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RADIATION FLUXES IN A CYLINDRICAL CAVITY
RESULEING FROM AN IDEALIZED
ENTERING CURRENT

“Abstract .
: The equations.for the contribution to the radiation flux.

in a cylindrical cavity coming from the current entering

through the curved surface are developed for two cases. In -

one case the cylinder is of finlte length and the flux 1s ob-

tained along the centerline. In the other case the cylinder

extends to infinity in one direction from the plane in which -

the flux is determined along the radial from the center. In

each case the entering current 1s idealized to hsave an angular

distribution with 8n axis of symmetry which is not necessarily

along the normal to the surface.

In many experiments 1nvolving cylindrical cavities it is possible to
obtain the radiation flux throughout the cavity; however, %t is difficult
to interpret the data to obtain the angular distribution of ‘the incoming
current when there is a need for such information, The inverse situation
can also arise, but. the problem of converting from current to flux is about
as difficult aSvthe other problem. _ ‘

It 1s the purposé of this report to develop some equations which will
give the flum in the cavity resulting from an idealized entering current. ‘A
plot of the eqnations can then be compared with flux measurements to obtain

the ideal current which most closely resembles the one in the experiment.4 In

-all cases the development will be limited to the flux_contribution from the

radiation entering the curved snrfaces only. In‘all;caseejit is assumed
that the entering current is constant.over the entire'curved surfaceo.

The geometry and varisbles to be considered are given in Fig. 1. In
Fig. 1 the.vector-ié lies along the normal to the surfece and the vector EK ,

is in the plane containing the surface normal and the asxis of the cylinder.
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Fig. 1. Coordinate System for Determining the Radiation Flux in a Cylindrical Cavity.
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The vector BA lies on the axis of symmetry of the radiation current coming

.- from the

R

h

p(c)

]

sﬁrface element ds. In addition,'the following definitibns apply:
radius of the cylinder, | | | |
lehgth of the cylinder,

fraction of cylinder length, h, to the plane containing the point
of detection, |

radial distance to the point of detection,

distance measured along the length of the cylinder from the plane'
containing the point of detection,

vector from the surface element ds to the point 6f detection,
angle between the z direction and the vector ;i {

angle between the surface normal and the axis of symmetry of the
entering current;

angle between the vector r and the axis of symmetry of the
entering current,

azimuthal angle about the z direction measured from the surface
normal &t the elément of area»ds,”>

particles per unit solld angle in\&irectionfq.per unlt surface

area per sec,

the variasbles b and 6 and the point of detection D are shown in Fig. 1

The flux at point D is given by .

n h(1-x)
P(f_{)Rdez - (1)

r?

ten
o
o

- 9=0 z= -xh



ke

However, the most desirable form for Eq. 1 is obtained with the angles & and
¢ as the variables of integziation. Since the transformation has been des-

cribed before ,l only the results will be given here

- B R '
sin "k tan-l —= gan-1 —2 7
p(x-1) : p(x-1)
§ - 98 [/ P(A)A@ + | P()aw b (2)
x° - sin2¢
1 Bl Bé
@=0 @=tan™" — W=tan™l =
- pX : PX
A
where |
k = a/R , © (3
p = h/R y . ()"')
By = cos@ - /%2 - sin , i (5)
By = cosf + /k2 - sin®g . | | (6)

Turning to the idealized entering current, P(FL), the assumption will be

made that - | -

p(Q) Kycosd¥, ¥ <

ST

] J = 0’1,2,3,00-}

=0 ‘: % = ’ (7)

A

where Kj is the normalizing constant. Equation 7 can be transformed to

depend on the variables & and @ by rotation of the axis of symmetry to give

- 3 ~-tanf,
P(a) = K, (cos6, £in® cos@ + sing, coswW)?, < cosf,
. - tan W
M g (8
=0 .. - . 2, CO8 .

1. C. D. Zerby, A Monte Carlo Method of Calcula.tlng the Response of a
Point Detector at An Arbitrary Position Inside a Cylindrical shield,
ORNL-2105 (June, 1956).




Expanding Eq. 8 in a series

p(Q)

0

J

n=0

K, G(g_) sin_ne0 cos‘j'neo cos*j."n¢ sind Ty

cosna),

~tanf,

< cos@

tanw

~-tanf,

tan )

> cosf  (9)

where C(;]l) are the binomial coefficients. Simplification is ultimately

achieved. if Eq. 9 is substituted into Eq. 2 and the transformation

sing = k sina . (10)
is made to obtain
R " j-n-l
j n J-n , 2 .2 2
@j = EKJnZ;_’.OC(g) sin"6  cos’ 6 (1 - ¥* sin“a) da
Q=0
Q- % |
. X sinY ™% cos'w AW + sinj-_'na) cosw dw (11)
c C
. ®=tan-l a)=tan'l 2
L Bx DX
where ‘
Cy =\/1 - X2 sinx - k cosa,
Cp = [l - %2 sin%q + k cosa,
Co ) ] : 1 ) Cl 1 y ;taneo
Q = whichever is the least of tan™ or tan~ R
p(x-1). /1 - k@ sing
1 G 1 -tané,
Qo = whichever is the least of tan™ - or tan~ ‘

p(x-1)

/l - X? sin®a .
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It 1s not possible to soive Eq. 11 in general; however, there are two
ca."ses"and. a special example of the second which lead to analytic expressions
and will be treated here.

" For the first case let k = O in Eq. 11 which will give the flux along

the centerline of the c¢ylinder, ‘then

J
9, = 2:(1{3)::0(2) sin®0, cosI g, 5109 cos™ duw (12)
n=o . . .
W=ctn™tpx
where
_ -1 -1
P = ctn " p(x-1) if ctn "p(x-1) < = - 6,

ctn_l(-ctn'eo) 12 ctn"lp(x-1) = = - 65-

Equation 12 ca;n be evaluated by direct integration; however , it i1s better to
introduce a new function defined by . | J -
n/2 |
Fm(y) = f sin™ cos®py dw. _ - (13)

ctn'ly

Scme special cases of Eq. 13 are obtained by direct integration as

: % - .. .
Fo";‘cf(y) =5 - ctn 1y, Y ' (,1’*-)
_. 1 1 )
Foa(y) = —5 [1-——x|» mz 0 5)
» B ; (y2 + l)—gf , . .
F1,n(¥) = yn“ — n Z 0. (26)

(0+1)(x2 +1) 2
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Recursion relations :for Eq. 13 are obtained after integrating by parts to

give
1 - yn+1 : ‘ m =2 - .
' ' (¥ +1)2 no=
and
: l’_yn-l '. ' - m= 0
Foo(y) = +(n-1) Fm - 2(y) ST (18)
’ . ‘m+4n > '
m + : nxz 2
(2 +1) 2
Using the definition from Eq. 13 in Eq. 12 gives
- J 1
ogd '
9 = 2::Kjr§oc( ) sin”6, 6 |Fy-n,n(€) - Fynn(8)| (19)
where
8 = PX,
S =p(x - 1) if ctn-lp(x - l) < n - 64,

]

—ctnd, 1f ctn lp(x - 1)Z x - 6 .

"Equation 19 is most easily solved with the use of Egs. 1k, 15, 16, 17, and 18;

the resulting equations-for values.of J from.zero to five are given in
Appendix A Graphs and tables of values computed using the equations with the
value of p taken as 3.701 are also included in Appendix A. v .

The second case of interest occurs when x = l, P = ¢ and 96'22 0

in which case Eq. ll reduces to




v J N I3 -n+ i}/ﬂzn + %)
§; = 1y e F( 2 z /

sin®, cos? 6, Iyn-1(k) (20).
T | 2 o [ (J_%;Ei) '

n=o
where [1(n) = gamma function,

- /2
[i=ge)esd

: = sind "By cosPw d W,
4+2 |
2F(2)

and the new function I, (k) is defined by

n/2
. : ’ . 2 2 .
I (k) = J (1 - x~ sin“a)® da. . (21)
0
Evaluation of Eq. 20 is most easily acecomplished with the use 6f a

recursion formula for the fhnétioﬂéIn(k) developed in Appendix C and

given as

) < oL@y e QoD 0 k0. 2)

The expression for the function In(k) for the first few values of n of

interest can be obtained directly from Eq. 21 as

I, /2(1:) = K(k), - : (23)
I, (k) = /2, | (ak)
T/l = Bx), | G

I, (k)

x/4 (2 - x9), | (26)
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where K(k) and E(k)iare the complete ellipfié integrals of'thé first and second

kind respectively. For two values of k the function I, (k) is giyen'by

In(}) =3 @1 n>=0, -_ | (28)
'1-1/2(1)«=w. : - | (29)

Since a term having I_i/z(k) occurs in Eq. 20 for any value of . j anq all
values of 6, except 6, = 0, 1t is obvious that 9y will be infinite for k = 1
in all cases but those for which 6, = 0. This situation ariégs beqau;e of
the idealized source term which has a finite probability offemitting radia-
tion tangent to the interior surface. For this reason Eq. 20 will not give
realistic results for values of k near one; however, they should be useful
<. over most of the range of the parameter k.

The equations that result from Eq. 20 for j values of zero through 5 V
‘are given in Appendix B. Graphs and tables of vglues computed uging the
equations are also inclﬁded in Appendix B.

A special case of Eq. 20 that leads to a simple result décﬁrs when -

6o = 0. In that case Eq. 20 reduces to
2 T
[7 <. ; f>
2

r B T WA S (30)



‘r:_\iﬁgf .
Letting K'j = ﬁizi_ll 8o that the source is normalized to one particle

per square cenximgter of surface per sec and using Eq. 22 in Eq. 30 it is

possiblé to obtain the recursion formula

2 | : 2
by -0 -2)e-x)g QD@20 -X)F . ()
3G -1) 3 - 2)

The values of the function ?& for the first few values of J are obtained

directly from Eq. 30 as

o = K(), - | ()
§l =1, . ‘ . _ (33)
b =3 B(x), - )
b=2-F). G5)

The values of §J for greater values of J are obtalned from Eq. 31.
The ratio of the flux at k = O to that at k = 1 for the case 65 = O

~ is obtained from Eq. 30 with the use of Eqs. 27 and 28 as

- @3)1::0 ) ﬁpe_—%—}'):J_-I

Ry Ry.p (36)
@,ﬂk:l | F(‘%) J-®
where
Ry = 0, , 1
R; = 1, ' (38)

Ro = g- ' . | (39)
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Appendix A
Formulas, Graphs,: and Tables - for the Flux on the Centerline
" of a’ Cylinder of Finite Length '

. Equation 19 has been evaluated for j = 0, 1, 2, 3,“4, 5. The formulas

are given below. In every case the following definitions apply.

h
P = § )
q = PX,
S =p(x - 1) if ctn™lp(x - 1) < = - 6,
= - ctnf, 1f ctn p(x - 1) = =« - 6.
Case 1: j =0
@o = 27K, [Etn_ls - ctn’lé}
Case 2 jJ=1 .
§ EﬂKl Coseo - q - S + Sineo 1 - 1 -
. (@ + 1)1/2 (52 +1)1/2 (2 +1)1/2 (g2 +1)1/2
Case 5: j =2
@2 = 2nKp ) L cos®e, | 2q - S - ctn"lq + ctn‘lsl + Sineo cos6,
2 (e +1) (8= +1) S - .
X L L + L sine S - g - ctn'lq + ctn~1s (

2+1) (@+1)]| 2 °l(P+1) (@ +1)
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Case 4: 3 =3

§s = 2“K§V(§3,0 + a1 +.§1;2 +9o,3)

- where
L <l 2 - 25
%5,0 = - cos390 & - + g b= '
| (€2 +1)%/2 (s +1)3/2 (2 +1)M/2 (g +1)Y/2
@2’1:= s8iné coseéo 1 - - 1 ,4
' (s2 + 1)3/2 - (g2 + 1)3/2
@i o = 5in% coseé‘ _ e -8 -
2
(&R + 1)3/2 (s2 + 1)3/2
s .
§O 3 = i sin590 S - g + 2 - - 2
2
30 (B +1)32 (2 41)3/2 (24 1)M/2 0 (g2 4 1)L/2
Case 5: j =14
By = 2nky, (By 0 + 5,1 +'§2,2 + 91,5 + $o,4)
| whefe,
@h o= X cqs*@aau‘” g - S +2 | — 8 . S - ctn~tg+ ctn~ls
b T @12 (s2+1)2 2 (g2 +1) (s2 +1) »

@ = sin6 :cos59 , 1 ,: - 1
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l ‘

S - ctn g + ctn %5

@2 5 = 3 sin2e cos2e (5 - g +1 »
2220 &2 @ @D @+ J
@1 5 = sin%9 cosé, _g* _ st
b
| (&2 +1)°2 (52 +1)2|
| §o;h =1 s:l.nl*eo 8> - g — + 2 _S - £ - ctn~lg + ctn-18
b (2 +12 (R +1)2 2[(2+1) (R+1)

g ; S +& g ) S +§_ g ) S
(2 +1)5/2 (s24)5/2 3 |(g2+1)3/2  (sRa1)3/2 | 3 |(g2a)V/2  (sB41)1/2

@hl = sinf, cosl"eo[ 1 -l }

(s2+41)5/2  (g2+1)5/2

@5’2= 251n290 pos5eo

g . _ s> .2 [ g3 _ 83 ]

(@2+1)5/2  (5241)5/2 3 |(g241)3/2  (s241)3/2 |

b, 5 = 2sin?9, cosd, R [ e e
’ (s241)5/2 (32+1)5/2 3 (Pa)3/2  (241)3/2 ]

. o g7 s°
@1 L sin 6 co 6 [(g +1)72 (s2+1)5/2]
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st gt LB 2 g  |[,8 | 1 - — 1 I/EJ
I\(82+1)5/2 (g2+1)5/2 3 (82_'_1)5/2 (g2+1)3/2 3 (32+1)¥/2 (g +1) |
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Fig. 3. Flux on the Centerline of a Cylinder of Finite Length (=1, p=3.701)
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Table 1. (cont)
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Appendix B

Formulas, Graphs, and Tables for the Flux on the Radius at the @ -.
~ End of a Cylinder of Semi- 1nfinite Length

Thé equations that result from Eq, 20 for values of j from zero through
five are given below.
Case 1: j =0 -

bo = 21K, ‘K(k)

Case 2: j =1 -

@l = bk, g-coseo + K(k)'sineo]

Case 3: jJj =2

@2 =-ﬂK2 [E(k) c05290 +.2_sin90 cosf, + K(k)fsineeaj

§3 = LK3 g (25k2) c05360 + E(k) sin6fg coseeo + g sineeo cosfy + % K(k) sin39?]

[2(2-1:2) B(k) - (1-K°) K(k)J coste, + (2-k2) sind, cos o,

1
M

% E(k) sin 9 cos29O +2 sin39o cos6, + %»K(k) sinl"eo



-VH

- (1-1:2)} cosd8, + %[a(a-ke)E(k') - (1-k2)K(-k)] sin8, cos™e,
x, 2, 2 5 4 3 2 N TR
+3 (2-x ) sin"g, cos”g, + 3 E(k) sin“6, cos 6, + -a-s:Ln 6 - cosf,

+8_x(x) sin’e,
15




23
22
24
20
19
18
17
16

15

14

13

12

14

10

UNCLASSIFIED
2-01-059-125

24

0 0.2 0.4 0.6 0.8 1.0

ko

'Fig. 8. Flux on the Radius at the End of a Cylinder of
Semi-infinite Length (/=0) '
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Fig. 9. Flux on the Radius at the End of a Cylinder of
Semi-infinite Length (/=1)
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Appendix €

Development of the’Recursion-Relationship

*e . ... . . for the Function I,(k).
o In Eq. 21 the function I,(k) was defined as
S
n 2

sin“a)? da.

L= Q-x

(o}

In what follows n will be interpreted as a number having any vslue in ﬁhe'

’ f:(c.l)

interval (-oo, +Qo) and not necessarily 1ntegral or half-odd 1ntegral values,

however, the general use of the function will be for the latter case.
A recursion relationship for the function can be obtained by es-

tablishing two simple relationships. "First make the transformation

/1 . k2
cosQ =’—l———5— tan S in Eq C.1l, then make the transformation s1n<8 k s1nB

‘ k
to obtain

/2 L o n/2

y (1-x° sined-)n do = (1-x2)R+1/2 S (1-x° sinea)'(ml)vds,

(o}

or in terms of the function I (k)

I,(k) = (L6221 ()

- that

(c.2)

vac.B)

Equation C.3 is onélpf the required relatioﬁs, the other is dbtaihed by noting



/2 /2

-3k~

g (l-k2 sinea)n da = S\(l-k2 singa)n_l [sTe?

and _
/2

- ¥2 sinfa (1-k? sin®a)t-l da, (c.5)

so that one finally obtains from Eq. C.1l

- 2L,(k) .
(k) = T (e) + & ;"k , (©.6)

Since both Eqs. C.3 and C.6 apply for n in the interval (<p0,02), Eq. C.6 can

be rewritten as

.1_(n+l)(k) = I_n(k) + §§  zfé?égl (c.7)
and Eq. C.3 can be substituted into Eq. C.7 to give
SR - S S {?1-k2)-n+1/2 In_l(ké] >(C.8)
(1_k2)n+l/2 (1_k2)n-1/2 2n 2k
or after some reduction
) - 22;k2 La(e) '_k(“.‘e) Pl (c.9)

n Zk

/2
- S k2 sina (1-k° sin®q)R-1 da, (C.k)
o

T
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Finally, use Eq. C.6 to substitute for Qfe;if_l and arrive at
e ' Dk
2 -1)(2-x2 1-2) (a1 L
In(k) - (2n 13(2 ) .In-_l(k)' - L_,_)én_-_l In-2(k)’ n.?é 0 (c.10)

which is the desired recursion relation.



