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TRIPLE CORRELATION 

M s  E, Rose 

ABSTRACT 

The triple correlation function for  t h e -  r ~ d ~ ~ t ~ o ~ s  in coi: :idence 

is presented for the general case of arbitrary mixtures in the 

of the emitted (or absorbed) radiatioms, 

meters and functions are described, 

matrix elements is also discussed. The Porn of the correlation function. is 

such that by taking advantage of other existing ~ ~ b ~ ~ t i o ~ s  of double 

correlation one need compute only the p ~ ~ e t e r s  c 

transition. 

91163 properties of the rdLemm% para- 

The question of definition of the reduced 

actsrieing the middle 

Tables for these parmetem w e  given. 
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I, INTRODUCTION 

The study of the angular correlation of three radtations in coincidence 

has proved to be quirte useful as an adsunct to informa,tion obtained from double 

correlation measurements, 

somewhat limited because of a lack of convenient tab ion of the relevant 

parameters entering the correlation function, The first theoretical description 

of the problem was given about Five years ago wherein the y-y-y correlation 

function was given2 for pure radiations. As explained in reference 1, it is 

a comparatively simple matter to generalize this result to other radiations 

replacing one or more of the y-rays, 

Eowever, -the application of this technique has been 

1 

The generalization to mixed radiatioas 

is also relatively simple and this was described in complete detail by Sharp 

et a1 3 Although the fomlism is quite direct the application of it to 

specific cases involves considerable numerical work w d  an imporixmt con- 

tribution to this end was made by Ferguson and Rutledge . Nevertheless, it 4 

appears that the existing tabulations and formulas do not entirely fulfill the 

needs of experimegLtalists 

In terms of the formalism, the correlation function can be mitten 

in two ways. 

wherein the j, axe the aslgulw momenta of the nuclew states and the Ln are the 

One may consider a given "path" For the cascade jo(Lo)j1(L1)j2(L2)j3, 

aigular momenta of the emitted (or absorbed) radiations, and write down the 

general interference tern with another path: If one 

uses a label t to designate a given path the correlation function is a weighted 

s m  of Wttl where Wttt is the contribution to the correlation function of 

the t-tg paths, This, of course, includes the se3f terms t E tf. 

I 

- 1  
i 
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* 
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Thus, 

h 

1 7  

i .  

c . 

tt 

Alternatively, one can consider the general density matrix for the 

first and third transitions a d  the coupling coefficient which links them via 

the second transition, When these are multiplied d appropriately summed, 

the correlation function appears in the form 

3 and we the us-& angular i n ~ e p e ~ ~ e ~ t  coefficients for  the 
Y O  2 

In (2) 

(also intiependent of angles) describes v 3  first and third transitions, 

the connecting link (the second transition) and 

function which, in triple correlation, replaces Legendre polynomials of 

double correlation. 

the mixture parmeters pertaining to the agpropriate traaasition, see Eqs (4) 

and (8) below, me ~ , n g ~ ~ a r  function, which reduces eo a Legendre polynomial 

0 1 2  
is the angular 

h?l92 

0’ 0 1 2  Y d  and Fj2 contains Each of the factors 3 

(within a factor) when my one of the tensor intiices V O J  Y 1, 9 

a property of the cascade as a whale and it does not depend: on ,any of the 

angular momentum gwmtum numbers except insofar as the values of these set 

upper limits OM 1’ o3 ) 

is a matker of taste but ( 2 )  permits a formulation of the triple cascade 

vanishes, is 

and So far the distinction between (1) and (2) 

correlation function which is closely connected to that used for double cascades 

and, perhaps more important, it permits emy identification of the factors 

I 
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pertaining to each transition so tbt insertion of e partmeters, as 

described in reference 1, is made somewhat more p S e  

Turning to the existing numerical tabulations, it is to be noted that 
and 7~ have been tabtilated quite extensively 5 so that only 

2. 
needs to be 

contributing factors for 

3 for a large number of c 

ated along with the angular function 
3p the 

yo  w 2  
are given in c ient form in reference 

not all cases of interest) but it is 

desirable to tabulate the parameter 
P .f q s  are 

e, y ‘p , just as the tabulation of the 
0 1 2  

Cleb s ch-Gordara easier to use than separate tables of Rac 

coefficients. Unfortunately the tabulation given in reference 4 is not in this 

v0y’,y2 v* form, 

is tabulated and it is readily recognized that this is not quite as convenient 

Instead something equivalent to the product 

since it lumps all three transitions together, By separating the three factors 

in (2) a much more compact tabulation is possible - with the understanding that 
the tables of reference 5 or reference 1 are used in conjunction with those 

given 

tra.?lS 

here e 

11. THE CORRELATION FUNCTION 

We consider the y-y-y correlation with mi radiations for a11 three 

tions. We omit interference between different intermediate levels, that 
t is, we set j, = j, and j2 = j;. The cascade is then described by: 

We then introduce the following definitions: 

c 

. 
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from which 

These are the quantities tabulated i n  reference 5 and, i n  the case of the f irst  

and third transitions, j 1  w i l l  be the j, 

j, and j, respectively. 

3 respectively while j w i l l  be 3 
For mixtures we introduce 

zl (4) i s  the mixing r a t i o  for  the amplitudes; thus, for  the first t ransi t ion 

i n  terns of the reduced matrix elements, (See paragraph (c )  below), For the 

third t ransi t ion 

Q\ =6,= 
(3, I1 L2 11 33) 

n 

P 
These parameters $9 are just  the panmeters enteriag i n  the double come- 

la t ion e For instance, the correlation between two radiations emitted i n  the 

cascade J1(LIL;) j2(L2L;)jj would be 

n 
7 

. w i t h  angular momenta Ln, LA. In  (6a) there appears the mixing parameter 6, 
which i s  defined as 
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The normalization i n  (6a) i s  

is  over directions of the propagation v e ~ t ~ r s  (or  over only one of them). 

= (1 4- E) where the average 
v 

To mite the t r i p l e  correlation we define the additional quantities 

. 
- 1  

and 

n 

From the properties of the X-coefficient and @-coefficient we see that 

Other relevant properties w i l l  be given i n  paragraph (b) below, 
8 Finally, we define the angular function for  t r i p l e  correlation 

Discussion of the properties of @ is  given below i n  paragraph (a), 

The t r i p l e  correlation function it; then 
h 
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normalized to (W 
3 3  -+ 
ko,% and k2. Actually 

need be taken over any pair of vectors, 

)*(I+ 6:)(1+ &:); the average is over 

is a rotationally Snvmbant quantity and the average 

(a) Properties of the Angular Function and Explanation of Table A 

Since @ is rotationally invariant it depenas on only three mgles, 
two sides and the included aihedral angle of the spherical triangle formed by 

the vectors ko, kl and k2. 

a reference axis ";td the corresponding projection quantum nwnber vanishes. 

With 

+ J  + 
%us, any one of the three vectors can be taken as 

d, 
we have, with k as reference =''is, f o r  example, 0 

+ 3 -9 + 4 where klo and k20 denote the arguments (angles) of kl and k2 with respect to koe 

Thus, ( 9 )  is always a single sum, 

v0  + vl + v2 is an even integer. 
In (ga) we have used the fact that 

In fact, the derivation o f  (10) shows that 

each of vo, and t/* is an even integer. The weaker requirement shows that 

+ Y is odd the corresponding is real ana, in fact, if P o  =+ 
contribution @Y,ylv, to the triple correlation vanishes 9 . 

The form (9a) can be written in terms of associated Legendre functions. 

Thus 



is the dihedral angle ~~t~~~~ the 2 

planer;. This is the same as 

- 
v o y l * *  - 

since the C-coefficient am3 the remainder of the ~~d in (gb) are even 

The result that rn is am even integer implies 

-PIP-+ 

Yo Y,V , W I k 2 )  = 0 1 2  Y 3  

and a11 signs are incoheren%@ Also, since i s  t t % ~  even furnction of it 
=+ + 

is unchanged by reflecting in %he k - k or ko - kz plmes, Therefore, 

arid the triple csrreEation fuuactisn we m c  
0 1  

ged by my @omb$nrration of these 
3 

operations. 
+ a  

the ko - kl p l t ~ ~  haves ad, %is corresponds to 

For instance, a reversal of %he sign of the oomponernt of k2 along 

1% is obvious that these operations make a distinction 

be-heen. righ% aid lef% haads and that the invwiwce of is therefore a 
consequence of the parity consemation in. y-emission, 9 

h additional useful property is that is unchanged by a combined 
3 permutation of the kn and the corresponding 3 ne Thus, 

and similar relations for the other pemutaticans, 

Further properties of the angular functions a m  given in the Appendix. 
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E 

For special a m  ments of the detectors the following m y  be no%ed: * - + +  
(i) Two k* s parallel or mtiparaPle1: e .g, ko bf 5 = 0 

+ a  3 - P +  

?/ ,, )d (k09 - 1"09 
= 

0 1 2  
-+ + .  -+ 

(ii) Detectors of 5 sand k2 in a plme at right angles to ko. 

= 3t/2 and Then cs-,, = 0 

/t even 

- 0  /4 odd 
En f i  

1 2 
Since cosp+  pY (alo) pY ( ) are linearly independent f m c  tions 

it is not useful to try to for each separate triad of values p 3 1 l' y 
m 

express (gc) in more explicit f o i .  TQ facilitate the evaluation of we 

introduce the abbreviation 

c (13 
O P *  

and tabulate A in Table A. 

facilitated by the following recmrence fornula: 

The connpwtation o f  the @-coefficient in (13) ib?; f i  

f 
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should be noted, 

In this  m d  foil ing tables we f 

in the farm of a produet of prime fact 

fean of reference 

and tabulate A* P 

3 

the 

t 

r 



c 

For purposes of later discussion ve also note th@ results 

and 

In this connection the angle fmction. reduces as follows:: 

where Therefore, using 

Fo = 1 we see that the two terns of the correlation Wctionn wherein yo or d2 
vanishes are  simply given in terns of the t&ulated 

not recorded in Table B, 

terms are included in Table B. 

is used fo r  the c m o n  value sf' the two eqml pnts.  

r- & and these ase therefore 
This is not true ~f the tern with v1 = Q a d  these 

A aecrinnal tabulation. of G appears in Table B a .  

Explicitly, the terms not recorded make the following contribution ts 

the triple correlation: 
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Ilo = 0, 

(e)  Reduction to the Double Correlation 
3 If we average over ko the triple correlation function should reduce to 

3 +  
the kl - k2 double correlation, 
vo = 0 we see from the preceding that this is indaed the caseo We obtain the 

Since this average corresponds to setting 

pd 
sum of terns like (I&), Similarly, averaging over k2 (or setting 

+ +  
we should obtain the ko - 5 correlation giwn preswnaibly by (6a) with the 

d s)\ 
replacements k2 -+ k0, L ~ - +  L~~ L; 4 L~~ L~ 3 L~~ L; 3, 30s 32 j,, 

J3 + 3,. 
with a c m g e  of s i p  of the interference tern in the second transition, 

Actually, as (l8c) shows we seem to get this correlation function 

* .r( 

10 JJ +JJ 

j1CL1 L p j 2 "  we recall that (-.) = - 1 if Ll+ L; for the y-ray case e 

Since this point has created some confusion in the past it seems worthwhile 

comenting on it here e 
11 

Actually there is no discrepancy and the appeey.ently incorrect sign 

The results from the way in which the reduced matrix e1emc;nts were defined. 

*'no1s11~~1" order for the reduced matrix elements is (j, 11 L 11 Ji) where f and i 
refer t o  final and initial states, 

cascade the reduced matrix elements would occur as 

* +  
Hence, in double correlation for the ko - kl 



(. 

1 and these products sf reduced mtrix e nts we real e If t h i s  is  divided 

since these rat ios  of reduced m t r i x  e ~ ~ ~ ~ ~ % s  are real, t h  -this way of 

i n  reference E the reduced matrix elements were definedl with the j of the 

intermediate sts2;e ora the right? due to f o r n u t i o n  of 
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Wigner-EcWt theorem,. Rnce the WEI! the negative of the 

fashion provided the comePation function is written eoneistent1y w i t h  that 

the 6, as defined. 

Correetioazs for finite solid gEe$ subtended by the aetectors have 

been discussed in my- pPacesUe 

corrections to be applied in triple c o ~ ~ ~ P ~ ~ i ~ ~  m a  ~ s $ ~ n t i ~ ~ ~ ~  the sane 8s 

i n  the case of double correlation. 

Although it aay not appmx obvious, the 



. 

s 

-P 
the y-ray k, a t  an angle w i t h  the s ~ e t r y  axis- Thus, if  the a c t a 1  

3 9  
propagation vectors axe kn and the sylame-try axes sf the detectors are %n the 

3 
directions k n’ 

n 

The half-angles of  the cones for  each of the t’kwee detectors is  yn so tha t  

O ( t 3  n Q  7,. 

We now average >, w i t h  the weight factors given 
)’o Yl v 2  

n by the product 

subtended by each detector, 

w i l l  be unchanged. It is @s~.venient t o  take k ad a reference axis. Then, 

3 e  
8 averaging over the directions k 

of the efficiencies, over the solid angles 

Thus the ~ o ~ ~ ~ i ~ a t i ~ ~  of the correlation. function 
-P 
0 

-%¶ + 
f i 0 m  (9 *  3 we see -that the averaging proeess~ over k0 reproduces yo (kO) multiplied 

Y O  
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with 

1 
The average over ( k l 0 h  is carried out by firs% writing kl 
3 

referred to ko as a reference axia in terns; of these nics referred to 
3 +? kl. The latter are written '$ (kl; 

+? 

is the 2 v 7  c 1 ieimensf 

where k 

D 

represents the angles of as a reference axis m a  10 "1 
I 

31 Euler mgles which are the arguments of D we those regarired t o  ro"cgate 
3 3 
ko into kl as the notation implies. ~ v ~ ~ ~ i ~ g  over the azimuth of 

the result m = 0,  Then with 

because of the unitary nature of D ,, a d  

we find 

.., In a similar ways by rotating the reference axis to k2 the 

average of the third spherical harmonic in gives 



Hence the average of 1 multiplied 

w i t h  the "smemlng" factor  

2 

and 

These are exactly the same factors as appeared in  the double correlation 3-3 

The J 

in  the notation of the f i r s t  reference in f o ~ t ~ o t ~  13* 

are here I Z K X U I ~ ~ ~ Z ~ ~  t o  J p- L and are therefore equivetlent t o  J G 0 

A ~ ~ Q ~ ~ ~  

The author is indebted t o  MY"* P a d  Haigh fo r  invaluable assistance 

i n  compiling the tables. 
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1. 

2. 

34 

4. 

5. 

6, 

7. 

8. 

9. 

section V,  

The result given i n  Egtse (238) aimad (l38a,b) of reference I vas not expressed 

in  most convenient form, This i s  remedied in  the present report. 

W, T, Sharp, J, M, Kemedy, E. J, Sears and Ivl, G. Hoyle, Chalk River Report 

CRT-556 

A, J, Ferguson and A. R. Rutledge, Chalk River Report CRP-615, 

M. Ferentz and R. Rosenzweig, Argsme N&tion?al Laboratory Report ~QtL-5524; 

see also reference 1, Tables I and PI, 

See also 5. PI, Kennedy, B, J. Sears rand W, T, Sh&rp, C b l k  River RepPart 

cRT-569 I 

M. E, Rose, Phys. Rev, 93> 477 (1954). 

To f ac i l i t a t e  comparison wfth the results of reference 1 we note that  

where JI is defined in  Eq. (13%). 

A s  pointed out by T. Kotwi (private cormmication) t h i s  means that t r i p l e  

correlation cavlnot be used for detecting a breakdown of time-reversal for 

free particles. Only Coulomb effects, assuming ths t  %he first transition? 

.. 

-+ -+ -9 3 -+ 2n9l with i s  a @-decay, can contribute t o  terns l ike p k l x  k2 (kl k2) 
3 
p = B-particle momentum. 

For a-particles emitted in  the second transition (-) 
L +Lq 

10, = 1 i n  a l l  cmes, 
4 
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11. 

12. 

13. 

This question was  discussed in  reference 1, see p. 741, 

S, P. Lloyd, Phys, Rev, 83, 716 (1951)B 

For instance, M, E. Rose, Phys. Rev. 91, 610 (19%)- See ;ZLSQ, S. Frankel, 

Phys. Rev. 83, 477 (1951); E, L. Cfiurch mil. J. J", &aushm, Phys. Rev. 88, 

419 (1952). 

M. E. Rose, Elementary Theory of hgular Momenterm, JQ& Wiley and Sons, 

New York, 1957. See Chapter I V .  

.. 

14. 

15.  R e f .  14, page 57. 
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A p J ) r n I X  

Because the angular functions play tbe sme role in 

triple correlations as do the Legendre p 

correlation, it is not surprising that the 

They might be called "Legendre hyperpolynomials'' although, strictly speaking, 

they are not polynomials. 

the Legendre polynomials to three vectors. 

certain properties which, while not especia2ly relevant for triple correlation, 

functions have si3nihw properties. 

They are, Ino*ver, the natural ~ e n ~ r a ~ i z ~ , ~ i o ~  of 

In this appendix we describe 

are nevertheless of interest in themselves e 

d 
First, we define "artgulm momentum" operators in kn space, With ko 

fixed we introduce 
4 4 

L n =-ikn)P 9 
n 

and 

n = l , 2  

-+" 
2 L = L 1 f L  

Then is a simultaneous eigenfmction of with eigenvalue w%! - -  

yo(  v o  i- 1) and of Lz with eigenvalue 0, 
either % or k2 fixed. 

Similar statements can be made with 
- i s - +  -9-9 

5 3  This is analogous to the fact that Py (k ok ) is an 

eigenfunctioa? of either a2 Li a d  Liz or +2 L .  and Ljz9 with eigenvalues 1/ ( 9 f 1) 
J 

and zero respectively. 
- P " b  
(k Ok.) is an invariant under rotations, so is Y i J  L' Lp V '  Just  as P 

0 1 2  
This is apparent from the derivation of the triple correlation function. How- 

ever, it is simpler to verify this invariance directly. From ( 9 )  

. 
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SA e 
Jz 

R Y  = 

m 
a 
mP where the arguments of D 

are the same Euler angles for each spherical 

Gordan seriesL5 we find. 

(the matrix elements of the rotation operator R) 

onic. Using the Clebsch- 

m m 
mo Y 1  Y 2  s x y y  

0 $1 * 2  
3 3 - *  

where the argmehs of the three spheric&l. h m o n i c s  me ko, kl and k2 as 

before. In (A.4) 

3 
= ( - )  J ; 3 , + l  2& X'O 



where 

1 
" 7 %  b 

2 

If an expansion of the type 

F =  cos 1% 



is pemissible 

. 

I 
I 

I 

. 
i '  

I =  

, '  

where 

integrals.  Rote the cases 

and 

i n  sphe r i ca lbmonics .  In fact9 for the general case 
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d 9 1  I Y  

0 2 

= (-1 

y f  Ut' 
As in ( ~ ~ € 3 )  the appea~mce of C nl which &plies 

when the arguments are mitten as et square amayj has 
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by aza as te r i sk  the square roo% is t o  be Lskesa with a minus sign. 

No entry m@ans that  the coefffeient vanishes because one or more of 

satry which vanishe6 accid-enblly the triangular rules are not fulfilled. 

(all triangular rules fulfilled) is  r ~ ~ ~ ~ s ~ ~ t ~ ~  by a clash. 
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Table A’. Ap ( 
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= 6  2 = 4  j, j2 L~ L; Yo y1 2 2 = 2  2 = o  

1 1 1 1  2 0 - 22360680 

2 - e 15811388 e 18708287 

1 2 1 1  2 0 .26457513 
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