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ABSTRACT

A boundary condition applicable to the inner radius of cylindrical
annular reactors of finite length is derived. The resulting boundary
condition is given as the ratio of the flux to the radial derivative of
the flux at the inside radius and is expressed as a. function of the
geametry and the neutron mean free path in the multiplying material.

The method assumes the validity of diffusion theory and also that
the flux is separable into radial and axial parts.

While the result is applicable to the more general multigroup
calculation, a two-group treatment is presented by way of illustration.
The latter is of practical value for such cases in which adequate
two-group constants are available either from fundemental cross-section
data or from a camparison to critical experiments using similar materials.
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TNTRODUCTION

The problem of a reactor in the form of a cylindrical annulus of
infinite length having a central void may be solved by the application
of conventional boundary conditions. The net neutron current into the
inner cylindrical void is taken to be zero, which implies a zero slope
of the flux in the radial direction at the inside surface. This
assumption is not valid for a cylindrical annulus of finite length due
to streaming losses. The problem of neutrgn streaming in cylindrical
channels has been considered previously,l’ but the results do not appear
to be directly applicable to the present problem.

Neutrons entering the inside cylindrical void will, on the average,
traverse the void in a direction away from the region of higher flux and
either re-enter the annulus at a region of lower flux or escape from the
system by way of the ends of the void. This loss of neutrons will result
in a net neutron current fram the anmilus into the void and a corresponding
non-zero radial derivative at the inside radius of the annulus. As the
inside radius becomes larger campared to the length of the cylinder, the
loss increases and relatively fewer neutrons entering the inside void will
be returned to the annulus. In the limiting case in which the ratio of
length to radius of the inside cylindrical void becomes zero, the rate
at which neutrons re-enter the annulus from the void approaches zero and
the boundary condition approaches that for a bare external surface, i.e.,
the flux extrapolates to zero at a distance two thirds of a mean free
path from the surface.

In the present treatment a boundary condition consisting of the ratio
of the value of the flux to its radial derivative at the inside radius of
the annulus is derived. The method is similar to the one used in the treat-
ment of the problem of a gap in a reactor.’=? In that method it was
assumed that the streaming of neutrons in the gap did not change the form
of the component of the solution parallel to the gap, but did cause a
depression in the flux, described by a change in the component normal to
the gap. The method consists of calculating, for a particular surface
element on the inside radius, the neutron current from gll other such
elements and equating it to the diffusion theory expression for partial
neutron current. The source strength of surface elements is derived
fram diffusion theory. It is assumed’ that the flux is separable, i.e., it
can be adequately described as the product of independent radial and axial
functions. In the present case the axial function will be a simple cosine.

* A part of this work was presented as an Oak Ridge National Leboratory
Memo, CF-54-7-6k, July, 195k. This has been revised and a section on the
application to a two-group treatment has been added in the present paper.
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I. METHOD

Consider a cylindrical annular reactor having a co-axial cylindrical
void of radius R and length 2L. (Fig. 1). The outside cylinder may be

bare or reflected, but this is not significant in the present problem.

Following the assumption of separebility, the flux is given by

¢(r,z) = ‘ér(r)féz(z): anstl‘(r,Z) = ¢z(z) g“édr.és')— Io 951.(1‘) g'égéz—) 25 (l)

Where rp and z, are unit vectors in the direction of r and z. The values
of the flux in the following discussion are all taken at r = R, and the
abbreviated notation will be used:

ﬂsR = ¢r(R) Fsz = Fsz(z)
% %—T fay = #2(21), and (2)
r = R, ﬁé- = gg&.

1

The rate at which neutrons leave a surface nj dSj, at (R,z;) directed into
a solid angle A1 about the direction {3+, is given by diffusion theory as

1l 7
where A is the mean free path of neutrons in the core materisl.

Consider two surface elements dS; at zj and dS; at z3 on the inside
cylinder. The following relations are found by referring to Fig. 2.

N



d.SZ = 2R de de F/;q' 2
f = 2R cos 6
ho = ?cos 8=2R cos® ©
b = fsin 6=2R cos © sin ©
(4)

1] = - T
ng = rg cos 20 + By sin 26

h Z2=2
fo= - Foro - B gt 5
vd(R,Zl)«—ﬂ-_o=‘¢zl ¢§22+¢R ¢%152;—zl

_ bz
LBl T ¥

as ds h
d_ﬂ- =—q;2 Ez.(—_.n-___o)':lvz .f
2 _ 2. 92 _ ur2( p2 2.\ _ 4R® 2 . 2. _ hRE &
v: = (22-2;) + P4 = 4R (qg +cos®8) = = (1-k%sin“e) = =5

- (zp-z1) 2. 1 2 - (14@ain?
Where !:— 55 , K jFZEf” , &A@ = (1-ksin o)

Substituting into (3) one has the rate at which neutrons from dS; reach
ds .
27
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bonelg 5c0sb0'
‘ k cos (] k“cos” 6

~Abrb, (1.1«:2)1/2 1‘;__9%13] a6 dp dzy dzp

The rate at which neutrons from dSl reach the inside of the cylinder in dz,
about z, is found by integrating stl""dsz with respect to 8. The
resulting expression is integrated over P and z; to find the total rate at
'thch neutrons reach the element about z,, which is

This is the partial current at zp which is to be ccmpared to the diffusion
theory expression for the same quantity,

3,(R,2p) = BRaz2) _D(na)|. zz[ég_ z.g.q (1)

Z-—Zz

By the assumption of separability the functions fr and ﬁﬁ are independent
of z and the ratio gg/pf may be found by equating the expressions in (6) end

(7) at any arbitrary zp. It should be noted that the functions § and g§' are
not strictly separsble and the above ratio found by equating (6) and (7) will
depend on the choice of zp. The assumption of separability will be scmewhat
Justified however by the agreement between the results found using this
assumption and the same quantities calculated by conventional methods for
certain limiting cases. These limiting cases are shown in a later paragraph.

The expréssions in (6) and (7) are now equated at a particular zy which,
for convenience in performing the integration, is taken to be zero, In this
case, by symmetry, the integral with respect to z; is taken only over the

range O sz, = L. Substituting (5) into (6), integrating with respegt to
B, and ccﬂbinlng with (7), one has: \

‘Szo(éﬁ‘ ;\_ég_) ZaR[’AﬁfL’ézldzl / "ﬁgjﬁ

, /2 5,060
i of ézld__zl J lj-—oi%ig > (8)

L /2 4
. 241/2 Kk*cost@ a@
- ?\éR of.. gSZl dz (1-k°) c{ ___°..__5__




= ‘}Ti [ L 2y T1(k) dzy + Ak Oprﬁzl £,(k)az, o
_ Ay Of 2 3(k)dzl]
tere £, (x) - o }‘/ ? cos"‘e ae -
o Al
£,(k) = (1-k2)1/2 i Ofn/z 23)25—'@2 B

Rearranging terms in (8) » one has the final result which may be expressed
in the form

z«sa§§-=Fl<£>+ an(éa, (o)
1l- 2 ¢Z f (k)dz |
where Fl(lI{' ) = Z;fl_ 1

n

3(1+£—_J’ z—lfz(k) d.zl)
S

—g-j—;‘; f3(k)dz1

% (l‘”?:% F gz;.l. £(k)azy )

Fz(%) =

~

Using the result of (10) one can immediately find an expression for the
rate of streaming out of one end of the inner cylinder. This is equivalent
to the net current into the cylinder integrated over half the length.

The net rate at which neutrons enter the void through a surface element

2nRdz at z is an(,\/3)¢ ¢+ dz, and the total rate in half the cylinder is
therefore

2n 7~ ' L oy ]
S= _;- é f ézd'z " '3" éz éI‘
- 3 RL $(R,0) %5 > (12)

a§m¢mm>ﬁﬁ;+%F4§]




IT. EVALUATION OF INTEGRALS

The integral in f.(k) may be reduced to an algebraic expression, while
those in fp(k) and f %) are solvable in terms of complete elliptic integrals
of the first and secénd kinds, Consider an integral of the fom

n .
kP f cos' 8 d8 , where A = (1-kzsin26)l/2.
Pate

This may be written

n-2 cosP-2@ kz-kzsinze]
k I} ae .
AT
Adding and substracting A% inside the bracket, this beccmes

n-2 2 2
+ xn=2 [ 208 ) E'(l'k IEN ]'de » and finally

Ug de . n-2¢ 4o n-2e 4o (1)
cos - cos N e cos
o [ L2288 ynp o8R0 (e p f0de,
Also note that
a (cos ® sin @ ) ___‘ 1-(2a(m-1)k%) sin® -(m-z)kzsinl"e 46
AL Pl y
n/2
and f dg (cos 6 sin dO _ cos © Iiin e l I (1)
, : A

By application of 13) and 14), the integrals in 9) are reduced to simple

forms. . |
£1(k) = E [2-(2+k2) (1-x2)Y ZJ
1 b 2 2 2
fa(k) = 5 [_—(2(1-k ) + 3(2-k%)) E-(1-k%) (8-k ),K] . (15)
£5(k) = (1- x2)1/2 [(2+k2)K 2(1+k2) E, ]
n/2 1/2
where XK= [ 48 andE=J A de. -
e 0
The axial solution for the flux is ¢, = ¢z° cos ;—i (16)
and ¢z'. = - ¢zo —%'- sin %%




The functions in (11) are

L
1 -3 fo [é_(2+k2) (l-kz)l/2 ] cos ZZ 4z

Fi 1%) = = 2L
% {14' % II(; % L( 2(l-k)-l-) + B(Z-kz)) E - (l_k2)(8+k2)K]cos g% dz}
(17)
L -Z—%I(I)‘ (1_k2)l/2 [(2+k2)K‘2(l+k2)E] sin 'g% dz
F, (g) =

%{1 + %ﬁ ﬂ(; -ll;[(z(l-k“) + 3(2—k2)) E-(l;kz)(8+k2)K] cos pe dz}

The functions in (17) have been integrated numerically and the results over a
range of L/R values are shown in Figs. 3 and 4.

Equation (10) and the values of the functions from the curves give a convenient
boundary condition for the immer radius of an annular reactor. This condition

is valid within the limitations of diffusion theory and the separability as-
sumption even when the radius becomes large compared to the cylinder length.

The values of ¥, and ¥, for the limiting cases, i.e., where L/R becomes infinite
or zero, are indicated on the curves, and may be obtained directly from (17).
These cases are discussed in Section IV, page 18. The derivation is for neutrons
of a single energy, but it may be used in two-group or multi-group analyses by
choosing an appropriate 7~ for each energy group.

Tt is of interest to note that a similar expression for this inner radius
boundary condition may be derived by first celculating the streaming of neutrons
out of an end of the inner cylinder and equating this to the net rate at which
neutrons enter the inner cylinder from the sides. The converse of this procedure
was used in arriving at equation (12).

ITT. APPLICATION TO THE TWO-GROUP METHOD

A. General Solution for a Cylinder of Finite lLength.

The neutrons in a system are assumed to be divided into fast and slow
energy groups. The behavior of each of tge two groups of neutrons is
described by the two diffusion equations:

% k %
‘?2¢l - ﬁ% ¢l + Dl & =0

(18)

n
(@]

2
and 9y - 22 g, + ZL AL
D, D,

6. S. Glasstone and M. C. Edlund, The Elements of Nuclear Reactor Theory,
pp 238-243, D. Van Nostrand Company, New York (1952).
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Where the terms @, £ and D are flux, removal cross section and
diffusion constants for the fast and slow groups indicated by
subscripts 1 and 2, respectively. The neutron multiplication
in an infinite system containing the same materials is given by
k, Solutions satisfying

2
VF¢1 + B él =0

(19)
and SFé, + B2, = 0

-

are assumed from which B2 is found by direct substitution into
(18) to have the possible values

-

g 2 -
I R i s N
- 20
. ll--“
LR N CEEE =
D

where/tggl ,anszsz.Z..
1 2

For an infinite cylinder the general solutions of the equations
in (18) are -

¢1(I‘)

A Jo(ur) + AxY (ur) + € Io(‘l’r) + Cq K ( Yr)

[Al‘jo(ﬁr) + Asz(}zr)] 5) + EIIIO('l)r) + CzKo( ﬁr)]sé

7 (21)

,(x)

Where J_, Yb, I,

Cy, and C, are arbitrary constants, and the coupling constants, 5,
and S2 are given by

and Ko are zero-order Bessel functions, Al, As,

o

1
s D1 1l
1371,
Thy Ll
1.2
> (22)
and S, = DL 1
Thz 1 _y2
12

Consider a cylinder of finite length h. (This is taken to be the
augmented length which is the artual length plus appropriate
extrapolation distances). One now assumes the solutions for ¢
and ¢2 to be separable into axial and radial dependent parts and
further that the fast and slow axial solutions are related by a
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constant factor G. These assumptions may be written as equations
b1(2,2) = dy.(x) pry(2),
bo(2,2) = oo (x) Ban(a), (23)
oy (z) = G $1,(2)

Direct substitution of (23) into (18) gives the equations in r,

i

Fr b () - R () + K )T 4, () = 0

(24)
* *
ad Fr dy,(x) - GB) du(x) + B 4y (x) = 0
which have the same form as (18), with the substitutions
I * 2 nl] *x z
= B , -
i (Z+Dl)°rz'1+/z}3§’
ot -
2 2 Z
where
~z 633( ) %, $25(2)
Bz = - ; z = z z (26)
z $12(= | $22(2)

is the axial buckling. Since (24) and (18) have the same

form, the finite cylinder may be treated as an infinite cylinder
having the adjusted constants given in (25). The general solutions
for the radial flux is given by (21) where constants - and m have
been adjusted according to (24) and their definitions (20). It may
be easily verified that the ratio of the coupling constants in (22)
is unchanged by (25), i.e.,

*
s, Sy
3.t

2 Sp

B, Boundary Condition for the Cylindrical Annulus,

In the following discussion it may be assumed that the adjustments
of (25) have been made and the star and subscript will be dropped
for simplicity in notation. Also the cylindrical annulus will be
considered as unreflected, or to have an appropriate reflector
savings which will reduce the problem to the unreflected case, The
boundary conditions are




1k

$,(P) =0
¢2(P) =0
R

1
1 R

g(R)

$,(R) 2

where P and R are the outside and inside radii of the annulus
The values of the<('s are taken from the curves
The boundary conditions in (27) are substituted

respectively.
in Figs. 3 and L.

(27)

into (21) and the condition for criticality is that the determinant

of the coefficients vanish, i.e.

34 (uP) Yo (uP) 1,0P)

813, (uP) 81Y,(mP) SpI,(WP)
I 0R)pIy (pR)  FOY (R} (R) K T, (UR) DT BR)

SA R AR EENCA NP IPNAEY 5[, 1,(WR) V1, WR)]

K (VP)

szxo(z)P)

1k @R)+ JK, (UR)
Sz)}{zKo ('l)R)+1)Kl(1)Rﬂ

This may be reduced to the second order determinant

o\ ). £
Conrs) (-2
=0
S by T
L S

where £, = | M-_QEY ) JQ<uP)] :
LU alpr) T HGR) Yo(up)
_Fawr)  _a.we))
- (4%, -#3|

-~

> (28)

(29)

* P includes an appropriate extrapolation distance ox reflector -Bavings..
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[0 k,67) k(v E)FJ
35| L08R I,@F) LR
|1 0 1\ $(50)

. K @P) K (WR)
TR YOI 0R) —

In general the critical size of a cylindrical annulus may be found from (29) »
using fundamental cross. section data. However, if information on the critical
gsize of solid cylinders of similar material is available the problem may be
‘greatly simplified. If the material buckling is known to be B2 , one has to a
good approximation :

p° 2 B% B (31)

andfrom‘(zo)
) —p+(-+l>—32_3 v (343 (32)

In certain cases where9P >#R >1, the z)?}. in (29) may be approximated
quite simply. For large arguments, one hag_ the expansions

eX - ] ]
I(X)='(_2§§7I/2[l+8_ +27{8‘)‘2+5 53+-"'_
. 3 _ _3.5 5 5.7 - -‘
I;(x) = z———I/z [l ~ B 2'(8x)z 3! (8x)3 B (33)
K (x) = (Z)Y2 e xLl 8%"'_%8—)7 _1.(.8_.).34---

‘,_.l

2 .
. 3 5-5 3%e5.7 ]
X[ T8 TzimEx)e T 3IEx)>? Tt 7

1;1(( e (34)

i (x) = (_.“_l/2 e
X o«

and the ratio EQ-%——)-

T
Since VP >?R, the term in the ratio .f_l"__ 1nvolv1ng P will be small
compared to those involving R. 5
For this case one has ~
Kl(VR)
11 (/R) - vK]_('UR)
) A ey g

(35)

ffzm

. 1 1 5 i
='VE+Z”R - B7R? T RWRP 7T ] y
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The only term in (29) which depends on P, the outer radius, is

2

ﬂ -
f)

The critical equation (29) may now be written:

S S1 f
L2 (] o (1= —lsz) - (~1- 55 %) 7)-—ll=f3 (36)
£, T Sive) T 5
1 (1 - E%‘)'l)—‘fg"-("(z-'s'lz“xl)

in which the right hand side of the equation is independent of P.

C. Special Cases

l. Center of annulus is a void.

In this case <¥l and <, are found fram the curves Fig. 3 or k4 by

_F  Fa B . F (37)
“mr b R

2. Center of annulus is lined with a poison, black to slow
neutrons, but transparent to fast neutrons. Otherwise the center

is void,
F Fa
R (8)
o, = 1.5
2

A2

3. Center is lined with thin poison sheet, black to slow neutrons
but transparent to fast neutrons. In addition the central
region is filled with a non-multiplying material having fast
group constants D& and ZE.

The fast flux will satisfy the equation

h

h X h
‘72 p - 1 ¢ = 0, which has the solution
1 Dlh 1 .

h h
$, = E I, (afl r), where

YR Ebfi_‘_ 1
(X" = E = 7E




17

1h’ _ P I H1r)

At the inside boundary, ¢

n ;{ b
¢l IO( 1 R)
By the continuity of flux and current, one finds
h v h
S S - S s G, ¢l 51 i )
Dy g1 Dy 1,(¥71hR)

As in case 2 above, ; (39)

o - L2

E Az J

This method is not applicable to the case in which the inner
region is filled with a non-multiplying material without a
poison shell.

Limiting cases.
() Infinite length.

In this limit ] = X, = 0 and the critical determinant
(29) reduces to f3 = 0, or

Jy(R) _ I (wP)

LOR T L) (40)

Iet PQ be the outside critical radius of a solid cylinder
of infinite length and define

Po = T—P
: © (k1)

R

P. 5 —

1 Po

The difference Pgp- Pi = gﬁg— s or the annular thickness in terms of

the critical solid cylinder radius is plotted in Fig. 5 as & function
of:Pl. For: large I’l the roots of the Bessel functions are separsated
by n, and the ratio approaches the value
P, .P n -
2 -1 zrEg0Ey - 0.6531h (42)

It is of interest to note that the critical volume for unit length
of annulus (ignoring the extrapolation distance) is
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V(Pl) = x(PRP) = wp 2(p, - BD) - Vo[(Pz-Pl)z + 2Py (PP, ) }

where V is the volume per unit length of the critical solld cylinder.
For large Pl, Pz - P approaches a constant and the volume 1ncreases linearly

IV. VALIDITY OF THE METHOD

The practical utility of the method lies in the fact that the effects
of neutron streaming in the void of a cylindrical annulus reactor are taken
into account, to at least a first approximation, by the simple application
of a boundary condition. Once the functions F1(L/R) and F5(L/R) have been
calculated, values for the boundary conditions may beread directly from the
curves of these functions. The boundary conditions are valid even for
systems in which the inside radius, i.e., the radius of the central void,
is large compared to the length of the cylinder. )

As has been indicated in an earlier section, the assumption of separa-
bility of variables is not strictly valid for this problem. The neutron
current found by a detailed summing of incremental contributions will, in
general, not equal the neutron current found by a diffusion expression which
is itself only a first degree, or Pl, approximation. Further, equating
neutron currents at the lateral midplane of the annulus, i.e., at z = O,
is an arbitrary choice and, strictly speaking, neutron currents will not be
exactly matched at other values of z. However, this choice does lead to &
useful solution. Despite these obvious difficulties, the method results
in a good approximation as is indicated by the agreement of the two limiting
cases which may be found by other considerations.

In the limiting case of an annulus of infinite length, there will be
no loss of neutrons to the inside void due to streaming. This implies a
zero current and zero radial derivative of the flux at the inside radius
of the annulus. This corresponds to the limit found by.the present method.
(see equations (10) and (11)), '

lim (Agh/¢R) = lim Fy(L/R) + Lim (A/L) F,(L/R) = 0

L/R —>°° L/R»co L/Rs ==

where L # O.

It may be shown that the denominators in the expressions for F; and
F2 both become infinite in this limit.
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In the opposite extreme case, i.e., one in which the void radius becomes
very large compared to the length of the cylinder, the return current will
approach zero. This is similar to the case of a bare slab for which a
boundary condition is

3+ = ¢/% -A4'/6 =0,
or Ad'/f = 3/2
corresponding to the limit, in the present method
am 0( Adg/#R) ", g'l(L/R) 5ot O(/\/L) Fo(L/R)

= 3/2 + 0 = 3/2, vhere L # O.
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