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Abstract

It is shown that replacing the usual sine wave accelerating voltage
in conventional cyclotrons with a square wave would result in less
beam loss due to electric defocusing; in AVF cyclotrons it would re-
sult in greater tolerances on the average field accuracy and possibly
in better beam quality. A brief analysis of the problem of generating
periodic voltages other than simple sine waves in high-Q systems is
given. Two systems capable of generating an approximate square
wave by adding first and third harmonic frequencies are discussed,
and tables of parameters for these systems are gi.ven. Wave forms

obtained with one of the systems are shown.

Unclassified




Unclassified

-vi-

Ac knowledﬁ ements

The author wishes to thank B. L. Cohen for pointing out the useful-
ness of a square-wave oscillator for an ordinary cyclotron, thereby
giving impetus to this study, and for making the text of Ref, 1 available
prior to publication. The author also thanks N. F. Ziegler for assist-
ance in making r-f measurements. The numerical tables in
Appendix IIIb were prepared by E, M. Kidd, of the Union Carbide
Nuclear Company, K-25 Plant, on an IBM-650 computer. : -

Unclassified




A Square-Wave Cyclotron Oscillator

Ordinary cyclotron radio-frequency systems are constructed so
that the time dependence of the accelerating voltage on the dee gap is a
simple sine function of the type E(t) = A sinwt. This comes about not
because of any special desirability of this wave form, but rather because
it is the most easily obtainable approximation to a periodically reversing
constant voltage (square wave) that can be had in a simple electrical
system which stores its electromagnetic energy.

Situations can arise, however, in which the advantage of a better
approximation to 2 square wave overrides the disadvantage of the added
complication to the r-f system, and it is the purpose of this article to
show that many of the advantages of a square wave can be obtained
without sacrificing efficient energy storage (high-Q) and with only mod-

erate complication of the resonant and driving systems.

Desirability of a Square Wave in Fixed-Frequency Cyclotrons

Weak-Focusing Cyclotrons

In a conventional weak-focusing cyclotron the magnetic field is made
to decrease with increasing radius to provide a restoring force to keep
the ions near the median plane. Due to the field fall-off, the frequency
of revolution of the ions decreases as the ions are accelerated, and
this effect is enhanced by the relativistic mass increase of the ions.

As a consequence the ions must go through a phase excursion with respect
to the r-f voltage, and the average accelerating voltage seen by the ions
is less than the peak r-f voltage.

In the initial region of the cyclotron, if the ions are allowed to make
several turns before most of their path is within the dees, they become
sharply bunched so that all the ions cross the dee gap near the peak of
the r-f cycle(l). Thus all the ions undergo essentially the same phase

excursion,

1. B. L. Cohen, Handbuch der Physik, Gr. VIII, Vol, 44




It is shown in Appendix I that the same bunching occurs even if a
third harmonic is added to the r-f wave form to square the wave*, S0
that the effect of squaring the wave is to increase the average accelerat-
ing voltage during a phase excursion. This is a two-fold bonus since
the increase in effective voltage decreases the required number of turns;
this in itself decreases the phase excursion,

The required phase excursion is ordinarily so large that the ions
must be allowed to go through positive and negative phase errors.
Ordinarily the maximum beam is obtained by setting the field so that
the frequency of angular revolution equals the oscillator frequency at
some radius about half way out from the center. In this way the ions
start approximately in phase through the bunching mechanism, get ahead
of the radio frequency for half of the acceleration process, and then lag
behind.

When the ions cross the dee gap during the decreasing part of the
r-f cycle they experience an electric force which is axially defocusing.
This defocusing causes a large loss of beam in the first half of the accel-
eration process(l). Squaring the wave with a third harmonic not only
reduces the magnitude of the axial electric force, but also makes the
residual force a focusing one during the early part of the phase excursion
when the magnetic focusing is weakest.

A square wave should also provide more efficient extraction of ions
from an ion sdurce, since the field remains near its maximum value for
a longer time and provides for a better approximation to a steady state

Hek
plasma

* It has come to the author's attention that a preliminary attempt
has been made to apply a square-wave,r-f accelerating voltage
to the Berkeley 60-inch cyclotron in a manner similar to that
proposed here. (UCRL Report 2340).

*% See Ref, 1, section 27.
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In summary, squaring the wave form in a conventional cyclotron

has the following advantages:

1. It increases the ratio of average-to-peak accelerating
voltage during phase excursions, and thereby reduces
the phase excursion required.

2. It minimizes electric defocusing, which is ordinarily a
major cause of beam loss, and actually provides some
focusing during the usually defocusing part of the phase
excursion, ' '

S
3. It increases the efficiency of the ion source by better
approximating a steady state d~c extraction.

Strong-Focusing Cyclotrons

In strong-focusing cyclotrons the axial focusing is obtained through
azimuthal variation of the magnetic field. Thus electric defocusing is
overridden, and the angular revolution frequency can be kept accurately
constant. In principle then, if the ions are bunched in the initial region
they undergo no phase drift; they will always be accelerated at the
maximum energy gain per turn, and no need for a square wave is obvious.
However, ion bunching at the source has some inherent disadvantages,
and errors in the average field may be difficult and costly to évoid,

If the ions are not bunched, then those ions which sta‘rt out of phase
with the radio frequency will continue to be out of phase, and the energy-
gain-per~turn will be dependent on the initial phase angle. Ions
originating during a single r-f cycle will, after a short time, exist at
all energies, filling the entire radial space in the machine and coming
out at the maximum radius with a radial gain per turn ranging from zero
to the maximum possible value, This situation constitutes poor beam
quality for extraction, and those ions which go through a resonance at a
low gain in energy per turn will be lost.

Ion bunching by the r-f field leads to a radial displacement of orbit
centers, which is evaluated quantitatively in Appendix II. This orbit
displacement is equivalent to the initiation of a radial oscillation in the
region of the radial resonance Vr = 1 and, since a radial oscillation
interferes with extraction of a precisely monoenergetic beam at the

exit radius, the oscillation must be kept small.
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Since the radial gain per turn is a decreasing function of radius,
even if the orbit displacement can be kept small compared to the radial
gain per turn near the ion source, it cannot be kept small compared to
the radial gain per turn near the extraction radius, For example: In
the Oak Ridge Cyclotron Analogue I, the characteristic distance D
(see Appendix I), which is roughly the maximum displacement of orbit
centers from the mean, is about 7 x 10_2 cm for an energy gain per
turn of 100 electron volts. At the same energy gain per turn, the
radial gain per turn near the maximum radius is about 4 x 10-3 cm/turn.
Thus, the radial displacement amplitude is equivalent to about twenty
turns, or to about two kilovolts, or about 1% spread in energy at the
exit radius. These numbers should not be taken too seriously since the
radial oscillation amplitude would not be expected to remain constant
throughout the acceleration process, but the foregoing is simply to
illustrate a possible reason for wanting to eliminate ion bunching at the
source and to suggest an alternate injection scheme which a square-wave
r-f voltage would make possible. This is to place the source at a
distance from the center equal to the radius of curvature of ions which
have gained the energy of one dee crossing at the flat top of the r-f
voltage cycle and to let the r-f voltage extract the ions across a dee
gap small enough to cause most of the first orbit to be inside the dees.

In summary, a square, r-f wave form in an AVF machine would
allow larger tolerances on the accuracy of the average field and would
permit injection of ions away from the center without using a pulsed
source. If, however, an ordinary ion-bunching source configuration is
used at the center of a cyclotron, an azimuthally varying field and a
square-wave r-f system can be considered, in a sense, as alternative
ways of achieving the same beam improvement for low energy machines.
In the former case the AVF is used to eliminate the need for the phase

excursion, and in the latter case the r-f wave form is changed to

tolerate the phase excursion.




Square-Wave Resonant Systems

Need for Storage of Energy

Consider the dee system of a cyclotron as a capacitor; a reasonablé :
magnitude for the capacitance would be 10-’10 farads for each dee to the
liner. A dee-to-liner potential of 100 kv would require the energy,
1/2cv% =2x1/2x107%0 x 1019 = 1 joule. If, to reverse the polarity,
the dees are short-circuited temporarily and then charged in reverse,.
another joule is required. If this is done at the rate of 10 megacycles
per second, the power requirement would be 20 megawatts! Glear\ly‘
energy storage is required or, more precisely, a resonant dee system
must be designed so the application of a small periodic current some-~- »
where at low power will produce a large voltage at the dee lips with ~the

required time dependence.

Synthesis of Desired Wave Shape

The theory contained in the following development can be found in
standard textbooks., It is carried out here again, however, in order to
establish a point of view from which one might see how to synthesize
resonant systems for producing a voltage with any periodic time
dependence. \

Where the dee is considered as a capacitor, the most obvious way
to meet the low-power, high-voltage requirement is to connect an inductor

across the dee. Then

E=L%I;ti“ ; Iczcg%, (1)
and

IL+ IC-I-IS =0, ‘ (2)
where

][L is the current in the inductor

IC is the current in the capacitor

IIS is the externally supplied current.
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It is desirable to minimize Is' In a lossless approximation we

can set IS = 0., Then

which has the familiar solution

E (t) = Aei wt Be-i w t, (4)

where W = (LC)"I/2 .

At this point it is instructive to note that e’ wt is an eigenfunction of the
differential operator d/dt with the eigenvalue i ). For the particular

case considered here, the condition that I. + Ic = 0 restricted the

-1/2 L

allowed eigenvalues to +i(LC) ; this suggests that if the boundary
conditions on the currents are altered it may be possible to obtain solu-
tions for whatever eigenvalues are desired. Since the amplitudes A and
B were not determined by the circuit, but rather by the initial conditions,
we might hope that, if the necessary eigenfunctions can be made to appear
as solutions to the differential equation for E by appropriately choosing
the boundary conditions on the currents, the desired function of time

E(t) then can be synthesized by choosing the driving conditions to give

the correct set of amplitudes.

Examples of Square-Wave Systems

Let us try to synthesize a square wave. The Fourier expansion for

a square wave of unit amplitude is
% [sinwt+1/3sin3wt+1/551n5wt+ ..... J ,

which is the real part of

1ri1 [elwt+1/3e13wt+1/5e15wt+ ............. _] R




A circuit is sought for which at least the first two terms of the
series are solutions to the voltage equation. (More terms would be
required for a better approximation to a square wave. )

It is conceivable that a network could be set up to meet the require-
ments,but such an approach is not useful since it is not possible to set
up a cyclotron-sized circuit which-can be accurately analyzed as a set

of elements obeying the relationships

_ dI a dE
E_LHT or I—Cat—. {(7)

Rather it must be recognized that E and I are functions of position as
well as time, and conductors are not necessarily equipotentials if they
are large., Where the symmetries of the system can be chosen
appropriately the situation can be simplified to require only one position
coordinate; e.g., E = E (x,t),I =1 (x, t), and transmission line theory
forms a natural framework for the analysis.

For a uniform, lossless transmission line

2E _ o1 o1 OE
-a—?—LW and ——Ox ~C—-——at s (8)

where L and C are geometrical constants., Differentiating each equation

with respect to x and to t and combining appropriate pairs yields

-2 52 2 2
J°E JE 0“1 o “1
_ = LC = ; = LC =——— . (9)
O %2 Jt2 o x% Jt

When these equations are solved by the usual methods it is found that the
i w

time dependence is given by e’ t and the permissible values of LJ are

determined by the matching conditions at the discontinuities. The

solutions for the current and voltage are:
E=Aexpi (xwW/v +Wt)+ Bexpi (xw/v - wt) (10)

+ D expi (- x W/V +wt)+ F expi (-x DI - wt)




I=Yo [—A expi (x w/v +wt) + B expi (xw/v -wt) (11)

- Dexpi(-xW/V +Wt) + F expi (~xwW/v -wt)

1/2 /2

V= (LC) Y =(c/L) ]

Now, if terminations are placed on the line, the values that 2) may have
%

are restricted. For the case of a short circuitatx =0,

E (0,t) = 0, from which it follows that

I(x,t) wx

o =1Yo cot (12)
For the succeeding analysis it is convenient to define the following..
dimensionless quantities ‘
a. = Wo*1 a _“}oc
1° v ; c” Yl
I _ 1
2= S Ty se » sum
v o 1
b = YZ . w) = 3actual resonant frequency
TS >,

The subscript 1 denotes transmission line number 1, and subscript 2
denotes line number 2. W, is the fundamental oscillator angular
frequency, x is the length of the line, Vv is the velocity of propagation of
TEM modes in the line, Y is the characteristic admittance of the trans-

mission line, C is a capacitance, and L is an inductance.

* All the following examples will be set up with a short circuit at
x = 0, This, however, is not a necessary restriction and interesting
results can be obtained with other terminations.




The Single Shorted Line with Capacitive Termination. If a capacitor

is placed at position X)5 the matching condition is that the voltage at %)
equals the voltage across the capacitor, and the line current and capacitor
current are equal and opposite,

For a capacitor

_ . dE
I=Cg

- . 1w
but it is required that E = const e’ t, so that, neglecting the constant
I =iwWCE,

Thus, the equation for @ is

uw - =
cota, azo.) 0. (13)
It is desired that this equation be satisfied by w =1 and « = 3; however,
this condition requires that a, = 0, or that there be no capacitive
current across the dee gap. This cannot be realized in a cyclotron but

the difficulty suggests its own remedy.

Single Shorted Line with LL.C Termination. Evidently a linearly inde-

pendent current, say an inductive current,must be added at the junction of
the line and the capacitor. Then

L
cotaw-acu)+fr =0 . (14)

1
This has solutions w=1 and w = 3, provided a; falls in the interval

w/3 < a; < w/2 (or in certain other intervals at larger values of al).

The system can make an acceptable resonator for the first two terms in
the Fourier expansion of a square wave. Appendix III contains a table of
the required values of a_ and ar for various values of a.

A circuit of this type was set up, and it was possible to tune it to
have resonances at w =1and «=3. As pointed out previously, however,
this configuration is not suitable for a cyclotron since it is difficult to
build a cyclotron-sized element which satisfies the equation E = L(dI/dt),
and it is difficult to keep the dee lip as an equipotential when an inductor

is tied to it.
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Two Shorted Lines Joined at Common Capacitive Termination. The

extra current element can, however, be a second transmission line; then
the equation to be satisfied is
cot a_lw + b cot a,w-aws= 0 . (15)

If it is required that w =1 andw= 3 be roots then certain restrictions can

be placed on a, and a,. For example, if a; < w/3, a, must be greater

than w/3 and c;n fall Evithin only certain bands, e.g., % /3< a,< n/2,
Some computed values for ajs a,, a, and b with the restriction that
W=1 and W = 3 be roots are shown in Appendix III; the actual values of
W for a range of values of al, a,, a_, are also given.

Ifw=1 andw = 3 are to be simultaneous roots of the equation then

3 cot a1 - cot 3 a1

b T - (16)
13 3 cot az- cot3a2

where the subscript on b denotes that the roots shall be 1 and 3.
Figure 1 shows somelines of constant b for this condition on a grid of
of a; vs a,.

If w=1and W=5 are to be roots,a similar diagram can be made

from the relationship

b = - SCotal-cotSa

15 1. (17)

2

5cota2-cot5a

Evidently if it is required that w =1, W = 3.and W= 5 are all simultaneous
roots, the solutions for a, and a, are given by the intersection of a line
on the 1-3 diagram with a line of the same b value in the 1-5 diagram.

1 = 0. 66, a, = 1.1,

a, = 1.7. This configuration of the short-circuited transmission lines

For b =1, the first crossing occurs at about a

with a capacitor at their junction was set up with General Radio Type 874
coaxial elements as shown in Fig. 2. The resonances were located by
finding the frequencies at which the susceptance measured zero at a point
estimated to be the center of the tee leading to the admittance meter. The
lengths of the lines agreed with the calculated lengths to the accuracy with

which the electrical length was known, i.e., about % 2%.
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Square Wave Resonant System Set Up for RF Measurements. w.= 3 X 108 sec" or 47.74 Mc per sec.

Fig. 2. Set-Up for Measuring Characteristics of Square-Wave Resonant System.
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The following tuning procedure was found to be easy to follow:
1) Set the oscillator frequency at W and set the admittance meter to
the correct reading for zero admittance at the junction to the system.
2) Tune the length of one of the lines for a null on the admittance meter.
3) Set the oscillator frequency to 3 U.)o and measure the admittance; note
whether it is positive or negative. 4) Return to wo and change a;

compensating with a change in a, to keep the system tuned to UJOO_ One

can determine which way to tunezby comparing the position of the
resonances with numbers interpolated from Appendix 1II. 5) Remeasure
admittance at 3({.)0, and repeat the procedure until the admittance meas-
ures zero at 3 w,.

Refer again to Fig. 1; along any line, a_ changes and, .if b and a,
are set, both a; and a.2 are determined by the third harmonic condition.
Only certain values of each will give correct operation. If a change is
to be made to a new fundamental frequency, Wy the tuning could be,
with reference to Fig. 1, as follows: Since _}3_ is not tuned, follow a line
of constant b. If a_ is also not tuned, go to a new point on the line where
aC’/aC = wo’/ @) , changing the lengths of the transmission lines to bring
a; and a, to their correct new values.

It is conceivable to frequency modulate the system by tuning any
pair of the parameters in synchronism according to the proper pattern.
It would probably be more convenient, :however, to use a different
configuration involving capacitively terminated instead of short-circuited

lines, since it is easier to change a capacitance than to move a short

in a preset pattern.

Driving the Harmonic Resonant System

Master Oscillator Power Amplifier System

Perhaps the simplest method of driving a third harmonic resonant
system is to use a master oscillator and a frequency tripler to feed both
the fundamental and third harmonic frequencies to either a single or to
separate power amplifiers which are coupled to the main resonant
system. This system provides easy control of the relative amplitudes

and phases of the two driving currents.
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Wave forms obtained with such a system are shown in Fig. 4. A
signal generator fed a frequency tripler, and the generator and tripler
outputs were fed to a single tap on the resonant systemas shown in
Fig. 3. In a high power system it would probably be desirable to lo-
cate the driving tube some distance away from the resonant system and
to use a tuned coaxial line both to transmit power to the system and to
match the impedances of the driver and the load. In such a case it might
be convenient to have separate power amplifiers and separate coupling
lines for the two frequencies. However, if the coupling line is one-
quarter of the fundamental wave length it is three-quarters of the third
harmonic wave length, and the impedances are simply inverted by the
line at both frequencies. Thus, if the main resonant system is tuned
to be purely resistive at both frequencies at the point of coupling to the
line, the impedence at the other end of the line will also be purely

resistive at both frequencies.

Self-Excited Systems

A harmonic resonant system can be used as a self-excited oscillator,

but such a system will give rise to an interdependence between the
harmonic and fundamental amplitudes through the driving system. To
illustrate the nature of this effect, assume that the oscillator system has
been tuned so that the admittance is real at both frequencies. In a self-
excited system the current supplied to the circuit is a function of the
voltage in the circuit. If the ratio of the current supplied by the driver
to the voltage at the driving point is larger than the admittance of the
circuit, the oscillations will grow; if the ratio is smaller, they will die
out. Ordinarily the ratio decreases as the amplitude of oscillation in-
creases so that some equilibrium is reached. The decrease is brought
about by deriving the grid bias on the oscillator tube from grid current,

the latter increasing as the amplitude of oscillation increases.
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Fig. 3. Square-Wave Resonant System Using Ordinary Coaxial Cable.
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Fig. 4. Wave Forms Obtained with the System in Fig. 3. The four traces
show the pure fundamental, the pure third harmonic and two mixtures with
different relative amplitudes of the two frequencies.
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If a harmonic frequency is added, the grid bias will, in the absence
of band-pass filters, depend on the amplitudes of both the fundamental
and the harmonic. If this is not properly taken into account in the
design, the system may oscillate at one or the other of the frequencies
but not both,

An attempt was made to drive the square-wave resonant system
as a self-excited oscillator with a single driver which would generate
the fundamental and third harmonic simultaneously. Germanium diodes
were used to produce odd harmonics by clipping the fundamental sine
wave at a low power level. They also served to limit the amplitude of
the oscillation. The circuit was tried with a system resonant at
4,77 Mc/sec and was able to drive the system in an approximate square
wave. It was somewhat difficult to get both the phase and the amplitude
of the third harmonic adjusted correctly; however no serious attempt

was made to develop a good self-excited driving system.

Wave-Form Monitoring and Remote Tuning

Tuning drifts are always experienced in cyclotron operation. Since
a tuning drift would change the relative amplitudes and phases of the
first and third harmonics, such a drift would alter the wave form. A
visual means of monitoring the wave form and a remote tuning or an

automatic servomechanism for tuning should be provided.

Adaptation of a Square~Wave System to Cyclotron Analogue I

A sketch of a suggested adaptation of a square-wave resonant system
to the Oak Ridge Cyclotron Analogue I is shown in Fig. 5. This differs
from the existing resonant system only in the addition of a pair of
symmetrical shorted transmission lines placed over and under the
dummy dee. Two lines are used to preserve symmetry, and the same

concept of flattened coaxial lines currently in use is used again.
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Fig. 5a. Suggested Adaptation of Square~Wave System to Oak Ridge
Cyclotron Analogue |.
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Other Suggested Uses of a System with Multiple Resonances

An examination of the table, in Appendix III, of resonances of the
system of two transmission lines and a capacitor suggests that a
"resonant system of this type might have uses other than to generate a
square wave. For example, if the parameters are chosen to make
the first three resonances approximately W, 2 u)o, and 3 a)o, an ad-
justment which would allow doubling the lengths of the lines and the
capacitance would permit the use of the system for a sine wave oscillator
tunable over the continuous range from 1/2 W, .to 3 .. If it is desired
to tune over several narrow bands, this could be accomplished with a
very small tuning adjustment if the parameters are chosen to make each
resonance fall in the right band. Such a system would be quite useful
for a cyclotron which is designed to accelerate ions of several different

e/m ratios. Equation 16 can be generalized to read

rcota, ~ cotra
1 1
b = rcota, - cotra, ’ (18)
2 2

where r is the ratio of the next higher desired resonant frequency to
Wy - For a three-band system, for example, if Wy is the lowest
frequence, r,w is the bottom of the second band, and rzul is the

bottom of the third band, the equation below determines a, and a,.

r,cota, - cotr,a, r,cota, - cotr.,a
1
p= L 1 11 .2 "1 1. (19)

rlcota2 - cotrla2 1-2cota.2 -r-cotrza2
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Appendix I: Ion Bunching with a. Square Wave

It is shown in Ref. 1 that the ions in a cyclotron are bunched in
phase with a sine wave accelerating valtage. The same procedure will
be used here to show that the addition of a third harmonic to produce
an approximate square wave does not alter the bunching appreciably.

Let the x-y plane in a Cartesian coordinate system be the median
plane of the cyclotron, with the ion source at the origin and the y-axis
parallel to the dee gap. Where the first two terms of a Fourier
expansion of a square wave of unit amplitude are taken for the electric
field, the differential equations of motion of an ion moving inside the
dee gap can be written

X -~wy+ %1% cos(wt + 0) --; cos3 (wt +6)] =0

7Y+w::=o,

where
W 1is the orbital cyclotron frequency
e is the charge of the ion
m is the mass of the ion
v is the dee-to-dee peak voltage
d is the dee separation

@ is the phase angle between the time of the r-f voltage
maximum and the time of emission of the ion.

For the initial conditions
x=y=:.<=)'r=0 att =0
one obtains

X+ w2x+%’— E:os(wt+9)-s_],;- cos3(wt+e)_]=0

]
|

= %D[(sineué sin 3 0) sin Wt +1%- cos 36 cos Wt

- Wt sin (Wt + 6) - ]17 cos 3 (wt+0)],
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where

2
ev ev C
D = =
2mwéd (chz ) (w “a )
Without the third harmonic, for comparison,

x =D |sin® sinwt - Wisin (Wt +8)] .,

After a few turns, the term&itsin (Lot + 8) dominates in both cases

and x = 0 approximately when sin ((ut + ) = 0 which is the maximum

of the fundamental r-f voltage cycle. Thus, the ions are bunched so as

to cross the dee gap near the peak of the r-f voltage cycle.
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Appendix II: Displacement at Orbit Centers Due to Ion Bunching

The same differential equations as in Appendix I are used to

evaluate the quantity
Ar:(—:—’j -y whenx =0 ,

The quantity x/w is the radius at which the ion should be found for its
energy, and y, at x = 0, is the radius at which it actually crosses the
dee gap.

For a sine wave r-f voltage
x=D [wsinBcoswt -Wsin (Wt + 0) - wzt cos (Wt +9)J

y=D [sinecosa)t + 8in (Wt +0) -~ Wt cos(wt + 0) - 2 sin OJ

A.r:u—’j-yzD [-Zsin(wt+ﬁ)+ZSin6] .

But, as shown in Appendix I, when x = 0, sin (Wt + 0) is approximately
zero. Thus, Ar = 2Dsin6, which says that the orbit is displaced in the
positive y direction by an amount 2Dsin8.

For a sine wave the plus third harmonic

x = -::- C[w(sine -é-s'i;n36)coswt "SIQZ cos 390 sinwt
. 2 3w .
- Wsin (wt+6)-wtcos(wt+6)+n sin3 (Wt+80) | ,
= iD [(sinO-lsin36)cosa)t- 1 cos 3 0 sin Wt
y= pon . I T2 €° sin

+ sin (Wt + 8) - Wtcos (Wt + 8) + ’51'6 sin3 (Wt + 8)

- 28in0 + ésin3e_] ,
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Ar =

.4
Y=g

—a’-z- D[-Zsin(wt+0)+%-sin3(u)t+ 8)

+Zsin6-—;'- sin36] .

As above, sin (Wt + 8) is approximately zero when x = 0, so that

sin3 (Wt + 0) must also be near zero and
_ 4 . 1 . ]
Ar-; 2D [s1n6-§ sin3 © .

This is essentially the same as for the case of a simple sine wave.
The term - % 8in 3 6 decreases Ar for small 6 and increases it for
8 near 90°. This is a slightly beneficial effect since the ions for which
8 is near zero are extracted from the source by the strongest field; one
would expect more current extracted at small 6 than at 8 near 90°. It
should also be noted that Ar is symmetrical about € = 0 which indicates
that the optimum position of the source for minimizing the average

radial . displacement of the orbits is at the center of the cyclotron.
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Appehdix III: Calculated Parameters

(a) The following is a tabulation of the parameters ay, a_, and

ap for the equation

cotalw - acw +aL/&) =0

subject to the condition that W = 1 and @ = 3 are solutions. See page 9

for an explanation of the significance of the equation.

2 ac 2y,

1.1 2, 28397 1..77500
1.2 0.71135 0.32257
1.3 0.36114 0.08349
1.4 0.18938 0.01690
1.5 0. 07200 0.00110
2.2 1.23483 1.96271
2,3 0. 64053 1.53400
2.4 0.42391 1.51558
2.5 0.30591 1. 64454
2.6 0. 22805 1.89027
2.7 0.17026 2.28560
2.8 0.12372 2.93637
2.9 0.08384 4.14206
3.0 0.04784 7.06272

(b) The following is a tabulation of the parameters and solutions

of the equation:

cota.w + bcota.w -a =0
1 2 [

Pages 26 through 30 give values of a, b, a,, and a, with the condition

that all these parameters be positive and W = 1 and W = 3 be roots of

the equation,




¥
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Pages 31 through 52 give the smallest three values of & for various
values of a)s 2,, b, and a_. The ranges covered are:

0.1 £ a; < 1.3 in steps of 0.4

1

A

1.1

74}

a 3.1 in steps of 0.4

2 —
b < 2.7 in steps of 0.4

TAN

0.3

0.3

in

a_ < 2.7 in steps of 0.4
For the significance of the equation and for the meanings of the

parameters in terms of a square wave resonant system, see page 10,
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