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FEXJTRON SLOWIE DOWH BY HYDROOEN ll'? THE 
CONSISTEEJT P1 APPROXIMATION 

Albert sinx3n 
Oak Ridge Egational Irzboratory 

Abstract 

Sane analytical  solutions fo r  the flux, slowing down density and 

age m e  derived i n  the consistent P1 approximation t o  the Boltzmann 

equation. One solution is for pure, non-absorbing hydrogen with a l/v 

scattering cross section. The other is for  all cross sections constant 

with the heavy elements assumed t o  have inf in i te  mass. 

compared with the corresponding predictions of the Selengut-Goertzel 

theory, and a tentative explanation of the gross behaviour is advanced. 

These resu l t s  me 



REU!EROlV SLOWIETG DOUH BY BYDRWM IR TBE 
CONS IS^^ PI APPROxIEaATION 

Oak Ridge Hational Laboratory 
Albert Shmn 

I. Introduction 

It i s  customsry t o  use the age-dfffusion approximation i n  calculat- 

ing the c r i t i ca l i t y  of systems which do not contain hydrogen. When hydro- 

gen i s  present, however, it i s  clear tha t  th i s  method i s  inappropriate 

since the age-diffusion theory assumes continuous slowing dawn while the 

neutron can actually lose a l l  of i t s  energy in  a hydrogen coll ision. This 

situation has been par t ia l ly  remedied by the introduction of the Selengut- 

Goertzel method, which U ef fec t  makes use of the correct distribu%ion of 1 

energy loss  suffered by a neutron i n  a col l is ion with a proton but neglects 

the correlation between energy loss  and angle of scattering. The scatter-  

ing by the heavier elements i s  treated in the sane fashion 8s in age- 

diffusion. 

The neglect of energy-angle correlation in  the S.G.  theory has at l eas t  

one well-barn consequence in tha t  the predicted age in hydrogen, with the 

heavier elements considered as nan-slowing-dam i s  incorrect.2 On We 

other hand, it i s  equally well known that when the energy-angle csrrela- 

t ion  i s  included in  a consistent manner, the age i s  then given correctly. 3 

Since the s tar t ing paint of a l l  these approximation methods is the P1 
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approximation t o  the Boltzn?ann equation, and since the energy-angle 

correlation i n  hydrogen may be included in a consistent manner, this 

l a s t  method is often referred t o  a s  the consistent PI approximation. 

Several michine codes for calculating the c r i t i c a l i t y  of reactor 

systems in the S.G. approximation a re  in e ~ i s t e n c e . ~  A consistent P1 code 

(Cornpone) i s  under development a t  the ckrk Ridge Hatianal Laboratory5 and 

numerical solutions for  the PI (and B1) approxinstion i n  water have been 

reported by p;ApL. 

and predicting the resul ts  of such. machine calculations t o  have some analy- 

6 It i s  always advantageous, of course, i n  understanding 

t i c a l  solutions available. 

calculations i s  the slowing down density. 

i n  the S.G,  approximation by Eurwitz and Z ~ e i f s l . ~  It is  the purpose of 

The most relevant quantity for c r i t i c a l i t y  

This quantity has been calculated 

1 
th is  note t o  provide some corresponding resu l t s  for the consistent P 

approximation. The results t o  be given i n  t h i s  report are not as general 

a s  that i n  reference 7 i n  that solutions are  obtained only fop very 

specific choices of the cro6s section variation. Elevertheless, it is f e l t  

that the two cases solved below, particularly the "l/v" behaviour, may 

provide sane insight into the theory. 

The 'basic equations of" the  consistent P1 approxinwtion a re  derived i n  

Section I1 along with a f irst  =der integro-differential relation for the 

flux. This relat ion i s  solved in the next two sections for  the case of 

pure hydrogen scattering w i t h  a 1/v cross section, ana for a l l  cross 

sections constant. A discussion of the results i s  given i n  the last 

section. 



-3- 

11. - The Consistent 5 Approximation 

The one-dimensional Bolt- equation with a neutron source whose 

spatial dependence is of the form em may be written 

Here 

f~ = the angle between the velocity vector and the x-axis. 

p(u,y) = neutron flux in  the  lethargy interval between u and u + du, 

and azimuthal angle $ and + a#. Y ' d t "  angular interval p and 

All fluxes and cross sectiofis are assumed independent of I. ' - t o t a l  cross section. 

zH = hydrogen scattering cross section. 

zM = scattering cross section f o r  all remaining elements. 

T' 

S 

S 

K ( U ' + U , ~ ~ )  = probability of scattering from a lethargy u' t o  lethargy u 

through an angle po. 

S(U) = source of neutrons, assumed isotropic. 

The P approximation t o  t h i s  equation is obtained by expanding the scattering 

kernels and neutron flux i n  Iegendre polynamials as follows: 
1 
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Multiplying Eq. (1) by ei ther  1 or p and then integrating over all 

angles, the result ing two equations haxe the form: 

A t  th is  point the approximations are made which different ia te  the age- 

The age-diffnsion diffusion, Selengut-Goertzel or consistent P1. equations. 

approximation resul ts  from expanding Zs q0 and ZsYl in  a Taylor series 

i n  lethargy about u and keeping only *he first two terms fo r  zs *o 

fldrsmrarn this only 
U 

in tha t  the lethargy expansion is not made in  the term including 5- Finally,  

the consistent P_ approxfmation is obtained by not s m k ~ g  the lethargy ex- 
H H 

pansion i n  the terms fgcluding both K 0 and $. 
L 

Thus the hydrogen slowing 

down is tplea;ted exactly.* 

*It should be noted that the "consistent PI approximation" may include 
approxfmations for  the heavy element slowing down (I$) other than tbose 
of age-diffusion (seegeference ' 5). The essentfal feature is the exact 
treatment of KH and 5, however. 

0 
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If isotropic scattering in the center 

hydrogen, the following simple expressions 

a<ut, 0 u) = 

of mass system is assumed for 

result : 8 

(W - (u-u ) e 

- 3  -(u-ut ) 
$(ut-II u) = @ 2 
1 

E', in addition, the heavy elements are assumed to be non-slowing down, 

their scattering kernels also take a simple form: 

I 
K (ut+ U) = ~(U'-U) 
0 

where is the average cosine of the scatterfng angle on the heavy element. 

Making these assumptions, the resulting consistent PI equations have the 

simple form: 

Equation (5) may be reduced to a single first order integro-differential 

equation in the flux (yo).  Differentiating Eqs. (5s) and (5b) with respect 

to u, one obtains: 
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where the sylnbol zs refers to hydrogen scattering only. 

be readily solved for 

Equation (6b) may 

and the result is : 
T 1  

U 

3 0 

- = S  =, 
1 

where the fluxes have been required to vanish above the SOUTC~ e n e r a ,  

stituting this expression in Eq. Q~s), the following equation in Po is 

Sub- 

obtained : 
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Equation (7) has been solved i n  two special cases 

0, zs T"l/v 

are constant i n  lethargy. 
5 

These resu l t s  axe given i n  the following two sections. A quantity of more 

immediate interest  t o  c r i t i c a l i t y  calculations is  the slowing down density 

q. This is  related t o  Po as follows: 

and is a l so  calculated below. 

III. Pure l/v Scatterer - 
M 
S S 

Let La = 0,z = 0, z = and assume tha t  the source is  a delta 

function a t  zero lethargy. Equation (7) takes the form: 

r I 

1 1 
This first order linear equation may be solved quite readily w i t h  the 

following resul t .  
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The slowing down density q follows immediately by use of Eq. (8). 

It is 

L 
where 

2 
B y = -  

3a2 

For small values of y, this  expression is of the form 

q(u) 2 1 - y { 4 - 3e-u - + - - - - - - - - 
Hence the age, which is the negative coefficient of B2 in the expression 

of q(u), is obtained immediately. 

I 

. I. 
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These expressions may be generalized to a distribution of sources 

if it is recognized that by the deflnition of the cross section a is the 

value of' the cross section at the (delta) source energy, 

example, Eq. (11) generalizes to 

Thus, for 

B2 
3 L (u 1 )2 , Y =  

S(ul) = source distribution in lethargy," 

The corresponding results in theSIG.approximation are readily found 

by the method described above or may be readily obtained from the results 

of' reference 2. They are: 

where 

x = B2/2 

I fis. G. =F- 1 ( 2 - e  -U ) 
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IB, Constat - moss Sections 

Equation (7) can now recInceiI to an 'fnhnr~aeneous second oriter 

diff'erential equation w i t h  constant coefficients. 

by differentiating the equation with respect to zx and e-atfng the 

'This is 2kCC-w 

integml by the use of Bq. (7 )  a.@ix~. The result .€S: 

Yhere the scmrce is assumed to be a delta function at zero 

homogeneous part of this equation has a general solution which. is CSP tbe 

form 

! P k  

A particular solution is then always obtained as follows: 
\ 

1 

e 

where  f ( n )  represents the r.h.s. of' Eq. (16) and A is the coefficient of 

Fm. The general solution is the SM of the homogeneous and particular 
0 
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solutions. 

source energy, it is clear that C1 = Cg = 0. 

is  the particular solution alone. 

However, since the flux must vanish f o r  energies above the 

Hence the desired solution 

Same care must be used i n  evaluating the integral involving derivatives 

of the delta function thus, 

Substituting the r. h. S .  of Eq. (16) fo r  f (u )  in Eq. (18), one obtains 

where r and r are the two possible quantities 
1 2 
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i 

It should be n d a d  that the real  part of both rl and r2 is  always negative. 

An slrpression for t h e  slowing dawn density ~ ( u )  i s  obtained by use of 

Eq. (8). The result, after some algebraic reduction, i s  

J 

The value of the age may. be few@ ?xy expaadkg thfs expression in powers 

of B . 2 2 For small B , r1 and r have the vsbues 2 

, -  

\I 

.... 
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. 

and the result ing expression f o r  the age, a f t e r  some lengthy algebra, becomes: 

r 

where Q = 3 - 
2 

notation above 

-I 

Z S  . f'k f b  w a r t h  reminding the reader that the - ZA +zs 

i s  as follows: 
L = ZH 

S S 

L T = L a + ZH S + p ( 1 - p )  

The corresponding expressions for the S.G. theory are: 

U 

S 
t 

- 

e 

r 1 
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vhere the new syrnbol L, is  defined as 

- - - l H  + L  rq (1 -F>. 3 s  S 

The important point t o  n d i c e  fs that the hydrogen transmrt cmss section 

'ZH appears i n  the S,G, theory, rJblle it is effectively replaced by the 

%is behaviour is 
3 s  
t o t a l  hydrogen cross section in  the more exact theory. 

due t o  the inclusion of energy-angle correlst ian the thm- thus 

mrilring hydrogen collisions effective for slowing down of neutrons. 

V, Discussion and Conpar $son - of Results - 
%e Fourier transform of the slow%ng d m  density t o  t h e m 1  appears 

as as important factor  In  the a r i t f ca l  qu@tion. 

of asymptotic reactor theory are made,9 the c r i t i c a l  equation takes the 

If the usw assusptions 

f o m  

where k is the infinite medium multiplication constant, gi is the remon&z1c@ 

escape probability, L is the thermal diffusion length and B is the buckling. 

The quantity 2 (B ) i n  the usual notation, i s  just  w b t  has been denOted 

as Q i n  th fs  paper. 

'&e slowing down density i n  pure hydrogen with a l/v sca'tterer is 

plotted i n  Fig. 1 for both the consistent PI and S ,  G, approximations. 
. .  

. .  * A  L e '  

I .  * . + ' *  8 .  
k. . * ,  . * . . -  

\ 
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Fig. I .  Variation of Slowing Down with Buckling. 



The lethargy difference chosen (P8,2) corresponds t o  the slowing down of 

a source neutron a t  2 Mev t o  thermal. 

t o  the l /v  case. 

There are two interesting featuses 

The %&st of these is the fac t  that both the slowing 

down and age approach a ffif te value as the lethargy fncreases indefinitely. 

This may be seen from Eqs. (11) and (121, and is a direct  r e s u l t  of a 

cross section which increases rapidly wfth lethargy. Once the neutrons 

have been par t ta l ly  degraded in energy, they are rapidly degraded further 

and lose a l l  t h e e  energy, on t'ne average, i n  a fijllfte d%stance, 

resu l t  occurs in the S. G. theory as may be seen from Eqs. (14) and (15). 
2 For large u, the Pl age approaches 4 / 3 8  while the S, G. age goes t o  2/a 

which differs by 505. 

A sBmflap 

A second feature of the l/v results is the cross over of the values 

of q i n  the v ic in i ty  of B2/$ = 1.3. 

values of B*/c?> qpl w j t l l  even become negative. These resu l t s  may 

possiblybe explained in the following quaUtative fashion. For a 

large reactor (B2/c? (1) with a l/v cross section the leakage is deter- 

In fact ,  for suff ic ient ly  large 

mined by high energy escape. 

and became degraded in energy they axe quickly slowed down further by 

Once the neutrons have suffered a collis2on 

the increased cross section. As has been remarked earlier fn Section IV, 

the P1theory has a larger effective cross section f o r  hydrogen than the 

S.G. theory because of i t s  inclusion of the energy-angle QarreLation. 

The t o t a l  cross sectionZs fs effective Sn the P case while the 

port  cross section &(l - )  (= 
I 

is applfcable i n  the S. G. theory. -r J 
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Hence the fast fo larger for the S, G. case aad q is aara%a%r. 

When We reactor bee 

flax should become highly singulas: in the noplnal direction, 

porkant contribution t o  the slowing down is made by neutrons which 

have snf"fered large angle eol.lisions. 

one attempts to flit a hQhly singalar frmctfon with only two angular 

polyn~dals,  the result- fit is negative fi t k  b a c M  direction, 

!Ems, for 

The h- 

It 3,s an interest- point'' if 

f ~ n  of a delta ~'IXCE~SOR in angle is 

I + 3 cos0 

which is negative 3n the r e m  directions, 

negative contrLbutfons from the eollfsfon densfty which make both 

yo and g negative in =the P% approximation for sufficiently s n r a ~  

reactorso 

this 1mt* 

St fs jut them 

Of C O P ~ P S ~ ~  ft paeikes l f t t le  sense t o  m e  the Pl,theopy in 

!&e previous effects 81"e nowhere new as pronounced fn the caastant 

cross section case. Far one thfngthe age inereahsea s-incaazly with in- 

creasing lethargy and the slowing down vasishes exponentially. 

m f a t i o n  of q with B / L  

assunrptfons regwdfng the absorption and heavy element oc8tter9Bge 

The 
2 2  io plotted fn FSgs, 2 t o  5 ~ Q E "  S e V @ r ? d  

S 
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*There fs very little dmerence  beTween the PI md S.G. results fn the case 

of no absorption, although a cross ovey is stf3.l observed. 

decreases mre slowly however, with increasing absorption, u n t i l  the cro6s 

The PI age 

Bigelow 6 have evailuated q in the Pl approxfnaWon by 

numerical methods f o r  the case of a fission s o q e  in water. 

htt4resthg t o  note that t h e b  resul%s show 8 cross over of the P1 and 

S.G. s l o w  down In a manner similar t o  the resu l t s  gfven Sn t h i s  paper. 

It is 

This may not be too sufepr%shg since tbe hydrogen cross section can be 

fitt€$ by EL function of the; -form 1/A + BBW 11 

L 
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Pg. 12 

The expression a t  the top of the page should have a f i n a l  brace, 
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Pg. 14 
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The equations a t  the top of the page should read 
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Figure 5 should be replaced with the enclosed graph 
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