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- COULOMB EXCITATION OF NUCLEAR LEVELS

L. C. Biedenharn*a.nd M. E. Rose

I. INTRODUCTION

The excitation of nuclear levels by means of the Coulomb field of
incident particles has been a particularly useful tool for obtaining nuclear
informationl. The interpretation of the experimental information obviously
requires that properties of the probe,the electric excitation, be readily
available and clearly understood. At present, the most feasible procedure
has been to use the classical approximation to the electric excitation, i.e.,
to consider the charged particles as travelling in a definite classical Kepler
orbit, with the Coulomb field causing the nuclear transition?. This approach,

as is well known, suffers from two defects: (1) to be valid it requires that

2
. Zy2o€
NI _ ;.1 2 7> 1, which is not the case in many experimental investigations
v

(where may be A2 or 3) and (2) the energy required for the nuclear

transition must be small compared to the energy of the incident particles.

K E

Letting K 2z 2. :g:, this condition may be expressed as 1 - f)(( 1.

kl E
i

This condition also fails in many practical cases. In fact, it is clear that

this classical approach must necessarily be invalid both for large ( '7,\/ 1)

and small ( ?N 1) bomberding energies.

Finelly, it should be mentioned that deviations from the classical

approach are apparently found exper:Lmen*l:a.lly'3 . This, of course, is the over-
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riding fact and furnishes the principal motivation in the present undertaking.

The program for which the present considerations provide an initial
formulation, is to take the Coulomb field into account rigorously in a quantum
mechanical perturbation treatment. This would provide an essentially exact
result. In this connection it is of interest to note that for dipole transitionms,
the problem was long ago completely solved, in effect, by Sommerfeldu. The
cases of greatest interest are, however, the quadrupole transitions, and,
after having the beautifully complete result of Sommerfeld for the dipole
problem, it is surprising how difficult and leborious this task proves to be.

In fact, it proves quite futile to proceed along the lines Sommerfeld marked
out, using the Coulomb wave functions in parabolic coordinates, and recourse to
the spherical representation is indicated.

In the following, we set up the problem in the spherical representation
and obtain a formal answer to both the total cross-section and angular distribution
problems. The principal problem involved in this formulation is the comstruction
of a Coulomb field wave function which asymptotically defines a definite
direction of motion. Exactly this Problem was solved in another connection.5
The problem considered in reference 5 was the internal conversion process.

The differences between that situation and the one of interest in the Coulomb

excitation problem are formal. Thus, while previously a transition between a

bound state and one in the continuum was considered here the transition is
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between two continuum states. Moreover, for one of these, the final state)
there is no coherent mixing of different angular momenta because (in accordance
with the usual experimental arrangement) it will be assumed that this state

is not observed - see B. below.

In this report the reduction of the problem to the task of evaluating
radial integrals is presented. This task of numerical evaluation is
formidable, to say the least. Complete discussion and a procedure for
numerical evaluation on the ORACLE will be presented in a forthcoming report.
The coding of the problem on the ORACLE is under way at present, and it is
hoped results will be available in the not too distant future.

II. FORMAL DEVELOPMERT

The problem to be discussed is the following: A (Coulomb distorted)
plane wave of particles, of wave vector E; and charge z; is incident upon
nuclei of charge Z,. By means of the electrostatic coupling between the nucleus
and incident particle the nucleus undergoes & quadrupole electromagnetic

transition from a state Jiﬂi to a state J the incident particles emerging

£ g
-

at infinity as a (Coulomb distorted) plane wave of wave vector k,. Here J, x

represent the nuclear angular momentum and parity. In the sequel the explicit

assumption that the nucleus is very much heavier than the target particle will

be made.

We seek tc find the total cross-section for this process, averaged over

-
the directions of k2, and, moreover, the angular correlation of a subsequent
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N Y
nuclear radiation with the incident direction k;, similarly averaged over k,.

A. Cross-Section

Let us consider the total cross-section first. It will be assumed to
begin with that the interaction is primarily electrostatic. Hence, for the

quadrupole case, the interaction is:

5h zlzae2 Z r? r™) Ya'u' (91 Yi) Y;'(S', ¢) (1)
TP

tar]
1]

Here (ri ’ 6 19 ({ i) refer to the coordinates of the ith proton in the
nucleus, and (r, & ’ ({ ) are the coordinates of the projectile. The nucleus
is considered to have negligible extension. The usuel perturbation treatment

.then leads to the result:

- {kfl- h—:;;S’fd% RASEY A v, 6 Ay° @

In (2) S denotes the appropriate summation over final states and averaging

over magnetic substates of the initial nuclear state (wave functions LU ’

and Y i respectively). Also,
5 - >
RN en 9 4 ik, -r QA
IACTRE r))

e lFl(- 1713 1; 1 (L_Lr - k1 (5)

14
e 71-1
zz.e2
I
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- =
N 2x +ik2°r
k ’ = __..k . . - A .A
o (Ey,T) e lFl(i72, 1; -1 (k2r + k) T)) (5)
e

These latter wave functions are exact wave functions of a particle of
mass m and charge z in the field of a fixed charge zas given in detail by
Sommerfeldh. They reduce to distorted plane waves at infinity, with the
appropriate out- and in-going spherical parts respectively.

Evaluating the nuclear integral formally we have:

fd T - Zi_ ri YEP( 91 'fi)Y; yi = C(Ji2Jf;Mier) (f" 2[[1) (6)

Thus:
2 2
m o 2 2J.+1
(=k—2- —-—(z]_zge2 2(15*&) 'l(f"2"i)l —i:—i-l_
kl hnPBH ' 2dy+ 5

[ ZIgu [0 V) @

Recourse to the spherical representation is necessary to proceed further,

as mentioned above. This uses:

1’/1(';1,?) ; Vin(2f +1) &

A Rpler) -(F -6) 7 7 o
| ACEY Z Pl %—e ° go )" FED o

..o‘)

F, (kgr) D eo (k) i # Ym (+, ?) (8)
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Here Df’n is the 2 e +1 dimensional representation of the rotation gz-oup. Thus

the integral in Eq. (7) becomes:

-(?’alﬂ yz“‘(?)l V)

— — 1(6) -6 )ei(6F - & 7
= bx Z Z \}(2£+1)(2£+1)e( ! °.)+( I o) D_e ({:\)Dl (f)
e ﬁ R

mO0 2 mO0 1

2 Fpler) Tpler)

I 42 j‘ 5 _M
()1 dQYz Y,;; Y2 Kk r k2r

(10)

r

°—9

Upon using the result,

n !"' 528 +1) ;m
207 < ’Maw) ot 28 s00) c(def JaXCH S g O

the Integral assumes the form:

P2 2| P -
A & - 2 -
\r- ; 2d+) . ( b -6 § 0o . 1eJ - ¢(& 24 ;00)

C(£2l,,m)u) (-yF . 'm'/* ;0 (ka) (?1). (12)

X { r=> F, (k) Py (kr) ar




and finally
[dfe /ZJ( Vo |2 v N';L)I2 (klkz) Zf- (efffl')f-'cz(&e!— ;00)
oo
x[{ r F, (57) 7 (550) %’2

(13)

Uses

(L 2 §;00) = A(2:1)
(£ 2§;00) (24 -1)(2£+3)

Pl 2 f-2;00) = s 1)
22 -1)(2€ +1)

2 o0y _ 3 +1)(L42)
c (@2 IL+2,oo) s nels)

[ ZIpF I0f - o 2 {8510 e e of

0o
- " 2
+l!7—252(29_i)[£ 2 5y (y7) 5 ple)ee] %%@[ [+ myoom, 2<k2r>dj7

Hence:
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o
.

2.2
G o2 (z.lzae.) 2741

25 Kk, 2741
o0 o '
£ (0 .21)24 1) -3 2
)(l:zo TENORY g r Ft (k) Fe (kyr)dr
O 2
. gl;:_il) [I 2 FZ (k) Fy ,(kyr) d.r]
e 2
skt [ j e 5y (ar) B0 <k2r>af] (14)

B. Angular Correlation

To calculate the angular correlation between the incident projectile
beam and the direction of a subsequent y-ray emitted {by the nucleus, it is
convenient to make use of the result that if we know the y-ray angular
correlation for the nuclear transitions Ji -> Jf by E2 (excitation), and then"

' L
Jf_) Ji, by emission of 2 pole radiation, it is only necessary to multiply

0
the Legendre polynomials Py (cos 9 ) in this correlation by the particle
»

Parameters b , to obtain the particle - y correlation. This result is discussed

y
in detsil elsewhereé. The problem reduces then to computing the b Vv and
standard techniques are available. In effect, the (virtual) E2 y-transition
of the nucleus, is represented by the incident projectile's tramsition between

Coulomb orbits. As mentioned earlier, the problem at hand is an analogue to

the internal conversion correlation problem discussed at length in reference
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(5). The calculation given below exploits this similarity, but for brevity
does not reproduce details which can be found in that reference. Since the
Coulomb excitation is (in a sense) the inverse to the intermal converéion
calculation, it should be mentioned that care should be taken in interpreting
the words 'initial" and 'Final' in comparing the two problems.

The particle parameters, b*,, are the rat;o of the tensor parameters
of the projectile to the tensor parameters of the E2 gamma ray, normalized
such that by, = 1. To obtain the tensor parameters of the projectile we couple
the tensor parameters of the observed initial state and the tensor parameters
of the unobserved final state. The latter are simple, being random and,

therefore, scalar.

The tensor parameters of the initial .state are:
/ N IV )
R,(Pas 087) = b [(e£+1)(et+1)] (-) "2 c(dd) P ;000)

i(6p) - Gyr)
S - Dq),)O (1/{‘1) (15)

The tensor parameters of the final state are simply

Re( V) = So, Soq (16)

Defining the reduced metrix elements, a(d ,2), for the tramsition

between Coulomb states by:

2o W)z o2, c(b 2 &) (17)
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one then obtains for the coupled temsor parameters,

rva) = 3 o8y Z L) - el )
wr

X WL p 2;2 'el) Ry (Va; 28y, (18)
Now the matrix elements Q( @[ ) can be simplified further:

o°

y -3 5
o(4,¢) - El-lk—g- ‘o(r Py (kr) Ty (gr)ar - J; e 2 £;000) (19)
Using this, and discarding irrelevant constants y We get:

R(Y q) ~ gr (2e+1)(2£’+1) (- )Z " (48’ v;000) c({,2 £ ;000) c(&zl,ooo)

1(0’ -0 )
(] ! [[ ~ (kor) F (klr) r dr] [IFZ (kor) ‘e,(klr) T J

- af A
X w4 gv2;e ) quo (k) (20)
Since the tensor parameters of the E2 y-transition are s
R, (Va)er ()% c(z2v;1-1) nq‘f, 7 (21)

one then obtains for the unnormalized particle parameters,
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Ty - - (22 ¥51-1)
- - i Cr' .77
X Z(z[u)(zlil) «c(l2£;00) c(€/24;00) - e (G2 -c4)
¥ o
w

4 [JF[ (kr) F, (k1) r u][ [Fé (k) B, (k) r3 dr]

!
x wWlIV2;2d)y - (-)2 c( LA V;00) (22)

By virtue of the triangular relationship which must exist between the first three

arguments of the C coefficients it is clear that for a given value of / ) l

L £oana £t
and are restricted to the wvalues and l - 2. Hence in the triple sum

L, b aa @ ]
over , L ana 4 only one of these (over Y 4 say) is an infinite summation.
The other two are three-fold sums. As & consequence, it follows that for both
the total cross section, (cf. Eq. (14)), and the angular correlation the primary
task is the computation of essentially the same radial integrals so that the

latter is, for all practical purposes, no more difficult to obtain than the

former.
/
For ) = O the W coefficient vanishes unless ,e =4°. That is
W(-eé 02;22) = lel
5(24 +1)
Also:

L
c(e£’ 0500) = dpp(-) [ 2Ak+1
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Hence:
'So = Z (24+1) cz(t 23 ;000) f P:l' (kzr) F (klr) £ d.r]z (23) ’
et ° ¢

which is seen to agree, to within a factor iqdependent of l and [ , with the
result for the total cross section (cf. Eq. (14)), as it must, of course.
It is customary to nprma.lize the particle parameters so that by = 1.
Thus one finds that the quantities of interest are:
b, =b, /5. (24)
It is more convenient to perform this normalization at the end.

III. CONCLUDING REMARKS
As developed above the calculation of the total cross section and the

b .as well reduces to the computation of the integrals:
00 .
¢ - -
I(-e,lskl,ke):: fr > Fp(5r) Eys (lyr) ar
o .

(where [9’ . | , l "_' 2). One of the major difficulties is that, unlike the

internal conversion problem, the number of ,f ‘s that enter is unrestricted.

In practice the summation to be carried out must be a finite one. It is essential s
therefore, to get an 1d¢a of how many f 's can enter in a significant way.

To & sufficient approximation this can be donme as follows. For large

values of ﬁ » ‘the magnitude of F!;

is a constant times [l/ 6.7 Crudely one can say that the magnitude is the same

at the turning point (that is, kr % £ )
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for all e (say unity). Inside the turning point, the Fl functions behave
like (r/ L)L"'l, Thus the contribution from r ¢ ,e is of the order of l -3,
Outside the turning point, the El 's oscil}ate and an over-estimate is to

neglect the phase difference between the tﬁo FL ‘s and take their product to

be of the order of unity everywhere. Thus, the outside contribution is of the

order of ,6.'2, and one gets as a rough estimate that Ins Jz_z, in general.
We have evaluated some special cases exactly and this estimate is found to be
quite precise.

Using this estimate in the summation for the total cross-section, it
is clear that the sum will involve, in the limit of large JZ , & summation
over terms that behave like l -3 , and thus this part of the sum will be of the
order of ‘6"2. For reasonsble accuracy one should expect something like one
hundred L 's to occur. The computation of 'bhe-; Y is clearly a sizeable task,
and it is essential to simplify the work as far as possible. As a computational
procedure, it would appear quite inadvisable to compute the %k 's first and
then perform the integration numerically since the functions oscillate and a
great many oscillations must be integrated before asymptotic formulae are
applicable. Rather it seems more feasible to use the properties of the EL 's

to cast the required integrals in a more tractable form. Since the steps

involved are not completely trivial (the integrals are apparently discontinuous

functions of the parameters, for example) we shall present the work in some detail

in a subsequent report which, it is to be hoped, will contain numerical results.



<16~
REFERENCES

T. Huus and C. Zupancic, Kgl. Danske Videnskab. Selskab, Mat -fys. Medd.
28, No. 1 (1953); C. McClelland and C. Goodmen, Phys. Rev. 91, 760 (1953);
G. M. Termer and N. P. Heydenburg, Phys. Rev. 93, 351, 906 (l95h). See also
A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab, Mat-fys. Medd.
27, No. 16 (1953).

R. Huby and H. C. Newns, Proc. Phys. Soc. A6k, 619 (1951); K. Alder and

A. Winther, Phys. Rev. 91, 1578 (1953).

W. I. Goldburg and R. M. Williamson, Phys. Rev. 95, 767 (1954); F. K. McGowan
and P. H. Stelson, Aﬁerican Physical Society meeting, Chicago, 195L.

A. Sommerfeld, Wellenmechanik (New York, Ungar, 1945) Chapter 7.

M. E. Rose, L. C. Biedenharn and G. B. Arfken, Phys. Rev. 85, 5 (1952).

L. C. Biedenharn and M. E. Rose, Rev. Mod. Phys. 25, 729 (1953).

Biedenharn, Glucksterm, Hull and Breit, in press.




	image0001
	image0002

