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TABLES OF THE RACAH COEFFICIENTS

I INTRODUCTION AND USE OF THE TABLES

The Racah coefficient W(abcd ef) a function of six variables 1s defined
for all positive integral and half integral values of 1ts arguments subject
to the limitation that each of the four triads (abe) (cde) (acf) and (bdf)
has an i1ntegral sum In addition the coefficient vanishes unless each triad

satisfies a triangular i1nequality which 1s 1llustrated below for the triad

(abe)

- €
a tb -~ e 2, o~

leG- +
vl

@ -btes s g (1)
-a t b + e

Section II of this report contains the definition of the Kacah coefficient
as well as a brief discussion of 1ts applications to physical problems
Section III lrsts some useful properties of the Racah coefficients as well as
some algebraic formulas A short collection of typical references 1s con
tained 1n Section IV  No attempt has been made for completeness in this part
of the report Some further details of the computation which was performed
on UNIVAC are given in Section V A table of algebraic formulas for the
Bacah coefficients 1s presented i1n Section VI  Algebraic tables of W(abcd ef)
are listed for e = 1/2 1 3/2 and 2 The final section Section VII con
sists of a nurerical table of the Racah coefficients evaluated to ten places

after the decimral point

In this report we shall restrict the arguments of the Racah function

W(abcd ef) to the following values

a =0 1/2 1 3/2 15/2
b =0 1/2 1 3/2 9/2
c -0 1/2 1 3/2 15/2
d=0 1/2 1 3/2 9/2
e =0 1/2 1 3/2 3
f=0 1 2 8

Only those combinations of these argurents which satisfy the triad conditions
are printed 1n the tables since all others correspond to a vanishing W co
efficient Those combinations of the arguments which satisfy the triad con
ditions and yet have a vanishing W coefficient have an explicit zero printed
Note that the use of the symretry conditions given in Section III extends the

range of applicability of the tables



The six arguments a b ¢ d e f are listed in speedometer ordering
with the relative rank being determined by the right hand arguments Hence
w(11/2 9/2 11/2 9/2 1 0) comes before ¥(0 1 1 1 1 1) and W(3/2 3/2 3/2 3/2 1 1)
1s before W(3/2 3/2 3/2 5/2 1 1) The numerical value of the W coefficient
immedirately follows the arguments and 1s given to ten places after the decimal
point No roundoff has been performed upon the final answer by the UNIVAC
Hence with one exception the tenth decimal should be used for roundoff only
Because of the mechanics of the computation the UNIVAC occasionally will
force a zero 1nto the tenth digit If the numerical value of the W coefficient
contains a zero 1n the tenth place one should 1gnore this for safety and

use the ninth digit for roundoff

This report 1s intended to extend and supersede a previous tabulation of
the Racah coefficients (ORNL 1098) This previous work which was performed
with desk computers evaluated the exact values of the Racah functions for the
same limits as 1n this report but with the restriction that a and ¢ were

integral only When the question of the extension of the work to functions

with four half integral arguments was brought up 1t was quickly realized that
an enormous saving 1n time and accuracy could be had by using a high speed
electronic computer The only sacrifice entailed was due to the i1mpracta
cabilityofusing the UNIVAC to compute the exact values of the Racah functions
It 1s felt however that in all practical applications a nine place result 1s
more than sufficient An 1lluminating comparison of man hours required on

the two problems 1s given in Section V

II DEFINITION AND USE OF THE RACAH COEFFICIENT

In his 1nvestigations of the theory of complex (atomic) spectra Racah
developed an algebra of tensor operators that 1s a generalization of the
algebra of vector operators presented in Condon and Shortley Theory of
Atomic Spectra chapter III Following Racah s exposition (1) an 1irreducible
tensor operator T{¥) of degree k 1s defined to be a set of 2k + 1 quantitles
T;k) ( B £ g € k) which under rotations i1n three dimensional space transform
like the spherical harmonics YZ (0 ¢) If the rotation operator J operates

on these quantities then the commutation properties are obtained

g, T{¥] = q 1M (2a)

(J +1J T = {(k
x Yy q

+

g + Dk ¥ q) T}) (26)

The matrix representation of these tensor operators i1n the scheme a j nm

where j and m are the quantum numbers for the total angular momentum and 1ts

Ay




Z component respectively and a includes all other quantum numbers hadal

ready been considered by Eckart and Wigner who gave the fundamental result

that

((1)k*
(agm | T¢O) | @ j'm )z ——— (ay || T®) || a ;') Cks1 s (3)
y TS 0x =
where C:; 7 1s the vector addition or Clebsch Gordan coefficient® and the
quantities (aj I|T(k) ‘la 7 ) the reduced matrix elements are i1ndependent
of the magnetic quantum numbers The phase and normalization are chosen to
agree with Racah s work This equation 1s of great importance 1n that 1t

separates the physical properties of the tensor operator which are described
by 1ts reduced matrix elements from 1ts geometrical properties which are

described by the vector addition coefficients

The scalar product of two tensor operators 1s defined i1n the usual way

by the 1invariant

(¢k)  ylhry = :E: ( 1)s 7¢O ytk) (4)
- q q

In practical applications the most important scalar products are those 1n
which the two tensors operate on different parts of a composite system for
example spin orbit coupling which 1nvolves the scalar L 8 or the coupling
of the orbital angular momenta of two different particles which 1nvolves
L, L, When T(*) operates on system 1 and U(¥’ operates on system 2 Racah
found that in the (a;, a, j, j, J m) scheme their scalar product had the repre

sentation
(a, Ay Jy Jg ] m I (T¢R) ulk)) | Oy @y Jy T ] m)

- ( 1)11+12 J

(0“1]1 ” (k) || O“;Jl)(ang ” ute) || a2]2)

Sj A Wiy Ja 010, 7 K) (5)
The Racah coefficient W(j, j, yj, 7, 7 k) 1s defined by this relation to be
a multiple sumof the product of four Clebsch Gordan coefficients (see following

section) and Racah was able to reduce this to the form

WCbd f) & (b)A(d)AC f)A(bdf)E(l)

( + b+ +d+ 1 z)!

6
( +b ) o( +d Y+ 7 ) (btd £ ) (17 a den) (+F b o+ p O
%
+ ) + b+ )
A(b)E[(+b Y (bt ) )}
( +b+e+ 1)
Th t  dd ta £ nt C:i ] b 1 =ma=qg*m I th fl1lw g al pl

tly h n th w th 1 v n m d t f d d th d a mitt d
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In this sum z takes on all i1ntegral values including zero ¥ 1s defined
for all integral anf half integral values of 1ts arguments subject to the
limitation that each of the four triads (abe) (cde) (acf) and (bdf) has
an i1ntegral sum The sum 1n Eq 6 vanishes unless each triad satisfies a
triangular i1nequality 1f one of the triangles reduces to zero area the

summation consists of a single nonvanishing term

The W s are also useful for expressing in the (a j, j, J m) scheme the
reduced matrix elements of a tensor operator that operates on one part (say

system 1) of the composite system Thus

@y, N0 Hla'y,7,1)

+k
= (2T IE T D@ D (ag, W1 la g

W(py 70, 0" 1, k) (1)

In general Racah found that every quantity that 1s 1invariant under
rotations 1n three dimensions and therefore does not depend on the choice of
axes or on m can be expressed i1n terms of the reduced matrix elements and the
W coefficients In the problem of correlating the directions of successive
radiations one of the tasks 1s the performance of various sums over magnetic
quantum numbers that 1s to say the elimination of i1rrelevant geometrical
properties and 1t 1s not surprising that the Racah functions are of great
usefulness here as first pointed out by Gardner (16) In other fields as well
(see Section IV) the Racah functions have proved a useful analytical tool
To be fully useful however there must be readily available a compilation of
the simpler properties of the W s their algebraic formulas and - since the
functions are algebraically unwieldy — their numerical tabulation This

report 1s intended to meet some of these needs

IIX SOME PROPERTIES OF THE RACAH COEFFICIENTS

Symmetry Conditions

W(abcd ef)

it

W(badc ef) = W(cdab ef) = W(dcba ef)

= W(acbd fe) = W(cadb fe) = W(bdac fe) = W(dbca fe)

( )**c ¢ f W(abed ef) W(aefd bc) = W(eadf bc) = W(fdae bc) = W(dfea bc)

= W(afed cb) = W(fade cb) = W(edaf cb) = W(defa cb)

() *4 ¢ f W(abed ef) = W(ebcf ad) = W(befc ad) = W(cfeb ad) = W(fcbe ad)

= W(ecbf da) = W(cefb da) = W(bfec da) = W(fbce da)

viil



Of the 6' permutations of the six variables in the Racah furction only
30 are independent therefore From the symmetries above 1t 1s clear that for
any W coefficient the variables can be reordered so that any one variable

can be located 1n any desired place and this reordering i1nvolves at most a

si1gn change

Orthonormalaity

}D (2¢ + 1)(2f + 1) W(abed ef) W(abed eg) = 8;

Recursion Relation

W(aabB cy) W(aabB cy) = 2 (2X + 1) W(alac ac)
A

W(b\Bc be)
W(aXyb ab)

By specializing this formula various recursion relations can be derived

For example take ¢ = 1/2 The W s involving ¢ then have a simple algebraic
form (Table A) and for one case

%

(a + B+ 7y +2)(at +1)
W(aa+1/zbﬁ+‘/zc+‘é’>’)=(2c+1)[a S e J

(a tctat2)(atct1l a)

1
N(B+b+c+2)(B+tc+1 b)

W(aabB cy)

%
" [ (a + at+1 c)lat ¢ a)(b+ B8+1 c)b+t ¢ ) ]
b)

(o +atc*+2)(atect1l a)(B+b+ct+2)(BF+c+1l

W(aa + %bB + % c - Yy)

Racah s Sum Rule

:E: (2¢ + 1) (1) *¢ b W(aefd bc) W(aegc bd) = W(acdb fg)

1X



Relation to the Generalized Hypergeometric Series

W(abed ) F e-a-b e-c-d f-a-¢ f-b-d 1
abed e f) N Ay e d 1 etf-a-d+1 etfobocHl

Relations Involving the Clebsch Gordan Coefficients

1
" _ abe ed bdf fe
1 W(abcd ef) oD CTREY 2 Co.,B Ca+,?3‘ya,8 C,B’)’-a»-,B Cg.'y-a.
a B

In the sum on the right the value of ¥ 1s restricted to be 1n the range

¢ < < ¢ but otherwise the sum 1s independent of the value of ¥

Using the symmetry relations for the vector addition coefficients (see

the following) this relation can be given a great variety of equivalent forms

1
fe = b d bdf
2 Ct, Wabed of) = F— e 203,6° Ceds o 5 ChITL
B
3 Cop® Ciifs = 2 \J(2e +D@2f + 1) Cpff C.his Wabed ef)
f

By specializing the parameters of relation 3 a variety of 1dentities can
be obtained In particular the following relations can be obtained that are

sometimes useful **

4 at bt c = even integer

Ci%¢ = Cobtt J(2a + 1)(2b + 1) W(alch ab)

be clc + 1) ala + 1) - b(b + 1)

-c
o0 Nalg + 1) b(b + 1)

Th 1t w mw p td  ORNL 1098
Sm fth h 1 b g by L1 yd (1%



5 at bt c = odd integer

W(alcb ab + 1)

\J(2a F1)(26 + 1)(2b + 3)

Cbc = C b+1le
! b

0 0

) Cb+lc\}<a+b+c+2>(b+c+1 Dcta b)bta+tl c)
00 H@)(a t DG F D

ool J(a+b+c+1) @-btect D (boatc)(@atbo-c)

-C
0 ¢ 0 d4afa + 1) b(b *+ 1)

It 1s also useful to have the i1dentities

6 (v an even 1nteger)

[2L(2L + 1)]

0 0

\J(2L 1)(2L + 1)

L L 1 v L Lv
i ()¢ (L + 1)(L 1)

W(LLL “%WL Y%v? WLL 1L %L 'Hv'4%) o

7 (v an even 1integer)

2(L  1)(2L + 1) J

(2L HCEL 1)y 4,
(L 1)L +1) 00

9]
[
—-

—
<
"

W(LL 2L-%L 3/2v%4) WLL 1L %L 3/2v4%),

8 (L+ L + v = even integer)

CL—I L 1 v :CL L v J(ZL +l) (2L+].)
°© 0 00 0 J(a -1)(2AL-1)
W(LL L ~%L -% v%H)
WL - 1L -1L -%L -4% v4%)
9 CL1L+1V=CLL VJ(2L+1)(2L+1) WILL L-%L +% vh)
° v 00 (2L -1 (AL +3) WL-1L +1L-%L +% v¥%
0 dd
10 Cy Sc [¢ odd ]
gl

[g even]

(-1)8*¢ 2 + 1 A(a b ¢)
(g —a) (g=b) (g -¢c)

where 2g = a * b t ¢
and & 1s defined in Eq (6) of Section II

X1



In the application of the above formulas 1t 1s often necessary to use
the symmetry relations for the vector addition coefficients For convenience

some of these are given in the following list

Cby = Ch 55
= (1) "t e Ccps
“daary (Vesh
a0 e g

2¢ + 1
= _— v+ a b
J?a UL % v a
2¢ + 1 a c b
= EE—:_I (1) C, y B
2¢ +1 a ¢ b
"J2b LAY

The summation i1n Eq (6) reduces to a single term 1f any one of the
triangles formed from the triads (abe) (cde) (acf) (bdf) reduces to zero

area In all such cases the symmetry conditions allow the coefficient 1n

question to be permuted to the form

W bd + b f)

%
2 26 ( +b+t +d+1) ( +b+ d) ( +b+d ) ( + f ) (d+ f b)
(2 +26+1) ( +d b) ( + fl C+f ) + +f+1) (b+d f) (b+tf d) (b+tf+d+]l)

For any one variable equal to zero we have a special case of the above
equation and 1n standard form the result 1is

5% 8¢

[ ¢

N(26 + 1)(2¢ + 1)

W(abed Of) = ( 1)%*c f

For the general case algebraic formulas can be given whose degree 1s

determined by the value of the smallest variable occurring i1n the desired W

X1l1



coefficient By specifying this variable to be s and placing 1t arbitrarily
in the Sth place formulas can be given for the W coefficients as a square
array with (2s + 1)? entries similar to the conventional tabulation of the
vector addition coefficients * These tables followain Section VI for s = % 1
3/2 2 (Tables A B C and D) For higher values of s the tables are of pro

hibitive si1ze and complexaity

The W coefficients that enter the correlation of two cascade radiations
have two repeated variables and thus involve only four i1ndependent variables
instead of six These more specialized Racah coefficients which can be
written 1n the form W(L v K J L J) (v must be i1ntegral) bear an 1nteresting
analogy to the Legendre polynomials If the angle between the (angular
momentum) vectors L J 1s calledd and K 1s defined by the relation K = L + J

then by the usual quantum mechanical formalism

K(K+ 1) -L(L +1) -JWJ+ 1
2LJ

cos O =

In the limit of large L J K cos & becomes a continuous variable For the

(15)

same limiting case as Racah has shown the function

( l)u Pu (COS 6)
N(2L + 1)(2J + 1)

WL v K J L J)

For finite L J K the WL v K J L J) are thus in some sense the analogues of

] \

the Legendre functions with a discrete rather than continuous "angular'

variable (K)

The recursion relation of Section III can be specialized to give a
recursion formula for the WL v K J L J) and in the limit of large L J K
this formula goes i1nto the related recursion formula for the Legendre poly

nomials To eliminate i1rrational factors

WL v KJ LJ)= J (L w»)' (2] »)! Y. (LKJ)
(2L + v + 1)! (2J + v + 1)1 ¥

A= KK+ 1) L(L +1) J(J + 1) = +2LJ cos O

Jn 2y published mil form 1 frth rthon rm 1 funct s def ed by the el t n

v bd £ =2 + 12 + 1) K bed f)

A number of these coefficients were obt ined much e rlier by H A Kramers Proc HRey
Ac d A sterdem 34 965 (1931)

X111



Then the recursion relation 1s found

2v + 1
Y, (LKJ) = {V ] Y, (LKJ) Y,(LKJ)  v(2v + 1) Y, (LKJ)
v+l

(2L + 1 + w)(2L + 1 w)(2J + 1 +tv)(2J+1 wv)Y

v + 1 v 1

(LKJ)

The Y, (LKJ) satisfy the orthogonality condition

}3 (2K + 1) Y (LKJ) Y_(LKJ) = sv (2L + v + 1)V (2 + v + 1)
K Y v - v (2v + 1)(2L vY' (2J V) !

The Y,(LKJ) are rational polynomials of the vth order 1n A with coeffa

cients i1nvolving L J (rationally) The lowest polynomials are
Y, (LKJ) = 1
Y (LKJ) = 24
Y,(LKJ) = 6A(A + 1) 8L(L +1) JUJ + 1)
Y,(LKJ) = 204% 80A% + 16A[3L(L + 1) J(J + 1) L(L+1) JWJ +1) 3]
+ 80L(L + 1) J(J + 1)
Y,(LKJ) = 7T04* + 7004°

+ A2[1560  240L(L + 1) J(J + 1) + 200L(L + 1) + 200J(J + 1)]
+ A[720 + 480L(L + 1) + 480J(J + 1) 1360L(L + 1) J(J + 1)]
+ 48L(L+1) J(J+1) [2L(L+1) J(J+1) 4L(L+1) 4J(J+1) 27]

The functions Y, (LKJ) are oscillating functions of the arguments LKJ
and 1t sometimes happens that YV(LKJ) will vanish 1n particular cases These
cases are apparently accidental and of no fundamental significance but they

may be of some i1nterest for angular correlation

X1v
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\ METHOD OF CALCULATION

The computation of the W coefficients on the UNIVAC was programmed so
as to have a completely automatic i1nput and output The operation began with

the following i1nitial values of a b ¢ d e f
a = 1/2 b=c=d=¢e=7§f=290

The UNIVAC then tested to see whether each of the triads (abe) (cde) (acf)
(bdf) was i1ntegral and that the triad conditions (see Section I) were
satisfied If this test was not passed the speedometer was automatically

set up by 1/2  Thus the next value tried was

This too was rejected and the a dial set up continually until 1t reached
15/2 at which point 1t was reset to 0 and b changed to 1/2 This process

continued until the first acceptable set of arguments
a=b=c=4d=1/2 e = f=20
was reached

A brief glance at the definition of the Racah coefficient i1n Eq 6
together with a consideration of the limits 1mposed upon the arguments (see
Section I) reveals that all Racah coefficients in this table are simple
combinations of a limited number of factorials of i1ntegral quantities In
particular only the quantities 0' 1! 2! 24' are needed It 1s clear
that this circumstance makes the computation a somewhat unusual machine
problem 1n that 1t 1s not economical to have the machine compute 1ts own
functions Instead the 25 necessary factorials were stored permanently in
the memory ready for use as required Whenever an acceptable set of argu
ments was presented by the speedometer the machine then proceeded to compute

the Racah function i1n a straightforward manner

Automatic output was achieved by the use of a second resorting routine

This simply grouped the Racah coefficients into the proper columns on a page

Xvil



printed out the page and column headings and even numbered the pages The
final output 1s automatically presented in completely edited form by electrac
typewriters Reproduction was then achieved by photographic means Thas

eliminated an i1ntermediate typist which 1s a frequent source of error

The circumstance that part of the W coefficients were computed earlier
by the use of desk computers and then later revised and extended by the UNIVAC
makes possible an interesting comparison of labor i1nvolved The computation
of the Racah coefficients i1n OBNL 1098 required over 2 computer man years
A great deal of time and money was required for the varityping and careful
preparation of the tables Many mistakes of transcription and computation

were necessarily involved

The UNIVAC computation by comparison which 1nvolved almost twice as
many Racah coefficients as 1n ORNL 1098 required only 8 1/2 hours of machine
time A total of two computer man months was needed for the coding The
total expense for the entire machine operation 1ncluding computation publi
cation etc was less than 37 of the cost of ORNL 1098
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VI ALGEBRAIC FORMULAS

Table A

W(L, J, 1, J, % L)

TTTIAX

I, J,+4 L, =J, %
/ y
s Ll Uyttt v, LD [ O A A A VXA R
(pt? ("2
(20, + (24, *+ 2)(2J, + 1)(2J, + 2) (20,)(27, + (24, + 1) (2J, + 2)
y Y

T B A A IO A ) (Jy #+J, + L+ DU, +J, L)
(1) 172 (1)
(20, + 1)(2J, + 2)(2J,)(2J, + 1) 2J,(2J, + 1)(2J,)(2J, + 1)

J1+12 L1

+




Table B

XIX

— %
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