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RADIATION FLUXES I M  A CYLINDRICAL CAVITY 
RESULTING FROM AM IDEALIZED 

EJFimm (XmRJmT 

Abstract 

The equations fo r  the contribution t o  the radiation flux 
in  a cylindrical cavity coming from the current entering 
through the curved surface are developed f o r  two cases. 
one case the cylinder is of finite length and the f lux  is ob- 
tained along the centerline. In the other case the cylinder 
extends t o  inf in i ty  in one direction from the plane in which 
the flux is determined along the radial from the center. In 
each case the entering current is  idealized t o  Uve an angular 
distribution with an axis of symmetry which is not necessarily 
along the normal t o  the surface. 

In many experiments involvdng cylindrical cavit ies it is possible t o  

In 

obtain the radiation flux throughout the cavity; however, f t  is di f f icu l t  

t o  interpret the data t o  obtain the angular distribution 04. the incaaring 

current when there is a need for such information. 

can also arise, but the problem of converting from current t o  flux is about 

as d i f f i cu l t  as the other problem, 

The inverse si tuation 

It is the purpose of th i s  report t o  develop some equations which will 

give the flux in the cavity resulting from an idealized entering currento A 

plot of the equations can then be compared with flux measurements t o  obtain 

the ideal current which most closely resembles the one 

all cases the developkenti w i l l  be limited t o  the flux contribution from the 

radiation entering the curved surfaces only. 

that the entering current is  constant over the ent i re  curved surface, 

the e x p e r w n t o  In 

In  a l l  ~ases , i t  is assumed 

!Phe geometry and vaPiables t o  be considered are given i n  Fig. 1. In 
-+ . +  Fig. 1 t h e  vector BC lies along the normal t o  the surface and the vector BA 

is in the plane c o n t a b b g  the surface norms1 and the axis of the cylinder. 

-1- 
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Fig. 1. Coordinate System for Determining the Radiation Flux in a Cylindrical Cavi ty.  
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--+ 
The vector BA l i e s  on the axis of symmetry of the radiation current coming 

from the surface element ds, In addition, the following definitions apply: 

R = radius  of the cylinder, 

h = length of the cylinder, 

x = fraction of cylinder length, h, t o  the plane containing the point 

of detection, 

a = radial distance t o  the point of detection, 

z = distance measured along the length of the cylinder from the plane 

containing the point of detection, 
-3 

r = vector from the surface element ds t o  the point of detection, 

0 = angle between the z direction and the vector r, 
3 

i 

8, = angle between the surface normal and the axis of symmetry of the 

entering current, 
4 ?= angle between the vector r and the axis of symmetry of the 

entering current, 

# = azimuthal angle about the z direction measured from the surface 

normal L t  the element of area ds, 
-% 

P(a) = particles per unit  solid angle in  direction per unit surface 

area per secp 

the variables b and 8 and the point of detection D are shown in Fig. 1 

The flux a t  point D is given b y ,  

P(z)Rdedz 2 I 
r 
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However, the most desirable form for  Eq. 1 is obtained with the angles 0 and 

# as the variables of inte&ation. Since the transformation has been des- 

cribed before,I only the results w i l l  be given here 

where 

k = a/R , 
P = h/R , 
Bl = cos$ - d w ,  
B2 = cos# + / k E Z q i  . 

Turning t o  the idealized entering current 

made that 

the assumption will be 

= o  n 97 - 2 :  Y (7 1 

where K j  is  the normalizing constant. 

depend on the variables G) and # by rotation of the axis of symmetry t o  give 

Equation 7 can be transformed t o  

-taneo 

3 tan fkl 
pC;;> = K (case, ~ i n d  COS# + sine,  COS^) , 5 cos$, 

= o  

.- 

1. C. D. Zerby, A Monte Carlo Method of Calculating the Response of a 
Point Detector a -ray P o s E i m  - Cylindrical m e i d ,  
oRNL-2me,1956), 
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Ekpanding Eq. 8 i n  a series 

= o  

where C ( z )  are the binomial coefficiepts. Simplification is ultimately 

achieved if  Eq. 9 is substituted in to  Eq. 2 and the transformation 

sin# = k s ina (10) 

is made t o  obtain 
j -n-1 j 

$j  = 2Kj c C(2) sinne0 cosJ-"B0 7 (1 - k2 sin2a) da 
n=o 

a=o 

I PX / 

where 

c1 - -, /m- 
c2 = JiT'iXZG+ 

k cosa, 

k C W a ,  

1 c1 Q1 = whichever is the leas t  of tan' 
P ( X - 1 )  

Q2 = whichever is t h e  l eas t  of tan'' 

. .  
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It i s  not possible t o  solve Eq. 11 i n  general; however, there are two 

cases and a special example of the second which lead t o  analytic expressions 

and will be treated here. 

For the f irst  case le t  k = 0 in Eq. 11 which will give the f l u x  along 

the centerline of the cylinder, then 

r' 

= ctn-l(-ctne0) if ctn -1 p(x-1) 2 IC - 6,. 

Equation 12 can be evaluated by direct  integration; however, it is bet ter  t o  

introduce a new function defined by 

Same special cases of Eq. 13 are obtained by direct  integration as 

.- 

I. 
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Recursion relations for  Eq. 13 are obtained after integrating by parts t o  

give ~ ., 

m 2 - 2  

n z 0  
, (17) 

1 
Fm,n(Y) = 

Using the definit ion from Eq. 13 i n  EQ. 12 gives 

5 Pj = 2 n K . X C ( i )  s i n  n 8, COS - Fj-n,n 
Jn=o 

where 

Q = Px, 

s = p(x - 1) if ctn-lp(x - 1) c n - eo, 
-1 = -etne, if  ctn p(x - I), ZI - eo. 

r 

Equation 19 is most easi ly  solved w i t h  the use of Eqs. 14, 15, 16, 17, and 181; 

the result ing equations f o r  values of j from zero t o  five are given i n  

Appendix A. 

value of p taken as 3.701 are also included i n  Appendix A. 

Graphs and tables of values computed using the equations with the 

The second case of in te res t  occurs when x =1, p = 00 and 8, 3 0 

i n  which case Eq. 11 reduces t o  



n=o 

where f (n) = gamma function, 

and the new function q ( k )  is defined 1 

\ 

I (21 1 2 2 n  G(k) = J (1 - k sin a) da. 
.; 

0 

Evaluation of Eq. 20 is  most easi ly  accomplished with the use of a 

recursfon formula fo r  the fkc t ion '  Q(k) developed in Appendix C and 

given as 
. -  

The expression fo r  the function G ( k )  for  the f irst  f e w  values of n of 

interest  c m  be obtained direct ly  from Eq. 21 as 

1 4 2  (k) = K(k), 
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.. 

... 

where K(k)  and E(k)'are the complete e l l i p t i c  integrals of the first and second 

kind respectively. For two values of k the function &(k) is given by 

lr In(O) = - 2' 

Since a term having I- 

values of 8, except 8, = 0, it is obvious that $J w i l l  be inf inf te  f o r  k = 1 

i n  a l l  cases but those for which 8, = 0. 

the idealized source term which has a f i n i t e  probability of emitting radia- 

t ion tangent t o  the inter ior  surface. For t h i s  reason Eq. 20 w i l l  not give 

r ea l i s t i c  results fo r  values of k near one; however, they should be useful 

over most of the range of the parameter k. 

(k) occurs i n  Eq. 20 for  any value of j and a l l  
1/2 

This s i tuat ion arises bepause of 

"he equations tha t  resu l t  from Eq. 20 for  j values of zero through 5 

are given i n  Appendix B. 

equations are also included i n  Appendix B. 

Graphs and tables of values computed using the 

A special  case of Eq. 20 that leads t o  a simple resu l t  occurs when 

8, = 0. In tha t  case &. 20 reduces t o  

'. . 



+ 1) htting K j  = so that the source is normalized t o  one par t ic le  
21z 

per square centimeter of surface per see and using Eq. 22 i n  Eq. 30 it is 

possible t o  obtain the recursion formula 

The values of 

direct ly  from 

The values of' 

the function 

Eq. 30 as 

for  the first f e w  values of j me obtained 1pj 

gJ fo r  greater values of j are obtained-from Eq. 31. 

The r a t i o  of the flux a t  k = 0 t o  that a t  k = 1 for  the case 13, = 0 

is obtained from Eq. 30 with the use of Eqs. 27 and 28 as 

J 

( fj )k=l 

where 
- ,  Ro = 0, 

R1 = 1, 

I. 

.- 
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Appendix A - 

Formulas, Graphs, and Tables f o r  the Flux on the Centerline 
of a Cylinder of Fini te  Length 

Equation 19 has been evaluated fo r  j = 0, 1, 2, 3 ,  4, 5. The formulas 

are given below. 
h p = -  
R ’  

In every case the following definit ions apply. 

= - ctne, ctn-lp(x - 1) - 7 a - e,. 
Case 1: j = 0 

Case 3 :  j = 2 

- ctn-lq + ctn-lS 1 + sine, cos6, 
(q2 + 1) (s2 + 1) / I 

1 1 + 2 sin2eo 1 s - Q - ctn-lq + c t n - k  
x [  

- 
(S* + 1) (q2 + 1) (s2 + 1) (q2 + 1) 
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Case 4: j = 3 

43 = 2* q3,o - + f2,l + j1,2 + $0,3) .. 
where 

I- 

Case 5: j = 4 

where 

S + -  3 
+ 1)2 (s2 + 1)2 2 

-r 1 

11 .- 
€ 5 -  - ctn-lg + ctn-lS 

(g2 + 1) (s2 + 1) 
4 



.. 

.- 

Case 6:  j = 5 

where 
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Table 1. Flux @j/Kj) on Centerline of a -- - - -  --  
Cylinder - of Finite Length 

X O0 loo 20° 30' 40' 50° 60° 
-~ ~ ~ 

j = 0, p = 3.701 

0 8.21 
0.2 11.83 
0.4 13.35 
0.6 13 35 
0.8 11.83 
0.9 10.26 
0.95 9.28 
1.00 8.21 

0 6.07 5-17 
0.2 9.69 9.02 

0.8 9.69 10.07 
0.9 8.20 8.78 
0.95 7-19 7.85 
1.00 6.07 6.78 

0.4 10.94 10.61 
0.6 10.94 10.93 

j = 1, p = 3.701 

4.13 
8.07 

10.17 
10.60 
10.15 
9.10 
8.28 
7.29 

3.14 2.24 1.47 0.84 

9-03 8.01 6.94 5.84 
6.99 5.90 4.82 3;78 

9.94 9.01 7.99 6.91 
9-91 9-38 8.56 7.52 
9.14 8.91 8.40 7.64 
8.46 8.04 7.46 
7.58 8837 7.63 7.46 7.05 

j = 2, p = 3.701 

0 4.90 3.85 2.83 1-93 
0.2 8.37 7.64 6.70 5.65 
0.4 9-31 8.99 8.40 7.60 
0.6 9-31 9.15 8.98 8.38 
0.8 8.37 8.80 8.89 8.62 
0-9 7.02 7.76 8.19 8.24 

1.00 4.90 5 985 6-59 7.04 
0.95 6.03 6.90 7-50 7.76 

1.20 0.65 0.29 

6.64 5.59 4.49 
7.58 6.62 5.56 
8.02 7-17 6.16 
7-93 7.27 6.36 
7.64 7.16 6.37 
7-13 6.85 6.25 

4.55 3.48 2.49 

5 = 3, P = 3.701 

0 4.18 3.10 2.01 1.31 
0.2 7.47 6.81 5.87 4-90 
0.4 8.16 7-92 7.46 6.76 
0.6 8.16 8.15 7-91 7.44 
0.8 7.47 7.86 7-93 7.69 
0.9 6.27 7.02 7.45 7.51 
0.95 5 931 6.24 6.89 7-17 
1.00 4.18 5.21 6.06 6.58 

0.71 0.32 0.11 
3.81 2.75 1.82 
5.87 4.84 3.75 
6.75 5 3 5  4.82 
7.16 6.37 5.41 
7-19 6.52 5.61 

6.68 6.36 5.66 
7.04 6.51 5.67 
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Table 1. (conk) 

O0 10' . 20° 30' 40' 50° 60' . *  

0 3.70 
0 e 2  6.81 
0.4 7-31 
0.6 7.31 
0.8 6.81 
0.9 5.75 
0.95 4.82 
1.00 3-70 

0 3.35 
0.2 6.30 
0.4 , 6.66 
0.6 6.66 
0.8 6.30. 
0.9 ' 5..36 
0.95 4.47 
1.00 3.35 

2.63 
6 2 4  
7.15 
7.31 
7-13 
6.46 
5.75 
4.76 

2.28 
5.81 
6055 
6.66 
6-55 
6.01 
5-37 
4.42 

j = 4, 

1.68 
5.42 
6.79 
7.14 
7-19 
6.86 
6.39 
5.59 

5 = 5, 

1.23 
5.05 
6.26 
6.55 
6.59 
6.36 
5.99 
5 .OO 

p = 3.701 

0.94 0.44 
4.41 3.32 
6.19 5-37 
6.78 6.18 
6-99 6.55 
6.91 6.61 
6.67 6.54 
6.18 6.46 

0.17 0.04 
2.28 1.54 
4.35 3.26 
5.35 4.33 

5-99 5.11 
6.02 5.18 
5.95 5.22 

5.84 4.91 

p = 3.701 

0.69 0.29 0.09 0.02 
4.07 2-97 1.94 0.99 
5.78 4.99 4.00 2.91 
6.27 5.76 4.98 3.98 
6.44 6.08 5.44 4.55 
6.40 6.15 5.58 4.74 

5.84 5.95 5.64 4.88 
6.25 6.13 5.63 4.82 

. -  
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Appendix B - 
Formulas, Graphs, and Tables for the Flux on the Radius at the 

End of a Cylinder of Semi-infinite Length 

The equations that result from Eq. 20 for values of j from zero through 

five are given below. 

Case 1: j = 0 

f0 = 2aK&K(k) 

Case 2: j = 1 

case, + K(k) sineo 

Case 3 :  j = 2 

= [E(k) COS 2 8, + 2sineo cose, + K ( k )  sin 

Case 4: j = 3 

$3 = 4K3 g (2-k 2 cos 3 eo + E(k) sine, cos 2 eo + - n 2  sin eo coseo + 2 - K(k) sLn3eJ i" 2 3 

Case 5: j = 4 

$b = nK4 k(2-k2) E(k) - (1-k2) K(k)] cos4eo + (2-k2) sineo cos 3 8, r 1 
+ - 3 E(k)  sin 2 8, cos2e0 + 2 sin30, case, + f K ( k )  sin 

2 

. 
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case 6: j = 5 

I 

- ( l -g)K(k) 1 
I 2 2 3 4 3 2 4 + - (2-k ) sin eo COS e, + - E(k) sin e, COS e, + Z S ~  e Coseo 
3 3 .  2 

.. 
sine, COS 4 e, 

- -  

+ 8 - K(k) sin58, 
15 

1 



.. 
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a *  

. 

* 

.. 

Radius a t  the End of a ----- 
Length -- 

O0 loo 20° 30° 40° 50° 60' 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
0.95 
0 * 995 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
0.95 
0 995 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
0.95 
0 - 995 

9.87 
9.89 
9.97 

10. LO 
10.30 
10 59 
11.00 
11.60 
12.54 
14.33 
16.51 
23.22 

6.28 
6.28 
6.28 
6.28 

6.28 
6.28 
6.28 
6.28 
6.28 
6.28 
6.28 

5.28 

4.93 
4 0 9 2  
4.89 
4.82 
4 3 3  
4.61 
4.46 
4.26 
4.01 
3.68 
3.44 
3.19 

7.28 
7.28 
7 029 
7.30 
7-33 
7.36 
7.40 
7.47 
7-57 
7-77 
8.01 
8.75 

6.01 
6.00 
5.96 
5.90 
5.82 
5.71 
5.56 
5.38 
5 915 
4.86 
4.66 
4.52 

J = O  

8.05 
8.06 
8.07 
8.10 
8.15 
8.21 
8.30 
8.43 
8.63 
9.02 
9.50 

10.96 

j = 1  

8.58 
8.59 
8.61 
8.66 
8.72 
8.81 
8.94 
9.13 
9.43 

10.00 
10.70 
12.83 

j = 2  

6.95 7.66 
6.94 7.65 
6.92 7.63 
6.87 7.60 
6.80 7.56 
6.71 7-50 
6.60 7.44 
6.46 7.36 
6.29 7.29 
6.11 7-27 
6.03 7-37 
6.19 8.02 

8.85 
8.86 
8.89 
8.95 
9-03 
9-15 
9-31 
9.56 
9.94 

10.68 
11 57 
14.31 

8.03 
8.03 
8.02 
8.01 
8.00 
7.99 
7.98 
7.99 
8.04 
8.21 
8.53 
9.76 

8.85 
8.86 
8-90 
8.97 
9.06 
9.20 

9.69 

11.03 
12.09 
1 5  36 

9.40 

LO. 15 

8.03 
8.03 
8.04 
8.05 

8.11 
8.16 
8.26 
8.43 

8.07 

8.82 
9.36 

11.23 

8.58 
8.60 
8.64 
8.71 
8.82 
8.98 
9.21 
9.53 

10.05 
11 e 04 
12.24 
15 94 

7.66 
7.66 
7.68 
7-71 
7-77 
7.85 
7.96 
8.13 
8.42 
9.01 
9-77 

12.23 
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Table 2. Cont. 

loo 200 30° 40' 50° 60' 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
0.95 
Q 995 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
0.95 
0 995 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
0.95 
0.995 

4.19 
4.17 
4.10 
4 .OO 
3.85 
3.67 
3.43 
3.16 
2.85 
2.49 
2.28 
2.12 

3.70 
3.67 
3.59 
3Yi6 
3 -27 
3.04 
2-77 
2.48 
2.16 
1.85 
1.69 
1.58 

3.35 
3.32 
3.22 
3.06 
2.85 
2.59 
B *31 
2.01 
1.72 
1.46 
1.34 
1.27 

J = 3  

5 027 6.23 6.96 7.35 
5.24 6.21 6.94 7.34 
5.18 6.14 6.89 7-30 

4.90 5.88 6.67 7-15 

4.45 5.44 6.30 6.91 
4.15 5-15 6.06 6.76 
3.79 4.81 15.79 6.61 
3.39 4.42 5-50 6.49 
3.14 4.19 5.36 6.53 
2.94 4.07 5 -49 7.09 

5.06 6.04 6.80 7.24 

4.70 5.68 6.50 7.04 

7.35 6.96 
7-35 6.96 
7.33 6-96 
7.30 6.97 
7-27 6.98 
7.22 7.00 
7.18 7.05 
7.14 7-12 
7.13 7.27 
7.25 7.63 
7.51 8.14 
8.65 9.90 

j = 4  

4.78 5-72 6.42 6.80 6.80 6.42 
4.74 5.69 6.39 6.77 6.78 - 6.42 
4.64 5.59 6.31 6.71 6.75 6.41 
4.49 5.43 6.17 6.60 6.69 6.39 
4.28 5.21 5.97 6.46 6.60 6.37 
4.01 4.94 5.72 6.27 6.50 6.36 

3.34 4.23 5.08 5.79 6.25 6.35 

2.35 3-15 4.10 5.16 6.19 6.97 

3.70 4.61 5.42 6.05 6.38 6.34 

2.96 3.82 4.71 5.52 6.13 6.41 
2.56 3.38 4.31 5 -25 6.08 6.62 

2.20 2.98 4.04 5.39 6*89 8.28 

5 = 5  

4.42 5.34 5.99 6.33 6.33 5-99 
4.38 5.30 5.95 6.30 6.31 5.98 
4.26 5.17 5.84 6.21 6.25 5.96 
4.07 4.97 5.65 6.07 6.17 5-93 
3.81 4.70 5.40 5.87 6.05 5-89 

3.15 3.98 4.73 5.34 5-72 5.79 
2-77 3.56 4.33 5.02 5-53 5.74 
2.40 3-13 3-91 4.67 5.33 5.73 
2.05 2.72 3.48 4.34 5.18 5.84 
1.88 2.51 3-27 4.19 5.19 6.07 
1.77 2.36 3.15 4.24 5.63 7.07 

3-50 4.36 5 -09 5.62 5.90 5.84 

... 

'* . 
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Appendix C 

Development of the Recursion Relationship 

- 

for the Function h(k) 

In Eq. 21 the function &(k) was defined as 

- - Kp (1 - k2 sin2a)” da. (c.1) 
J 
0 

In what follows n w i l l  be interpreted as a number having any value in the 

interval (-&, +Q) and not necessarily integral or half-odd integral values, 

however, the general use of the function will be for the latter case. 

A recursion relationship for the function can be obtained by es- 

tablishing two simple relationships. First make the transformation 

tan in m. C. l ,  then make the transformation sin % = k sinp /l - k2 
k 

cosa = 

to obtain 

0 0 

or  in terms of the function &(k) 

Equation C.3 is one of the required relations, the other is obtained by noting 

that 
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XI2 X I 2  XI2 7 (1-k2 s in  2 n  a )  dcr = r (1-k2 sin2cx)n-1 dcr - k2 sin2a (l-k2 sin2a)n-1 cia, (C.4) 
J 
0 

and 

J 
0 

XI2 

J 

0 

so tha t  one f ina l ly  obtains from Eq. C.1 

Since both Eqs .  C . 3  and c.6 apply for  n i n  the interval  (-a,@), Eq. c.6 can 

be rewritten as 

k aI-n(k) 
(k) = I (k) + - - (n+l) -n 2n a k  

I 

and Eq. C.3 can be substituted into 

or  a f t e r  some reduction 

Eq. C . 7  t o  give 

(c.7) 
* -  

. 
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3 .  

and arr ive a t  a q d 4  Finally, use Eq. c.6 to substi tute f o r  
a k  

which is the desired recursion relation. 


