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summa;ry 

I n  order t o  achieve the high exbmG gas temperatures, which are 
deeirsble i f  the full  potan%ial of nuclear fission as em energy murce 
f o r  rocket gropulsfon Its t o  be realized, it seems essent ia l  that the 
fissionab3,e material be raaintrrfned in a gasesous mixture WEth the pro- 
pellant.  
from the propezltant befuze disc& 
f iss io&ble materid. is prohibitive: o%berwlse. 

of a vortex tube which achieves the de6;ired separation by means of a 
centr i fugal  f ie ld .  Propelhnt  is fed i n t o  the tube tmgen t i a lQ ,  at 
the periphery, and diffusses radially inward through a ckozzd of f i ss ion-  
ab&? gas, picking up the f i s s i~? .~  heat as it goes. 
is held against this radial propellant flow by the? centrifugal vortex 
f ie ld  generated by the tangentially entering p~~gell.afi-t;. 

ft is then nece~ssry to s ate the fiseionable material 
tha latter, since the loss of 

This report  presents an ana1ylt;ical evaluatfon of the ckiarscteristics 

!€'he fissionable gas 

The analysis involves several assumptions, the most important of 
which are that t h e  flow i s  L a m i n a r  and that it I s  inviEicid. A set of 
non-linear first ardas differential equations fs obtained which is 
suf f ic ien t  t o  describe the f iss ionable  gas concentration, temperature, 
and pressure dis t r ibut ions i n  the tube. 
grated numerically for a very w i d e  range of conditions. 

These equations hatre been inte-  

The analysis predicts t h a t  the vortex tube i s  capable of maintain- 
ing rather high concentrations of fissionable gas, such that the dens i ty  
of the fissionable gas is of the stme order as that  of the propellant, 
with negligible loss of the  fissionable gas, and w i t h  r a t i o s  of propellant 
e x i t  temperature t o  entrance tempey e up t o  ten,  The permissibla pro- 

tangential  Mach number of the prope 
un i t  of tube length is  independent o f  the tube diameter, thus a large 
number of smazT tubes, f i l l ing  B given volume, b s ~ e  a much larger mss 
fluw capacity %ha et single tube of tEze same volume, For an f n h t  tangen- 
tial Mach amber of unity, the permissible mass flow i s  of the order of 
0.01 pounds per seconcl per foot of tube length. 

peU8LIt W S S  f l O W  iS found LO be de en$ principal ly  on the entering . The permissible mass fPow per 
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A set of experiments, designed t o  verify the most important assumptions 
of the analysis, is suggested. 
experirwnt intended to verify that vortex strength approaching 'chose Emplied 
by the a&yais can actuauy be obtained with the low maw3 f l o w  rates which 
are permitted by the diffusion process, 
first experiment, a second experiment using a mtxtwe of' hydrogen and some 
heavy gas mch as mescary vapor or iodine irs suggested for ver i f ica t ion  of 
the actual separation process. 

The first of these is a room temperature 

Coatingent upon the ~3uccess of th i s  

A discussion of the perfcrrmance chasachr i s t i c s  of the  vortex tube a6 a 
rocket propulsion device i~ also psessn%ed. Borne numerical e x q l e s  are given 
to indicate  the order ~f msgajtude! of the various intererrtiiw parmeters; 
however, these should not form a basis for judgemeat 6f the gesfosmanke, since 
ho attempt st optimization has been ma&. &re c r i t i c a l  Ejtudies of the nuclear 
and performance aspects of the dev"ice are befw i n i t i a t e d  at QRML, and w i l l  be 
the subgect of a later report. 
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Introduction 

The performance of a rocket engine is for most purposes characterized 
by i ts  thrust p @ ~  unit  mass flow rate, or spacif tc  impulse, Although it 
depends somewhat on the pressure-expansion r a t i o  and de ta i l s  of the rocket 
motor, the apeciffc impulse is pr incipal ly  dependent on the  stagnation t e m -  
perature of the exhaust gas and i t s  molecular weight. 
t o  the s q w e  root  of the  ratio of the temp@rature to the moLecul.ar weight, 

It is  proportional 

The poten t ia l  advantages of nuclear f i s s i a n  as an energy aowce f o r  
rocket propulsion &re thus two. 
t o  reac t  chemically, it m y  be chorstltn t o  have a low molecular weighti, Second, 
s ince the  energy release i n  a nuclear react ion occurs st an exbemely high 
energy leve l ,  the stagnation temperature of the exhaust gases may at  least 
i n  pr inciple  be very high. 

F i r s t ,  since the propellant i s  not required 

The advantages of low molecular weight may be real ized by choosing hydro- 
gen, or some readi ly  dissociated substance such as methane or ammonia, aB t h e  
propellant. However, %n order t o  take advantage of the Ugh potent ia l  stagna- 
t ion  temperatures i t  seems essential ,  that the fissioning material be mixed 
with the  prapel lant  i n  the gaseous state, SO t ha t  the bulk of the f i s s i o n  energy 
is transferred d i rec t ly  from the f i s s i o n  fragnents t o  the gaseous propellant. 

It i s  readily demonatrated by simple order-of-magnitude calcLLatiom that 
i n  order t o  add. l a rge  amounts 09 energy i n  th i s  way it i s  necessary t o  have 
ra ther  high concentrations of fissionable material i n  the gw. I f  it is  then 
assumed that, the mixture of propellant and f iss ionable  material is exhausted, 
the loss of f iss ionable  material i s  so high as to  be prohibit ive.  
fore  necessary t o  separate the fissionable material from the hot exhaust gas 
before diercharging it. 

It i s  there- 

The purpose of the  present report 9s t o  descrlbe a method of achieving t h  
necessary high concentrations of f iss ionable  material i n  the gas, and the neces- 
sary separation of the f iss ionable  material. 
vortex tubs, i n  which the f i S S h m d b h 3  mater9aX is  held by the, centr i fugal  f i e l d  
while the propellan% gas diffuses through it, picking up the %issPorz heat as it 
moves inward. The p r o p e l h n t  gas, and e n o w  f5ssiom'ble material t o  make up 
losses, enter the tubs  tangen.tisLly a t  the ps-lphery, as shown i n  Pig, 1. The 
propellant then passes sp i r a l ly  i31[w;3rdI through the fissionable matm-ial., and 
leaves the tube near its cen't;er, t h o u g h  a convergent-divergent nozzle a t  one end, 
The ba t ed  gas does not come i n  contact w i t h  the walls, except i n  the nozzle, 
so that the process seems superior t o  one i n  which a more or less homogeneous 
fissionable-material-propeuant mixture 161 passed through a c r i t i c a l  system, then 
through 5 sepw&ion device, 

It consfsts essent ia l ly  of a 



The bulk of' the present sludy consists of a thoretical analyeis of 
the separation-heating process, based on e ~ 1  Idealized modes1 which is a 
first approximation to the physical si tuat ion.  T3x? principal objectives 
are to discwvsr the must important prweters governing the process, and 
establish tfiEtr'raagePs; therefore the principal result8 wfll G a b  the fom 
of relationehips between these, parameters. 

I n  order t o  help give a feeling for the significance of these results, 
the performance; of the vortex tube a8 a rocket propulsion device w i l l  be 
discusead, and sme numerical examples given, 
ever, that these exarnpfes m e  in 120 sense optimum, and should not serve as 
a basis f o r  Judgment of %he performam t k  system, This Judgment can 
be made only  on the basis of thosough ear and systems studies. Thus 
the present st.zldy may be regarded as a rather complete evaluation of  the 
f l u i d  mechanical characteristics of the heating-separation device, while 
the nuclear and systems analyses are later s teps  in an overall evaluatton 
of its performance. 

It should be mphetsized, how- 

From anokher point 09 view, the  study may be regarded as an investigation 
of a fluid-mechanics problem which is inkwesting in itseu, quite apart 
from its apylications t o  rocket propulsion. 
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Analysis of tbe Heating-Sepwation Procerss 

flow in the vortex tube ie compressible, with strong diffusion and 
high rates of k a t  addition. 
process, and may be turbulent. 
ing it, some assumptiwslus‘t be made. The following have been taken as a 

1% I s  in general a three-dimensional flow 
Thus, in order to make any progress in analyz- 

workable 

-1. 

2. 

3 .  

4, 

5. 

- 

piat. 

The flow i s  assumed t b  be two-dimensional, with complete uniformity 
along the axis o f  the tube. 
the flow of propel3.ant through Lhe system, the prapalltmt is con- 
sidered t o  be withdxawn from the tube at some radius, r 
the? ffssionetble material concentration fs low enough toc&& *he losses 
reasonable. The propellant is assumed to enter m%fomd,y at the 
periphery, r , although it w o U d  i n  fact hatre tQ be introduced i n  
jets, as i n  Pig. 1. 

The flow is assumed Laminar. Thfs assumption is quite possibly i n  
error; 
The validity of this assumption and i ts  importance probably can be 
evaluated 03112 experimentally, although some arguments will be given 
fn its defense. 

The flow is assmed inviscid. 
present. 
for laminar flow. 

If; is aesumed that fission fragment heating of the gas is local, i.e., 
that the range of f i s s ion  fragments in the gas is small compared .to 
charac te r i s t ic  lengths for the system, This assumption seems to be of 
marginal validity, but is probably not c r i t i c&.  

It is assumed that the rnaiecuj-ar eoncentratfon of fissllonable mterial 

To malie this assumption compatible with 

a t  which 

however, it is felt to be necessary at the present time. 

Again this fe felt to be necessary at 
An es”cimate of the validity of the assumption w i l l  be given 

is much less than that of the praprzU,ant, 
considered, 

%is is true 90s a= 8yst;ems 



..... . 

... 

Nomenclature : 
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The principal nutation used in the analysis is as foluows: 

m specific heat a t  constant pressure of Ugh% gas 
PI c 

P2 
c 

d12 

8 

€I 

G 

HO 

k 

3 m 

% 

% 

% 

f 

p effective hard-sphere! diameter far collirsions between 

specif ic  heat at constant pressure of heavy gas  

light snd heavy gas moltmales 

3 binary dfffUSiQII coeff ic ient  

ii3 dimensionless diffusion parameter, defined by Eq (23) 

E dimensionless heat ganeratfon parameter9 defined by Eq (11) 

E energy added per unit  v03.u~ and per unit time by fission in 
gas mixture 

3 entha lpy  of gas mixture 

5 Boltzmamts constant 

mass of Light gas malecdte 

mass of heavy gas molecule 

tangential Mach number, based on speed of sound in light gas 

UE radial. Mach number, based on speed of sound in Light gas 

1 mass flow of preopelkmt pes unit length of vortex tube 

zi 



3 I molecular concentration of light gas 

% I molecular concentration of heavy gas 

31 3 tot& molectllar concentration 0 

py a partfal pressure of l i g h t  gas 

p2 partial pressure of heavy gaa 

po pressure? of gaa mixture 

Q = energy release per fission 

r radial coordinate 

R .I gas constant for light gas 

T 3 gas temperatwe 

"1 Ba diffision velscit,y of light gas 

u ~ a :  diffusion velocity of heavy $as 2 

uo 2 mas averaged radial velocity 

Y 5 mass averaged tangential velocity 0 

w r a t i o  af densities of heav and l i g h t  gases 

-11- 
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Subscripts: 

ra t io  of specific heats for l i g h t  gas 

coefficient of h a t  C O ~ ~ U C ~ ~ Q Z I  for gas m$xtwe 

density of light gas 

density of heavy gas 

densi ty  of gas mixtuse 

neutron track 

relative mass flow capacity per uni t  vortex tube length 

Qn independent vmiable (r os r*> 

c - exit from tube 
p - periphery of tube 
m - point af maximum w 

On dependent variables 

0 - value far  gas mixture 

2 - value for heavy gas 
1 - value for light Q ~ S  

Superscripts: 

* - quantfty divided by i t s  value .at point of maximum w. 



Mathematical formulation: 

With the assumption of zero visco 3 ,  the eqqutions governing a binary  
gas mixture may be w-rttten as follows: si? 
Conservation of specie, 

dni ni d(u,s> + - - f r n u )  I d  
ax r d r  i i  u-+- O d r  r 

Comervation of tangential momentum, 

v s = conskaat 
0 

of radial momentum, Conservation 

0 
u 

Conservation 

2 
0 

at- r 

V - - -  1 - - -  
Po dx 

of energy, 

where 

+ hCp2"2"2) 

ra t io ,  !Phis is the thermal diffusion E;€& 



amk 

Diffusion equation, 

2 
0 

1 2  

n - 
"1-% - - -  n n  

AgaSn the term involving 

Equation of statel 

5 is negligible and w i l l  be dropped, 

i 2 0,1,2 = nikT Pi  

The momentum, enera, continuity, and diffision equations w f l l  now be 
considered i n  t w n  and put in a form suitable for in%egration. 

Momentum equathrm: 

which w, the density ratioy'has its maxim value, 
to denote values at, this radius, Xq (2) m y  be writ ten,  Tor 
Eq ( 3 )  becomes, 

A reference radius, r w i l l .  be defined for future convenience 8s that at 
Then using the  subscript m 

= vomrm, and 

MultfpLying Eq (1) by mi and adding the equations fo r  i =: 1 and i = 2, we geL 
by using the fact that  %nluL f m2%u2 = 0, the continuity equation far the 
mixture, namely 

I 0 
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which has the salution, 

pouor = (2 O m O m r n  u r = constant ( 8 4  

Using Eq ( 8 )  to eliminate duo/& from Eq ( 7 )  we gat after some manipulation, 

are the radial and tawemztial Mach numbers at r based on 
'J1' where M and Mt 

an8 the speed of sound in the 1igh% gas; Y is the s8h.o of spec i f ic  
light gas. FEnally, the equation may be mitten as, 

It w i l l  appear later that Mrm/Mtm < 
threfore quite small, 

and the last term in the braces is 

V 



Denote by an asterLsk any quankity divided by its value a t  rm, eg, 
r* = r/rm. neglecting the smr~133, t e r m ,  ( 9 )  then becomes, 

Energy equation: 

The factor  G i n  Eq (4) represents the f i s s i o n  heat source. It may be 
writ'ren as 

G = %pf& 

where (I 

track length, and Q i s  the energy release per fiseion. 
tbat them! quanlf t ies  are independent of r. 
as 3 

I s  the f i s s i o n  cross section for the heavy &;as, $ i s  the neutron(f1ux) 9 It w i l l  be assumed 
The enthalpy, HO2 m y  be written 

l + w c  /c ... Ho - %lT [ 1 + 

but  since the molar specific heats of the two gases are of the same order of 
magnf tude, 

hence 
cplT Ho fl - l + w  



If c 
pera?we as fonows: 

is sssmed constant, Eq (4) m y  then be written in terms of the tem- 

m J  the term in E$ being neglected, 
this  becomes, 

Again referring all quantities to r = r 

++The negative s ign  i n  the definition of ~m is due to the definition of 
velocities as positive if directed outward. 
negative 

Thus, uorn is inherently 



Now according to krchenls formula, (2) 

-4 This quantity is of the order of 10 for the systems of interest, while 
other qmt;ities in the equation are of order unity, hence cmductian is 
negligible. Omitting the conduction ( th i rd )  term, rand using: Eq (IO), we 

d [-"-I 
d l 9  l + w  

This I s  the 
present problem. 

= ( Y - 1 )  

of the energy equation as it applies to the 
put in a more convenient; fsx-m by elfminatfng 

derivatives af &e deri&tive of w from the? left a ide  and cuUectfng 
T.w- from left and right sides. Thus, the density ratio, w, may be written, 

whence 

3 



and using Eq ( 2 0 )  to sUminate the pz *em, 

The left side 09 Eq (32) m y  BOW be expanded as follows, 

The derivative of T.lc may be separated from the r i g h t  hand sZde of Eg (l2), as 
f al.3-aws : 
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Substituting Eqs (14) and (15) i n  Eq (Z) and collecting coefficients of the 
derivatives we get, 

Fina l ly ,  it is desjrab3.e to elirnixmte u /u in favor af quantit ies om wMch have more readi ly  understandable pQef%3. significance. Let 3n ana 
%2 be the mass Slows of l i gh t  gas and heavy gas per foot of tuba lengh. Then 

hence 



- 
Thus, 
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where w is t h e  density ratio a t  the  
c" C Now by asstumption = w 

''exit" raaius, rC. Thus 

One expresl;ion relating the derimtivefi of F , n *  
obtained from the energy equation. 
these derivatives w i l l  be obtained. from the diffusion eqaat5on and the con- 
servation e g ~ a t i ~ n  for  the hesvy gars, 

and r"n%g has thus been 
Two a d d i t i o g b  expres@iotu; relating 



Conservation 

From Eq 

equation for the heavy gas: 

(I), for i = 2, 

From Eq (81, 
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Referring all quantities to r 
3 i n  terns of temperature ani! pressure 

and using the equation uf state Lo e l inha te  

nay be used l;o eliminate the derivat%vs of r""m from 

A simple relation exists be-txean u$Jp ugJ and w j  since Eq (19) may be 
written as 

os 



Using the expressions for w andp  this then becumes 0' 

U* 2 - =  
% 

Diffusion equation: 

1 - wcl" 



This is the third relatian between the derivatives of T*, nz, and r*m*, 
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me diffusion coefficient: 

will be used, partly far the sake of si&fcity and p a r t l y  for lack of infar- 
mation abaut the 

'l%e simple theoretical result for  D based on hard-sphere colLis.iom, 

teraction potsntfals %or the molecules of' interest, Osne 
such f a m e  is, ( 37 

where d is the effective hard-sphere dSamter for cQUision, 
po/kT, '%his Becomes, 

Sinea no P 

%2 = 

E 
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Now the dimensionlless group D /r u becomca 
12 m h  

TJ 
I 

_. 
63/2 

k - 
1 m 



Solution for  the derivatives of and T*: 

Equations (18), (191, and (20) give three linear algebraic equations 
relating the derivatives of W, q, and r 
the derivaLTvea of F and q, and the 

These m y  be solved f o r  
two expressions, together 

w i t h  Eq (IO), give three first-order non-1i.near differential equations, 
whech may be integrated nmerica3tly. 
and collecting %he coef'f'icicnts 05 the derivatives, 

Thus, substituting Eq ( 2 0 )  in Eq (181, 

Equat; f ons (22) and ( 2 5 )  m y  now be wrft;len i n  the fol lowing form, 
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The derivatives may then be wrftten, 

( 2 6 )  

.J. 

( 2 8 )  
r++ '9 ~ 2 8 1  '1 -- = 

al - r18 dr* 

Eqvstions (IO), (27) and (28) may be integrated numerically. 
E4 (10) will. be repeated here. 

For convenience, 
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The relations needed to complete the above set of equations are, 

The parameters which must be! specffled, and which govern the process, are 
and w a A U  of the quantities with asterisks are by definition 
at tfie radius  1: = r (or r* = 1) where w is 8 maximum, The 

initial conditions for Eqs [lo), (&) and (28) are therefore epeciffed, and 
the integration can proceed numer9caLly from r* = 1; however, the  garameters 

%ismwt& be shorn in the  next seckion. 
$&?,M and wm are not d.1 independent, i f  w is to have a maximum at r* = 1, 

Maxima and Minim of w:: 

&cause of the f a c t  that the absolute value of w entms  Eq (261, rather 
than Just the ratio of w to its value a t  some point in the tube, it 2s neces- 
sary t;o specify the  magnitude of w at some vaLue of Y*. This spec9f"ied value 
of w i s  an important parameter, since it effectively determines the fissionable 
material concentration in the tube, 
should be as accurate a measure of the av@rage magnitude of w as possibleg it 
has been defined to be the maximum value of w wh?ech occurs i n  the tube. 

In order t h a t  the specified vahe of w 

However, 
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since the variation of w witih r* can be found only by numerical integration 
of Eqs (101, (27) and (281, it is 
w only if it 6 c c w s  at r* = 1, the Lni t i aL  point.  
w i l l  be obtained which are necessary an& sufficient for the occurrence of a 
maximum of w at r+ = 1. 

possible t o  specify the maximum of 
fn this  section, conditions 

The condition that dw/dr e: 0 is, from Eq (13), 

U s i n g  Eqs (27) and (28) 

1 p$*E 
= - -  Drn T*5b  

Thus, the condition for 

to elimdnate the derivatives, thfs becomes, 

zero islope of w at r* z 1 is, 

( 3 3 )  

(34) 

Equation (9) gives the value o f B m  such that w shd.3. have zero slope at r* = 1, 
With this value, c2 becomes, 

and this expression replaces the corresponding one of Eqs (26), 
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It is in te res t ing  to inquire whether there are points other than r* f: 1 
a t  which Eq (53) is  sa t i s f i ed .  Substitutfng Bq (9) in Eq (33)r we get, 

Now from Eq 

1 + w- 

reduces t o  

3 3 4  

which QB the condition t o  be satisfied if there is to be a point af zero slope 
of w other than at r* 2 .  Since 
before the equations are integrated9 it is not possible t o  give the points 09 
zero slope of w exactly; b w e v m ,  it is clear tbt if ZQ (36 )  is to have a root 
for rjY 1, then the deri<atSye of the left side with respect to I+, evaluated 
at rJc = 1, must be less than that of' the right a ide ,  while the reverse i s  true 
if there is to be a root for s*>l, 

and w are not known as functions of r* 



It was found by integrating the equations t h a t  if there is a root f o r  
r*>l, then w is a maximum at r* = 1, while if there fs a root for rrY 2, 
w is a minimum at r* = 1, 
these b o  cases in FLg, 2. 
which is permissible if w i s  to  have a maximum at  r* = 1 is auch that the 
cwve OS the left side of Eq (36) versus r+ ie tangent to that of the right 
side at r* = 1. 

The behavior of w ie shown qualitatively f o r  
C l e a r l y ,  the miairnun slope of lY  versus r* 

From Eg ($1, this condition is 

Salving f a r  %? 

The value of g given by Eg (37) is t o  be interpreted as the maximum value, 
for given w and Km. whZch alzows w to have a maximum at r+ = 3,* If % is 
less than &is value, w/w, will behave as  i n  Fig. 2b, if  E4 ( 36) has a root 
for r*>2. 
contiauously for r*>L, 

However, if Eq ( 3 6 )  does a u t  have a root f o r  r*>L, w/wm %ill deereaae 

This rather complicated behavior of the density ratio can perhaps be bet te r  
undtsrstood by re-writing the diffusion equation In terms of w e  
q p ~ / p ~ ,  we have 

Since w/wm = 
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Mow usiw Eqs (21) and (23), the diffusion equation [En (22)] may be wrftten: 

The first  term i n  brackets on the right represents the vortex field, or rather 
i t s  effect on the diffusian process9 while the second represenks the combfned 
effects of the heavy and light gafi conceatrations. 
mass flow is contained %;a& 
rate per unit of tube le~&,?#~[~ee (Eq @+)f. 

its form for three physical situations:  
radial mass f low,  the second with constant TJk and radial mass flaw, and the 
third with both strong temperature vwlat9on and radial mass flow. 

The iafZuence of the  radial 
which is  inversely proportional to the mas8 flow 

The physical significance of Eq (212a) may be most eastLy seen by studying 
the first with constant P and no 

If the mass, f l q w  rate is zero,Bm is i n f in i t e  bee Eq (2411, and Eq (22a) 
reduces to 

. 

t o  : 

9 

Now i f  F is constant, this immediaLely i n t e p a t a s  

P 
W/W, = @XP[ (; - 1) p tm (1 - *) 1. 

Thus, f o r  this case w decreases very rapidly, and monotonieaUy as r* decreases 
from r* = 1, as shown in Ppg. .3,  case 1. 
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Next, suppose T* is st i l l  conatant, bu twl  is not aero. 

very small, f,e. about equal t o  wc, the guah t i ty  i n  braces i n  
be equal t o  a positive coastant, say 6, which increases asM2 
a t  r? = 1, dw/drJe has been set equal to zero, hence the first  
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Then l3Xaesa w is 
Eq (22a) m u s t  
increases. N o w  
tam et3 j u s t  
t e r m  increases, 
ftrst term 

equal! t o  C for r* = 2 .  As r* decreases from uni ty ,  the first 
hence dw/dr* must become positive, while as 9 increases, the 
decreases, and dw/dr* r u s t  become negative i n  order that t h  sum of the two 
terns may remain equal t o  C. 
maximzun i n  w as shown i n  Fig. 3, case 2.  

Thus, the  radial mass flow produces a simple 

Ffnally, consider the case i n  whlch t k r e  f a  both radial mass Elow and sub- 
s t a n t i a l  heat addition, which results i n  a decrease of T* as r* increases, 
The sum of the t w o  terms i n  braces i n  Eq (22a) may s t i l l  be considered roughly 
a constant, since T*l/Q var ies  ra ther  slowly com'pared to  the f irst  term i n  the 
braces. 
enough so t h a t  the  product r*T* increases monotonically as r* increasers;, the 
behavior of w i s  substant ia l ly  the same as that of case 2. Eowever, if Zyt 
decreases more rapidly than r*2 increases, the first term increases with r* 
instead of decreasing, and dw/dr m u s t  increase cia r* increases. 
increased enough, dw/ds becomes posi t ive,  and very large, because as W de- 
creasesz L b  propeUant density, and therefore the  f i s s i o m b l e  material density 
(sfnce w-1,) increase. The l a t t e r  increase leads t o  a high ro t e  of heat addition, 
which accelerates  the decrease of !I? with r*, and the effect multiplies.  
w f i rs t  decreases, then increases very rapidly as shown by Fig 3r case 3. 

This f i r s t  term depends on both r* and T*. If TJC varies slowly 

If r* is 

Thus 

Whether the system behaves as i n  e w e  2 or a8 i n  case 3 depends on whether 
T* varies m o r e  rapidly than r e  for some r* greater than unity. 
var ia t ion  of TJt with 1% is proportional. $0 &, at least for r* near uni ty ,  thus 
a6 gm is increased .from zero, the behavior of w w i l l  change from that of the 
second case t o  t h a t  of the third. 
behavior takes place w f l l  be denQted g m ( c r i t ) ,  

maximum point a t  r* = 1 are that c2 be given by Eq (35) and that ~m be less 
than the value gm(msx) gSven by Eq (37 ) .  If g, 9s between &,(w) and g,(crit) 
w will behave as sho-wn i n  Fig; 3 for  c m e  3. If $n is Jess than g ( c r i t } ,  v 
w i l l  behave as shown for case 2. 

Now the 

%a Wue of &, at  which this chmge i n  

I n  summary, the conditions which must be s a t i s f i e d  i n  order that w have a 
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Equations (10 ) t  ( W ) ,  128), f%>$ (301, (3x1, a d  ( 3 2 1 2  w i t h %  (35) for  
c2p are in such a form that they may be integrated qzrite readily by a high- 
speed d%git&3, cowputor. 
e a s i l y  available,  a simple forward-difference scheme was used, and the desired 
precision obtained by mans of a smU interval ,  

Since 0- the first dsrfvat€ves. of TJC and ar@ 

Beginning a t  t he  j n i t i a l  point, P* =: f where %* = T* = p8 = f)B = u p  * =  1, 
and w = wmr the quant i t ies  

( r*/qIaq/ar* , ( r*/Wdw/dr* b * / ~ i t ) d p 8 / ~  

were computed. 
of r* by the relation, 

Values of $, T* and p8 w e r e  then estimated at the next v d u e  

where y = qP T*, p*. ut;? u$J1 and w ware then estimated. 
The derivatives a t  ?he end. of the interval were then computed from these values, 
and f5nal valu~s for  each of the above derivatives were obtained by averaging 
t b  estimated values w i t h  the corresponding values a t  the beginning of the interval.  
The f i n a l  values of' I$, TJC and p* were then computed by Eq (381, using these 
average ttt-trivatives. 

With these values, 

This procc8ure was repeated fo r  each increment i n  r*. 

An i n t e rva l  of&* = 0.005 was used for a11 the calculations, I n  order Go 
estimate the errors, one case was run with an interval of O,O?L. 
retsuts for the quan%itles of interest agreed t o  within one percent, it w a s  con- 
cluded %hat the accuracy was sufSFfcient for engineering purposes. 

Since the 

Parameters of th-e heating-separation process: 

For each Integration of the d i f f e r e n t i d  equattons, wmJ f: and w were 
specjfied. The integration th@n proceeded from r* = 1. toward smayl r+, !?he 
integration was stopped when w equaJled wc, and the value of r* a t  which t h i s  
occurred ktas calxed rz* 
'This figure implies a loss of 0.0001 pounds of fissionable material  for  each 
pound of propeUant expanded, 
t ive ly  d t e r i x  the resu l t s .  

For a3.l of the c a l c d a t i a n s  wc = 0.0001 was selected. 

It could be reduced t o  0,00001 without quallta- 
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The parameters which remain are then Mtm, wm, and gm. For any pa r t i cubx  
s e t  of these, the integration gave the variat ion of n*, T*, 
r*, for r* i n  the range where w was less %bas. or eqm5 to wm. 

In order to interpret the resuts in term of' real systems it 2s necessary 
first to select the value of 1-31. which is  to represent the periphery of the tube, 
i . e ,  r$* E m h  solution for a given aet of M t m ,  wm and gm aZZows za range of 
values of r*, and the overall. charaeteris%ics of the system depend st rongly 
on r$. The $slues of rjfj have been chosen f o r  the cases where &> ( w i t )  60 
as t o  include the e n t i r e  range of r% for which w s w m .  By reference 2 Q Fig. 3 
it may be seen that r* i s  the value of' r* at which w/wm becomes unity again as 
9 5s increased from h l t y .  For the cases where g < %(mi%), r+ has been 
selected as the value of r* a t  which w = 0.1 wm. "ft will be sezn later t b t  
this choice gives appoxirnately the maximum overall. temperature ratZo, e o m  

and w with 

tube e x i t  to periphery. 

For a given value of r*, the tangential. Mach number, M , and , both referged to the f l u i d  conditions at tkg tube partmeter, 
may be compu % ed, From the de f in i t i on  of the Mach number, 

Using Eq (2), this becomes, 

the heating 
pes iphery 

c 39) 



G h i l a r l y ,  from the de f in i t i on  of g, 
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(40) 

The physical significance af Mt is of C O U T B ~  clear. It is simply the 
velocity of the entering f l u i d  dfvyded by its  sonS;c velocity. 
being equal, the strength of the vortex f i e l d  increases as pil increases, 

rate by f i s s i o n  per unit of tube l e k f h  t o  the heat capacity of the fluid 
flowing through the tuba, per un i t  lertgtll and per uni t  t ime  
a d i r e c t  measwe of the tanrperattxre ratio across the tube, from periphery to 
core. 

nece Of 4 s w y  between the prameter-s of Ea, (40) fn wd& that %he heat generation 
rate be that which is implied by tkLe r e su l t an t  temperature r a t io ,  Te/Tp. 

Other things 

tP 
From Eq (SO), it i s  clear that g measure6 the r a t i o  of the hest gemsation 

It is therefore 

I n  the process of integration, &in was fixed, and fo r  each I+ a value 
P was computed, from Eq (41). This value of g determines the re la t ionship  

W 
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A relationship between the  mas^ Plow rate per unlt of tube length,wl, 
Equating these and the other parameters is implied by Eqs (24) and (34). 

and solving for wl, we get 

where 

= Tm the mass flow rate depends on Tm9 Mkmj and con- 
It i s  proportional t o  by the light-heavy gas combination. 

It is important t o  note that?# is the MWB f low capacity per unit 02 tube 
length, and that it i s  independen% OS .(;he tube size, Thus, a large number of 
small diameter tubes filling a given volume have a much higher maes flow capacity 
than one W g e  tube of the same voI.&. 
partant results of the analysis, 

This is felt t o  be one of the most Fm- 

I n  order t o  estimate tbe critical size of a system composed of" vortex tubes, 
it is necessary t o  know the average dens i t ies  of the light and fissionable gases 
i n  the vortex tube. These may be obtained by averaging over the density dislri- 
butions given Ery the integration. 



-39- 

If rz is the exit dimensionless radius and r* is the peripheral dimensionless 
radius, and it is assumed pL is con6trr;n.t for r e  re. and has the value plC . then 
the ratio of average light gas densit3 to that at the periphery i a ,  

If it is assumed 
ratio W, defined as 

that w is very small fo r  r% r: , the  avexage density 
P a p2/ p3. is given by, 

- '"m w r = -  
P 

P 

of the fissionable The avesaga deasity gas fn the tube is then given by 

- 
= I (k) PlP 
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In summary, the followiw pasanetars are significant i n  specifying the 
overall performance of the heating-separation process: 
perature ratio, Tc/Tp, the overall pressure ratio, p ~ c / p ~ ,  the peripheral. 
tangential Mach number, Mtp, the outlet-to-peripheral radius ratio, .rc/rp, 
and the relative mass flow capacity per unit of tube lmgth, 
between the fluid-mechanfcal. and nuclear characteristics of the system is 
expressed by the average fiesionabl~-species-to-p~~p~~a~t-c2~~ity ratio, Bt 
the avera@;e-to-peripheral propellant dens i ty  ratio, p1/41p, and the heating 
parameter, %, which is essentially a statement on the required neutron track 
length. 

the overall tem- 

. The coupling 

Results 2 

The principal results of the analysis take the fom of relateonships 
between the overall-performance and nuclear-coupling parameters and the 
specified parameters9 wm, qm, and &; however, it is difficult to under- 
stand these relationships without a prior understanding of the physical aspects 
of‘ the heating separation process, Accordingly, before these principle results 
are presented, the variation of the several physical parameters with r* will be 
presented for some typical values of the specified parameters. 
large number of possibb combinations of the specified. parameters, these results 
can be only exemplary. 

Because of the 

The calculations have been done for  a combination of hydrogen as the Sight 
The quttntSties involved in the integration gas and plutonium as the h0a-v~ gas, 

which depend on this choice, and the  asaigned values are: 
cp2/c-f;1 a 0.008, ‘d 1.31. zfhe value of Y was selected as a reasonable mean 
f o r  t e temperature range of interes%,, 

%/ml = U9.5, 

The density ratio, dimensioaless temperatwe, and dimensionless f u e l  concentration: 

The somewhat complicated behavior of wg which bas been discussed qmLitativeZy 
at some length in the section ‘ ‘ m x i ~ ~  and minim of wt’, is shown quantitatively Ln 
Figs 4a and 4b, for  typical values of M-t;m and wm. 
has a simple maximurn, and falls off quite rapidly f o r  Y+ both greater than and 
less than unity. 
the vortex field strength decreases momtonic&y as r increases. If, on%e 
other hand, the rate of beat addition is large enough, i.e. gm 3 gm(crit) the 
rapid increase in density as r increases causes the field sfrength fir& t o  decrease 
then increase again as r increases. In these cases, w irtcreases again as the field 
strength increases, as shown in Fig 4b. 

For gm < $m(Crit)j (Fig &a)> w 

Tfiis simple maximum results from the fact that for  ~m < (wit), 
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"he variation of TK is shown for the same values of M , w I and % i n  
Figs 
where w/w, is  near unity 
small, and w becomes amall, lY decreases bemuse the propellant expands 
toward the center of the tube. Similarly,  if fl were carr5ed t o  b r g e  
enough valrues, P would increase as Y-n increased for rJc > 1. 

FOX- gm > h ( c r l t ) ,  the var ia t ion of T* r e f l ec t s  the fact that w/wm is  
of order unity for  a l l  r* $. 1. 2"#. continues t o  decrease as s* increases, 
and i n  fact for 8;, near %(ccrit), T* decreases very rapedly as w increases 
rapidly. As has been pointed out previously, these t;wO effects reinforce 
each odher, since as the temperature decreases, the derivative of w in- 
creases, which gives a highm rate of heat addition and decreases 'I% further. 

and 5b. Far %: &(cr i t ) ,  T+ varies rather sZoay+ %ear r* i= 1$ 
Zncreases steadily; however, as fl becomes 

The variatian of the dimemianless fieslomble-species concentration with 
r* i E i  shown i n  Figs 6a and 6b for the eases discussed above. For 7 < ~(rcrt), 
XI$ is very similar  t o  w (compare Figs 6a and 
large variations i n  propelhnt  density, which result from the large variations 
i n  Fg cause a ra ther  extreme variat ion of % near the periphery of the %ube 
for va~ues of ts, near gm(cr i t ) .  

The val id i ty  of the analysis for  these extreme cases where gm is new 
h(cr5.t)  w i l l  be discussed i n  a la ter  t;ectian. 

A11 of the above results have been fo r  wm = 

while for gm > $n e r i t  

1 .0  a d  Mt- = 0.7. The in- 
fluence of Wm on the destsibutiun of w is shown i n  Fig 7. 
ev@n when wm is changed by a factor  of 20. 

distribution of fissionable material. 
about its fixed maximum, wm. 
strength increases with 

The ef fec t  is small, 

On the other b n d ,  F ig  8 shows that M t m  has a very strong inf'luence on the 
As M+.m is increased, w var ies  more rapidly 

Tlzfs is due to the  fact that the voytex f f e l d  

Dependence of the performance pmtametess on the choice of r+: P 
3ecause any value of r+ may be chosen to  represent %he periphery 5f the tube 

for  a given set of MtmY wm9 $n, each chofce f o r  these parameters ylexds a very 
wide range of posslble physical systems. I n  order t o  make the results 88 eon- 
c re te  as possible,  r$ has been chosen as follows. For %< gm(cr i t ) ,  r$ 
taken as that value of r* wMch g ims  the largest Tc/T . %%e vartat ion 
with the choice of r* i s  shown for these cases i n  Fig $a, together with P 

ha6 been 
of T,/Tp 
that of 
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p ~ ~ / p ~ ~ .  For gm > &(wit),  
of r* in wMch w < wm. 
consistent with the requirements that w < wm as shown in  Fig 923. It is true 
that if, for example, a temperature ratio,  Tp/Tc = 0," is desired, it may be 
obtained for any of the values of g,/%(max) shown in Fig 9b, by choosing r$ 
suitably; 
cumbersome had all such poss ib i l i t i e s  been inczuded, and i t  is f e l t  that the 
above somewhat arbitmiry chokes for rp" show the  general charac te r i s t ics  of 
the  heating-segaratfon process to  best advantage. 

The dependence of the peripheral  Mach number, Mtp9 on the choice of rp" 
is shown i n  Pig 10, For % < %(cr i t ) ,  H t  decreases ES r$ increases, rc- 
flecking the decrease in tangen iak velocity as r increases. For gm > G(cri-t;), 

ktas been selected to include the  a n t t r e  region 
%is choice a l so  y ie lds  the largest value of Tc/Tp 

however, the presentation of the results wou ld  have become very 

Mtp increases ES r increases. 
in temperature, hence, in the velocity of sound, for these cases, the 

TMs reversa l  i s  due to the more sapid decrease 

velocity csf sound ac tua l ly  decreasing faster than the t a n g e n t i d  velocity,  

Another performance parameter of considerable in t e re s t  is the r e b t i v e  
mass flaw c a p c i t y  per unit; of tube Length. Figwe KL shows tha t  2.t increases 
wlth r$ fo r  
rapjdly for  % t e farmer. It should be noted %hat ac tua l  mss flow per un i t  
of tube: len@;th,@X, is proportional top times T 
rise i n  9 for  gm/%(max) = Q. 41 implies  a corree&mdingly rapid increase inWl 
only if T is held constant, 
decreases, and% actual ly  decreases scrmewhat as r* increases. 

both greater  %ban etnd less than %(crik)?  though much more 

Therefore, the very rapid 

If T, i s  held constant, Tp decreases as Tp/Tc P 
P 

of the nuc3ear-coupXing parameters on the choice of r*:: 
P 

The quant i t ies  which are needed i n  computing the criticality of a system of 
vortex tubes a r e  the average fissionable-species and propellant denai t les ,  The 
r a t i o  of average-to-peripheral propellant densities i s  show as a fwiction of 
r$ in Figs E a  and Eb, together w i t h  the ratio sf average-to-maxfmum of the 
density ratio, w. Both of these parametars are rather insensftive Lo r$ for 
gm < gm(crit) with the maximum occurring for a somewhat smaller r; t h n  
t h a t  fo r  maximum T,/Tp. 
sired, ra ther  than the  largest P,/Tp, r$ would be modified somewhat, 
gm > G ( c r i % ) 3  both W/w, and p ~ / f ) ~ ~  are more sensi t ive t-o the e b i c a  of r$ 
than for gm < gm(er i t ) ;  
the same value of 9 as t he  m a x i m  of T,/T . 
r a t i o  of average temperature t o  peripheral  temperature. 

Thus, i f  largest; possTb3.e value of F/wm were de- 

here the maximum of E/wm occurs roughly at 
The density ra t io ,  p /pap, de- 

For 

however, 

creases s teadi ly  88 rjtj increases. This is  ffimply a reflection of t 5$ increasing 
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FinalXy, t h e  parameter g p J  w3aich essentially determines the required 
neutron track length, is shown i n  F igs , f% and. f3b. 
with r$ for gm > gm(c r i t )$  reflecting the higher rate of heat, release 
demanded by the higher temperature ratios. For & %(~rf . t . )~ decreases 

increases with rB* 
times d3 and 

It increases rapidly 

as r* increasaa, instead of increasing, even t'haugh the temperat e$: e ratio P ThBs is reasonable, since gp I s  proporlhm%l t o  nsp 
decreaees as r* ixxreases. 

P 

The overa l l  temperature ratio:: 

O f  %he several. perform;ance paramebrs, the overa l l  temperature r a t i o  is 
perhaps the best me~sure of the performance of the  system, a t  least f o r  rocket 
app1icaf;ions. Themfore, It has k e n  selected as a basic variable f o r  presen- 
t ing the results, 
then all other performance parameters w i l l  be referred t o  it, 

Its dependence on the heatfw pwaaeter  w l E 1  first be showng 

A curve of T /T, versus &/gm(max) for  conlF;tant Mtm and wq has two branches, P corresponding t o  the two cases, 
Fig 14. 
in order to obtain va~ues of T ~ / T ~  less t h n  about 0.3 it appears essent ia l  
that gm be greater than g m ( c r i t ) .  
tu re  r a t i o  obtainable by approaching g m ( c r i t )  froB above. Although the end- 
points  of the C W Y ~ S  for gm < gm(crit)  were not very wel .1  defined by the c d -  
culations, It is believed that the end points as shown are approximately correct.  
"hat them is a mlnimm obtainable TF/Tc for & < gn(crit), and not f o r  gm > 
g m ( c r i t )  i s  due t o  the sudden rise i n  w near %he pwiphery i n  the Latter case, 
an& the: lack of it i n  the former, "kat5 rise in w gives et high fue l  concentration 
near the periphery which leads to a w r y  rapid temperature varfation, and the 
small valuee of Tp/Tc sham for gm > gm(cr9t). For gm < gm{er2.t) on the ot;her 
hand, w decreases Sta8dily t o  the  perI.phry, giving a very gradual temperature 
variatiun. 

of Tp/Tc w i t h  gq/gm(mBx) is more rapid as Mtm Increases, 
more abrupt varxatXan of the concentration profiles w i t h  tncreasing Mtm, which 
i n  t u rn  is due t o  &be higher vortex f i e l d  strength, 

< gm(crit) and g, > gm(cr i t ) ,  as Shawn i n  
Modest temperature ratios can be obtained on either branch; however, 

There appear@ t o  be nu limit t o  the tempera- 

From a comparison of Figs 3-4 a, b md 6, it can be seen t h a t  %he var ia t ion 
This i s  due t o  the 
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The overa l l  pressure r a t io :  

As the overa3A temperature r a t i o  is a measwe of the performance of 
the vortex tube as 8 heating-separation device, the overall. pressure! ratio 
is a measwe of the penalty paid for  the saparatioa. 
results, of course, from the resis tance which must be overcome by the pro- 
pe l lan t  in d i f f i s i n g  ~;hro@ the heavy e S j  therefore, &e more dense the 
heavy gas cloud is, the hsger the pressure drop may be expected to be. 
That th is  is true may be seen from Figs 1.5 af b and c. 

The pressure drop 

It may also be seen that the  pressure rat20 decreases sa  Tp/Tc decreases, 
This is due t o  increased expansion of the gas toward the center of the .tube 
as the tenperatwe rise increases. 

"he pressure ra%io ~ Z S O  decreases as M is increased, because of the 
increasing vortex f ield strength, which %en@ t o  concentrate the propellant 
near the periphery of .the tube, as well as the heavy gas. 

The peripheral  Mach number: 

Although Mtm was specified i n  carrying out the calculations, the parameter 
which is of f n t e r e s t  i n  a n  actual system is Mt 
periphery, s ince it is the Mach number at whicff the propellant enters  the 
vortex tube. 

%m: The dependence of {his r e d t i o n s h i p  on wm was found ta be small, and 
so LS: not shown. 

are required ta give a speci- 
f i e d  value of Mtw since the velocity of sound at t h e  periphery becomes smaller 
compared t o  that a t  r,. Another interpretaption of t h i s  stme effect fs that i f  
Tc is held const;ant, larger values of 
vortex f i e l d  s t rength (or given M t m )  as $ decreases. 
ffaPd strength, larger pra 
as T /Tc i s  decreased. 
i n  Ffg 15 t o  obtain the ef fec t ive  pressure r a t io  acTo86 the antire syBtem, 

the Mach number at the 

The var ia t ion  of % with T /Tc is  shown Sn Fig 16 for  various value8 of 

A s  Tp/Tc is decreased, larger values ~ E s f  Mt 

are: required t o  generate a given 
T ~ U L J ~  for a g2ven vortex 

These pressure ratios must be combtmd with those shown 
e drops musg be maintiained i n  the i n l e t  nozz3.e~ 
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of eqwl importance t o  the temperature ratfo i 8  the mass-flow capacjty 
of the vortex tube, which actually determines the. total tube leng%h required 
fo r  a given t o t a l  mss fluw or  t h s t .  

The vortex tube I s  rather unusual, i n  t b t  the mss flow capacity per 
This fact cannot 

It means t h a t  the mass flow capacity per un i t  
unit of' tube length i s  independent of the tube diameter. 
be too strongly emphasized. 
of tube volume3 which is a measwe of %he system size for  a given mass flow, 
i s  inversely pmportlanal to the! tube diameter, within L i m i t s  to  be indicated 
in the mxt aect9o.n. 

From Fig 17, it may be seen t h t  the r e h t i s e  mass flow capacity per unit 
of tube length increases as Me, Snmeases. 
t o  qm. 
multiplied by T Lo obtain the actual mass flow capacity per unit of tube 
Xengtln. 
creases; however, a simple computation with the aid of these curves w i l l  show 
that if T, is held constant9 while Tp is  decrease&, the msfi f l o w  capacity 
atsttally decreases slightly. 

length, will be given far some sample cams i n  a later sect ion (sea Eq 42). 

It i s  i n  f a c t  nearly proportional 
The deps dence ox1 temperature r a t i o  is not so clear, s i n c e q  must be 

Xf Tp fs held constant, and T, increased, the mass flaw capacity in- 

Numerical values of%?$, the ac twl  mass fLow capacity per unit tube 

The exit-to-periphera3. radius ratio: 

In aL3. of the preceding results, it is implied that w is reduced to a 
smPT value, wc9 at surne radius, rCg within the tube, and that the propellant 
leaves the Lube at this radius9 with only a very small amount of heavy gas. As 
was mentioned previously, wc =i 0,0003. was selected for  a3.f of the present cal- 
cvlgstfons. 

The resu%ting vaZues of? the exit-to-periyherd radius ratdo m e  shown i n  
Ae might be expected, this ratio increases as M+J, increases, since 

Tncresses, because heating o f  tihe propellant increases its 

Fig 18, 
the concentration profiles become more abrupt as Ntm inc;reas@s. It a l s o  in- 
creases as T /T 
radial. velocity, wb9ch tends t o  sweep the heavy gas towmd the center of the  
tube L 

P C  
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From the standpoint of the o v e r d l  performance of the vortex tube as a 
rocket proptLLsion device, t h  significance of rc/rp is t h a t  it sets an upper 
l i m i t  on the ratio of exit nozzle throat  radius t o  tube peripheral radius, 
Referring to Fig 1) it is cZear that if the t b o a t  t o  tube radtus ratio, say 
rt/rp, is greater than rc/rpt bhe cloud of fissionable material wSL3. be swept 
from the tube. If rt/rp fs less t b n  rc/rpr the results of the! calculations 
are in some sense conservative, since then, the actual value ~9 w in the 
ezhaust nozzle may be somw'hat less than  wc. 
pwameters, the mass fJm capacity of a vortex tube is  SimplywlL, where L 
9s the tube length, and t b  tkoat sadtw is determined by t h i s  mss flow, 
A lower l i m i t  on the "cbe radius i s  then set by the fac t  "chat sc mst not be 
Less Z;'han rt. 
later sectLon. 

For a given set  of separation 

Numerical examples of this  re2Ettionship w i l l  be given i n  a 

BucLear coupling paxarne%ers 2 

In order to estimate the c r f t t c a l  s i z e  of a sys%em of vortex tubes it 
is necesssy t o  know %he average f iss ionable  and. Sight gas conccntratlons 
in the vortex tubes. 
t o  maximum densi ty  r a t io s ,  and p1/plp9 the ratio nf average to perlphwal 
propellant densities. 

The depend.ence of W/wm on T /Tca w, and M t m  i s  s h m  in Fig 19. For 
given wm and PItrnl if gm > gm(CI3.f), there is a value of Tp/Tc which gives 
Cbe largest; 'W, because of the large region of rf with l a w  w which occurs in 
the cases with small Tc/Tp [see Pig 4b). ALSO, F/wm decreases as Qm in- 
creases, because of the more rapid variation of w with r* 8s  Mtm increases. 
The cases vfth gm < &(wit) have lmer values ~f V/wm than those with 
r;, > h ( c r 5 t )  because %;he former do not have the extended region sP high w 
which o c c u r a k  the latter near tbe periphery. 

These may be obtained % m m  W/w,, the r a t i o  sf average 

The density r a t i o  depends principally on the temperature ratio, as may 

'Faere is &eo a sm3L ef fec t  of 
be Been from Fig 20. 
creases compand to that af %ha periphery. 
&Itm and wms wkrjch is due t o  the fact t h a t  increasing eit.her of these decreases 
poc/pop, hence Jowars the average density compared t o  

which is a measure of the 
neutron k a c k  length required t o  give the heat addition sate implied by the 
specified value of $a. It depends very s6rong.E~ on the temperature ratio, 
and smewhaL less on 
requiremenks placed on the neutron t rack Xengt.h # (see Eq 40) are somewhat  
masked by the fac t  t b t  gp is also proportional. to 9 /T . 
for  a given value of Tcp n2* increases very rapidLy if $/Tp is 8mal.1 (see 

As T /Tc decreases, the avexage densi ty  %n %he tube de- 

at the periphery. 

The f i d  nuclear coupling pasmeter is g P' 

and wm, 86 may be seen from Fig 21. The actual 

As T /Tc is reduced, 



Fig 6b). Thus, does not increase a8 rapidly 8 s  it appears to from Fig 21, 
Again, the reason 6 for the systems with gm 4 sr,(cri t)  falls  far below that 
for the systems w i t f f  gm 9 & ( c r i t >  is that qP f o r  the former is  much lesa 
than that for  the Jat;'t;er (see. Fig 61, Representative numerical values for 
g W i X l  be geven Xater in ammpxes. 

D r l  
and Proposal, f m  Experiment& Verification 

The two most important assrzmptions involved In  tihe preceding analysis 
of the vortex heatlag-separation process axe that the flow in the tube i s  
laminar and that it is  inviscid. Of these, the  most cri t lcaJ,  i s  t h e  f i r s t .  
3% w i l l  be shown that i f  the f 
is probabEg not Eteriom; hc*tever, L f  fAe fLaw is  turbulent, the effect of 
the tur5uXent mixing on the separation process cenzzat be predjcted a t  present. 

The p r p o m s  of the presea% seetdsa are: ( 2 . )  t o  present an argument which 
indicates  that:  it is not obvious -that the  flow w i l l  be tllrt-bulent; ( 2 )  to give 
an estimate of the viscous effects for laminar flow; and (3) to propose a 
serles of experiments deeIgmd to check the assumptions i n  a logical order, 

is  laminar, the neglect of V ~ S C O U S  ef fec ts  

The gas flow en the vortex tube is of a type w i t h  which there  is  no 
previous experience, and there seems t o  be no sensibie crS.ter-Son based on 
Reynold's number which w i l l  give an  indicat ion as to whether t h e  flow w i n  
be ,"hm%nar or twbuXent, Since %he! propellant must be introduced tkmough 
small jets, as i n  Fig 1, It seems, intuitive3.yJ a t  f irst  s ight  that the f l o w  
w-ES.3. i n  all, probability be turbulent,  

Howeverp the b a t i n g  e f f e c t  i n  the Labe5 EihxlzuXd tend to  stabIX1ze the 
flaw, that is, prevent its becorntag t;wbLt.ent;. This may be seenby remembering 
first thak the  trarrsitrion from 1 f X o w  tu Plur'oulent flow occurs: when In-  
ertial forces in the fluid bacom 
motion can exist despite the dissipative, or damping, affect o f  ir-8scou.s forces* 
I n  fact, the Reynold*s numbel. &as bean characterized as the r a t i o  of ine 
t o  viscous forces. Now i n  the vortex tube there is an a d d i t f o a l  stabilizing 
foxe wlzftth wi12 help t o  prevent the formaliar, of random fluctuations, at  least 
in the r a d i a l  direction, ThSe is %he body force which results from the vortex 
f i e l d  and the temperature gradient. I n  order .to move a small eXement of f l u i d  
instantaneously from same radius t u  anather radius where the temperature is 
lower md kbe density higher, a buoyant force must be overcome, which may a id  

enough sa t b L  $. random fluctuating 
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i n  suppressing tusbult . This ef fec t ,  or i t s  inveme, has been k r m d  
"Taylor instability". f'?' "he general principxe is that the interface 
between two f l u i d s  of d i f f e ren t  dens i t i e s  3.8 destabil ized by an  accezlera- 
tion toward the denser fluid, and s tabi l ized  by an acceleraeion toward 
the less dense fluid. In the present case, there is an axtreme3.y Sarg 
acceleration toward the center of the  tube (of the order of 3.06 to 10 
times the acceleration of gravi ty) ,  It thereletxe seems quite possible 
that the  flow may be Winar i n  the cases where the temperature increases 
rapidly toward the center of the tube, 

Estimate of viscous e f fec ts :  

8 

It is c lear  that viscaus shear forces  at the periphery of the vortex 
tube will tend t o  cause the actual taagential veloci ty ,  and hence the 
actua3, vortex f i e l d  strength, t o  be lees  than tfiat predicted by the prc- 
ceding calculations, which assume that V ~ S C O U S  effects are negligfble, 
I n  order t o  estimate this effect, it w i l l  be assumedp as i n  the separation 
calculation, that the flow i s  .laminar. It w i l l .  be further assumed that the 
enter ing fluid is introduced uniformly over a cyl indr ica l  surface which has 
a dimeasicsiless rad.jus T* =: where a < P$, as shown in Fig 

expressing conservation of angular momentum of the fluid The equat 
m y  be wrikten t u  j ,  

where the notatton is the same as b s  been used gsavious%y. 

T'his equation m;zy b e  made dimensionless by dividfng VO by the tangential  



It can be seen immediate 
of viscosity on the system is 

that the parameter which measures the effect 
If it is Large, then we lave, 

os v r =: coast. !This means 
served as It moves r a d i a l l y .  0 

t h a t  the tmgaXar momentum of the f l u i d  Is con- 
Qn the other hand, if%/2T$ is s m a l A ,  we have, 

The magnitude of% is set  by the b inary  dfffuslon p~dlccss, as expressed 
by Eq (42). 
Assuming the hard-sphere m o d e l  f o r  molecuLar coUisioas,  t h a t  n ~ >  > mll and 
that  % < < nl, this expression may be reduced to: 

A formula $or Che viscosfty o f  a gas rnjxture is given in R e f  (5 ) .  
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w h e r e p l  is the viscosity of t he  l i g h t  gas, d l  and % are the e f f ec t ive  

the effective hard-sphere d i m e t e r  far collisions between l i gh t  and 
hmd-sphere collision diameters fo r  l i g h t  and heavy molecules, 

molecuZes = 
eavy 

'170 the same approximation as used in Eq (40),,4d1 isr given by, 

Assuming that the quantity i n  braces Es of order unity,  2.e .  w is not too 
large, and t h a t  T* and r* are of order unity,  ft i s  clear %ha% for  €$ and 
Pl-1 OT TJ gasY'&,/2%p.G.s o? order SOOQ . 
'@1/2755v&ries from about 25 t o  100, 

the dimensionless radius a t  which the fluid is introduced, aad i n  this region 
the flow i s  essentially inviscid,  
effectively zero, and Eq (49) applies. 
dominant, while i n  the region of r* less than a, i n e r t i a l  forces are dominant. 

P 
Since ?J' vari.es between 1/4 and I:, 

Thus Eq (48) is a good approximation t o  the ~ L Q W  If r* i s  less than a9 

However, if r* is greater than  a,wl is 
In t h i s  region, viscous forces are 



The viscous torque tending to retard the vortex flow is therefore due 
Its magnitude may be esti- t o  the shear layer  between r* zz a a d  r* = r;. 

mated from Eq (49), the solution of which is, . 

where AI and A2 axe constants. Clea r ly  v /v =: 0 a t  r* z rp 3(- hence O J  

where v ( a )  i s  the actual tangential velocity at the dimensionless radius, a, 
where t k  fluid 1 s  introduced, 

Now v ( a > / v  
fluid i n  tge tubJ, by the entertng fluid, t o  the torque caused by shew at 
t he  periphery. Thus, 

may be determined by equating t h e  torque exerted on the 



Subst i tut ing i n  E q  (54), 

From Eq (551, two points 

a d  solvlng, 
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(55) 

are clear .  Firs%, if a approaches r*> v,(a)/v P bccomeh; small, and the effectiveness of vmtex  formation is poor. 
f o r  a given r a t i o  of r /a, the effectiveness i s  improved at3%&/2755 increases. 
This  i s  shown i n  Fig 2 4 . 

Secodd, 

For the range of?9(1/27l94 of in t e re s t ,  i.e. from 25 to 100, %he effec- 

A more general conclusion which can be drawn from the simple analysis 

t iveness of vortex f o r m t i o n  predicted by th i s  stmple model i s  adequate, 

is  tbt the effectiver;ess of vortex formation is datermined by the magnitude 
af w3,/2p. 
h r f t y  parameter i n  any experimental study of vortex heat%%-separation devices, 

This quantity must therefore be considered an important s i m i -  

Suggestions for exzriment ,a l  ver i f ica t fon  of the analysis:  

experimental invest igat ion involve the nature of the  flow i n  tlze tube, and 
may really bereduced t o  one question, 
possible t o  create  a vortex f i e l d  of the s t rength required t o  achieve separation, 
w i t h  the Pow mass flow rates which are required by the diffuston process. 

As has already been mentioned, the pr inc ipa l  questions which require 

The! question is whether or not it is 

-.-- . I.-._, 

Except fo r  the urdsnown e f f ec t  nf heat  addition on the flow s t a b i l i t y y ,  this 
question can be answered by 8 simple experiment which involves no diffusion. 
The experiment shou2.d be so  designed that three s i m i l a r i t y  requirements are 
satisffed. F i r s t ,  i n  order t o  insure d y m l c  s i m i l a r i x y  between the experiment 
and the  a c t M  vortex tube, the fde t  lvdach nmbeyLs should be tbe same. Second, 
the Reynold’s number, based on some tube dimension, such as i t s  diameter, 
should be the same. 
by the dynamfc viscosi ty ,  i.e.%+/W&, should be t,he same f o r  the experiment 
and the ac tua l  device. 
shad be su f f i c fea t  t o  measure the radial pressure d is t r ibu t ton ,  say a t  s. 
closed end. 

Finally,  the mass f l o w  r a t e  per un i t  of tube length divided 

In order t o  ver i fy  the s t rength of the vortex f i e l d  it 
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Performance and C r i t i c a l i t y  Estimates; 

The significance of the results obtained from the preceding analysis 
of the heating-separation process may peslmps be better revealed i f  incor- 
porated i n t o  the perfarmance a&ysis of a vortex-cavity reactor  for 
rocket propulsion. 
parameters of the rocket are calculated -En  ems of the parameters derived 
from the separation analysis and. from the nuclear conf'iguretion. 
def inf t fve,  such an  analysis would have ta inc3;ude an optimimtion of the 
antfm system f o r   me mission, and this would tmply a detailed sixdy of 
many aspects of the vehicle: coaffgurstion, as we19 as those of  thrt power 
p l a n t .  The i n t en t  o f  the present analysis, however, i s  much more modest; 
it i a  simply to  provide 8 phyaical feeling f o r  the several parametare 
which ckmacteriee the performance of the! vortex tube as applied t o  rocke'tt 
propLi?s ion . 

I n  the present sect ion the charac te r i s t ic  performance 

To be 

To this end, 
overall heat balance, and by c r i t i c a l i t y ,  w i l l  be estimated. 
thrust-to-weight r a t i o ,  neutran f l . 1 ~ ~  and various other parameters w i l l  
then be given for  some representative examples. 

the requirements irnpnaed on the reactor  system by the 
The weight, 

It is asawned i n  these computations %:at the reactor cons i s t s  of a 
cyPindrica9 bundle of vortex tzibcs such as that shown in F4g. 1, the 
diameter being equal ta &he length, I,, of an individual tube, I n  %he 
eases where the tempersture r a t i o ,  Tc/Tp, is such t h e  heat must be added 
Cuo tke p r o p e l l ~ ~ ~ t . ,  by fissianable matex'i&l, Before it enters the vortex 
tubes, two possible sitzxatfons arc considered. I n  the first, i?; is assumed 
ttmt the fissfonabh material not; contained I n  the tubes is dispersed uniformly 
throughout8 the moderator which farms the s;tructu_re for  the tubes. 
second case, i d  I s  assumed that. this materia?, is concentrated in a cornpara- 
tfvely srn.zd.9 cyl indr ica l  region, having a length equal to i ts  diameter, 
locatad a t  the center of the reactor .  

In the 

The reacf;or is assumed to be S W ~ Q U I L ~ C ~  on a12 sides 'by %L beryLkfm 
r & , e C t O r  6 I ~ C ~ E S  th'lck. Gre tphTt~?  has been chosen EIS the maderatirg and 
s t m c t w a l  material i n  both the cavity aad the solid fM-1 regfon, although 
consldera'cbly smaller reactors mi@% be poes ibh  if beryUium oxide were w e d  
8s moderatmr . 
Heat balance : 

Since the gas i n  the vortex tubes is essentially Lraasparent to 
penetrating radial ions,  it may be assumed t h a t  all rad ia t ion  or iginat ing 
Tn tne tubes depoaits its energy in the moderator. 
assuming that some f rac t ion ,  6 
the gas is actaalig deposited i n  t h e  gas. 
reactor  core volume occupied by the gas i a  f3, @ 
neutron f"3uxes in the g&seoaw and sol id  ~ ~ & O I I S ,  %s and H 

This 1s equival..ent to 
o f  the mLai h a t  generated by fission in 

Ncyw i f  the f r ac t ion  of the total 
and dS are the average a are the 

98 respective mean fissionable material concentrations, and Gfs 263 and d are 
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a re  the fission cross-sections in the gaseous and so l id  regions, a simple 
heat balance gives, 

As &, is decreased, 21 /T i n c ~ e a s a ~ ~  and a maximum at ta inable  value 
of" Tc/Tp fs reached when - c  %s PF: P 0. In t h i s  ease, 

Because of dissociation, c 
increases wfYh fncreasing "T, and decreasing pot* 
T,(rnax>/Tp 812 poc and T, is shown i n  Fig.  24, Par $ =  0.90. 
'DE not.ed that even though the vortex tube ftself i s  capable of very large 
temperature r a t io s ,  (see Fig. 2.4) this Limit.ation imposed by the heat 
depGsitiori Prom penetrating radiatfons lfmitw a real s y s t e m  to moderate 
tamperat-use ratios. This l i m i t a t i o n  appEies to a l l  gas-phase fisrsiaa 

depends rather atrc3.ngl.y on p,, and T_ . It 
The dependems of 

It; should 

heatixlg devices 

Estimates of critical Length (or diameter) Lt kmve been taken from the 
data o f  R e f .  7 .  The calculatdans rcgorted in Ref? 7 u t i l i z e d  the two- 
grcup rxclear model i n  spherical geometry. One calc-tiLatSsn i n  cylindrical 
geometry indicated that t'k critical radius of the cy2,indri caE reactors 
consldalaed here is very near ly  equaL to that of a spherical. reactor having 
the same core comgosflion and reflector thickness. The calcuilation in 
cyPindr%.c& geometry w a s  done on the ORACLE9 using the %bae-group, three 
region code described i n  R e f .  8. 
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For the cases where the fuel not contained i n  the vortex has been 
assumed t o  be concentrated i n  a solid fuel. region, the volume of this 
region has been taken as 50 cubic feet. This is the smallest solid 
reactor voXme considered i n  R e f .  7 .  No consideration has been given 
to the enginfeering problems connected with thfs solid fuel region i n  
the present study 
decrease in critical size which is possible if a a izmble  fraction of 
the  fissionable materia2 can be concentrated near %be center o f  the 
reactor. 

These cases hiwe bean included only t o  indicate the 

Perf or,mancre : 

For the present purposes9 the performance of the vortex tube reactor 
may be characterized by the specific impulse, tke total thrust ,  and the 
r a t t o  of thrust t o  reactor  (core and reflector) weight. 

The specifk impulse w%U. be taken as, 

where g is the 
at %be exit of 

gravitational corzsdsni;, and pa i s  the atmospheric pressure 
the rocket nozzle. 

The overaU t h r u s t  of the critical assenbly sf vortex tubes f a  
given by : 

where L is the length of the tubes 
 til^ mass flaw ger unit of tube length. %ow t'he product q L ~  is sela4ed 
ts the llazzEa throat radius by the slmple relation, 

N is the number of" tubes  and% i e  
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It can be seen from Eg ( 6 3 )  that the th rus t  of the vortex reactor is 
actudLly l i m i t e d  by the size of the area which can be provided a t  the 
back face of the reactor for the exhaust nozzles, without sUowing the 
fissionable material to be b f w n  out. This area i s  precisely, 

The t k u s t  is also proportional to the pressuret, p, 
of Tc. 
process in the! tubes. 'It depends principal ly  on &ItmJ increashg  as 
Mtm increases. 

Equatiaa ( 6 3 )  conk ins  the f ac to r  (r+/r )2r which may have any 
value from zero to unity. 

but independent 
The ratio rc/r is of course determined by %he di f fus ion  

Thus, for  a gfka ' se t  of vortex tube parameters 
and critical s ize ,  the thrust may have any ~ b d u e  from zero t o  t h a t  given 
by Eq, (63).  for  rt/rp, =, 3 .  Ah rt/rc i s  increased, the number of tubes in 
the reactor  is increased, each tube decreasing i n  diameter. This may be 
seen by equating Eqs (59) and (62) and solving f o r  TJ. We get, 

For a given s e t  of vo r tex  tube garameters, 3 and rc/rG are fixed. 
for fixed p,, and Tcj the number of tubes is proporticual Go (rk/rcI2. 

impXad by these performance estimates may be determined f ~ o n  Eq ( 4 0 ) 1  
which givesg 

Then 

The neutyon track length required to give the heat release rates 



As mentioned pYeViouSl,y, the temperatwe ratio:, Tc/Tp, is  the most 

Accoraingly, 

important parameter i n  determining the characterfstlcs of the vortex 
heating - separation device. 
concentration datemiam the overall s i z e  of the reactor. 
examples h v e  been selected having two representative values of Tc/Tr,, 
and three wdms 09 wm. 
atmospheres for d l  cases, BO wm is nearly a direct; mmiswe 09 the fuel 
concex3tration in the gas phase. 

On the other b n d  the fissfonable material 

The exit pressure has bean taken as 100 

Cases 1, 2, and 3 h a ~ e  TC/Tp = 1.56. This temperature r a t i n  
corresponds LO about half the heat being added to $he propellant by 
solid fuck elements, and half by the vortex tubes. The temperature 
leaving the aolSd reactor, T , has been set at tke upper l i m i t  fo r  
graphite f ie1  elements, mme$ 4500e; hence, %he chamber temperature , 
T,, is T(3200R. This is of the mme order as the chmber temperature 
for cantamporary chemical rocket motors ( e g .  1lqui.d % a,d JP-4 give 
T, X 6300%) . 

Cases 4, 5, and 6 have the largest values OS T,/Tp possible for 

A t  
T, = 10,00008. 
siderably higher than the %st ab-kin.able3 w i t h  chemical rockets. 
the same time, the kemperatures entering the vortex tubes are con- 
siderably below the limits for graphite or the refractory metals. 
systems have all fissionable material in the gas phase. 

They represent systems with chamber temperaturea con- 

These 
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The character is t ics  of vortex-tube reactors with these two 
temperature ra t los ,  and three values of wm9 are summarized i n  Table 
1. Values for the reactors with so l id  fuel concentrated i n  a vo3Jump3 
of 50 cubic feet at the center of the core are shown i n  parentheses. 
I n  the cases where the gas-phase f u e l  concentration i s  rather l o w ,  
the weight of the reactor is halved by concentrating the fuel in chis 
way. 
fuel concentration is  so high i n  this case that the reamor volume i e  
only a l i t t l e  over 50 cubic feet with homogeneous f u e l  dis t r ibutfon.  

order c$ 0.4~101~, but am qui te  reasonabh if  the concentration can 
be increased t o  about 5 . O x l O l 8 .  
high pumping presswes, however. 
7,320 p s i .  
f i g w e ,  t o  aUow for pressure drop i n  the I d e %  nozzles and so l id  reactor. 

O n l y  one set  of values is given for case 3 because t he  gas phase 

The reactor weights are very high far fuel. concentrations of the 

These Mgher fuel. concentrations i a p l y  
For case 3> pop is 498 atmospheres or 

The pumping pressure must be taken as abaut twice this 

Although the weights are very high, the thrust-to-weight r a t io s  are 
It may, however, be somewhat 

If rt/rc is 

a b o  q u i t e  htgh i f  rt/rc is  near u n i t y .  
mare realistic t o  take rt/rc a Litt le less than unity, t o  a ~ o w  f o r  ttwee- 
dimensional f l o w  effects i n  the Long, thin vortex tubes. 
taken as 0 .5 ,  for  example, the reactor described by case 3 would have a 
% b a t  of 525,000 pounds, and a thrust-to-weight ratio of 34. 
pares favorably t o  chemical systems. The specific impulse is higher by 
at least a fac tor  of two than that of" tk@ best chemical rockets. In  
order %Q produce t h i s  thrust the r e a c t m  would contain b4,230 vortex tube 
each 0.76 inches i n  diameter. 
neutronsfsec cm2. 

This com- 

1%' The average neutyon f l u  would be 5 .Ox10 

It seems from cornpariaon of cases 3 and C;? fo r  example, t h a t  8 s  Tc 
2~ increased, the c r i t i c a l  s ize ,  and wei&it ,  of %be reactor increase. 
This e f f ec t  i s  due t o  a 2.0wer average f u e l  concentration in the higher 
temperature reactor .  
+,he? same i n  the two cases, but the lower 
causiderable solid f u e l .  

The gas-phase f u e l  concentrations, npgb are about 
temperatuse reactor contains 

FfnalSy, it must be emphah;ized again %hat  %bse results are  only 
exemplary. 
eter I n  these systems; therefom, a detailed criticality amlysis must 
be made before def in i te  conclusione can be drawn as t o  the advisabi l i ty  
of further developnent of the vortex tube for rocket propulsion. 

It i s  obvious that reactor weight fs a very fmportmt param- 
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Case 

1 2 3 
Number 

Parameter 

Weight, lb. 

4 

4.05 
0.5 

1 .o 
XQ ,000 

2,470 

r 

100 

172 
0.59 

0.56 
54 

0 " 0121 

108 

2.426 
0 .4gxEOL* 
18 .t3 

22 .kilob 

412 000 

54 

m, 500 

Table 1 - Iqumerical Exam-ples of Vortex-Tube Reactors 

5 6 
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FIG. 9b- -  DEPENDENCE OF THE OVERALL TEMPERATURE RATIO, Tp/Tc3 AND OVERALL 
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FIG. IOQ~BEPEMDENCE OF THE TANGENTIAL MACH NUMBER AT THE PERIPHERY, Mtpt ON 
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F1G.t6-DEPEND€NCE O F  THE TANGENTIAL MACH NUMBER AT THE 
PERIPHERY, Mtp, ON THE OVERALL TEMPERATURE RATIO, Tc/TF 
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FIG.20b- DEPENDENCE OF THE R A 7 t O  OF A V E R A G E  TO PERIPHERP 
PROPELLANT UENStTf ES ON THE OVERALL VEMPERATURE 
RATIO, Tp 1 T,: FOR Mtm= 0.7 
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F 1 G . 2 0 ~ -  DEPENDENCE OF THE RATIO OF AVERAGE TO PERIPHERAL 
PROPELLANT DEMStTlES ON THE O V E R A L L  TEMPERATURE 
RATIO,  Tp/Tc: FOR M t m = I . O  
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FIG- 24- DEPENOENCE OF THE MAXIMUM OBTAINABLE 
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