ’

(4.40)

regardless of the true values of xlO and x20 . This concludes the

proof,

A result has been obtained that is analogous to that reached in
Chapter II. The term Prob {?ond. Pl or Cond. Pé} is equivalent po
the power of a test of the composite hypothesis that al = a2 =0 .
Stein [;é] has shown that no non-trivia} one sample test of such an

hypothesis exists whose power is independent of the variance.
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The following chapter will outline a two sample procedure which
will ensble one to make the confidence coefficient arbitrarily close to
(1 - ) vhenever @ and Q, are outside some region of indifference,

a region whose center is at the origin.




CHAPTER V

MULTIPLE LINEAR NORMAL REGRESSION TWO SAMPLE

Introduction

A two sample procedure will be described for obtaining a
confidence region for the independent variables in the case of
discrimination in normal, multiple linear regression. In particular,
it will be assumed that there exist two independent variables. The
theory is formally extensible to more than two suchvvariable in a
straightforward manner. It will be shown that a confidence region for
(xlo, x2o) may be constructed with an associated true confidence
coefficient that is dependent on a function which is equivalent to the
power of the test of the composite hypothesis Q = ay = 0 . Finally,
a method will be exhibited for making the actual confidence coefficient
differ by an arbitrarily small positive quantity from some assigned
positive number less than one whenever Oi and ab are outside some

zone of indifference.

The Non-Central F Distribution

Prior to the actual description of the two sample test and its
properties, it will be convenient to introduce a distribution function
that, in the multivariate case, plays the role that the non-central t
distribution does in the univariate case. This function is the non-
central F distribution function.

Let u, (i=1, 2, ..., m) each have Student's distribution

i

with n' degrees of freedom. Let c, (i=1,2, ..., m) be real
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constants. Stein [li] shows that

m u 2

(5.1) A ool :

has the non-central F distribution defined by

Prob{ <K } in (T, Z c)

(5.2) = [(m + ny2) fT fF - pg)%i
/@) (w2 o -JF
_mn'
m 2
[ 1+F+2p 202 Zc dp dF'

1=1 i

If 2 ‘ci = 0 , the distribution reduces to that of the ratio of
=1

independent chi-square varisbles with m and n' degrees of freedom

in numerator and denominator respectively.

General Description

Assume the multiple, normal, linear regression model postulated

in Chapter IV. Let the non-stochastic variasble x, (i =1, 2) assume

i
a fixed set of p values (xlj’ x2J) (=1, 2, ¢es, P) which shall
constitute a sampling unit, All samples will be integral replicates

of the sampling unit. ILet ka be the k-th replicate of an observation

on y corresponding to (xlj’ xzj) + Define xi = 52 xiJ/P ,
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(1 =1, 2) . Assign a positive integer n to be the number of
sampling units observed in a first sample and let z be some positive

constant. Let

Lo r 3 % z
(5-3) ith ~ S ey (x‘lJ - xi)(th - xh) (1) h=1, 2) )
. . 1 P no _
(5.4) Lo = - ng Iovulngmx) (=12,
and
n
» 1 P (o}
> Xoo N J=1 kEl T '
Let
1 ) 0 7
(5.6) /\ = 0 111 212
w00 /Q' ' ’
¥ 21 Qan

' 4
denote the determinant of _/\_ by L' and the cofactor of iih by

Liy (i, h=0, 1, 2) . As in Chapter IV, it will be assumed that

- L* > 0. Let




T0

a¥* T

(5.7) a* = | &

S

r . 7
loo
201
202

- -

—
O X%
[}

(5.8)

The &% are preliminary estimates of @, (1 =0, 1, 2) and are the

solutions of the matrix equation

' *
(5.9) _/\_ a¥ = Eo ’
or

(5.10) AN 1: .

An unbiased estimate, 32 , of the variance 02 is given by



n 2
6> = nl —3 % Zo [yjk - a* - ai(xlj-a )- ag(x2 -3?2 }
P 1, 3=1 k=1 J
(5.11)
pn p o
0 1 2 *
Y ¥ y.-a -
P no -3 {:p n° 3=1 k=1 Jk (o} (o]e]
* *
or 1o - o3 1 02} .
let
92
(5.12) n = mex = |+ 1, n, ,

vhere [q] is the largest integer less than q . Select an additional
t
(n - no) sampling units. Define 'Rih (1, h = 0, 1, 2) analogously
*
to lih

1imit of the aumma.tion° Then if a

, replacing n° by n in the denominator and in the upper

1 are final estimates of ai

(1=0,1,2) and

(5.13) a = ay

&
L

then a is the solution of the equation



(5.15) a = N7 L

It follows that the expectation of & 1is

(5.16) a) = e\ L) = AN E(L)
a,
= |
- %
i Theorem 5.1. Let ai(i =1, 2) be defined by (5.15) and s

and n by (5.11) and (5.12) respectively. Then

(5.17) t, = (1 =1,2) ,

has Student's distribution with n' = (p o - 3) degrees of freedom.

Proof. Expanding (5.15),




1 P n -
8 = oL Lis L L ygulxy-x) +

J=1 k=1
(5.18) p n
L! r 2 y.(x.-x) (£ =1,2; th=2) .
45 3k *hj "h]

Hence given n , the conditional distribution of a, (1 =1, 2) 1is

normal with mean @, and variance

1
(5.19) Ver_(a,) = ;;-1-1-‘7 < .
Since the conditional distribution of
(8, - o) Vuop
£, = s

L
oNE

' 2
is normal with zero mean and variance oa/n and -n——;— has the A
o
distribution with n' degrees of freedom, the theorem follows by

Lemma 3.1 since

t, = ————— (L=1,2) .

The Construction of a Confidence Region

Theorem 5.2. Assume the normal, linear, multiple regression
model and let 32 »n, 8 (1=0,1, 2) be defined by (5.11), (5.12)

and (5.15) respectively. In sddition to the n sampling units, of p
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observations each, let there be m individual observations ybj

(j=1,2, ..., m) on y corresponding to a unique, but unknowm,

m
pair (xlo, xao) of (xl, x2) . lLet Y, = L ybj/m and M =
1,1 o J=
It en
— 2 —
Yo = 8 ~ 1§l ai(xio - xi)
(5.20) t' = — |
2 L!
ih - -
s /M+ igi EEET(xio -z )(x - x)

has Student's distribution with n' = (p n - 3) degrees of freedom.

Proof. Given n and s , the conditional distribution of

2
y -a - L afx, -X,)
(o} (o} =1 i*“io 1

(5.21) E =
2 L!

Ve TR N CTREE RICWEEY

1=1 P

is normal with zero mean and variance 02/n . But n' sa/a2 is
distributed as j(.z with n' degrees of freedom. Hence, by Lemma 3.1,
t' = 5—§£§1 has Student's distribution with n' degrees of freedom.
The next theorem to be proven is based on the following
Definitions.
. s2 ti(n') Liﬁ
ih pnl’

1)

2
] > ]
2) Condition Pl is said to obtain if & > Tll

> Téz hold simultaneously.

2

and e,




[P

3) Condition P} is sald to obtain if af > '.1.'ii

2
and 8, ¢ Ty (1, B=1,2; ifn) .

4) Condition Pé is said to obtain if Conditions

P! and P! do not.

1 2
- = '
5) 1If Yo &, k , the region R of the x1 s

X, plane is the set of all pairs (xlo, "20) such that

(62 - T )(xyg - )7+ 2agey + i)z - Fxgg = %)+

2 2

(a,
(5.22)

- Ty ) (xpy - Xp)~ - 28y k(xyy - X) - 28, kxy, - x,) +

k2 - samti(n') £ 0.

6) If io - & =k , a random covering region of the

X 5 % space, which is a function of the sample On , is defined to be

—

(1) all pairs (xlo,x ) in R' if
Condition P' obta ns.

(11) Li(on) < %y < L2(On); -o= < x.bo<
=< where Li(on) (3 =1, 2) are

' defined in (3.24) and (3.25) with 8

(5.23) (YL (o) = 3 x;, and X jdentified with b , x

and X, respectively if Condition Pé

obtains.

(i1i) &1l pairs (xlo, xao) in the plane if

Condition P% obtains.

C
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Theorem 5.3. Let 7 be a preassigned number in the range
0 £ 7¥7 £ 1. For any sample On , let a random covering region
1”1'(0n) be defined by Definition (6) and Conditions ] » By end

Pé by Definitions (2) - (4) respectively. Then, independent of the

true value of (xlo, x20)

Prob {(xlo, x20) € ﬂ'(on); X, 09 x2(£}
(5.24)

= (1L -9 +7 [l - Prob {?ond. Pi or Cond. Pé}] .

Proof. This theorem is the dusl of Theorem 4.1. By Theorem
5.2, t' has Student's distribution with (p n, - 3) degrees of
freedom. The region R' may be identified with the region defined
by (4.20). The proof of Theorem 4.1 may be applied directly to this
theorem if the primed quantities and functions are replaced by the
analogous unprimed quantities and functions of Theorem 4,1 and pn of
thistheorem is identified with n of Theorem 4.1 and the recourse
to Theorem 2.1 in the proof of Theorem 4.1 is replaced with recourse
to Theorem 3.3.

Theorem 5.3 provides a method of constructing a confidence
region for the joint estimation of xlO and x20 . The next section
will show how the actual confidence coefficient may be made arbitrarily
close to (1 - y) , whenever a, and Q, are outside some zone of

1 2
indifference by the proper choice of the constant =2z .
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The Choice of z &and n

o

As was done in Chapter III, a criterion will be established by

1

Cond.Pé}jl £ 8«9y tor 0 < 8 < y when o sand O,

which 2z may be chosen in order that 7y [l - Prob {Cond. P! or

are

outside some zone of indifference.

Assume that n, has, in some manner, been fixed. By Defini-

tions (1) to (3)

2 2
| ] — 1 t
1l - Prob {Cond. Pl or Cond. Pz} = Prob {9‘1 < Tll and 8.2 < Tzz}

a?_ pnL’' 2 ag pnL' 5
= Prob < t2(n') and < t-(n")
52 L! v 32 L' v
11 22
5 2
(5.25) v ( [pnL' o
¢ Prob A T < 2 t2(n')
= B2 v
2
nL' EnL'
2 (g - o) L %y L7
= Prob < L £ SR il
i=1 g8 v/n' s /'
2 t2(n')
< v
n' *
By Theorem 5.1,
(a, - a,)
1 1 nL'
5 - (1=1,2) ,
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have Student's distribution with n' degrees of freedom and further-
more, n' 82/02 has the chi square distribution with n' degrees of

freedom. Rlthough

a.

1 L' .

\/—'—| PLii » (1 =1, 2) )
svn

are not constants, by (5.12), " .

a

[] a |
(5.26) SRR . N N PL (1=1,2)
sv/n' Li; | 7| /2 Va" Liy

Substituting (5.26) back imto (5.25),

1- Prob%ond.. P; or.Cond. Pé}< Prob

(5.27)

+

2 2, ,
o oL < 2 tv(n )
VAV ON IR

Comparison with (5.1) shows that the left hand side of the
inequality within the braces on the right has the non-central F

distribution with m=2 , n* =p n - 3 and

a L}
¢, = 1 PL (i =1, 2)

1 \/z—‘\/n' L:;.i

Let the zone of indifference, outside of which the confidence

coefficient should be less than (1 - y + B) , be the region bounded by
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the ellipse
2 pL! 2 PL! 2
(5.28) 2} 4 L
a2\ % Lo

Points on the ellipse correspond to

In the notetion of (5.2), 2z must be chosen so that

2 t4(n") 2
(5-29) Qa,nl ot > 7t < 8/7
2 . .
Given r , 7 , & and n' =7p n, - % , such a choice is always

possible. Denote this choice by z*(no, 7, r2, ) . In principle, it

is possible to tabulate z* for various combinations of the parameters.
The distribution of n is the same for the multiple regression

model as for the simple model. The choice of n should be based on

the same criterion as discussed in Chapter III. The expected value

of n is given by (3.40), but the value of z used in the determina-

tion of ) should be z* rather than (3.32). If the minimum E(n)

is too large for all choices of n it is possible to reduce E(n)

by & change in r2 , 7 , 8 or some combination of these constants.

Such a change is equivalent to an alteration in the specifications of

the experimentel design.



CHAPTER VI
SUMMARY AND EXAMPLE

Summary

Let y be a random variable, normally distributed with constant,
unknown variance 02 and with a mean that is an unknown linear
function y = g* + p*¥x of a non-stochastic, continuous variable x .
The problem of discrimination éssumes that there exist a set of
observations on y corresponding to a single, unknown value, I
of x . It is desired to devise an experimental procedure which will
enable one to construct a confidence region for X, with confidence
coefficient 1 -9y ,0 7y £ 1.

It is shown that the usual one sample procedure is inefficient.
The confidence coefficient always exceeds (1 - y) by an amount that
is a function of ﬁ*/a . A two sample experimental procedure is
developed in Chapter III for comstructing a confidence interval for
X, independent of o , which whenever @£* 1is outside some
specified region of indifference about zero, will have & confidence
coefficient not greater than (1 - y + 8) , where 8 1s an arbitrary
positive number < y . If PB*¥ = 0 , or is very small in absolute
value, one should not try to discriminate x from y .

The two sample procedure enables one to make the confidence
coefficient independent of ¢ at the expense of meking the sample

size a random variable dependent on ¢ . In the problem under

consideration it is generally more desirable to permit the data to
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fix the sample size in order to attain a given precision than to
specify the sample size arbitrarily and then let the data fix the
accuracy attained.

The discrimination problem in the case of normal, multiple,
linear regression is discussed and found to be quite analogous to the
simple regression model. The two sample procedure is extended
specifically to the three dimensional case, but the formal extension

to the n-dimensional situation, for arbitrary n , is immediate.

Example2

In the period following the cessation of hostilities in Europe
during World War II, considerable concern was evinced in command
circles sbout the awareness of the troops to the world situation and
current events. The effectiveness of devoting regularly scheduled
periods to orientation talks and discussions was questioned. Field
trips to various commands were made to interview and exsmine samples
of troops with regard to their knowledge of topical questions. The
primary sampling unit was the battalion. From one infantry battalion
a set of twelve test scores on a simple objective examination was
received. The arithmetic mean of the test scores was 84. It was
found that no reliance could be placed on the battalion information

and education officer's estimate of orientation time in the unit.

2The data of this example were freely adapted by the writer
from material in his possession while assigned to the Research Branch,
Informetion and Education Division, Headquarters, United States Forces,
European Theater, 1945-1946.
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There were available four control infantry battalions, from
another division, which had regularly scheduled orientation periods of
0, 2, 4, and 6 hours monthly. On the basis of a sample from the control
battalions, a 95 per cent confidence interval for the unknown amount
of orientation time in the test battalion was desired.

It was assumed that over the range of orientation time of
practical interest, the distribution of test scores,. ¥ , was normal
with a constant variance 02 , and with a mean that was & linear
function of orientation time, x , of the form (1.2). For practical
purposes, this assumption was sufficiently valid.

Tt was undesirable to demand a larger sample from the control
battelions than necessary to insure a confidence coefficient greater
than .95 . No knowledge of 02 was available. Furthermore, if the
true regression coefficient was greater than two in magnitude, the
confidence coefficient should not exceed .95 by more than .005 .

It was arbitrarily decided to let o, equal eight sampling
units. Each unit consisted of one test score from each of the four
control battalions. The data observed in the first sample appear in
Table II.

In this exemple p = & , no=8,n'=pno-2=50, and
S = 20 . The conditions of the problem specify that ,?, =2, ¥y = .05

and & = .005 . This is sufficient information with which to choose

z . With 8/y = .1, then t ,(30) = -1.310 so that by (3.32),

(2)2 20

- [2.0&2 + 1.51@]2 rie

A
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TABLE II

TEST SCORES OF ENLISTED MEN IN FOUR INFANTRY BATTALIONS
WITH DIFFERENT NUMBER OF ORIENTATION HOURS

Sampling
Unit No. 0 Hours 2 Hours 4 Hours 6 Hours
1 65 ™ 70 89
2 61 66 69 93
) 3 79 T0 89 100
. L 67 T1 65 82
5 58 56 87 95
6 kg 61 5 85
7 T2 68 82 90

8 58 T0 95 93




8l

Preliminary estimates of the parameters ¢« and B are, from (3.3)
and (3.%), a* = 75.063 and b* = 4L.675 respectively. The variance

02 is estimated from (3.5) to be 52 = 67.019 . Thus, from (3.6),

n = max [Q%;%%gj] + 1,8

T™wo additional sampling units are necessary. The additional data

0
[
(@]

obtained appear in the supplement to Table II.

TABLE II (Supplement)

TEST SCORES OF ENLISTED MEN IN FOUR INFANTRY BATTALIONS
WITH DIFFERENT NUMBER OF ORIENTATION HOURS

Sempling
Unit No. 0 Hours 2 Hours 4 Hours 6 Hours
9 5k 76 66 82
10 57 73 78 92

74.50 and b = 4.66 respectively. Evaluation of (3.23) shows that
B =20.32 > 0 eand hence the confidence interval for x_ , the
unknown orientation time is provided by (3.26) using the first defini-
tions of the functions L{(On) (1 =1, 2) in (3.24) and (3.25). The

Final estimates of a@ and B are by (3.7) and (3.8) a =
calculated confidence interval was (4.24 x, < 6.11) . The
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true confidence coefficient depends on the unknown B . If the true
value of B is L4.66 , then c, = -9.852 and C, = -5.768 . The
actusl confidence coefficient, if P = 4.66 has an upper bound

-5.768
95.4 .05 gjo(u)du < .95001 ,
~9.852

vwhich is well within the bound .955 specified in the problem.
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