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PREFACE

This preface refers to some purely technical aspects of the mapuscript
concerning the enumeration of equations, etc. Equations, figures, tables,
and appendices are denoted with two numbers: the first gives the order of
appearance in their respective chapters;, and the second gives their chepter
number. Thus the fifth equation of Chapter 6 is denoted by "Eq. (5-6)."
The only exception to this rule is the enumeration of equations; etc. in
appendices. For example, the fifth equation of Appendix (2-11) is denoted
by "Bq. (5-11.2)." References appear in the text as parentheses including
the first author's initial and the year of publication. In cases where
geveral references would be dencted by the same symbol a small Roman letter
has been appended. The collected references appear following the main text.
Occasionally complete references appear in parenthetic insertions in the

text.
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RESONANCE ABSORPTION OF NEUTRONS IN NUCLEAR REACTORS

Lawrence Dresner

ABSTRACT

The problem of resonance absorption of neutrons in nuclear reactors
is considered. Formulae for the effective resonance integral of single
resonances are given in the "narrow resonance" approximation in homogeneous
media, and in the "narrow resonance" and "infinite mass absorber'" approxima-
tion in heterogeneous media. It is shown that the Doppler effect in
homogeneous media can be expressed through a certain function of two variables,
J(£,B). The properties of this function are studied in detail, and a tabula-
tion given. The effect of interference between resonance and potential
scattering on the effective resonance integral is studied. In heterogeneous
media in the '"narrow resonance" case it is shown that the Doppler effect can
again be expressed through the same function, J(£,B), as in the homogeneous
case if a rational approximation for the average escape probabilities due to -
Wigner is introduced. Furthermore, it is shown that then a formal identity
exists between the homogeneous and heterogeneous cases for "narrow' resonances.
The error caused by Wigner's rational approximation is studied in detail, and
in the case of no Doppler broadening and no interference scattering an improved
formula is suggested. In heterogeneous media in the "infinite mass absorber”
case an approximate expression for the albedo of an absorber lump is suggested
on the basis of heuristic arguments. Precise calculations of the albedo based

on a variational method of solving the monoenergetic transport equation are



compared with this approximation, and show it to be quite accurate. Use of the
approximate albedo again permits expression of the Doppler effect through the
function J(£,B). The effect of interference between potential and resonance
scattering is also studied in the "infinite mass absorber" approximation.

These results are applicable to calculating the absorption in low epergy
resolved resonances for which the widths and energy are known. In the region
beyond the experimental limit of resolution statistical considerations are
employed. The formulae for single resonances are averaged over the probability
distributions of the partial widths. The theory is then applied to the calculs-
tion of the effective resonance integrals of uranium and thorium rods, and good
agreement is obtained.for u£;;ium and fair agreement for thorium.

At high energies resonance absorption cross sections fall sufficiently
low to permit neglect of flux depression effects, and attention is focussed on
average reaction cross sections. A study of the effect of fluctuations in
the partial widths on average reaction cross sections is given. Some general
theorems are derived independent of the probability distributions of the
widths. If the widths are distributed in member distributions of the chi-
squared family, it is shown that the multiple integrals over these distributions
which express the averages <:Pspt/F:> can be reduced to a single infinite
integral. This integral is evaluated in the eighteen simplest cases of
interest. A Monte Carlo program for the electronic computer ORACLE for
evaluating these averages is described. It is shown that enough experimental
data on neutron reactions in 0238 exists below 500 kev to overdetaqrmine the
8-, p-, d-, and f-wave strength functions. Analysis of the data including the

important effects of fluctuations in the widths yields comsistent values for




the strength functions, in support of the theory. Finally, the statistical
formalism of Hauser and Feshbach is transformed from the channel spin
representation to another which is more convenient in the presence of spin-
orbit coupling. The effect of small amounts of spin-orbit coupling in the
analysis of the U258 reaction date 1s found to be unimportant. Finally, it
is proven that the total, the compound nucleus formation, and under certain
circumstances, the radiative capture cross sections are independent in first

order of spin-orbit coupling in the neutron-nucleus interaction.
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CHAPTER 1. INTRODUCTION; HISTORICAL SURVEY OF PREVIOUS WORK;
SCOPE OF PRESENT WORK

1. In chain reactions in which thermal neutrons are employed as the
chain carriers it is necessary to slow down the energetic neutrons from
fission, a process accomplished by allowing elastic collisions of the
fast neutrons with the nuclei of some suitable material, called a
moderator. During this process of moderation the neutrons are subject to
removal from the chain by nuclear reaction with any material present in
the assembly (excepting those reactions which yield neutrons as their
products, e.g., inelastic scattering). Because, historically, the (h,y)
reaction in the sharp nuclear resonance lines of U238 was the first such
parasitic reaction considered, the entire process has been named resonance
absorption, even when the responsible cross section does not have the
typical sharp line appearance. ‘

2. The importance of the resonance absorption problem was appreciated
even in the short time which intervened between the discovery of fission and
the successful establishment of a natural uranium fueled, selfjsustaining
chain reaction. Turner (T4O) writing in January, l9§0 concluded after
examination of an experiment of Anderson, Fermi, and SAlard (A39), that,
except for the then unknown extent of resonance ahbsorption, the chances
for establishing such a self-sustaining chain reaction seemed good. Even
before any reliable data was available on the resonance absorption process,
it was recognized that disposing the uranium in the form of lumps, rather
than mixing it homogeneously with the moderator, would substantially de-

crease the amount of resonance absorption. Fermi and Sz ilard are credited



with this observation in regard to research carried out in this country;
but the suggestion of lumping the uranium was also made by Harteck in
Germany, and by Halban, Kowarski, and Joliot in France (C55a). The USSR
also claims independent discovery (F55).

3. The lumping of the uranium, however, is not without disadvantages.
In addition to decrea;iﬂg4the parasitic capture of resonance neutrons in
the uranium, it also decreases the fission-producing capture of thermasl
neutrons in the uranium. Thus, the early problem of reacter design
was the choice of an optimum lattice of uranium lumps and moderating
material in which the multiplication constant was a maximum. The first
experimental work done on the resonance absorption of uranium in bulk was
carried out by activation techniques by E. C. Creutz, R. R. Wilson, and -
collaborators, at the Princeton University cyclotron in 1941 (S46). This
.work was finally reported in the open literature in the third and fourth of

& series of four articles published in the Journal of Applied Physics (c55b,c).

The first of these four articles (C55a) is a review of the work which
preceded the Princeton work; since such a comprehensive review already
exists we shall merely allude to it and not mention further any of the
prior works it cites. The second of these four articles (WS55) is a
Ploneering theoretical paper of Wigner et al., in which nearly all of the
basic physical phenomena which play important roles in the resonance ab-
sorption process are mentioned, and, in most cases, their effects studied.
The rationale in Wigner's work, as in all subsequent theoretical work, was

to relate the absorption in bulk to the nuclear properties of the »

individual absorbing nuclei. The measurement of the uranium resonance




parameters was first accomplished by Anderson (A50), and it was his data
that Wigher usged.

L. The necessity of obtaining experimental data on heterogeneous
resonance absorption was also apparent in other countries in the early
1940's. Creutz et al. (CSSa) mention a considerable number of British
and French workers, whose reports, at the time of the writing of C55s,
were still classified. Their works bear dates from 1942-194k4, The
earliest Russian experimental work on heterogeneous resonance absorption
known to the author is a measurement of Popov and Shapiro (P55) done
by activation techniques in the exponential assembly presumably used
in the design of the first Soviet uranium graphite reactor. The date of
this research is not known and the issue is further complicated by the
fact that it is not known when the first Soviet reactor went critical,
although it is thought by some to be between 1944 and 1947 (R56). After
it went critical further measurements of the activation type;, alsc of
uncertain date, were made by Egiazarov et al. (ES55). Further work on D20
exponentisl assemblies was done by Burgov (B55). Burgov also mentions
measurements by Rudek on the uranium-D20 reactor of the Soviet Academy of
Sciences, which went critical in April 1949 (R56). The resonance
absorption in both these works was studied indirectly through a knowledge
of all the other factors in the four factor formula. According to Burgov,
who compared His results with earlier Soviet experiments, the method is
unsatisflactory. Beginning in 1943 Soviet theoretical research on the
resonance absorption problem was .actively pursued (G35). The Soviet

work, while instructive, suffers the defect of ignoring moderation by



the uranium nuclei. This particular issue is complicated and will be dealt .
with at greater length in Chapters 6, 7, and 9.

5. 1Interest in the resonance absorption problems in the United States
was not abated by the very successful beginning made by the Princeton group.
In 1944 activation measurements at the Indiana University cyclotron were
made on homogeneous mixtures of uranium and various moderators by
A. C. G. Mitchell et al. (Mils). Nearly simultaneously with this experimental
work, Dancoff and Ginsburg (D44) completed a very detailed theoretical study.
Experimental work similar to Mitchell's on homogeneous systeﬁs was reported
for uranium by Hughes and Goldstein (HW6) in 1946, and for thorium by Hughes
and Eggler (H45) in 1945. In 1949 Muehlhause and Untermyer (M49) obtained -
further experimental data on lumped uranium by the pile oscillator technique.
In 1951 Risser et al. (RS51) performed activation experiments on uranium rods
in the X-10 graphite reactor; in late 1950 Untermyer and Eggler (ESO)
reported danger coefficient studies on thorium rods.

6. At the time of the International Conference at Geneva three experi-
mental, one theoretical, and one survey paper on resonance absorption were
presented. A Russian experimental paper (S55) by Spivak et al. mentioned
only results on the resonance asbsorption of very thin foils, which, while
interesting, is not germane to the study of absorption by uranium in bulk.
Similar results of résearch in the United States are given in the survey
peper of Macklin and Pomerance (M55). This paper also mentions much of
United States research on bulk absorption already cited in previous

paragraphs. An experimental paper (C55d) was presented by V. S. Crocker of




the United Kingdom who used self-indication techniques in a collimated neutron

beam. A third experimental paper (E55a) was presented by Briksen et al. of
JENER describing interesting work done on lumped uranium by the pile
oscillator technique. A theoretical paper, which suffered considerably
from the insufficiency of the available nuclear dats, was presented by

van der Held (H55) of the Netherlands.

T- ©Since the Geneva conference several very excellent experiments on
resonance absorption have been reported. One, by Hellstrand in Sweden (HST),
was done by activaticn techniques in the Swedish heavy water reactor. Hell-
strand considered not only rods of uranium and uranium oxide, but also a
variety of more complex fuel assemblies consisting of hollow tubes and
bundles of cylindriéal pins. These more complex shapes. were studied in
response to the questions raised by the increasing sophistication evident in
fuel element design. Rods of uranium and thorium were studied by Davis (D57)
in the Hanford Test Pile by danger coefficient techniques. A similar reactivity
change technique was used by Dayton and Pettus (DS57a) in the Pennsylvania
State swimming pool with thorium and thorium oxide rods and plates. A
technique of the activation type, but somewhat more complicated than the
usual Cd-covered rod plus monitor foil, has been employed by Niemuth at
Hanford (NS6).

8. Excellent measurements, basically of the activation type, have
been made on slightly enriched uranium rods of two sizes in a water
moderated critical assembly by Klein et al. (K56) at Bettis; and by
Sher (857} in several exponential assemblies at Brockhaven. These mea-

surements are complicated somewhat by the fact, originally noted by



Dancoff (Di4a), that the rods are close enough to partially shield one
another from the resonance flux in the moderator. Sher has tried to turn
this fact to advantage in the following manner: A functional dependence

of the resonance absorption on the rod size suggested by the theory of
Wigner is assumed, with three disposable constants. With the data for the
two available rod sizes, for thinm foils, and for the dependence of resonance
absorption on the lattice spacing through Dancoff's effect, the disposable
constants can be determined. Results obtained in this manner have been
reported by Sher for both uranium and thorium rods (s57).

9. Another avenue of approach to the problem is through the theoretical
analysis of lattice experiments both of the critical and exponehtial type.
Such an approach was taken in the USSR by Burgov (B55) as we have already
noted. Work of this sort was undertsken in 1951 in the United Kingdom and
culminated in a series of papers by Davey (D55) and Mummery (M56). A
similar, somewhat later, analysis, including data from many published
United States, British, and Russian exponential experiments, was reported
recently by Kouts and Sher (K56a).

10. A considerable burgecning of the theory of resonance absorption
has occurred since Geneva, largely along three rather distinct lines.
Firstly, there has been a renewal of effort on the problem of homogeneous
resonance absorption, largely because it is felt to be tractable. Papers
have been published by Spinney (856), Weinberg and Wigner (W56), and
Corngold (C57). Secondly, there has been an attempt to understand resonance
capture in realistic heterogeneous situations by numerical methods,

especially the Monte Carlo method, which require the use of




electronic computers. Papers along this line have been written by
Richtmyer (R56a), Sampson (S56a), St. John (J56), Chernick (C56), end
Stein (SSG:b)° The last approach; to which the present author adheres is
based on the hope of solving the combined slowing-down transport problem of
resonance absorption approximately in analytic terms. That such & hope 1s
reasonable is indicated by Wigner's original analysis (W55), where several
baesic approximations are exhibited which considerably reduce the complexity
of the problem. Some preliminary efforts following this approach have
already been published by the author and by others (DS55a, D56, D56a, K58),
and it is felt that the present work successfully continues these be-
ginnings.
11. The history of resonance absorption in bulk presented in the
previous paragraphs shows the problem to have originated largely in the
early attempt to achieve maximum possible neutron multiplication. As enriched
urahium became available for reactor purposes and reactor design became more
sophisticated, emphasis in the resonance absorption problem broadened.:
With interest in reactors of intermediate or fast spectmm ceame interest in
the process of resonance absorption in the energy range from about 10 kev
to fission energies. The significant differences of this high energy problem
from the classical resonance absorption problem are four, viz.:
(1) The resonances in the high energy problem are unresclved, so
that statistical models must be employed in relating the absorption
to the nuclear properties. This problem exists partially in the
classical problem because of the necessity of estimating the

effect of the unresolved rescnances on the absorption.



(ii) Higher partisl waves (i.e., p-, d-, f-, etc. waves) contribute .
to the absorption effects.
(iii)‘ Other nuclear reactions, notably inelastic scattering and
sometimes fission, appear at high energies. These reactions
are important to the aﬁsorption process both because they
compete with it directly, and because their cross sections
are related.
(iv) Often, but not always, the problems introduced by the distribution
of uranium in bulk simplify considerably.
12. Points (i)-(iv) above indicate that the high energy resonance
absorption problem is largely & problem of pure nuclear physics, whereas -
the classical problem is largely, but not entirely, a problem of neutron
transport theory. Until very recently our information on neutron reactions
was not really adequate for a treatment of the resonance absorption problem
including points (i), (ii), and (iii) above. A summary sketch of our
knowledge, for example, at the close of 1950 can be obtained from the
"Final Report of the Fast Neutron Data Project" (FS51). In the past few
years our knowledge has increased enormously, and we are presently in an
excellent position to successfully attack the problem of high energy
neutron cross sections.
13. From an experimental point of view the most impressive achievement
of the last five years i1s the development of higher resolution instrumenta-
tion, largely based on the time-of-flight technique, for investigating

neutron resonance cross sections in the 0-1 kev energy range. A wealth

of such resonance data exists and nearly all of it has been carefully




studied and tabulated in BNIL-325 and BNL-325 Sup. 1 (HSSa, H57a). Several
other reviews exist, among them two papers by Harvey et al. (H56, HS57a, ES6).
Tables of resonance parameters are available in these references. In
addition these references, especially BNL-3%25 and BNL-325 Sup. 1, contain
nearly all available information concerning high energy neutron crosas
sections. It is not possible nor is it purposeful to review this literature;
we shall cite it as needed, and content ourselves at present with noting

the existence of considergble data on neutron total, radiative capture,
inelastic scattering, and fission cross sections.

14. 1In regard to progress in theory, the last few years have seen the

emergence of four important ideas concerning nuclear structure, viz.:

(i) From a study of neutron total cross sections, Feshbach, Porter,
and Weisskopf (F54) were led to introduce the notion of a compiex
potential to déscribe the neutron-interaction with the nucleus.
Their discovery precipitated an avalanche of analysis of data in
terms of complex potentials, with some small but still
significant improvement over the original work.

(1i) Wigner, lane, and Thomas (L55) found a satisfactory in_terl;retam
tation of the complex potential model on the basis of the
dispersion theory of nuclear reactions.

(iii) Following intuitive arguments Porter and Thomas (P56) discovered
excellent statigtical distributions for the neutron‘and radiative
widths of nuclear resonances.

(iv) Hill and Wheeler (H53), and independently Bohr and Mottelson (B53),

call attention to the non-spherical shape of many nuclei, and

to the consequences of this fact.
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15. These developments make possible the approach taken in this work
to the resonance absorption problem at high energies. This approach is a
phenomenological one; in it the dispersion theory of nuclear reactions
[guitably including points (i), (ii), and (iii) above] is used to obtain
forms for the cross sections for various reactions involving only & limited
number of constants. These constants are then found by comparison with
experiment, and the resulting expressions used to predict unmeasured
quantities wherever possible. Such a phenomenological approach has been
tried in the past to compute the capture-to-fission ratio in U255 in the
epithermal range by Wigner (W55a) and by Oleksa (056). Hurwitz and Greebler
(G57) have attempted the phenomenological calculation of fission product
capture cross sections in the epithermal range. All three of these calcula-
tions were largely based on experimentally known resonance parameters for
several resonances. Recently, Lane and Lynn (L57) and Cameron (C57a) have
done phenominological calculations of radiative capture cross sections at
high energies.

16. Having completed this brief history of contributions to the problem
of resonance absorption, we shall close this chapter with an outline of
the scope of this work and a summary of the innovations it contains. For
this purpose it is convenient to consider the problem in three parts, viz.:
(1) Resolved resonances - low energy; (ii) Unresolved resonances, only
s-waves - intermediate energy; and (iii) High energy.

Let us consider (i) first. In problems of heterogeneous resonance
absorption results are only possible, at this writing, either by assuming

the absorber to have infinite mass, or to have absorbing lines very much
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narrower than the energy lost by a neutron in a single collision. In both
these approximations it is necessary to incorporate the Doppler effect, as
suggested originally by Wheeler (W55). In both approximations the Doppler
effect can be described by a certain function of two variables, which has
been tabulated by the author (D56), and whose properties are studied in this
work in great detail. It has also been studied by Dancoff and Ginsburg

(D4k4) and by Roe (R54). An effect which has not been considered before, but
which is considered in this work, is the interference between potential

and resonance scattering, which gives rise to the clearly discernible

dips just preceding the high peaks of the low energy s-wave resonances in
most nuclides. Among the results of this analysis is the fact that the
effective absorption cross section of the nuclei in an aebsorbing lump can

be written as the product of two factors, one of which depends only on the
lump size and not on the resonance parameters, and the other of which depends
on the resonance parameters and not at all on the lump size. This very
important separation was first noted by the author (D56a) on a much more
restrieted basis than is derived in this report. It implies a sort of
universal geometric dependence of the resonance integral, largely indepemdent
of the details of the resonance structure.

18. In the intermediate case (1i) the main problem which is considered
and solved is that of averaging the formulee for the effective absorption
cross section derived in case (i) over the statistical distribution of the
reactioﬁ widths. Serious statistical consideration of the unresolved
resonances was not previously possible because of lack of preciée knowledge

of the statistical distribution of the reaction widths. Finally because
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of i1ts practical importance, the statistically averaged absorption cross -
section for a thin foil was integrated with a % Fermi spectrum. The re-
sulting formula is very useful in comparing thin foil data such as reported
by Spivak (855) or Macklin and Pomerance (M55) with the predictions made

from measured resonance parameters.

19. 1In the high energy range the transport aspect of the problem has
been ignored;, and the main effort devoted to the reaction cross sections
themselves. In the first place, the statistical formalism of Feshbach and
Hauser (HS2) [gctually the neutron one-level formalism of Blatt and Biedenharn
(B52) with the statistical assumptions of Feshbach and Hauser| has been
generalized to include the effects of fluctuations in the reaction widths.
Some general theorems have been derived independent of the precise statistical
distribution of the widths. A large number of cases have been investigated
analytically under the assumption that the statistical distributions of the
widths belonged to the chi-squared family. Finally, a novel machine code has
been written for the ORACLE electronic computer, which analyzes the effect of
the fluctuations on the cross sections. Secondly, the statistical formalism
has been rewritten in another representation convenient for situations in
which spin-orbit coupling is present.

20. With the results mentioned in paragraphs 17, 18, and 19 above a
detailed comparison of theory and experiment was made for all the data on

resonance absorption in 0258 rods, and for all the available data on U258

neutron reaction cross sections. The above summary of the content of this

work is, of course, a barest outline and omits mention of much important
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. work to be found in the text. It serves, however, to orient the reader

and is so intended.




CHAPTER 2. SUMMARY OF NECESSARY RESULTS OF NUCLEAR THEORY

1. The purpose of this chapter is to summarize a wealth of background
material on which we shall have to draw frequently in subsequent chapters.

In discussing those points in this summary that can be found in the literature
we shall employ the utmost economy of expression; we shall, however, deal
fully with new material.

2. In their review article Blatt and Biedenharn (B52) have explicitly
related the differential and total scattering and reaction cross sections to
the elements of the scattering‘matrix. They describe a number of simple
situations in which explicit expressions for the scattering matrix are avail-
able. Two of these situations are of interest to us here, viz.:

(i) JScattering and reaction cross sections associated with a single

s-wave resonance level of the compound nucleus.
(ii) Averaged reaction cross sections, in general, under the statistical
assumptions of Feshbach and Hauser (H52).

5. let us consider situation (i) first. Insofar as s-wave reactions
are concerned it follows from Eqs. (5.9) and (4.5) of BS52 that

[ Toyre s
G(QSJQ'S') - ﬂx2 . 2J + 1 . as 'Aa's 5
2s + 1 (E _ Eo)2 + <r_)

a's' #as  (1-2)

The meaning of the symbols is as follows:
o{as,a's') is the cross section for reaction from channel q with channel
spin s, to channel a' with channel spin &\ Xa is the reduced neutron wave
length (neutron wave length divided by 2x) in channel . J is the total
angular momentum of the compound state formed. E is the center of mass .

energy of the system; Eo is the resonance energy. r are physical parameters

as

14
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called partial reaction widths; the ones appearing in Eq. (1-2) refer to
s-waves only. There is one such width for each distinguishable mode of decay
of the compound nucleus. r, the total width, is the sum of all the partial
reaction widths, including even in the s-wave case, all those which refer to
modes of decay of higher angular momentmmthan zero. Note that Eq. (1-2)
describes spin-flip elastic scattering, i.e., @ = a'; but s # s'.

4, PFor s-wave scattering the formula is somewhat more complicated.

From Egs. (6.1), (6.2), (6.3), (6.4), (5.9), and (4.5) of B52 it follows that

2
2 29 +1 (Fas)

o(as,as) = nx_ ° + hn‘ke sin2
01 2 x (04

2s + 1 (E - E )2 . E

o 2

2 27 +1 {;(E - Eo) sin § cos £ + o[ sin® ga} ras

28 + 1 (E_Eo)2+(g)2

- X (2-2)

ga is the s-wave hard sphere scattering phase shift in channel o and is given

FE :-_9‘ (3-2)
a

where Ra is the channel radius in channel @. At low energies, where-kd is

large, ga << 1l. The trigonometric functions can be approximated by the first
termé in their Maclaurin series; secondly, the last term in sinega can be neglected.
This is because it is only for E very nearly equal to Eo that it is larger

than the sin ga cos ga term, and under this circumstance it is almost always
negligible compared to the first term in Eq. (2-2). With these changes

Eq. (2-2) can be written



2
2J + 1 ) (ras)

olas,as) = xki . 5 + huRg
28 + 1 2 r
(E-Eo) +<§>
(E-£)[
shex gL 2D t1 o’ las (h-2)
X o541 2 MV
@) (§)

The three terms on the right hand side of Eq. (4-2) are called resonance,
potential, and interference scattering, respectively° Differential cross
sections are unnecessary in the case of s-wave reactions since the angular
distributions are isotropic.

5. For situation (ii) we proceed as follows: The differential cross
section for reaction from channel as to channel a's' averaged over an energy
interval including many states of the compound nucleus can be written,

according to Eq. (4.5) of B52, as

(00]
do(as,a's') _ (p5 + 1)1 %2 5. <B_(as,a's')> P, (cos6) (5-2)
an. @ L=0 L L

The brackets stand for an average over many resonances of the compound
nucleus. If we perform this average in Eq. (4.6) of B52 and assume, as do
Hauser and Feshbach (H52), that interference terms between levels of different
total spin, J, or channels of different orbital angular momentum,AZ, sum to

zero, we obtain
J+s J+s!

Q0
B (as,a's')> = (<) 8 .%.00 X Z 20305 sL)Z(0 30 T} s !
Dyt NG LR s

o

2
<, 2 Ji
atOss O - Sasf,a's'ﬂ'» ;> (6-2)

(1
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Here the Z's are the Z-coefficients mentioned in reference B52, and are
related to the Racah coefficients. The last term in Eq. (6-2) is the
averaged element of the scattering matrix connecting channel a&f with
channel a'sﬂf’ through compound states of total angular momentum J and total
parity n. If the scattering matrix for neutrons is given by the one-level

formula , Eq. (4.6) of B52, viz.:

i(gaz+§av£v) i gasﬁgass vJZv
EO- E . -1

Sth =e
als,a'f's?®
2

j
C ¥ Gaa'sss’SlQiJ(7'2)
then the average in Eq. (6-2) becomes for a‘s' # as

) 2 7 F S r gt
< | araen| > =55 <°‘fr°‘ > (8-2)

In Eq. (7-2) Busp = X ras£ .

The sign is uncertain. The calculation of
this average involves an integration over the resonance line shape and it is
assumed in carrying out this jntegration that the energy dependence of the
widths can be neglected. The braces on the right hand side of Eq. (8-2)
now represent an average to be taken over the statistical distributions of the
reaction widths. As a final point it is worth noting that separation of
asl and a's'}* given in Eq. (8-2) does not depend on the assumption of the
one-level formula but follows from the generel Bohr assumption of independence
of formation and decay of the compound nucleus, and the reciprocity laws
for nuclear reactions (B52a).

The formulae (5-2) must be averaged over initial polarizations and
summed over final polarizations to obtain cross sections for unpolarized

beams . and unpglarized detectors.  The result ~f this procedure gives
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. 2
Waa) . _Ja 57 (ar)) B (cons) (5-2)
an 2(2I + 1) L=0 '
where
I+ % I'+ %
(BL(a,aﬂ)>= PN PN (BL(as,a"s')> (10-2)

SRR

and T and I' are the nuclear spins of the target and,residual nuclei,
respectively.

6. The formulae presented in.fhe‘l&st paragraph have all been derived
in a representation in which the neutron spin o; the nuclear spin I, and
the orbital anguler momentum are coupled as follows: First o and I are
coupled to form the channel spin, s. Then s and I are coupled to give the
total angular momentum, J. Such a representation is convenient for most
purposes. However, for the study of reactions in the presence of spin-orbit
coupling such a representation may prove inconvenient because s is no longer
& good quantum number. Instead, 1t is better to couple d‘and,é to a sum j,
and then to couple j to I to form J.

The transformation of the scattering matrix from the 6I(s)/J
representation to the df(j)IJ representation can be accomplished with the

Racah coefficients as the transformation coefficients (B52b). 1In

particular,
L+o JAFYL 1 1
Jr . 7 2 . L
Suef,arspr = A S (25 + )220 + F(0L89) © 850 Ly

J=L€_o—' Jv=lfv_o—al
1 1
(2s' + 1)2(EJ" + l)ew(I"o"J[";s'J') (11-2)
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The W's are related to the Racah coefficients and discussed, along with the Z's,

in B52b. Substitution of Eq. (11-2) into Eqs (9-2) and rearrangement gives

CD J+I J+I° j+o’ u+047 \
B (a, )> ) Z-\ 8 38 S . a‘y?’ v2
J—OJ ,J-I' j:-,J Ivl 1= ,j 01 yv__,j 69 aa' JjII aj]:, 3 II/
T+o
x (2 + 1) —IZ l(-=)’°“°’(2s + 1)2(L303; sLIWE (163); 85)
s= [T-0
I'+s™
Rl ed) | o O (e s Dl e (el i) (22
8= In_o")l

The reduction of the quantities in the second and third lines of

Eg. (12-2) can be accomplished as follows:

I+¢
(23 +1) . (-2"%(2s + 1)z(ﬂJ{lJ;sL)w2(IcJ[;s,j)
s=|I-d1
I+¢
= (23 + 1)(2) + 1)(2T + 1)1L(m)L”J‘£(,?£oo|PﬁLo) S (28 + 1)W(sLT;If)

s=’I-o1
x w(1s3l; T W s31;30)

= (2) + 1)(2L + 1){aT + :L)il‘(»--')L“”J"";Z (lﬁoo’ll 10YW(JILLy; J3)W( Lai; 0 3)

= (27 + 190~ T 035 51N 33395 TL) (13-2)
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The passage from the first line to the second is accomplished using the

definition of Z in terms of W (Eq. 23 of B52b), and the symmetry relations -
for W (Eq. 14 of B52b). Using a sum rule for the products of three W's

(Eq. 17 of B52b) enables us to pass to the third line, and again using the

symmetry relations and the definition of Z in terms of W we obtain the last

line. Taking the complex conjugate of Eq. (13-2) gives an equation whose

extreme fight hand side and left hand side are identical with those of

Eq. (13-2) except that the exponents of - 1 are changed in sign. Sub-

stituting Eq. (13-2) - . .. and its complex conjugate into Eq. (12-2) gives

00 -J+I J+I° J+o J '+t

2 .
<BL(a,a')> =% ZI. 2 L Z_» Z-u | "(18mqujvv811n"sgl;av3vIuI >

720 3=13-1| 3'=13-1'| I=[3-0] p'=]3"-o"

x ()19 T 05 + 1)22(0305; LIW(IITSTLYZU 1310 13 5 STLIN(IS '3 1 TOL)

(14-2)

It can easily be shown now that in the one-level case SJTC have the

qu,aVJVIH
form given in Eq. (7-2). Such a form is possible if we note that the g's trans-

form like wave functions, i.e.,

I+o 1 1
= 2L (s + 132y + VF(1oulie)e,,, (15-2)

g
I s=lI-c1

and assume the same potential scattering phase shifts, Eaﬂ’ in both representa-
tions. Substituting Eq. (15-2) in Eq. (11-2) will result in an identity (using
Eq. 15 of B52b) only if the total width in both representations is the same. -

But this is insured by the equality

2 2
% CasT = ZS‘ as ) (16-2)
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easily demonstrable from Eq. (15-2) and the W-coefficient orthogonality
relation, Eq. (15) of B52b.

7. In this next paragraph our present knowledge about the partial
reaction widths will be summarized. It follows from the work of Wigner
and Bigeibudon the dispersion theory of nuclear reactions (see for an
excellent resume of this work reference 853) that the partial reaction width

for neutrons,[vn, in the channel spin representation, can be written

S

l“l =25, 729 (17-2)

where 72 is called the reduced neutron width, and sy the penetration function.
An exactly similar relation holds in the j-representation, since the ¥y
transform exactly like the g, according to Eq. (15-2). The penetration
function depends on the orbital angular momentum,/f, and the neutron bombarding
energy. It can be expressed in terms of the spherical Bessel and Neumann

functions, but it is more conveniently generated by the following recurrence

relations: .
2
By = e ; 8. =X
(£- 8 )2 +sf ) °
A -2, ) ( (5-2)
A, oI ia -0
l (j - A )2 " 82 (o]
/-1 yx |

where x = % for neutrons.
The penetration function measures the attenuation of the neutron waves
by the centrifugel barrier of the nucleus; the reduced width measures the

probability of appearance of neutrons in the particular channel at the

Q?'bxx,}ivbéﬂi;\
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surface of the compound nucleus. The energy and orbital angular momentum

variation of the reduced neutron width is not expected to be very rapid, nor .
is the order of magnitude expected to change profoundly. The complex
potential model of Feshbach, Porter, and Weisskopf (F54) obtains a mildly
oscillatory behavior for 72 in x and‘l’due to multiple reflection phenomensa
in the nuclear interior. Similar behavior is predicted by the Wigner-Lane-
Thomas model (L55) and originates from essentially the same cause. More
will be said about these models in a later chapter, and further discussion
is deferred until then.

Porter and Thomas (P56) argued on inituitive grounds that the square
roots of the reduced widths of neighboring resonances, 751, should be
normally distributed. Since the transformation connecting the 7JI to the
75[ is linear, by a theorem of De Mbivre:(CS6a), s0 also should the 751
be normally distributed. This implies a chi-squared distribution of one
degree of freedom for the reduced widths themselves (CS6)° Statistical
analysis of a considerable amount of resonance data available to Porter
and Thomas showed this distribution to be excellent. Another conclusion
verified by Porter and Thomas is the near constancy of the radiative width,
both from resonance to resonance in the same nucleus, and in neighboring
nuclei.

8. This last paragraph will summarize our present knowledge concerning

the spacing, D. , of levels of the same spin, J, and parity, n. Two recent

In
studies principally are important, one by Lang and LeCouteur (LS4) and -
one by Newton (N56a). Both of these suthors emphasize a spin dependence

proportional to (2J + l)-l, and both predict & similar and very rapid
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decrease of Dth with excitation energy. Both formulae are semi-empirical,
using forms suggested by theory, and constants determined from experiment.
The statistical distribution of the level spacing has been discussed
by Wigner (WS6a) in terms of a very elementary model. Wigner's distribu-
tion has the virtue of predicting the observed low probability of levels
being very close together. This "level repulsion” effect has also been
studied by Gurevich and Pevsner (G56 ). There is at this writing in-
sufficient evidence to conclusively obtain a good statistical distribution

for the level spacing.



CHAPTER 3. SLOWING DOWN THEORY IN HOMOGENEOUS MEDIA

1. This third chapter has three purposes: (i) to introduce the few
fundamental results of slowing down theory necessary for the discussion
of the resonance absorption problem, (ii) to augment the historical survey
of low energy resonance absorption in homogeneous media begun in Chapter 1,
and (iii) to serve as a vehicle for introducing certain conventional
terms, e.g., flux, macroscopic cross éection, resonance escape probasbility,
effective resonance integral, etc.

2. In this paragraph let us consider the process of moderation of
neutrons by elastic collision with nuclei of mass A; let the unit of mass
be the neutron msss. Further, let us consider only s-wave interaction
which will nearly always be appropriate for energies less than 100 kev.
This restriction has the consequence of causing the scattering to be
isotropic in the center ¢~ mass coordinate system. In this coordinate
system before collision the neutron and nucleus move toward one another
along a line parallel to the direction of motion of thé incident neutron in
the laboratory. The laws of energy and momentum conservation in the center’
of mAss system require that the speeds of the
neutron and the nucleus be the same after collision B
as before, ahd that their velocities continue to
point in opposite directions. With this fact ap-

preciated th& dynamics of the collision can be

0
explained with the help of Fig. (1-3). A

Fig. (1-3)

In this figure OP is the direction of

—-’
incidence of a neutron of speed v on a nucleus of mass A. OA represents

—

the center of mass velocity, of magnitude AB is the velocity of

—Y__
A+1°

2k
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the neutron in the center of mass system after collision, its magnitude

Av

is the same as before collision, viz.: A7

@ is the angle of scattering
in the center of mass system and.aais the velocity of the neutron in the

laboratory after collision. From the law of cosines it follows that

Ef vu2
E 2 = <; ¥ ;) (; n £> (A +1)° €089 _ (2-3)

Here E' is the final neutron energy and E the initial neutron energy in the

laboratory. It is clear from Eq. (1-3) that E' has the limits

E (A + ]> (2'3)

From the statistical distribution of 6 a distribution of E' can be

found. For isotropic scattering in the center of mass system

d e 1
(0020) | - -t 555 (3-3)

P(E') = P(cos9)

Thus the scattered neutrons are distributed uniformly in the interval given
by Eq. (2-3). For future reference let us express the distribution of
scattered neutrons in terms of a variable, u, called lethergy, and defined
by the relation u = In ( EQ) » where Eo is some reference energy.

u-u’

P(u?) = P(E*) (4-3)

]
T l-a

% The scattering distribution (4-3) can be made the basis of an
integral equation to describe resonance absorption. This equation can be
solved explicitly for the case of moderation by hydrogen; the solution was

first given by Bethe (B37). The integral equation can be written as in this case as
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2wt = [ F angtane ™ et + s(w) (5-3)
o

The symbols mean the following: @ is the flux of neutrons as a function of
lethargy; defined as the product of density per unit lethargy amd velocity.
z;s is the macroscopic scattering cross section at lethargy u, defined as
1\10’S (u), where N is the atomic density of scatters and o’s(u) their
microscopic scattering cross section. 51 s is the reciprocal of the scat-
tering mean free path. A similar definition applies to Elt’ the macroscopic
total cross section. If the absorption is due to some heavy, non-moderating
material the macroscopic total cross section is given, by the usual rules
for compesing mean free paths, as Eit = NG;(u) + Nao;(u) where N_ is the
absorber atomic density, and d; the microscopic absorptionfcross sectiono
The product of a macroscopic cross section and a flux per unit lethargy gives
a reaction rate per unit volume per unit lethargy. S(u) is the neutrén
source strength function. The situation becomes very muth simpler and no
less general, 1f we consider a unit monoenergetic source of neutrons at

the reference energy Eo(u = 0). Let us then take for S(u) the source of

once~collided neutrons, which for hydrogen is, from Eqgs. (2-3) and (k4-3),
s(u) =e™™, 0=u<o (6-3)

With this choice, differentiation of Eq. (5-3) leads at once to the

differential equation

allp) =,
dut T &) -0 (7-3)

t
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A suitable boundary condition can be obtained by setting u = O iIn Eq. (5=3)°

This procedure gives
(L), =8(c) =1 (8-3)

The unique solution of Eqs. (7-3) and (8-3) is

i
Z (u)g(u) = exp| - Ef duﬂ) (9-3)

4. A measure of the extent of resonance absorption is given directly
by the slowing down density at u, g(u), defined as the number of neutrons
slowing down past lethargy u per unit volume per unit time. It is given,

in the case we are concerned with, by the expressions;

8

u o

q{u) = Xs(u')gﬂ(u“)dug . 0" gy 4 e aut (10=3)

(o)
[
[l

The u" intégral simply represents the probability that a neutron scattered

at u' will be slowed down to a lethargy u" > u. The first term on the right
hand side of Eq. (10-3) is the slowing down density of already collided
neutrons, the second term is the slowing down density due to first collisions.
If we perform the u" integral, and substitute Eg. (9-3) for the flux, we

obtain



28
u ' g u .
q(u) j zzf exp J : ) + e'u' du'’

o o o "
u u' ‘

- 2:l 8 v

= @ E:; exp 3:: du"ldu'+ 1 (11-3)

o} 0

The integrand in Eq. (11-3) is a perfect differential. Performing the

integral finally gives

q(u) = exp f
0o

q(u), normalized to a unit source, as it is here, is called the resonance

(12-3)

flm’“

escape probability, p(u), at lethargy u. It directly measures the fraction
of source neutrons surviving resonance absorption to lethargy u.

5. The problem just solved above is the only one in which the slowing
down problem with absorption cen be exactly solved at all lethargies.
There is another very important problem, however, which can be solved
at lethargies considerably above source lethargy (u = 0). ILet us consider
slowing down from s monoenergetic source at u = 0 in a medium of nuclear
mass, A, and with a constent ratio, B, of scattering to total cross
section. If we use the symbol F(u) for the total collision density,
zlt(u)¢(u), the slowing down integral equation can be writtem, far from

source lethargy, as

A u'-u .
F(u) = 8 L[\ F(u') $— au’ (13-3)
u-
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where € = dn (é) and is the maximum lethargy loss in a collision with a
nucleus of mass A. Let us take as an ansatz an exponential form for F(u),
viz., exuo If we substitute in Eq. (13-3) we get the following equation

for determining A\:

1+A=p o = (14-3)

The slowing down density is now given by the expression

u ul+ée
{‘ euﬂ_un
q(u) = “pF(u)au’ oy T ‘du” (15-3)
J -
u-€ , u

If we substitute M for F(u), integrate, and simplify using Eq. (14-3), we

obtain

1l - au
q(u) = - ==L (16-3)
Some well known conclusions follow from these equations in the case
B =1, i.e., pure scattering. 1t is possible to expand M\ in powers of

B - 1; the first two terms of the series are

x=%(e-1),§_2“_2<5-1)2+m (17-3)
3

1l 2
-e-ae
and ¥y = 1 - TT-:_EJE . & is the average lethargy change

where £ = 1 - T o
per collision, and 2fy is the average squared lethargy change per collision.

When B = 1,

F(u) = 1 and g{u) = £. (18-3)
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These equations represent the well known asymptotic solution to the slowing
down problem without absorption. The scattering density and slowing down
density are both constant and in the ratio ¢.

6. An important application of this problem is to an approximate
solution of the slowing down problem for slowly varying absorption to
scattering ratio. The procedure is a WKB type approach developed by

Hurwitz (H51 ). Let us write the integral slowing down equations as

u

G(u) _ . et~ dy !

Bla) ~ G(u') T3 Qu (19-3)
u-€

where G(u) is the scattering density. Let us choose & solution of the

form

u
f AMu)au®
&(u) = H(u) e ° (20-3)

where A(u) is given in terms of B(u) by Eq. (14-3). ILet us approximate

G(u’) in the integral on the right hand side by writing

H(uf) = H(u) + %% (u* - u)

and u’ u
j AMu™)au®™ j A(umauan(u)(ut-u)+ 14 (u"-u)2
5 5 2 du
e = e

[ Aumau(u)(ur-u)

=e° G+

2 (ur - u)é)- (21-3)

N -
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If we substitute Eq. (21-3) into Eq. {19-3) and keep only terms linear in

the first derivatives we obtain, using Eq. (20-3),

u
o B(w)+1] (u'-u) M(u)+1] (u'-u)
o) _ o )f ———— o) - 35 j [ - ]u (u - wlau
u-£& u-
AMu)+1 (u'-
fo(y . L& j el iufj (W) (2.3)
u-£&
It follows from Eq. (14-3) that
" [).(u)+lj(u'-u) 1
j = — u' = groy (23-3)

u-£

Hence, Eq. (22-3) can be written, after rearrangement, and cancellation of

some terms as

25 0)--425 ) (@)

1)) 3

since d(fny) = aln(-y) = dJn(]y]) Finally, then,

=40

i
=

or

o=

H(u) = (26-3)
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The solution (26-3) is unique up to a constant. An important situation
in which the constant can easily be related to the source strength and an
explicit expression for the resonance escape probability obtained is the
case of an absorption cross section which is zero for some distance from
source lethargy, then rises slowly and then falls slowly agein to zero.

When B = 1, F(u) = £ /2 from Eqs. (26-3) and (17-3). If we wish to
normalize to a unit source at lésr: lethargy, before there is any absorption,
we must multiply the value of H(u) given by Eq. (26-3) by 5'1/20 After
we have passed through the region of absorption, F(u) is given by

u

f A(ut)du?
o

1
F(u) = Te (27-3)
and the slowing down density, which with the normalization chosen equals
the resonance escape probability, is given by

f A(u)au .
alu) = p(u) = tF(u) = e ° (28-3)

7. Formula (28-3) takes a particularly simple form and one very
reminiscent of Eq. (12-5) for'hydrogen if B is near 1. We can then write,

according to Eq. (17-3)

A= - (correct to first order in B - 1) (29-3)
EX

S - S
EL v 74,

(correct to second order in g - 1) (30-3)
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Equation (29-3) is known as Wigner's approximation, Eq. (30-3) as the
Goertzel-Greuling approximation.

8. PFormula (29-3) or (30-3) can be used, for example, to calculate
the resonance absorption in a homogeneous mixture of uranium and graphite,
even though the absorption in the uranium takes place in high sharp
resonances, if the uranium atomic density, Na’ is low enough. For %E is
proportional to Na and will be small if Na is sufficiently small. On the
other hand, if the uranium is present in high density, the WKB approximation
of Hurwitz is inapplicable because of the narrowness of the resonances.
However, Wigner (W55) has indicated how this circumstance can be turned to
advantage. Let us consider an absorbing resonance whose extent in lethargy
is very much less than £, the average lethargy decrement per collision.
This restriction has two important consequences: (i) no neutron can make
more than one collision in the region of significant absorption, and (ii)
peutrons which make a collision in the region of significant absorption
made thelr last collisions at lethargies far from the resonance. But this
last statement implies that the rate of supply of neutrons to each
infinitesimal lethargy interval in the range of significant absorption is
independent of whether there is a resonance or not. But, at steady state,

the rate of supply of neutrons at a lethargy equals the collision density

at that lethargy. Hence

1
SHONICORES- (51-3)

Here x is the collision density without the resonance, normalized to a

£
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unit source, ¢(u) is the true flux -ix'. the resonance. The total absorption

rate in the resonance ig then

2, (1)
(5, (w)

A= f\a(u)S‘(u)du = du (32-3)

The integrals extend over the entire resonance. The escape probability

through the resonance, p, equal to 1 - A, is given by

8, (u)
£5, (w)

P = 1l - du (33-3)
If the integral is small compared to unity, as frequently heppens, we can

write, approximately,

%, (0)

= (34-3)
X, (u)

P = exp -
9. Equation (3&-3) also gpplies for a mixture of elements for all
of which £ is very much larger than the range of significant sbsorption.
In such a case Eq. (31-3) still holds but with the right hand side re-
placed by % where E is the average lethargy decrement per collision with
the mixture and is given by
Y
- i
E= Y £,Cs C, = .__EEE__.
1 (%)
where gi is the average lethargy decrement of element i, andﬂsi is its

macroscopic scattering cross section.

(35-3)
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The collision density we seek .~ obeys the equation

u
s eu'-u
- L) J-— 4 -
F(u) = f CiF(u ) T du (36-3)
i i
u-éi
and the slowing down density related to it is
'€
u u'+é, _—
e
q(u) = & | c,F(uau' - du" (37-3)
N i . l- a,
u-Gi u

It is easy to show that setting F(u) equal to a constant, a, solves

Eq. (36-3). Inserting the constant in Eq. (37-3) gives, after integration,

q(u) = % C,é,0 = fa : (38-3)



CHAPTER 4. HOMOGENEOUS RESONANCE INTEGRALS
l. By far the most frequently occurring problem in the calculation
of resonance absorption is that dealt with in paragraphs {8-3) and (9-3).
It is conventional in this problem to discuss not the resonance escape
probability itself, but rather a related quantity, the so-called effective
resonance integral, I. Let the macroscopic scattering cross section in the
absence of the resonance be gp, let the density of absorbing nuclei be Na.'

Let us then define I by the equation

N I N
exp| - ;;L—i>= D = exp/( - é E:ﬁ du (1-4)
g g =t /

The integral on the right hand side now only extends over the resonance.

It now follows that

X
= ! ) nd
I —th oy du (2-4)

res.
2. The resonance cross sections involved in Eq. (2-4) are given in
Eqs. (1-2) and (4-2). The total absorber cross-section, summed over final
channel spins and averaged over initial channel spins, is given by (dropping

the channel index a)

rr (& - B )"

- 2 2
o = T eg » Nz + hgxR & » . 5 + hxR (3-4)
(8- 5)%+ 5) (% - &) +<§)
Here rn is the neutron width, Fos’ summed over channel spins, and
o= oJ + 1 The reso ce absorption cro tion, averaged
gJ‘— 55T 717 ° nan sorp 5s section, eraged over

36
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initial channel spins, is given by Eq. (1-2)

aly (1)

P7 is the radiative width. It is assumed that radiative capture is the
only reaction possible, which is nearly always true at low bombarding
energies. If this is not so F7 must be replaced by r - rn' In any event
[y * F7 =T.

It is important to note that all the equations of Chapter 1 apply to
the center of mass coordinate system. Frequently widths and resonance

energies are quoted in the laboratory system of coordinates, in which case

A+ 1
A

in the center of mass coordinate system.

they are larger by a factor . X, however, must always be computed

If we define the auxiliary quantities

o = bax®. e (Sa-k)
o &r § sa-
o = WnR° (5b-4)

Pa
P (5c-1)
X = , 5¢c~
L
5

We can write succinctly,
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1
o, = o1+ )7y (o’oo;ng-r—n )2 2x(1 + x2)7L 4 <, (6a-k)
Oy = dB-EZ (1 + x2)'l (6b-14)
With this notation we can write
X, =N + X (7a-4)
and
SRS KA (Tb-1)

where Elm is the macroscopic scattering cross section of the moderstor.

As our final three definitions let us write

(8-h)

(9-4)

(10-4)

Some of these new symbols have the following physical significance? d; is

the total resonance cross gection at exact resonance (x = 0), o;a is the

potential scattering of the absorber nuclei, and db is the total energy

independent (potential) scattering cross section per absorbing nucleus.

5. 1If we substitute equations (6a- 6b-, Ta-, 8-, 9-4) in Eq. (2-4)

ve can write finally,
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[ 2,-1
.. o JP{GOFZ(l+x) } dx’_\ -
o (1 + x2)-1 N (%%7)1/22,((1 R x2)-l ‘e oF -
res.

K

Here we have used - du = %E; = 5% dx. Because the nuclear resonances are
very narrow, i.e., because, generally, [" <« E, it is a very good approxima-
tion to ignore the energy dependence of o’o ’ r' » and E over the range of
integration and simply evaluate them at Eo' Moreover, the limits of

integration on x can be extended to + co. With some minor rearrangement,

Eq. (11-4) can then be written

- +00
g
I=-27 [ dx (12-4)
2k, vl o+ (67)1/2 2x + B(1 + xz)
-00

This integral can easily be evaluated and leads to the following result

for I:
x .0
2 P Eo
I = (13-4)
\/a(l +B-7)

If B << 1 - y as often happens in the low energy resonances of
uranium or thorium or other absorbers in fairly concentrated mixtures, I is
proportionga.l to /o_;: . This rule is roughly verified by Mitchell's data
(M) and by the data of Hughes and Eggler (HLS), . There is,
however, a good reason why the rule ought not to be exact; as we shall
see in the next paragraph. If B >> 1 - 7y as often happens vhen the

mixture is very dilute
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.
ST =% L0 o ;
T=1,=3% (g (24-k)

This is the so-called "infinite dilution" resonance integral. The sum of
I00 over all resonances has been meesured for many materials (M55, 855).
4. The results presented in the last paragraph, with the exception
of Eq. (1k-4), are not directly comparable with experiment because they
have been derived on the basis of stationary absorber nuclei. In actual
fact, the absorber nuclei are in thermal motion apd this motion strongly
affects the absorption of neutrons by them. The effective cross section
for neutrons of laboratory velocity v for any resonance process involving

moving nuclei is given by

Voo (V) = /]V -V o v - v ]r(Vya (15-4)

- —
where P(V) is the distribution of target laboratory velocities, V.
The definition of Ggff has been chosen to glve the correct reaction rate.

% | %%)1/2 where kT ié the absorber temperature in energy units, A is the
absorber nuclear mass and E is the neutron energy. Usually this ratio is
<<1 (for 0258 at 300°K it is 0.004 for the 6.7 ev resonances), and the
first factor in the integrand varies very little from v as V varies.

- -2
Equating ’v -V ,and v we have

o p¥) = / of| ¥ - ¥))p(Nady (26-4)

The relative energy, Ef, associated with the velocity v - V in the

center of mass system is given by
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: E'=zp V-V (17-4)
=3P |

wherelp is the neutron reduced mass equal to K—%—I . In view of the
smallness of % we can expand E' in the powers of % » Choose for the z-axis

the direction of v. Then to first order

E' = -Jé;}.wa - }wvz (18a-4)
L
- E - ()" V, (18b-4)

vwhere E = % Pve is the relative energy for stationary nuclei. If we take

|;.- ?I to be only a function of Vz,as indicated above, we can perform the

Vx and Vy integrals, and replace the three dimensional probability distribution
P(?) by a one dimensional distribution P(Vz)e Using Egs. (17-4) and (18b-L)

we can write

E - E' dE’ |
0 -o(E) = o(E*)-P[ —— o (19-4)
eff
E )
where P is the statistical distribution of Vzo
The question of what the correct distribution P for Vz is has been
discussed (1L39); for most solid materials a Maxwellian distribution is

appropriate and we shall accordingly choose it. Thus

7,

A 1/2
P(V ) = é;;ﬁ> - exp |- ZFr (20-4)
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5. If we choose for o(E') Eq. (4-l4) and substitute Eq. (L-4) and .

(20-4) into Eq. (19-4) we obtain after simplification the result

+00 2
- (x - 3P
- orplE) = @ EZ_L “P[ ﬁ_: Y de (21-4)
¢ °T  2ofx 1+y
-00
(E-E) (E' - E)
where as before x = 5 and vhere y = -—F-—g— and
2 2
. X \1/2
TE
t=25a =<-E“—A , (22-4)

A is called the Doppler width of the resonance. In teking ((o and }7 outside
the y-integral use has again been made of the thinness of the resonance.
If we rewrite Egq. (21-&) in terms of laboratory system widths é.nd energies .
its form remains unchanged. In the expression for o; » X must still be
calculated in the center of mass system. ¢ remaih",'s unchanged in both

definition and numerical value but A is given by

1/2
A= (ﬂ‘EE-) (23-1)
A

vwhere E is the neutron laboratory energy.

6. The second factor on the right hand side of Eq. (21-4) is called
the Doppler broadened line shape and is denoted by 7‘(5 ,x). It is the counter-
part of the natural line shape, (1 + xe)-l, in Eq. (6b-4). This section will

be devoted to a detailed analysis of its properties.

In the first place when kT —0, {—00 and
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2
ff; exp (- §= (x - ¥)[+8(x - ¥) (2k-1)

Here S is the Dirac delta function. Hence
2. -
Hoo,x) = (1 + x5)7 (25-4)

Another important property of W£,x) is that its integral over all x

is independent of &(. It is easy to show that

+00
/ P(é,x)ax = = (26-4)
-00

by first performing the x-integration and then the y-integration.
An asymptotic series valid for large values of x has been derived by
several authors (B33, M54). (MS4) obtained this series by using the

Fourier integral expansion of the integrand in Eq. (21-4). Since

EJE-G _ /[ Jox & 40 (27a-4)
-0
and
+Q0
(1+x)t = / 2ol & an | (2Tb-4)
-0

we cen write
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+Q0 +00 _ Q_2_ +00
We, x) = / ax. é_,; / el(x-y), :2 0. % / ol +Ha'x, (28-1) ,
-0 -0 -0 '
If we note that
+Q0
/ e™* ax = 2:8(n) (29-4)
~00

we can perform the x and ¢' integrations in that order, and obtain

2
o -%-,Q)lﬁlﬂ)x
7"(£,X)=% /e § ae (30-4) .
-0

By completing the square in the exponent and rearranging we can obtain

r -

2
P&, x) = ’2E§oRe ie:qa lﬁl—;-i—xg] Erfc [ﬁ%’iﬁj (31-4)

Finally, the complementary error function has an esymptotic expansion, viz.:

j‘QEErfc(s)ru £ i'l -2 + —L:3 1.5:5 :]
2

28 2 (2692 (259)

(32-4)

In this way the authors of (M54) obtain the following asymptotic series

' 2
1 2 1l - 5__x

‘)‘\(E,X)N 2 1 -
1l + x

+12l-10x2+5xh -

v (33-L)

52(l+x2)2 ?I (1 + x
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Tt is evident from Eq. (33-L4) that sufficiently far in the wings of a
resonsnce the natural line shape is correct; the condition for this is

—é—— << 1., The authors of (M54) also derive a series valid for small £x

2.2
£ x
by employing the power series for the complementary error function. It will

be less useful to us in what follows than Eq. (33-4) and we will not note

it down. It follows, however, trivially from Eq. (31-4) that

2
#(E,0) = L% get /¥ mrte (%) (3h-b)

When £ << 1, Wigner (W55) has indicated that, at least near the center
of the line, we can approximate 7gby setting y = O in the expanential, since
then the natural line shape (1 + yz)-l will be narrow compared to the

exponential. This procedure gives

2
2
(&%) = gge ﬁ_ ’ (35-4)

Numerical tables and graphs of ¥(&,x) are available from a variety of
sources (M54, RSka, M53).
7. The generalization of the interference scattering line shape,

2x(1 + xe)-l, in the case of Doppler broadening, can be written similarly to

Eq. (21-k4) as

+a@
2
,x) = 5 - x - v)2| —2L 6L
H o) = == f exp |- = (x - ¥) i (36-1)
-00

Y (£,x) is related to ¥(£,x) by the relation
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XQJ)=aﬂbﬂ+§§°Q%?ﬁ (37-1)

From Eq. (37-4) it is immediately obvious that

A(,x) = 2x(1 + x°)7 (38-4)
+00
/ Z(¢,x)ax = 0 (39-4)
-00
X(&,x) ~2x(1 + x) L 1r 2% 5> 6 (Lo-k)
X(g,0) =0 (b1-4)

8. Now let us consider the generalization of Eq. (11-%) for I to the
case of Doppler broadening. Let us first consider the case 7y = 0, and
defer consideration of interference effects until later. 7 will be near
zero for (1) a purely absorbing resonance (Fn << F) or (ii) a dilute
mixture (oia¢1< 05), The latter case is the most frequent in practical
situations. The correct generalization of Eq. (11-4) is then obtained by

replacing (1 + x2)-l by f(g,x); it can be written as
©
I=o'-rlef Wﬂ%f)——dx (L2-1)
PEO §,x) + B
o

The integral on the right hand side of Eq. (42-4) will be denoted as J(&,B)

and the next few paragraphs are devoted to studying its pnoperties.
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9. It follows either from Bq. (13-4) or from Egs. (42-4) and (25-4)

that v e Feon

Lt

(oo, B) = B (43-4)

.
v Qo I A
[ B A P - AR

A

It is furthermore the cese that for very small B; in particular B ««< % 52

J(&,B) is asymptotic to J(w,B), i.e.,

3(&,8)~ 3(e,B) 1f B << 7 £ (bi-by)

To prove this let us first note that if B is very small the integrand in
Eq. (42-4) is virtually unity until ¥(&,x) ¥ B. If the value of x at
vhich this happens is sufficiently large, )‘(g ,X) may be replaced by

(1 + xz)'l not only for large x but for smell x as well. For the integrand
is virtually unity for small X whether 7‘(§,x) or (1 + xe)-l is used. If
this replacement of the Doppler broadened line shape is valid for all x,
then Bq. (l4-4) must hold. If when ¥(&,x) = B, ¥(&x) = (1 + xz)'l
then x is determined to be approximately B-l/ 2. The approximation of
replacing Y(&,x) by (1 + xa)":L will be a good one only if 63/52 << 1,

as cad be séen from the discussion following Eq. (33-4).

If on the other hand B > ¥(§,0), we can prove that

% > J(68) > 33 [1 - M] (45-4)

For
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IfB > 7«5,0) 2 (&,x) the series will converge uniformly and can be .

integrated term-by-term. Since the terms alternate we cen write

@ 00 A . @®
Hox) ar s se,p) > [ KEx) O] oon |y Ke0)| [ Kex) o
B B 52 B | B
(o)

(o]

Comparing Eq. (47-4) with Eq. (26-4) gives Eq. (45-4). One can easily see
from Eq. (45-4) and Bq. (43-4) that as B becomes very large compared to

unity

3(¢,8)~ 35 ~I(w,B) (48-k)

A simple physical way of understanding Eq. (48-U4) is simply that if
B is sufficiently large compared to 7honly the area under Yig,x) is
significant in evaluating the integral. Since this area is the same as
for the natural line shape we are immediately led to Eq. (U8-4). It is
for this reason that Eq. (14-4) for the resonance integral at infinite
dilution is correct even in the presence of Doppler broadening.

10. Another importent general property of J(&,B) is that it increases

as ¢ decreases. We prove this as follows: First note that

© .
J _ 9 X
Bk [ A [ e e

Now from Eq. (21-4) or Eq. (30-4) it follows that .

QU

% &2 ay
o = - é— 3 (50-4)
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Hence, substituting Eq. (50-4) into Eq. (49-4) and integrating by parts we

@ (e 0]
a 3/ ¥
(F+ )2
(o]

since ngiLfl =0at x =0 and x = ®w. Performing the indicated differentia-

tion gives

have

e (F )P ax (51-4)

O)IO!
»

8

_ - . __g. (74+ B)™7 ax (52-4)

Since the integrand in Eq. (52-4) is positive, %‘gl < 0 which is what we wished
to prove. It is also true that gg <0, and this is very easy to prove.
These inequalities imply that the resonance absorption increases with in-
creasing temperature,

11. In addition to being able to evaluate J(¢,B) exactly in the case
of no Doppler broadening Eq. (43-4), we can also evaluate J(&,B) accurately
(although not exactly) in what may be termed the case of extreme Doppler
broadening. By this we mean ¢ << 1 and also 7‘(5,0) >> B >>% 520 If
the sense of any of these inequalities is reversed we have seen that J(&,B)
is given by Eq. (43-4) or Eq. (48-4). If these inequalities are satisfied
we can use Eq. (35-4) for P(£,x). It is true that this expression for
7K§,x) is incorrect in the wings where 7*18 asymptotic to the natural line
shape, but under the stated conditions the wings contribute little to the
2)-1

integral. That is to say, the region where x2 > 6—2- and “ﬁ”(l + X

£

2
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2
’)“is of the order of %— which is <« B. Thus the contribution to the -
integral is small., Indeed it is easily shown for the natural line ghape
that

T

#(o0, x _ 2 - -
o) - B ax = J(o0,B) ILl - = arctan (x ’l +i 5 ) } (53-k4)
x

Since J(¢,B) > J(oo0,B) the fractional contribution to the integral from the

/ 2
region of x > %—6_ is less than 1 - % arctan ( §—B-L§— ) which is
l+P8

2 2
approximately equal to -i— éa under the conditions 1 >>8 >> é— o

By hypothesis this last quantity is << 1. Thus we can write with good

accuracy under the stated conditions: .

2
T

2

2

J(¢,B) = [ 5 dx (5k-L)
2
- b'e
o Jn ¢ ﬁ—
> e + B
If the parameter 553‘/-;5— >> 1 we can approximately evaluaste the integral

in Eq. (54-4) by a method suggested by Wigner (W55). The integrand will be

nearly unity until x ';-? /ln (ﬁ%-) » and then fall rapidly to zero.

But then, approximately

3,8 22 L (S (55-4)
3 2B
On the other hand if the parameter ié%—;- <& 1 we can obtain a power

series for J(¢,B). J(&,B) can be written




[0 0] ﬁ_ 2
J(&,B) = Ez—g‘i f e (1 + —/"-—5 e dx (56a-4)
(o]

00 - 2 5 " 2
1_32?5& / S é,"’k ﬁgsi) SRR (560-4)
(o]
(00] Jr— k @ .2
%E ,3’_5 ()% <_g£) f o ()Y 4 (56c-4)
(o]
(00] X k
5% s (8

Equations (55-4) and (56d-4) are not entirely adequate for the computation
of J(&,B) because.they provide no information when the
parameter gﬁég is only somewhat larger than unity. It is possible to
remedy the situation by analytically continuing the power series (56d-4)

by the following artifice: Let us abbreviate the series in Eq. (56d-4)

00
k X
by 2: Akx . If we define y = T % then
k=0
m .
+1
x= 5 ¥ (57-4)
A=0 :
P .k
If we substitute Eq. (57-4) in the series S| A X" and collect coefficients
: k=o
00

-

of the powers of y we obtain a series .’ Bkyk. The relation of the B's
k=0

to the A's 1s given by
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B =A ; B =2.Cp.A (58-4)
k A1 0-1

where the C? are the binomial coefficients. For the series in Eq. (56d-4)
the Bk decrease and hence the y-series converges rapidly even for values of
¥y corresponding to x > 1. For future reference we note that if

Ak = (-)k(k + l)-l/a, the first few B's are: ‘

0.02784

B = 1.00000 B = -
o L4
Bl = - 0,70711 B5 = - 0,01710
B, = - 0.12976 B6 = -.0.01150 -
B, = - 0.05241 B, = - 0.00823 (59-4)
If we note from Eq. (55-4) that J(&,B) - %E approaches zero as ﬁgéi-approaches
oo
infinity we see that EZ. Bk = 0. If all the Bk are negative, except Bo’
k=0

then the error in taking K + 1 terms of the series is less thean

K K
<E- Z B%) 1. Fork=7 B_ = 0.04605.

k=0 k=0

12. The properties studied in paragraphs 8, 9, 10, and 11 tell us
much about the general behavior of J(¢,B), but in order to have accurate
numerical values avallable a tabulation of the function was carried out by

the author (D56) using the Oak Ridge National Laboratory electronic

computer, ORACLE. J(&,B) was calculated in the form
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kA

N
J(E:B)=_Z\ —‘ﬂi‘—)——d.x+—-arctan(NA 2 )

k=1 HE,x) + B 1+

(k=-1)A /B(l + B)

¥(¢,x) in the form

(60-4)

r[x_
Y(g,x) = ;?:?: déh - 1 f—;( | y) ] dy (61-4)

x——&
&

~ and the arctangent in the form
X
arctan x = [ -
! 2
J 1+y
o

t

. ' (62-4)

The integrals were evaluated using Gauss' integration rule {43 ), which as is
well known is very accurate. In Eq. (60-4) 64 points of integration were
used per interval A, in Eq. (61-4) 16 x 2° points were used, in Eq. (61-5)
16 x 2% points were used. The parameters A, N, a, n, and m must now be
fixed; their determination involves striking a balance between computing
time and accuracy.

Let us first consider the parameter a. It can easily be shown that the

error involved in the use of Eq. (61-4) is given by‘_

" .
(&, x) - Y'approx(g’x) <L $ 2™ [n-arct‘an (?—' + ‘x) - arctan (—? - 39}('?3&-1&)

cEh 3 f (630-1)
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From Bq. (63a-4) '
_ we see that at x = 0 the relative error in P will be ;

2
(£ 2
HE0) - Fopprox(6:0) < L. Lo (2) e (64-k) .
H¢,0) T Erfe (%) *

At x = NA, the relative error will be

2

) - SN) e |
HENR) - P (6 10). A1y wp?) o (65-4)

% (&, Nb)

since at NA = x,¥ is supposed to be accurately given by the natural line
shape.
The value of NA also affects the error involved in using Eq. (53-4) to -

evaluate the contribution from the wings. If we define

00
J'(8,8,N8) = Hex) g, (66-k)
‘%(E:x) + B
NA
then
o)
o | BN [Swgg,xz B .
671 = f [H(e,x) + BIE < FEx “P(E,x) + B] gt (67-4)
NA g Max Mex
x =NA xz NA

Thus the fractional error in J' is less than the maximum fractional error in

Y for x >NA. From Eq. (33-4) it follows that OJ' /J' approximately equals

6
£ { (w)? + 57

Eq. (53-4) the total relative error in J from the natural line shape ap- .

if the latter quantity is small. Thus according to

proximation to the wings is




Sgr &g 'y (NA/—) l1-- arcta.n 61A / ) 6

68-4
14+ (Na/B)? £2(mp)2 (-0

The maximum value of the first factor occurs for NA /5~ -g— and is about

)lI . In the tabulation carried out only values of §{ were considered between

% and 1; N was taken equal to 256. The maximum error in J is then
-5

about E % and occurs for ¢ = 0.1 and B ~ L4 x 10
A much better estimate of this error can be obtained by setting
2
6 X
8ﬂ§,x) =z 33 (69-4)
3 (1 + x%)
in Eq. (67-4) (cf. Eq. 33-4). The resulting integral can easily be carried

]
out and gives for ‘_8__}_ the estimate

_8%; < (NA/g)E [(a +% )[1 - % arctan (N4 B 5 ) - /B(1+B)(1 - -12? arctan (NAﬂ

_% NA\/B(l+t3)H --ﬁ—arctan(NAﬁ_-EB)) ‘E’é—'a'

1+ (NAJB) + 8 £5(NA)

(70-4)

L]

] INY]

Evaluating Eq. (70-4) for the choice of parsmeters NA = 256, NA /5

' -
gives —8%—4 3.4 x 10 h. Hence the error from the choice NA = 256 is

negligible.
Insofar as the value of a is concerned it was taken to be 4 in

2
tabulation actually carried out. e = is then close to 1077

, and the
resulting error in P is very small whether calculated from Eq. (6k4-L4)

or Eq. (65-4). A reduction of a to 3 halves the computing time, but costs
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about a factor of 1000 in the error? hence the choice a = k4.
13. When B is very large compared to %;the relative error involved in .
choosing N =.256, given by Bq. (68-4), say, is very smmll; for ¢ =:0:1
k = 26 (B = 671.1) it is of the order of 10", Thus the errors are due
to the choice of n, A g and m. In all cases these errors are worst for large

B for the following reasons. First

o ?Z%§7§) B o
Py (ﬂ"é ¥ (69-4)
)

Thus the larger P the more nearly a relative error in f‘will reflect itself
in a relative error in the integrand of J. Secondly, the smaller § the more

nearly constant the integrand of.& is, and the more accurate the integration
rule will be for a fixed number 6f points. Hence the largest error occurs
for large B. Finally, the density of integration points is least for the
arctangent for large B. Clearly, also, the relative error one expects

will rise to a constant value as B increases, and will already be achieved

when B >>1 2z P (£,x).

To determine this relative error let us note that for the very largest

B ( = 800, roughly) Egs. (45-4) and (34-4) imply that J = %E to at
least four significant figures for ¢ = 0.1l. Presented in Table (l-h)?
calculated bj the author in 1956 (D56), are values of J(£,B) calculated

for ¢ = 0.1 (0.1) 1.0 and B = & x 10'5, k = 0 (1) 31 with the parameters

n
2B
agreement within one unit in the fourth decimal place, indicating a

N=4n =3 m=5. Comparing J(0.1,B) with for k 226 (B > 670) gives .

combined error due to our choice of A, n,aand m of at most about one part s

"~ . — -——/
“‘\: FR f)(,\-’\,{?l(,bm
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TABLE 1.4 THE FUNCTION J(&, 3 FOR £ =0.1(0.1) 1.0 AND 3= 2% x 10~3

. J£.8)

£=01 £=02 €£=03 £=04 €£=05 £=06 £=07 £=08 £=09 £=1.0
0 4.979(2)* 4.970(2) 4.969(2) 4.968(2) 4.968(2) 4.968(2) 4.967(2) 4.967(2) 4.967(2) 4.967(2)
1 3.532 3.517 3.514 3.513 3.513 3.513 3.513 3.513 3.513 3.513
2 2.514 2.491 2.487 2.485 2.485 2.484 2.484 2.484 2.484 2.484
3 1.801 1.767 1.761 1.759 1.758 1.757 1.757 1.757 1.757 1.757
4 1.307 1.257 1.248 1.245 1.244 1.243 1.243 1.243 1.242 1.242
5 9.667(1) 8.993(1) 8.872(1) 8.831(1) 8.812(1) 8.802(1) 8.796(1) 8.792(1) 8.790(1) 8.788(1)
6 7.355 6.501 6.335 6.278 6.252 6.238 6.230 6.225 6.221 6.218
7 5.773 4.777 4.562 4.485 4.450 4.430 4.419 4.412 4.407 4.403
8 4.647 3.589 3.328 3.230 3.183 3.158 3.143 3.133 3.126 3.121
9 3.781 2.759 2.471 2.354 2.297 2.265 2.245 2.232 2,223 2.217
10 3.045 2.153 1.867 1.741 1.675 1.638 1.614 1.598 1.587 1.579
N 2.367 1.676 1.423 1.301 1.235 1.194 1.168 1.151 1.138 1.129
12 1.730 1.268 1.074 9.718(0)  9.119(0) 8.739(0)  8.484(0) 8.304(0) 8.174(0) 8.077(0)
13 1.164 9.081(0) 7.815(0) 7.087 6.629 6.322 6.107 5.950 5.833 5.744
14 7.172(0) 6.014 5.342 4.914 4.624 4.419 4.268 4.154 4.066 3.997
15 4.088 3.658 3.371 3.169 3.022 2.911 2.826 2.759 2.706 2.663
16 2.204 2.067 1.966 1.889 1.829 1.781 1.743 1.712 1.687 1.666
17 1.148 1.109 1.078 1.053 1.033 1.016 1.002 9.904(<1) 9.805(~1) 9.722(-1)
18 5.862(~1) 5.757(=1) 5.671(~1) 5.599(—1) 5.539(—1) 5.488(~1) 5.445(—1) 5.408 5.376 5.348
19 2.963 2.936 2.913 2.894 2.877 2.863 2.851 2.840 2.831 2.823
20 1.490 1.483 1.477 1.472 1.468 1.464 1.461 1.458 1.455 1.453
21 7.468(=2) 7.452(-2) 7.437(-2) 7.424(~2) 7.413(-2) 7.403(-2) 7.395(~2) 7.388(-2) 7.381(-2) 7.375(-2)
22 3.739 3.735 3.732 3.728 3.726 3.723 3.721 3.719 3.718 3.716
23 1.871 1.870 1.869 1.868 1.868 1.867 1.867 1.866 1.866 1.865
24 9.358(-3) 9.356(~3) 9.355(~3) 9.352(~3) 9.350(-3) 9.349(=3) 9.348(-3) 9.346(3) 9.345(-3) 9.344(-3)
25 4.680 4.680 4.679 4.679 4.678 4.678 4.678 4.677 4.677 4.677
26 2.340 2.340 2.340 2.340 2.340 2.340 2.340 2.340 2.340 2.340
27 1.170 1.170 1.170 1.170 1.170 1.170 1.170 1.170 1.170 1.170
28 5.851(~4) 5.851(—4) 5.851(-4) 5.851(-4) 5.851(—4) 5.851(~4) 5.851(~4) 5.851(-4) 5.851(~4) 5.851(-4)
29 2.925 2.926 2.926 2.926 2.926 2.926 2.926 2.926 2.926 2.926
30 1.463 1.463 1.463 1.463 1.463 1.463 1.463 1.463 1.463 1.463
31 7.314(=5) 7.314(=5) 7.315(=5) 7.315(~5) 7.315(~5) 7.315(-5) 7.314(--5) 7.314(-5) 7.314(=5) 7.314(-5)

*Numbers in parentheses are powers of 10, which multiply the entry next to which they stand and all unmarked

entries below it.
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in 2000 (0.05%). The computing time for this calculation is about
N2n+l minutes for each £ and all B, or about ten hours for the entire
calculation. Recently, Nordheim (N57) has recalculated J(&,B) for

£ = 0.05 (0.05) 0.5 and k = uod (0.5) 20.0; agreement with the author's
earlier paper is always to one unit in the fourth decimal place.

14. Plotted in Figs (1-4) and (2-4) is the function J(g;a) vs
B with ¢ as a parameter. As we can see, it has the general shape we
might have predicted from its properties already derived. In particular,
J decreases with increasing P or £; and it is asymptotic to J(oo,B) for
either B very large or very smell. In this connection it is worth néting
that J(&,B) for £ = 1.0 is quite close to J(w,B) for all B. Finally,
we note that J assumes a Eyﬁabehaiior for smaller B the smaller ¢ is,
in accordance with Egs. (45-4) and (34-k4).

The table may be used to check the validity of Egs. (5u4-k), (55-k4),
and (56-4). In Fig. (3-4) %2 J(&,B) has been plotted versus %ég—using
these equations. The dotted region is a graphical interpolation between
the series on the left and the logarithmic asymptotic expression on the
right. Plotted also are exact values for ¢ = 0.1 and 0.2. The agreement
is good in general shape and magnitude. For £ = 0.1 the agreement is
within 5% or less for gﬁgjless than about 20; the margin of error then
increases somewhat, being about 30% near gé£-= 100. Also plotted in

Fig. (3-4) is a curve based on the following rational approximation to

J(&,8)

J(&,8) = (70-4)

—_T
2B + J/g‘ 3
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This rationel approximation has the property that the first two terms in
the Maclaurin series in ¢ j;(—/2B are the same as the first two terms of
Eq. (56a-l4). It should only be good for g‘/:;-/es < <1, but as one can see
from Fig. (3-4) it is quite good for much larger g/;:'/ea.

15. In paragraph 8 we began the study of the effect of Doppler
broadening of resonance lines on the effective resonence integral in the

case 7 = O, When 7 # 0, Eq. (42-4) for I must be replaced by

i

[" (o]
I-= o; EZ . [ 7‘(5”1‘}2 ax (71-4)
o d %(&:x) + (By) X(gyx) +B
-00
, ' 1l .2
Iet us first consider the case B «« rs £ . For the natural line
shapes one can easily show that the maximum fractional contribution of the
int@rference term to the total denominator occurs when x = - /—l—-;—E
and is equal to —YL— . If 6—2 <<1, then this will also be true for
1-J7 £
the Doppler broadened line shape, because for x 2 L >> -6— , the
| VCREV
Doppler broadened line shape is very close to the natural line shape.

In the center of the line, on the other hand, the interference term can

be neglected. It is easy to prove, for example, from Eq. (37-4) that
IZ ', X <
Homl <o (72-1)

We simply note that the two terms in Eq. (37-4) have opposite sign, and
that 7((5, x) has the sign of the first. Thus in the center of the line

the interference term makes a fractional contribution to the denominator

of the integrand of less than 2 \x\(ﬁy)l/e. Thus if 6—2 <41 we can find a

3
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constant C between & and L such that for [x| £ C the interference temm -
JE /B
is negligible, and for,x]g()the effects of Doppler broadening are negligible. -

If we call the integral in Eq. (71-4)2J(¢,B,7) we can write:

C 00 =C
2J(EPBI7) = _’)“ﬁ_{Ldex*_(‘/v + f)
f(gxx) + B
- C -00
(1 + xa)-l
X dx  (73-4)
@+ D1 oo e
We can furthermore write
c (o] ~C
(1 + xa)-l f ) .
aJ B = dx .
(0,8,7) J[ AP ‘+ ( + Jf
-C C =00 .
2,-1
X 1+ x7) dx (Th-k)

(1 + x2)°l + (37)1/22x(1 + xe)'l +B

c 0 -C
2,-1
23(¢,8) = / 7’{5&5,% ax + (f + /) (1(1 ;;)‘_{ —ax (15-4)
-C c -Q0

By subtracting Eqs. (74-4) and (75-4) from Eq. (73-4) we obtain

and

J(£,8,7) - I(,B,7) - J(£,8) + F(o0,B) = 0 (76-4)

Comparing Eq. (76-4) with Eq. (13-4) we have
b

2

J(&,8,7) = + J(&,B) - J(0,B) (77-4) )

/81 +8 =)
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Equation (77-4) is a quantitative expression of the fact that when
B << §§ , the effect of Doppler broadening of resonance lines is caused
mainly by alteration of the line center, while the effect of interference
between potentiel and resonance scattering is caused mainly by alteration
of the wings. Since. Eq. (77-4) was derived on the assumption that

ég << 1, the last two terms will nearly cancel, as we can see from

3
Eq_n (hh‘"h‘) -]
When B is sufficiently large it is again possible to prove in-

equality (45-4). We again proceed by noting that

Q0
-1
1/2
J(&,8,7) = % JF iighil 14 Kéex) +ﬁ(67) /22, x) ax (78ach)
-00
& ' 1/2 k
JLl 3oy | Aex | Aex) s () THEX) | g,
2k=0 ! 6 6
“oo (78b-4)

Now all the integrals in this series are positive, since only products of
even powers of £ {which must be positive) and any power of 7(positive)

survive. Hence, since the series alternates, and

a oo
1 f BLX) ax > 5(e,8,7) > 3 /’ﬁg__g
-0 -00

1
X [l - HeE x) +B(B7)-21(§9X)} ax (79-4)

This immediately becomes Eq. (45-4) if we note that the)z-integral vanishes.
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16. If § << 1 and K§,0)>> B >>% £2 we can make the approxims- -
tion which leads to Eq. (35-%) in Eq. (36-4) or substitute Bq. (35-4)
in Eq. (37-4). 1In either case we get X’(g,x) A 0. This conclusion
simply means that in the line center the thermal motion of the moderator
atoms averages the interference cross section over its positive and
negative parts with nearly equal weight. Hence, under the stated con-

ditions it is a very good approximation to write

J(ﬁ) By7) = J(EPB) (80")4‘)

17. We have made no tabulation of J(&,B,7) comparable to that for
J(¢&,B). The reasons for this are threefold: .
(i) The first, and controlling reason, is that for practical
homogeneous situations the ratio géi » which always exceeds 7,
is very much less than unity. Forpexample, for an aquedus
solution Qf uranium salts containing as much as 500 grams of U
per kilogram of water, the ratio ;é& is of the order of 0.0085.
(ii) Nearly all of the resonances o? absorbing materials have
values of { << 1 at room temperature or at the higher tempera-
tures at which power producing reactors are run. Unless B is
- very small, J(§,8,7) = J(£,B).
(11i) The most conspicuous resonances for which (ii) above fails are

the resonances which occur at fairly low energies (e.g., the

6.7 ev resonance in U238)o In such resonances it is frequently

,’7
the case that ?? << 1 (e.g. A/ 0.0k in the example mentioned).




CHAPTER 5. TRANSPORT THEORY FUNDAMENTALS

1. In tkhe following two chapters we shall study the resonance absorption
problem in heterogeneous media. As a necessary aid to this study we shall
develop in this chapter certain special results of neutron transport thecry.
These theorems all concern the transport of neutrons in situations in which &
convex lump is embedded in an infinite purely absorbing medium. In the next two
chapters these theorems will be applied to the resonance abscrption problem by
interpreting the convex lump as the abscrber, and the surrounding medium as the
moderator. That the moderator can be considered in these applications as a
purely absorbing medium depends on the following considerations:

Since moderators are nearly always materials of small mass number, the
average lethargy change per collision with a moderator nucleus is assumed to be
very much larger than the extent of the resonance in lethargy. This assumpticn
is valid in the vast majority of situations, although exceptions are possible

239

(e.g.; the 0.3 ev resonance in Pu The assumption has consequences similar
%o those mentioned in Chapter 3 in commection with Eq. {34-3), viz.: (i) Neutrons
which appear in the moderatcr at the resonance lethargy due to last collisions

in the moderator made those last collisions at lower lethargies at which the

resonance cross section was substantially zerc. (ii) If such moderator neutrons
at the resonance lethargy collide with a moderator nucleus before reaching the
lump, they will be moderated from the lethargy interval of significant absorpticn,
and need not be considered further for the calculation of absorption in this
particular resonance. {(iii) A neutron leaking out of the lump in the resonance
lethargy interval camnct return to it in the same interval since at least one
moderator collision must intervene. Hence, such neutrons alsc need not be

considered further.

62
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Consequences (ii) and (iii) imply that insofar as absorption in the
particular resonance is concerned, the moderator appears to be purely absorbing.
Consequence (i) implies that the collision source density in the moderator at the
resonance lethargy interval is spatially uniform, since it originates from last
collisions at lethargies where there is no absorption.

In Chapter 6 moderstion by the absorbing nuclei is also assumed to cause an
average lethargy change per collision very much larger than the resonance lethargy
interval. In such a case, the so-called narrow resonance case, scattering by
the absorber nuclei in the resonance interval can alsoc be treated as absorption.
The details of this treatment are given in the next chapter, but in the next
three paragraphs, (5-2), (5-3), and (5-l4), some necessary theorems of transport
theory applicable in purely absorbing media are proven.

2. Let us conzider a finite mass of purely absorbing material in the shape
of & convex body, V, immersed in a medium also purely absorbing in which a
spatially uniform, isotropic neutron source of strength @ exists. Let us

Y calculate the neutron current into the
body at each point of its surface, and
the angular distribution of these neu-~

trons about the normal.

()
[ Ef\ In Fig. (1-5) S represents the
B T convex absorber surface, T the tangent
' ¢ plane at some point P, and ?ﬁ the normal
pceinting into the source medium. The
Fig. {1-5) inward current at P is clearly

azimuthally symmetric arcund PN. The inward current in the differential cone -

between polar angles O and O + 49 is given by
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@=2n r=co ”
- r
j(cos6)d(cosd)ds = Q-rodr sing 4o ag- as cgse )
byr
¢=O r=0

The first factor on the right is the isotropic source strength, the second
factor the infinitesimal source volume, the third factor the fraction of

gource neutrons oriented in direction so as to cut S in an infinitesimel

(1-5)
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area dS at P, and the last factor the probability of reaching P without
' *
collieion in the source medium. Ela is the macroscopic absorption (total)

crose section of the source medium. Carrying out the integral immediately

glves
o) =1.. 8 ]
J(cos8) = 5 3 F coef (2-5)
‘a
The total inward current is given by
6= %
J = / J(cosb) s1n 40 = f - EO'; (3-5)
=0 &

3. The next theorem which we shall prove is that flux at any point,
;; of the body, V, due to the uniform, isotropic source, @, outside V, is

given by - P(;), where P(T) is the probability that neutrons from an
S Yy

a
isotropic source at ?'12 V will escape from V without collision. The
theorem is a speclal case of a general reciprocity theorem for the neutron
transport equation proven by Case, Placzek, and deHoffmann (C53).

To prove it, iet us first derive a general expression for the flux

—p
at R due to a unit isotropic source at the origin in a purely absorbing

R
-J[,Eﬂads
Za(§)¢(§)a32dam = %—f: °d(e ° |

medium. It is given by

(k-5)

Ay

>
The left hand side is the collision rate in an infinitesimal volume at R, the

right hand side is the product of the probability of the source neutrons




6k

—
being properly oriented to intersect the volume at R, and the probsbility
that they will reach R, but not R + dR, uncollided. The exponent. . is
-
the so-called optical path length from the origin to R, and is defined as
the positive line integral of Ela over a str&ight line connecting the

end points. From Eq. (4-5) it follows that
R
U
J e

> )
B(r) = S (5-5)

hxR™

The escape probability of neutrons born at'; in V can now be obtained

by integrating the absorption density over the volume outside of V, V¥*.
-
Thus r
- Za ds
>
*
p(M) = & s & (6-5)
a 2
e |r - rt|
V%

*
Here'ZAa is the absorption cross gection of V¥. The flux at ; due to a

uniform source @ in V¥ can be written as

§) = | =2 5 ar’ (7-5)
hn’r - r!
v
Thus
33 = = p(7) (8-5)
23



65

as we wished to prove. As we shall see in the next two chapters Eq. (8-5)
occupies a central role in the problem of: resonance absorption in -heterogeneous
media.

h, A quantity useful in what follows is the average of P(r) over v,

PE%— /P(?’)dBr (9-5)

v

It is possible to get a simple expression for P using Bq. (8-5) as
follows:
The total absorption rate of neutrons in V can be written in two

equivalent ways, viz.:

- 4
Z<%9V= /dS/dﬂ(i—ﬂ-S%;cosa<l-e & (10-5)
R . 6

The term in parenthesis on the left hand side is thé average flux in V,
as can be readily seen from Eqs. (8-5) and (9-5). The first term in the
integrand on the right is the inward current into the solid angle do =
sing 4o d¢ at ds. /é is the length of the chord proceeding from the
~infinitesimal area dS in the direction di. The last parenthesis on the
right hend side in Eq. (10-5) is the capture probability of neutrons
entering dS in direction 4n. Za is the absorption cross section in V.

Equation (10-5) can be rewritten as
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P = _gl_a : % . % as | an C:SG(l - Zaj) (118~5)
{
. _2%: : ﬁ_v .1 /ds /m-s_(l-l')dﬁ"f%sﬁ 1- e'z*sf) (11b-5)
- ‘z?l;’ LB amal - o (11c-5)
where
s(f) =3 [ as [aaS22 . (L - L), | (12-5)

( [
f(ﬂ') is a particular distribution of chord lengths in V, weighted with the

element of surface, the element of solid angle, and the cosine of the angle
with the normal appropriate to the chord. It is clear that Eq. (12-5)
for f([’) is normalized.

When,éla——;o, it is obvious that P— 1, in view of its definition as

an average escape probability. From Eq. (11c-5) we obtain

DA

: S : 1-¢ *°

lim P=1=37 [ f)af lim (2o (13a-5)
Z —0 S —0 a

a a .

- R RS- ) (130-5)
Lv Lv
Thus.f, the average chord length with the distribution (ras5), is given by

%z . This theorem is originally due to Gauss. Wigner (W55) has suggested

a rational approximetion for P, viz.:

p=(+ 2t (14-5)
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By comparison of Egs. (llc-5) and (14-5) it cen be seen that the rationsl ap- .
proximation has the correct value for very large and very small values of ZZ;Z,
It has the twofold advantage of being easy to handle in calculation, and of being
independent of the details of the shape of the body, but it has the disadvantage,
as we shall see in the next chapter, of introducing a fairly sizeable inaccuracy
in some calculations.
5. In Chapter T collision of the neutrons with the absorbing nuclei is
treated as producing a negligible energy change. The conditions under which this
approximation (wide resonance approximation) and the approximation of Chapter 6
(narrow rescnance approximation) are valid are discussed in detail in Chapter 9.
In the wide resonance case the interior of the absorbing lump can be treated by .
monoenergetic transport theory, and multiple collision phenomena must be taken
into account. The moderator; for the same reascns as before, can be treated as
purely absorbing. Many of the results of Chapter 7 will be obtained from a
simple approximation to moncenergetic transport theory called diffusion theory.
In the remainder of this chapter the diffusion approximation will be discussed,
and the remaining anslysis of the wide resonance case deferred until Chapter T.
The diffusion approximation can be derived as follows: for a medium with
isotropic scattering the relation between flux and current across a particular

plane, T, is given by an equation similar to Eq. (3-5), viz.:
7
g=2x 6= = r=mw
e 2 cosf -Z‘tr
J = / / / Es¢(ﬂ-r dr sind 46 ag - 5+ e (15-5)
, T

=0 B=0 r=0 b

Here le is the scattering cross section of the medium and th its total cross

section, r, 9, and ¢ are polar coordinates with the point at which j is being .

calculated as origin, and with the normal to the reference plane T which points
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toward the source neutrons as polar axis. ¢(55 is the flux at point T.

Because of the exponential attenuation of the contribution from radius r,

only points within a few total mean free paths of the origin are important.

If ¢(?§ varies slowly in & total mean free path we can express it approximately

as



g(x) = g(0) + ¥ vg(0) (16-5)

Equation (16-5) is the essence of the diffusion approximation. If (eo, ¢o)
are the polar angles of a unit vector pointing in the direction of ¢ g,

this can be rewritten as

¢(;’) = ¢g(0) + r\V¢(O)) {cose cosf  + sind sing cos(@ - ¢o)} (17-5)

If we insert Eq. (17-5) into Eq. (15-5) and carry out the integrals we find

that
1 s 1 zs
=g '—: * ¢(0) + [ }._2 cos@ /V¢(O)/ (18a-5)
S 0
- 'z% (11; #(0) + 3%: n . \7¢(o)) (18b-5)

—
where n is the normal to T pointing toward the source medium. Equation
(16-5) will not be a good approximation in general unless Xa << Zt, In

this letter event Eq. (18b-5) can be written
- 3 =§ 9(0) + z&— 7 - VP(0) (29-5)
. 'E Zs

The net current in the direction of n is clearly

Jnet = % ¢(0) - 312—-?; ’ V¢)- (% ¢(0) * 6%1— : ’ V¢(O))
8 S

- - 535:, 7 - V(0) (20-5)

8
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From Eq. (20-5) a second order differential equation for the flux can
be obtained by writing a neutron balance over an arbitrary volume V with

surface S.: If the neutron source density at r is Q(;) then

S vV v

Using the divergence theorem to convert the surface integral tc a

volume integral and noting the arbitrariness of V we have

_ 1
3

2 = 2 >
V@ + 5 93) = QF) (22-5)

The boundary condition most frequently used at an interface between two
media is the continuity of the partial currents in both directions across
the surface. From Eq. (19-5) one can see that these conditions are

equivalent to the continuity of flux, ¢(?3, and net current,

1

- 37 o V¢(§3, across the surface.
lg

6. let us now consider the problem of the albedo of a convex body
in the diffusion approximation. The albedo is defined as the probability
that a neutron entering the lump will leave again without being absorbed.
Instead of looking for an exact solution for each possible geometric shape,
we shall, in this paragraph, look for a universal, approximate expression,
like Eq. (14-5), for example, which does not depend on the details of the

shape but just on some mean linear dimension.
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If the body is very large it appears locally as an infinite half space -
bounded by its tangent plane. From Eq. (22-5) in one dimension with

Q = 0, we see that the solution for the flux must be
-Ax
#(x) = ae” % (23-5)

where A is a constant, X = BSLSZa , and x is a distance measured
normal to the plane bounding the half-space (x = 0) and measured positively

into the medium whose albedo we want. From Egs. (23-5) it follows that
5 = X (24-5)

where n is the outward normal to the absorbing medium at its surface. .
If the lump is small we can assume that both the flux and its outward normal

derivative are independent of position on the surface of the lump, and that the
surface flux equals the volume averaged flux. Then from Eq. (21-5) with

Q = 0, it follows that
184 _1.24 -
3 oo 1; A (25-5)
1 3¢ £
An expression for 3 which has Eq. (24-5) for its limit when }'£ >3>1

?n
and Eq. (25-5) for its limit when 7(,€ < 1 is

-
1g. L (26-5)
XL 4y

From Egs. (19-5) and (26-5) it follows that the albedo is given by
BT o i 7
2 1
142 (R R )7 -5 L 4

8 = 1 (27'5)

L g(g,x )2 .

i

a

-
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which is the expression we have been seeking. Equation (27-5) hae the

same advantages and disadvantages as Eq. (14-5).




CHAPTER 6. HETEROGENEOUS RESONANCE INTEGRALS - NARROW RESONANCES

1. 1In this chapter we shall consider the problem of calculating the
effective resonance integral for a heterogeneous arrangement of absorber
and moderator. We shall restrict ourselves in this chapﬁer to the narrow
resonance approximation, i.e., we shall assume £ for both_the moderator and
absorber is very much larger than the lethargy extent‘gf'ﬁﬁé ;gsonance under
consideration.

Let us consider a lump of absorber in the shape of a cénvex body sur-
rounded by an infinite moderating region. Let us calculate the absorption
of neutrons by this limp in a single narrow resonance. For this purpose
let us divide the neutrons which make a collision in the lump in the vicinity
of resonance energy into two classes according to whether their last col-
lisions were made in the lump or in the moderator. 1In any case, their last
collisions were made at energies far above the resonance, where the flux, ¢,
is uniform spatially and lethargy wise in both lump and moderator. Let us
consider the neutrons whose last collision was in the lump. The rate at
which these neutrons appear per unit lethargy in the resonance is independent
of whether. there is a resonance or not because these neutrons ceme from
collisions far above the resonance energy. If there is no resonance this
rate 1s equal to the collision density of the lethargy in question, since
the spatial uniformity'of the flux then prohibits any net transport of
neutrons. Thus the source density per unit lethargy in the resonance in
the lump is Just §;p¢; where.flp is the potential scattering cross section
of the lump material. If the lump is a chemical compound of the absorber,

e.g., U0, ora mixture,ﬁlp may consist of two parts, lea and.!lnf as

T2
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in Chapter 4. Since at the lethargy of last collision the flux was spatially
uniform and equal to @, the source, le¢, is also spatially uniform.

In the presence of the resonance the flux near resonance is not spatially
uniform and neutron transport can cccur. Since the source density, ELP¢,
is uniform in the lump, the total collision rate in the lump of neutrons whose

last collision was in the lump is

where P is the average escape probability defined by Eq. (9-5), but evaluated
for a lump cross secticn equal to ZZt, the total cross section in the lump
including the resonance contribution. Any source neutron which escapes the
lump is lost for, by hypothesis; a single moderator collision is sufficient
to moderate the neutrons well below the resonance energy-. Similarly; any
source neutron which makes & scattering collisipn in the lump is lost for
precisely the same reason. Hence, the total absorption rate in the lump of

neutrons whose last collision was in the lump is

Zp¢ [1 - P(Zt)] v o %5 ‘. (2-6)

t

%3, Let us now consider neutrons whose last collisions were in the
moderator. By precisely similar reasoning as employed in paragraph 2 we
see that the flux per unit lethargy in the moderator at resonance energy
is Just ¢u By the theorem of paragraph 3-5, the density of first collisions

of these neutrons in the lump is

§ PN, VR, (3-6)
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Again the fraction of these collisions which are scattering collisions cause
the neutrons involved to become unavailable for sbsorption. Hence, the -
total absorption rate in the lump of neutrons whose last collision was in

the moderator is

g P VE, - % (4-6)
L. From the definition of the effective resonance integral given in

Eq. (1-4) it is clear that it is the lethargy integral of the effective

absorption cross section, i.e., that cross section which when multiplied

by the flux which would exist in the absence of the resonance gives the

true absorption rate. In the heterogeneous case being considered here the

same quantity, I, is defined by the equation
NIGV = S gl1-28 )|V E du + gP(L. ., )VR -Z-‘-E du (5-6)
P t P2 LA N

which can be simplified to

(L, -&)
NI =/§%23- du + t pLa P(Xt)du (6-6)
t

Lt

Here N is the atomic density of absorber nuclei in the lump.
5, If for P(flt) one substitutes Wigner's rational approximation,
Eq. (14-5), the expression for I can be rewritten as

1 N

I=[1+ P o du . (7-6) .

20) [ Lo+

Y
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Now according to Egs. (6-4) and (7-4)
itano‘;+ﬂ_m=N(o’s+o’a)+Z\p (8-6)

where d; and 6; are the resonance scattering and absorption cross section

respectively. But then

- -l l * .,
Lo+ =N(°;+°;)+Zpl+g'j (9-6)
P
Hence if we define b = 1 + (2‘1)2)_'l Eq. (7-6) can be rewritten in precisely

the same form as Eq. (2-4) except that we must replace o; by bdb everywhere.

Thus we have reduced the heterogeneous case to the homogeneous one in the

narrov resonance approximation, and all the results of Chapter'g apply

mutatis mutandis.

6. The conclusion reached in the previous paragraph gives rise to two
very interesting and practical rules. The first of these is the following:
Let us consider lumps containing & particular absorbing material and various:
amounts of other moderating materials. All such lumps with the same value
of c; + (1\1‘:3}_)_l have the same effective resonance’integral, I. The proof
of this is trivial; it comsists in noting that in Eq. (71-4) that o; only
occurs in the combination yqi = ob + (N.E)-l. It is worth noting explicitly
that the coefficient of the interference line shape, (67)1/2, is actually
independent of di as can be seen from Eqs. (9-4)-and (10-4). An example
of the significance of the rule we Hhave just proven is that if one knows the

resonance integral for a series of Th rods one can immediately obtein the

value for a related series of Tho2 rods (or spheres, or any other shape

for that matter).
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The second rule, proven in exactly the same way, states that the
effective resonance integral for a lump is the same as that for a homogeneous -
mixture of moderator and some absorber in whibh the potential scattering.
cross section per absorbing nucleus equals Ob + (NnZ)—l, where o; refers
to the lump. It is of considerable importance to note that these rules do

not depend on any knowledge whatever of the resonance paremeters. They can

be used both for predictive purposes and as a check on the theory.

7. Another very interesting rule of a more approximate nature than
those just considered, but which also has the advantageous feature of not
depending on the resonance parameters, concerns the dependence of the effective
resonance integral on geometry. Let us first consider only the natural line .
shape. The effective resonance integral is then given by quv(lj-h)

appropriately modified, viz.:

1
ol

X Z
5 (°%) g r .
o EZ B8 ¢ —_— (10-6)
[v]

I= 2
/(o) /e

The approximate equality is based on the requirement that gb << 1, a
condition nearly always fulfilled for the important resonances in most
materials. Plotted in Fig. (1-6) is the second factor on the right hand
side of Eq. (10-6) for all b and several values of y. As we can see from
the figure all these curves are asymptotic to the value J/;— « Thus with

increasing b the dependence of the effective resonance integral on the

interference between potential and resonance scattering disappears. For
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any absorbing material in which the resonances responsible for the bulk

af the absorption are narrow, the dependence of I on geometry for not too
small b should be proportional to J—-. This geometric dependence was
previously noted by the author (D56a) in the case ¥y = 0, and an attempt
was made to exploit its independence of the resonance parameters. As we
shall see later, however, the strongly absorbing resonances are frequently
not narrow.

The effect of Doppler broadening of resonance lines on this geometric
dependence ought not to be too great for the following reasons: Most
heterogeneous arrangements contain the absorber in relatively pure form
(e.g., U, Uoé, Th, 'I‘h02). Usually, then, O’p'\/ 10-20 barns. o for the
low energy, strongly absorbing resonance lines, on the other hand, is

usually of the order of 1-2 x 10h barns, so that B /ulo-B° For these low

energy resonances £ is usually ~ 0.3 or more. Hence, ég is generally of the

3

order of 0.1. Thus we are never very far from the natural line shape limit.

The fl)_ geometric dependence for heterogeneous systems is equivalent
to the Jgg_ law for homogeneous systems mentioned in paragraph (3-4). This
is an immediate corollary of the second rule of paragraph (6-6). The rules
we have discussed in this and the last paragraph are of vital practical
importance. They make it possible, for example, to obtain the effective
resonance integral for a considerable range of heterogeneous and homogeneous
arrangements from a measﬁrement on & single lump or a single homogeneous

system.
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. 8. All of the preceding work depends on the use of the rational ap-
proximation (14-5) for the escape probability. The rest of this chapter
will be devoted to an analysis of the error involved in the use of this
approximation. Average esmpe probabilities for slabs, cylinders, and
spheres have been tabulated by Case, Placzek, and deHoffmann (€53). Plotted
in Fig. (2-6) are their results along with a plot of Eq. (14-5). As it
happens, the exact average escape probabilities for sphere and cylinder
never differ by more than 2% for any value of X:;E » and are essentially the
same for Z;E = 3, The average escape probability for a slab is about 10%
at most below that for a sphere for_IliiﬂJl, and is essentially the same as

. that for a sphere (or cylinder) for}i‘l;z 3. The rational approximation,

on the other hand, is consistently low, often by as much as 23% near

LI& ~2.

In order to discover thé effects of these differences on the effective
resonance integral, let us consider absorption by lumps in the absence of

Doppler broadening and of interference between resonance and potential

scattering. Under these conditions the term in the expression for I involving

the average escape probabilities can be written

(o 0]
o o, (dé + 6;) 1 EZ j[ dx |
= % P(gt)d B . . t)af [l + B(1 + xa)_] °
Y (o]
) N,Ecro Mo
2"

l+x

X|{1l-e (11-6)
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. Here we have used Eq.(1lc-5) for P and interchanged the o;der of the x and
4 integrations. x is defined as usual by Eq..(Sc-h). The x-integrel can
be done approximately employing an artifice due to Gurevich and Pomeranchouk
(G55). 1If Nido »> 1, 1 + x2 can be replaced by :tc2 in the exponent; for
the exponential is only significant when x2A, NQGB >> 1. If we make this

1/2

replacement and then make the substitution y = (Nfc;) /x we obteain,

after rearrangement

-1 2 2
v 2 Nl Ef / y dy _ e’NLO'p"Y) -6
I (n]) —T-L-/f( ) /; (y . N[o’) é (12-6)

- In arriving at Eq. (12-6) we have also neglected B in comparison with unity.

9. Let us consider the two functions, L(a) and K(a), defined by

. 7 2 2
L(a) = eV XY (132-6)
(y2 + a2)2
o
and
@
2

K(&)=f (—y'ézz%g-)g (13b-6)

o

in terms of which I' can be calculated. To evaluate L in terms of tabulated

functions we proceed as follows: We note first that

8
8

2
-y -8 Z
. L(a) = —2 . &° / sy =—2-a- S az (1k-6)
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The second equality follows from the substitution y = az. If we denote by
F(a) the infinite z-integral on the extreme right hand side, it can easily
be shown that it obeys the following first order linear differential
equation and boundary condition

ar Jx
2a

-F = -
d(ae)

; F(0) =3 (15-6)

The unique solution to this system is then

2
a

2 )
F(a) = &* -g- - éj e 3"; (16-6)

)
By substituting x = y2 in Eq. (16-6) one can obtain the result

2
a

F(a) = g e Erfe(a) (17-6)

where Erfc(a) is the complementary error function. Substituting this ex-

pression in Eq. (14-6) gives for L(a)

L(a) = £ ¢ (1 + 2a%) RS Erfe(a) - 2= a (18-6)
n
By integration by parts it ;s easy to prove
K(a) = {3 (19-6)
Using Eqs. (18-6) and (19-6) one can write Eq. (12-6) as
ooy 2SR
° No.

D

X 1-(1+ ENlo;)Erfé (/N)Yo’P) +‘/—2_—; / yﬂcp e'Ny% (20-6)
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where the bracket denotes an average with respect to the distribution of
chord lengths. If to I' we add Eqs (13-4) with y = O and B neglected in
comparison with unity, we obtain the appropriate total effective resonance

integral. It is possible to rearrange Eq. (13-4) as follows

- 2\1/2
.. — (6.1%) =
—’2‘- o, E‘l B 12 (nf) 1/2 —;Z——— . 12‘- NQo'p (21-6)
(o]
Thus I can be written as
~ (o /P2 | - =
_ -1/2 "oy 3 n
I = (Ng) ——-EZ——-— [ > Nﬂdi +

/ NT;r
P
4 Q 2 / -N[Oi) ]
1- (1 +%2N o§) Erfc(J/Nlob ) +J;§ Nfcb e (22-6)

The corresponding expression in the rational approximation can be written,

similarly to Eq. (21-6), as

— 17 (MR ——
I= (N'}Z)'l/2 ——QEZ———— . % 1+ Nfci (23-6)
[o]

10. Since the average escape probability is nearly the same for cylinders
as for spheres, the respective values of ‘I will be nearly equal. Hence, if
we evaluate the average indicated iniEQ¢ (22-6) for spheres we may also apply
the results to cylinders with good accuracy. In order to carry this program
through we must first calculate the distribution of chord lengths from
Eq. (12-5).. Since all points on a sphere's surface are equivalent the surface
integral disappears, and since there 1s azimuthal symmetry about the normal
the integration is trivial. Noting then that ,f:: 2R cos@ vhere 6 is the

angle of the chord to the normal, we have from Eq. (12-5)
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/
£(f) = / sind d8 - 2 cosd - 6(L - 2R cosd) (2ka-6)
2R
= —l§ j[ d(2R cosf) - 2R cosd - 5(f - 2R cosh) (2kb-6)
2R
(o]
=-£2- 0 < < 2R (2ke-6)
2R

Now the quantity in the braces in Eq. (22-6) can be written as the

following power series;

= [(1% ) - /-:Nfd +3 )7 - 35 (o))

b

- 7/2 9/2
+ (™ P) - (Nldi) + ....J (25-6)

210 1512

This series can be averaged with respect to the distribution (24kc-6) by

noting that

2R 2k + 5 2k + 5

2R

K+ = 2 45 - k+ =
/1 "By e & (2) I 2 (26-6)
o

If we write a for NZG; we can then write for the square brackets in

Eq. (22-6) the series




ol
)V 1OV

4\:\
&
TN

2
i;%s . (g) a“ + ,,,J =J/;.[o.9798 + 0.3499a - o.oh082a2

+ 0.007158a3 - 0.001262ah + ...J (27-6)

The corresponding expression in the rational approximation is % /1l +a .
Presented below in Table (1-6) are values of the relative error incurred
through the use of the‘rational apprbximation for the escape probability.

The exact values to which these errors are referred are correct for spheres
and cylinders. It is clear from Fig. (1-6) that the difference between the
exact results for cylinders and spheres is very small. The difference can-
not exceed 2%, and is surely very much less. For curves which differ as much

Teble (1-6). Error Due to the Rational Approximation for
Spheres and Cylinders

a = N[c; 0 0.25 0.50 0.75 1.00 0o

% Error - 10.6% - 7.5% - 5.5% - 4,29 - 3.3 0%

as the extreme upper and lower curves in Fig. (1-6) the errors are given in
Table (1-6). The escape probability curves for sphere and cylinder have a
relative difference which is always better than 10 times smaller than the
extreme curves, and consequently, lead to insignificant differences in the
effective resonance integrals. The errors for slabs will be smaller than
the values in Table (10-6) since the escape probability for slabs lies

between that for spheres and the rational approximation.
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The values in Table (1-6) are correct for B <<1, and overestimates
for larger values of B. This can be seen as follows: The error due to the
use of the rational approximation is mainly due to the wings of the resonance
where X, J < 1. In the center of the line, where Ltz >> 1, the rational
approximation is correct. The relative contribution of the center of the
resonance is least when B << 1; then the flux suffers a depression in the
neighborhood of the resonance. As B increases the depression in the flux
decreases and the relative importance of the center of the resonance in-
creases. When B >> 1 the resonance integral given by Eq. (10-6) -

approaches the infinite dilution value which is correct for no flux

depression at all.




CHAPTER 7. HETEROGENEOUS RESONANCE INTEGRALS - WIDE RESONANCES

-1, In this chapter we shall consider heterogeneous resonance ebaorption
in'the case that the width of the resonance in lethargy greatly exceeds the
average lethargy decrement per collision, ¢, of the absorbing material. We
shail-épecifically exclude, at first, lumps in which any strong moderator
is included, e.g., UOE' These conditions suggest the idealization of taking
the absorber mass infinite, in which case monoenergetic neutron transport
theory is applicable to the interior of the lump. The resonance is narrow,
on the other hand, with respect to the lethargy decrement per collision in
the moderator surrounding the lump. The flux in the moderator, ¢, is
therefore uniform spatially and lethargy-wise for reasons similar to those
mentioned in the previous chapter. The effective resonance integral{ I,
defined as in the last chapfef, is then related to the lethargy integral of

the albedo by the following equation:

. NVIg = % s J/[ (1 - 8)au (1-7)

Both sides of Eq. (1-7) represent the absorption rate in the lump by the
resonance being considered; the left hand side expresses it as the volume and
lethargy integral of thebproduCt of the flux and effective cross section, the
right hand side expresses it as the difference of the incident and excident

currents. It follows from Eq. (1-7) that
-1 _ .
I = (N) (1 - §)au (2-7).

2., The remainder of this chapter will proceed according to the following
plan: First, an approximate expression for the albedo will be proposed.
Secondly, the integral in Eq. (2-7) will be evaluated, and I expressed

85
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explicitly in terms of the parameters of the resonance and the lump size.
Finally, the accuracy of the proposed approximation for the albedo will be
studied.

The approximate expresﬁion we propose for 1 - 8 is

Z -
1l - 8 = 3/2 (5"7)

1 +—‘/§j (za‘j__t)l/2 + <l ~ZEB—)X&Z

In the evént that Z\tjl- >>1 and Za << Y. g ™ g ¢ Ve anticipate that dif-
fusion theory would be applicable. But under the circumstances mentioned
Bgs. (3-7) and (27-6) are essentially the same. The only differences are
the repia.cement of ZS by N % and %— by 1 - [E_ - The first replecement is
gsurely valid if Z‘a << Zt, The second replacement can never cause more
than 7% error (when 2_7..8 = 0 and La[ = Zt;e— > > 1) and under the condition
‘Za, << ‘Z‘t will clearly cause much less.

When ZS = 0, Eq. (3-7) gives
1-8-2,4 a3 D (1-7)

We can prove this to be correct as follows: Since the flux, ¢, outside the
lump is spatially uniform the absorption rate in the lump is given by
gp (Zta»)i'.av, according to the theorem of paragraph (3-5). If we equate this

quantity to the righf hand side of Eq. (1-7) we immediately obtain
1-56-= S A - P(Z)) (5-7)

If we use the rational approximation for P Eqs. (5-7) and (4-7) are

a
identical.
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If jlt,f << 1, we need only consider absorption on the first collision,
since second and higher collisions are very unlikely. Hence, by a precisely

similar analysis as that leading to Eq. (5-7) we obtain
1-8-= z\az P(th) 2 L(1+ Z.tjﬁ)'l =3, L (6-7)

since J, tl << 1. The limit (6-7) is indeed the limiting value of Eq. (3-7)
for very small lumps. 'The expression (3-7) for the albedo thus has the
correct limiting value for either very black or very transparent lumps, and
very large and very small lumps. As we shall see later it is quite an
excellent approximation to the albedo presented by a medium to a uniform
source outside.

3. If we insert Eq. (3-7) into Eq. (2-7), and meke use of the definitions

given in Eqs. (5 to 10-4) we can write for I the result

r 1 -1-r 1
- = - ) =
I-= % 6; EZ B 2. j/7 dy’[y2 +‘£§ a £%> lya s 2 )y y+14+pi®
o [
-00
AR
+ (1 - I~ a‘r + B (7-7)

Here we have used the variable y = x /B, with x given by Eq. (5c-4). Finally,
& is defined in Chapter 6 as Nfci. Since we have excluded any diluent in
n

umP) pa p) 4 8J r

— 1/2
If %2 8 (—Z> << 1, it is relatively easy to evaluate the integral in

1/2
Eq. (7-7) approximately. When y2 >> ég-a (—Z) the first term in the
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integrand greatly exceeds the second, and little error is incurred by re-

= /P.\1/2
Placing the curly bracket by unity. When y2 << {2 a FZ the curly

bracket is essentially unity (if B << 1 is assumed). Replacing the curly

bracket by unity gives an easy integrand of the form

/2
. o (TANYE s T 1
[Y2+h—5& —[,Z +(1 - FZ+B . I can then be written
X r\1/2 - 1/
I=%%§'§B-l/2-[‘l{—;a-r,l + 1'1{—3 a%+8 / (8-7)
[‘1

4. In case -'-_'11- << 1l and B << 1 it is possible to evaluate the integral
in Eq. (7-7) exactly, and test the accuracy of Eq. (8-7). This is probably
the most important case in which the infinite mass absorber approximation
will be used, for wide resonances occur only at low energy, where, usually
I K 2 L -

n <<| . If-P— << 1, so :L‘s 7; let us set ¥y = 0, ‘., = 1, and ignore B

compared to unity in the square root. Then the integra.l,fg , in Eq. (7-7)

can be written

<

(9-7)

1}

n
fo
<
g<l\)
+

c

'—l

<+
t'<|'\)
<+

<

1
l_l

where u = iga and v = < - K‘/g) a + B. If we make the change of variables

y = 2v 5 > Eq. (9-7) can be rewritten as

l -w

1
-1
' J =4 /dw 1+ w wh(v--u)/+w2 (b -2v) +{u + v) (10-7)
Lo "

If 62 and a2 are the negative roots of the equation




2 4 - 2v v+ u

x+v_ux+v_uﬁo (11-7)
we can rewritecg’ as
1
N 2 2
v - ulQ 1 l -« l-p8
"’K‘i}g = Z 3 jr W5 . 2 (122-7)
. B~ - v +a v +PB
‘ o
P 2
1 l1-a 1 l1-p 1
= arctan (—) - arctan <—) (12v-7)
62 ] a2 a B B

Presented in Table (1-7) is the relative error in percent for several values

of @,

Teble 1-7. Relative Error in Eq. (8-7) vs @

a 1.76 1.00 0.50 0.20

Relative Error + 8.7% +5.9% + 3.3% + 1.6%

r

For fixed @, the error in using Eq. (8-7) may be expected to decrease

3
as FZ decreases. When —’;Z is very small compared to unity, we may take y = 1
(1f the nucleus has zero spin so that gJ = 1). In this case we can also find
S exactly. Again ignoring B in the square root we can write

+00

-1
J =/ dy[y2+u|y+ll+vJ (13-7)

-00
[, \1/2
whers U and v now mean ]\é—a (FZ and (l - {—5 a TCZ + B, respectively. The

absolute value signs arise because the square root is proportional to the
inverse diffusion length, N = BZ\ELS s which is always positive. Writing

z =¥ + 1, we have
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o0 , o
=1 -1
szdz[z2+(u-2)z+(l+v)] +/dz z2+(u+2)z+(l+v)]
o

° (1%-7)
An explicit expression for} in terms of tabulated functions can be obtained

with the standard integral

® (8% - !\2)-1/2 arccos (%) B> A
dx
A X +2x+3B (A2 - B2)"l/2 arccosh (%) B <A

Taylor's series expansion of<9 from Eq. (14-7) gives

J)-.: (u + v)'l/2 +’8t-u2(u +‘v)'5/2 -%+%§8uh(u+ v)'s/2 -%uv+

(16-7)
Using the first term in this expansion corresponds to using Eq. (8-7) for I.
2
As we see the fractional error in this procedure is of the order 3(11u+_v)' o

Choosing the case a = 1, corresponding to the second entry in Table (l-'f) B
and choosing -F'Z = 0.1, we find the. error estimated from the second term of
series (16-7) to be about 1.2%, while that calculated exactly from Bq. (15-7)
is about 0.7%.

Thus for not too large a, Eq. (8-7) is a good approximatioa, being worst
for a purely absorbing resonance and improving with decreasing FZ . Then,
if B << 1, the geometric dependence of Eq. (8-7) is proportional to a'l/z,
which when expressed in terms of the variable b is /b -~ 1 . This variation

asymptotically approaches a /b - law. Hence, for not too small b the very

same gedmetric depéndence applies asymptotically in the infinite-mass-

absorber case as in the narrow resonance case.
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5. Equation (8-7) has the following very interesting property, viz.:
- that it is independent of o; anq is the correct result obtained for I if we first
let di approach zero in Eq. (7-7) and then perform the integration. In order
to teke the limit of Eg. (7-7) as:.o'P — 0, we must first transform the

integral<9 back to the variable x = y‘/@i Doing so and then letting oi —> 0

we obtain
+00
o_rr _ 1/2 _ P -1
I=2—-§:O-Z /ax[x2+1+‘/énlo'o ;Z) +<IL-§)NOBF—Z (17a-7)
~oo
5.l - (TNY? AN e
. =.2§_02,t[/51\1&fo FZ) *(l"l/lé N2§OTZ+1 (17b-7)
’ It is very easy to show that Eq. (17b-7) and Eq. (8-7) are identical.

This possibility of neglecting 6; has the following explanation: 1In
the line center resonance processes far outweigh potential scattering,
since d; »S oi. In EFe wings of the line where d; << 0;, very few absorptions
at all occur if a = Nlo; is not too large, for even the likelfhood of col-
lision is small. Hence oi is never very important. The error in letting
ob-——;o as a function of lump size is given by Table (1-7).

6. The observations made in the~last paragraph simplify the infinite-

mass-absorber approximation sufficiently to allow inclusion of the Doppler
effect. If we set o; = 0, but use the Doppler broadened line shape, Eg. (7-7)

is replaced by the equation:



92

e o'z‘,:z (E;x)
I=i-o-ér-ﬁ- / 2 P1/2 - ax (188-7)

“NZ o J 1+N0’1I{;5 ) 1-§)r_'1 A(E, x)

l’l o0
e g =L f At x) ax (18b-7)

E u +

° % J 1+ (-'—E—Y)')“(E,x)

Iy -1 | )

-, F wen)h J[-E,s(u +v) J (18¢-7)

o
where u and v are defined as in Eq. (13-7). Again the Doppler effect enters
through the function J(£,B) which has been studied in Chapter 4. Finally
since the resonances we shall be concerned with in this approximation occur at
low energies, they will be very high and narrow, and 6p << §2° The effect

of Doppler broadening will be slight, especially on the, /b - 1 geometric
dependence.

7. The entire procedure on which our final result, Eq. (18c-7),is based
depends on the accuracy of the expression (3-7) for the complementary albedo,
1 -9, The next portion of this chapter will be devoted to studying the
accuracy of Eq. (3-7). Let us first consider the case thli.:f 1, applicable
to either very small lumps or in the wings of the resonance. We can find the
complementary albedo accurately and easily by use of a vafiational technique.

It will be convenient in the calculations which are described below to choose

the total mean free path in the lump as the unit of length, and to set
Lg
St

Finally let the flux outside the lump be spatially uniform, and of unit

= number of secondary neutrons produced per collision in the lump.

magnitude. The analogue of Eq. (1-7) for 1 - & is then
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(1-8)fs-= (D) &r - ¢ | g(r)p(r) a’r (19-7)

Here both sides represent the sbsorption rate in the lump. The left hand

side represents the difference of incident and excident current through the
surfﬁce, S, of the lump. The first term on the right hand side is the density
of first cqllisions in the lump. Here P(?) is the escape probability funetion
defined in paragraph 3 of Chapter 5. The second term on the right hand side

is the rate of escape of collided neutrons from the lump; ¢(;5 is the collision
density in the lump.

¢(;3 is determined by the integral transport equation, viz.:

g(r) = C /¢(r') ep (-]7 - x D &r + (7) (20-7)
n’ r - r'l :
V
The two terms on the right hand side represent the contributions to the col-
lision density at » from previously collided and previously uncollided neutrons,
respectively. The kernel in the integral is essentially that of Eq. (5-5).
It is very easy to show that the function J [¢] written below is statiomary

for the solution of Eg. (20-7)

7(¢]=c f / rt g(r) e"PT'r‘lr'lgs(r') ¢2(7) &r

+2 /¢(;)P(;) aor (21-7)
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Moreover, the stationary velue is just the asecond integral on the right hand

side of Eq. (19-7), i.e.,

‘ > -
i [f] = | FOrE & (22-7)
v
where ¢* is a solution of Eq. (20-7). From Egs. (19-7), (21-7), and (22-7)

it then follows that

1-8-292 [ 2 o> -S4 [¢(§~’)] f (23a-7)
V')
— - ‘ 2 . - > 2 -
=1 % U/PP(r) a’r - %— /der U/pdjr'w¢(r) =2 (:'r S rEI) g(r)
J bir Ir - r'l
v V') v
+ & / 97(7) & - 2 / FFR(r) a’r (230-7)
v V')

This equation has the very impofrtant advantage that the error in the

complementary albedo, 1 - 8, is of second order in the error in a trial

function for the collision density. 1In éeneral, the integrals are difficult;
but with a constant trial function they can be expressed in terms of the
average escape probabilities, P, which have been tabulated (C53). Let us

chopse ¢(;3 = A. Then

7 [a] =cA*v(1 - P) - vA® + 2avp (2k-7)

Use has been made here of the identity
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aorr &XP (',r - r") =1-P (25-7)

3
d
b |2 - B

r

which is clear, since both sides represent the collision probabllity averaged
over the lump volume. The best value for A is now determined from the re-

quirement that 4J/dA vanish; it is

A=—2F (26-7)
1-c¢(1-p)

Substituting Eq. (26-7) into Eq. (24-7) and this result into Eq. (23a-7) one

obtains

6 - ;j?(l - C)P
1-c¢(1-0p)

1 - (27-7)
This expression has the interesting property that it cen be derived from a
successive generatiomsapproach, assuming all generations to have a spatially
uniform collision density. The absorption rate is then calculated for each

generation, and the result is a geometric series

% s (1-9) = % s [P(l - ¢) +PC-(L - P)(1-C)+PC(L-P)C:(L-P)L - C)
o ] (288-7)

- % s P(1 - C) [1 +(1-P)C + (1-P)%2 + ...J (28b-7)

which when summed gives Eq. (27-7). The latter equation was suggested by
Pershagen (P57) on the successive approximstions basis. He applied it to the
calculation of thermal utilization and noted, by comparison with numerical

solution of the linear Boltzmann equation, that it was very accurate.
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It is now apparent that the high accuracy is due to the variational nature .
of the egquation.*
8. A precisely similar variational procedure can be followed in the
alternative case élt.f >> 1. 1In this case the surface of the lump can be
treated as a plane, and the albedo will be nearly that of an infinite half-
space. (In the limit,z.——+ 00 the infinite half-space results will be exact.)
Hence we shall consider the albedo of the Milne problem for & cosine current
at the interface. A cosine current at the interface is equivalent to a
uniform source strength outaside the reflecting medium [éf Eq. (2-5)],
Before proceeding with the development of the variational equations it

will be necessary to derive two integral kernels analogous to that of BEq. (5-5),

but appropriate in plane geometry. Llet us first consider the uncollided
current at one pleane due to & source of unit strength and angular distribution
G(cosB) on a parallel plane removed & distance x (see Fig. 1-7). Let us

agein taeke the unit of length as the total mean free path. Then

o= X
j(x)as = J/7 d.[n(x tane)g} . .as cos92 . G(;:se)' o~X s€C0
(x seco)
6=0
The first term in the integrand is the source SoUBCE
Pave
strength of a ring source on the source plane, 4
X
the second term is the infinitesimal solid angle
é
. BCEPTOR
the infinitesimal area 4S subtends, the third AAE 25
term is the probability of a source neutron
being oriented in velocity so &s to intersect d4S if Pig. (1-7) .

*Some time alter completion of this work it came to the suthor's attention that
the variaticnal treatment of the albedo problem in the case treated in para-
graph (7~7)(Z§tl.<< 1) had been suggested by G. W. Stuart (Nuc. Sci. Eng. 2
617, 1957). B
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it remains uncollided, and the fourth term is the non-collision probability.

’ \

Writing p = cos®, 'Eq, (29-7) cid be simplified to' .

1
3 (x) = f /P op) an (30-7)
o
G(p) is normalized on the p-interval (-1, +1). The corresponding collision

density at the receptor plane is given by
1
#lx) = - L) / /P () }9}* (31-7)
o]

For isotropy G(};) = -12; , and

[0 0]
3x) = 3 / 7% ;—3“ 2 By(x) (328-7)
1
(o 0]
#(x) = % / e % ‘-?— = % E, (x) (32b-7)
1
-Ix _d_s

= En( x), have been

oo
where %= /u'l. The E-functions,defined by f e =

1
studied extensively; a tabulation and bibliography are given in reference C53.

For a cosine distribution G(}x) = |}1[ , and

3x) = e T =S = Es(") (33a-7)

{3%-T)

1]
1
['a}
»
M
mt‘-:!
—
»
~

#(x)
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9. With these preliminaries established we shall now derive the
variational expression for the albedo. The analogue of Eq. (19-7) for a ‘
semi-infinite reflecting medium located to the right of the plane x = 0 is
®
1 S in
FQ-8)=0-0 | g a (34-7)
o]
where $(x) is the collision density. The flux to the left of the plane
x = 0 is taken spatially uniform, and of unit magnitude. The integral
transport equation corresponding to Eq. (20-7) is
. o)
$x) =5 | BB (x - xax' + 2 B (x) (35-7)
2 1 2 72
5 -
The inhomogeneous term, the density of first collisions, is proportional to
E2(x), as follows from Eq. (33b-7). The factor of X is to normalize the

2

incident current, j(0), to the value % » rather than % as follows from

Eq. (33p-7)-

If we integrate Eq. (35-7) over x we obtain after rearrangement

@ (o 0]
(1-c¢) F(x)ax = § - z / E,(x)@(x)ax (36-7)
(e} o |

Here we have made use of the following properties of the En-functions

1
o1 Efw)=0 (37a-7) .

E (0) =

/ By(x)&x = = - E_, (x) (37b-7) )

n

o
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t0 show that

(e o)
/ E(|x - x'|)ax =2 - E(x") (%8-7)
o
Thus from Eq. (36-7) and Eq. (34-7) we can write
(0 0]
® =20 f E,(x)g(x)ax (38-7)

o

A functional which is stationary for the solution of Eq. (35-7) is

' w . .
. J[¢] -£ / dx/ ax! ¢(x)E1(|>s-x">¢(x')
o] 0
o0 (o]
- / #2(x)ax + / B(x)E,(x)ax (k0-7)

Finally the stationary value of J is

00

* *
J [¢ ] = ']é: / ¢ (x)Ez(x)clx (41-7)
5 ‘
%

where ¢ solves Eq. (35-7). Combining Egqs. (41-7) and (39-7) gives a varia-
tional expression for 8 whose error is of second order in the error in the

trial function for @, viz.:

% = ueg [ ¢] (42a-7)
@ (0] (0]
= oc? ax / ax' $(x)E,(|x - x'g(x’) - ke f ¢2(x)dx -
k0 o) o . o

+ e f ’ ¢(x)E2(x)dx (42b-7)

o
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10. If C is not too small, suitable trial functions are suggested by the
spherical harmonics approximations to the linear Boltzmann equation (D57b).
These solutions are always of the form of sums of negative{exponentials.

In order to evaluate the integrals in BEq. (42b-7) explicitly we will first

of all need to know the integral

. ©
:;kk,k') = /[ dx ./F ax' e Xk El(lx - x'|) (43-7)
o o '
We can write J(k,k') as
Fox) =doxr) + Dlxr,k) (4h-7)
where ® X
b (k,k?) = f ax / ax’® e-kx-k'x' El(x - x') (458-7)
) o)
| X o0 ’
= jﬁ dx /7 ax' g XXk 'x! jﬁ %? oS (x-x") (45b-7)
o] o} 1
o ® x
] [ e f ox o0 f oI g (45¢-7)
) °
0 ©
- [ =t f ax g o7 UEI ol (452-7)
1 o)

1 ;F as  In(1+x)

"k rx' t(k +3) Kk(k + k')

(45e-7)

The second integral which we need is




| (e o] o0
f Ez(x)e-kx ax = f ax e f -;‘-1-; e~ % (468-7)
o o 1
o0
as
= h'6b-’
lf i (46-T)
= k - /?nél + k) , (%c_.-()
. ;

11. Iet us now consider a trial function of the form suggested by dif=-

fusion theory. According to diffusion theory

g(x) = ae” ™ (47a-7)

7= /3(1 - c) _ (47b-7)

The constant A can be determined from the condition that the partial current

where

into the medium be % ; but Ve shall not do this, but instead choose A to
make ® stationary in accordance with Eq. (42a-7). As it happens, the
difference is very small where this trial function is expected to be valid.
In principle the same procedure can be used for ﬂ; but it becomes tedious,

and we shall see in practice unnecessary.

From Eqs. (47a-7), (46c-7), (45e-7), and (42b-7) one finds that

6 = - M()) A% 2N(Y) A (48a-T)
where
My) = 2c - 4= Cln% + ) (48b-T7)
X
and _
=20 . - jn(l +7r) (1&80-7)

NGT)
T
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The value of A which makes 9 stationary is gg%} . The corresponding value

of 8 is

8 = ﬁMgg- (49-7)

A similar result applies for the case of a P -approximation to the

3
Boltzmann equation, in which case

plx) = a e L A, e (50-7)

The values of?h_andﬁ!é depend only on the medium, and are the positive roots

of the equation
L 2
9% -| 35 +55(1 - C)|«" +105(1-¢C) =0 (51-7)

These roots have been tabulated by Davison (D57b). The values of A1 and A2

are again chosen to make é stationary. The final result is

_MORW ) + MOT)N Gy ) + 200t 1N N0,

8 . (52-7)
MO IMOG,) - &O(,)
where M and N are defined in Eq. (48-7) and
(1 +9) @ +)
O A,) = ==—| ¢ W, 2, (53-7)
LA M LA

12. The results expressed in Eq. (48-7) or Eq. (52-7) are only useful
when djiffusion theory of Pj-theory are at least approximately true, i.e., if
C is not too small. 1In the opposite extreme of very small C we can obtain a

very useful expression for the albedo by considering only the neutrons which

escape the medium after one collision. As in Eq. (55-7) the density of
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first collisions is % Ea(x). Since the scattering is isotropic, the reflected
current originating from first collision at x is given by Eq. (32a-7).

But the reflected current is % ; thus

@ \ _
S-c¢ / Eo(x) dx (54a-7)

(o]
s 0] (e o] a

- C / ax f & e f%‘ e ux (54b-7)
o) 1V 14
(e o] [« »]

= C [ % [ d_guiv (She-7)
1 Vo1 ¢
[s0)

=C f R "znél + V) (54d-T)
1 v v

=C . % (1 - In2) (Ske-7)

The transition from step (c) to step (d) employed the partial fractions

expansion

1 I S R

u2(u + V) v v ve(u + V)

(55-7)

The logarthmic integral in step (d) can be done by parts. Equation (5ke-T)
always underestimates.® as is clear from its definition.

13. Presented in Table (2-7) are values of the albedo calculated in
several different ways for three different values of C. It follows ffom
these results, in the.first place, that the variational results for the dif-

fusion theory and P, trial functions never differ by more than 0.2%. Thus

3
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Table (2-7). Albedo of & Half Space .

Method C=0.7 C=0.5 C=0.3 .
First Collision - Eq. (She-T7) 0.1432 0.1022 0.06137
Diffusion Theory 0.2252 0.1010 0.01723
P_ Approximation 0.2443 0.1370 -

3

Variational-Diffusion Theory Triasl Function 0.2560 0.1461 0.07413
- Eq. (k9-7)

Variational-Pz Trial Function 0.2565 0.1L46k4 0.074k23
- Eq. (52-7?

the P5 trial function will then give nearly exact reéults, while the diffusion

theory trial function will give results accurate to the order of tenths of

a percent. In the second place, neither diffusion theory nor the P5 ap- -
proximation will give very accurate results except for 1 - C <« 1. Their

respective errors are -14% and -5% at C = 0.7 and -45% and -7% at C = 0.5.

As a matter of fact for C as high as 0.95 the error in the diffusion theoretic

albedo is already -1%. Thirdly, it appears that the variational result

approaches the exact result from below. Plotted in Fig. (2-7) is the albedo

calculated with the variational method with a diffusion theory trial function,

with ordinary diffusion theory, and with the one cpllision approximation.

The variational calculation was carried out for € 20.3 and graphically

extrapolated to C = 0, using the slope and value at the origin given by

Eq. (54e-7). Also included in the figure is a curve for C > 0.5 marked
'Tj-approximationo" It is based on the two points in Table (2-7) and a

graphical extrapolation in the direction of C = 1. Its absolute accuracy is .

not great and it is only meant to indicate what a considerable improvement
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one can make passing from diffusion theory to the P, approximation.

3

Table (3-7) shows & comparison between the complementary albedo, 1 - 6, -
derived from Eq. (3-7), and that calculated from the variastional method
with.a diffusion theory trial function. The error in Eq. (3-7) in the limit
;Z — ® 1is less than about 1% for all C.

14. Iet us now consider smalliz . let us first note that the varia-
tional expression (27-7) is exact in the 1limits C = O or C =1, In the
limit C = 1, Eq. (3-7) is also exact. In the limit C = 0, Eq. (27-7) gives
‘E.P for the complementary albedo, and Eq. (2—7) gives thé same thing except
that P is replaced by Wigner's rationsl approximastion ch Eq. (4-7) noting
that for comparison with Eq. (27-7) the unit of lehgth must be chosen as the
total mean free path] Thus for C = 1, Eq. (3-7) is exact, and for C = O .

it is an underestimate, the amount being given in Fig. (2-6). Given in

Table (4-7) are values of 1 - § calculated from Eq. (27-7) and Eq. (3-7) for

Table (3-7). Error in Eq. (3-7) When £ — o

1-39
c Approximate Exact % Error
1.0000 1.0000 0%
0.1 0.9771 Q.97T70% - 0%
0.2 0.9514 0.9525% - 0.11%
0.3 0.9221 0.9259 - 0.41%
0.4 0.8881 0.8931 - 0.57%
0.5 0.8479 0.8539 - 0.70%
0.6 0.7998, 0.8058 - 0.85%
0.7 0.T366; 0.7440 - 1.00% _
0.8 Q.651Ef 0.6587 - 1.1%
0.9 0.5165 0.5183 - 0.34%
1.0 0.0000 0.0000 0% .

#Graphical estimate.




106

for cylinders with / = 1, 2 for a1l C. The error in these two examples is

always about the same as it is when C = 0, except when 1 - C is quite small.

Table (4-7). Error in Eq. (3-7) Wwhent = 1,2

A =1 L =2
C  Eq. (27-7). Eq. (3-7) % Error Eq. (27-7) Eq. (3-7) % Error
1.0 0 0 0% 0 0 0%
0.8 0,1761 0.1530 -15% 0.3098 0.2478 -25%
0.6 0.3147 0.2665 -18% 0.5055 0.3998 -26%
0.4 0.4265 0.3579 -19% 0.6405 0.5104 -25%
0.2 0.5187 0.4346 -19% 0.7390 0.5966 - 4
0.0 0.5960 0.5000 -19% 0.8143 0.6667 -22%

Since Eq. (3-7) is nearly correct in the line center, where much of the
resonance absorption takes place, the error in I will not be as large as
the error in 1 - §. It is possibie to calculate this error exactly in the
case C = O (pure absorption), since in this case we must compare the

integral

5_1,2.1>m= o, P du (56-7)
N2

with the corresponding one when P is replaced by the ratig@ﬂ&%épproximation.

MR
But integral (56-7) is the same as integral (11-6) wﬁhﬂﬁwe set o = & = 0.

p
According to Table (1-6) the approximate value of the integral is 10.6% lower
than the exact value. Finally, it should be remarked that the error induced

by the use of Eq. (3~7) is largest when C = O, for the wings give the largest
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relative contribution for a purely absorbing line. The reason for this is as
follows: When Elt.z <e 1, the flux in the lump is nearly flat. If we keep

Elt constant but increase the proportion of scattering, the flux will be
flattened by the increased diffusion but the relative change cannot be much.

In the center of the line where ZZtJE‘>> 1 the flux falls very steeply and an
increase in the proportion of scattering will cause the greatest relative change
there.

15. The last thing we will consider in this chapter is absorption in lumps
composed of a chemical compound or mixture of a resonance absorber which alone
may be treated in the infinite-mass-absorber approximation, and a non~resonant
moderating material. E.g., let us consider absorption by a lump of U02 embedded
in a block of graphite in a resonance which in pure U metal may be correctly
treated in the infinite-mass-absorber approximation. Let us furthermore assume
that the resonance is narrow in the sense of Chapter 6 with respect to collisions
in the graphite or oxygen. It is difficult to solve this problem directly, but
we can get some information by the arguments given below. Let us denote the
macroscopic cross section of the oxygen by‘éim.and define Oh = iim/Né. Let us
divide the neutrons which make collisions in the lump in the vicinity of the
resonance energy according to whether their last moderating collision was in the
graphite or the oxygen. First, consider neutrons which made their last moderat-
ing collision in the graphite, and let their contribution to the integrated

effective cross section (effective resonance integral) by Il. Then

i 1

Il ?‘Il'Z Il

1] 1"

where Il is calculated assuming the oxygen does not moderate, and Il is calculated
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by counting only absorptions on the first resonance energy collision. Now
consider neutrons which have made their last moderating collision in the oxygen;

. Then

let their contribution to the effective resonance integral be 12

I.zI. =1 (58-7)

1
where I2 is calculated assuming no leakage from the lump and I2 is calculated
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counting only absorptions on the first resonance energy collision.
The sum I{ + Ig can easily be calculated by the methods of Chapter 6,

e.g., the analogue of Eq. (5-6) is

" ny - ____ZB' -
N (I + 1)) = Zm[l P(Zt)} z, du + S P(E ) )au (59-7)
The total cross section th includes the moderator cross section.élmf as well
as the absorber resonance absorption, resonance scattering, and potential
scattering cross sections. If we employ the rational approximation for the

escape probability, Eq. (59-7) can be written

n
b-l+6:- o,(bo_)
I+ 1) = —_— P, & .p du (60-7)
b d; + o+ (boi)

where b = 1 + (3,p,@)-l and d; is the sum of the moderator cross section and
the potential scattering cross section of the absorber, i.e., d;a + d;. The
integral in BEq. (60-7) is identical with that of Eq. (7-6), and the results

of Chapters 6 and L4 apply mutatis mutandis.

Ié can also be calculated as in Chapter 6, for by hypothesis the only

way neutrons can leave the resonance is by absorption or moderation by crm.

Thus
Ela
NI = . du (61-7)
Zla + élm
or
5
Ia' = —.ll:.'_._. du (62-7)
g + 4G
a m
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4
IE

has exactly the same form as Eq. (11-4) with y = 0 and o

o m Hence
7

=6
again the results of Chapter 4 apply mutatis mutandis.
Ii is precisely the quantity considered in this chapter, except that

we must generalize d; to G;a + d; instead of 6£a as was its meaning in the
first part of this chapter.

y is again defined as in Eq. (10-4).

As a practical illustration of these inequalities let us consider the
case of a purely absorbing resonance, i.e.,

——

g << 1 and y = 0. Then
I-= Il + 12 obeys the inequality
PG
5, EE' (b - 1)afe,B(b - V] + o g oeeF) 2 1
o o P
%n r
2 [b -1+ = J o J(&,Bb) (58-7)
P o
In case J(&,B) ~ J(m,B) this equation can be written <
1/2 b -1+ m)
o -1 g
o= _m x s [ g1/2 <p
b -1 + (S; ) > 1 5 6; Eo B /) z

(59-7)
Yo

For sufficiently large b both sides of Egq. (59-7) are asymptotic tovEr .



CHAPTER 8. THE STATISTICAL ESTIMATION 6F RESONANCE ABSORPTION

1. In paragraph (16-1) the problem of resonance absorption was divided
into three parts. The first part, dealing with resonance absorption in re-
solved s-wave resonances, was treated in Chapters 3, 4, 5, 6, and 7. The
second part; which will be dealt with in this chapter, is concerned with
estimating resonance absorption in the unresolved, but nonoverlapping, s-wave
resonances. The first problem we shall consider along these lines is the
case of infinite dilution in homogeneous media (o; —> ® ), or equivalently
the case of heterogéneous absorption in very small lumps (b — @), e.g.,
thin foils. In both these cases the effective resonance integral of a

single resonance is given by the formula

[
= (1-8)
[e]

|
i
iR

o
o

The contribution to the total resonance integral, I¥, from all the resonances

of the same spin and parity in a small energy interval AE about EO is then
* _ _x Ag
AT = oy <o'oF7> b (2-8)

where DJ is the average spacing of levels of the given spin and parity. The
braces denote an average to be taken with respect to the statistical dis-
tribution of the reaction widths. The total contribution to the resonance

*
integral from resonances above some cutoff energy E 1is then

o0

* dE

ek /* (o) & (5:8)
E

110
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It has been assumed that in the energy range of significant absorption no
change in DJ need be considered. The importent energy range usually does not
extend beyond several tens of kilovolts; so that this assumption is Justified.
We can write Bq. (3-8) in a somewhat more explicit form by using Eq. (5a-l)
for o;, and using a chi-squared distribution for the distribution of reduced
neutron widths, and choosing Fy constant for all resonances. For the sake

of convenience in this rewriting let us define a new gquantity, Fz s also

convéhtionally called the reduced neutron width, and defined by

o _ 1/2

Mn = Mafs

proportional to 72 with an energy independent factor of proportionality.

By reference to Eq. (17-2) for s-waves we can see that Fg is

qu is anticipated to be energy independent and to be distributed in a chi=-

squared distribution of one degree of freedom, viz.:

2rN® /e ne ap?
P(PO)ar = —5 Z 5 (4-8)

o SXp| - o .0
a7 2> ) (ra”

With these preliminaries Eq. (3-8) can be rewritten as

oo , E_
T* = g o: gl Jf %E o gi 17? P(Fz)dﬂz : o~ (5-8)
o ° VO
By e
Fa

If we employ the variables of integration y2 = %%;and w o= and

o 2
: o>
define the parameter B = ZT—E-Z___- we can interchange the Fg and E integra-
OV
n -

tions and write
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o0 o)
I* = 'g' Oi 'gl / P(w)aw / 2 '—E—(QX——B—- ; (6-8)
T B \
| A <)
where
P(w)aw = (2nw)-l/2 e'-w/2 aw (7-8)

The y-integration can be carried out using the partial fractions expansion

—_1 ¥l W W (8-8)
y2<y + E) B ¥ ) By B2<y + E‘) ]
w w
The result is
o0
B B
* * [ G'Jn(l"“'v?)
I ==x c, BZ ‘/1 P(w)aw - 5 (9-8)
J B
] <w)

2. The evaluation of the integral in Eq. (9-8) is relatively difficult
and a rough result can be obtained by choosing a delta function distribution

around w = 1 (the mean of distribution 7-8). This procedure gives immediately

I =no
o DJ BE

* * Ty 8- /n(1+8) (10-8)

This result was previously obtained by the author (D55a) and used by him as
the basis of a rough systematics of resonance integrals. The value of the
integral I in Eq. (9-8) was calculated by Kuhn and Dresner (K58); it is
their method we now describe.

3. If B >>» 1 we can obtain an asymptotic expansion for the integral

in Bq. (9-8). First we can rewrite
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a
2 - ,Qn 1l + §>
. / v 25 o) 2 2 g
B
/ 2)

= (219-1/2 5L / e"w/2 wl/2 aw - (21\:)-1/2 52 fa (g) / e"w/2 w5/2 aw

o

. (Qﬂ)-l/a g2 / 2 e-w/2 a g)

Lo o]
- (2:r)"l/2 52 / w2 /2 I (1 +%>dw (11-8)
o
It can easily be shown that

W1/2 e-,w/2 aw = 2 /;P@) = (g,t)l/2 (12a-8)
w2 V2 gy oy fé F@) = 5(2:r)l/2 (12b-8)

DI2 V2 )y (g) aw=h 2 (g-) = (2n)/2 <(s - 3¢ + 6 _4n2) (12¢-8)

Here F is the gamma function, C is the Euler-Mascheroni constant (= 0.577 216 ...),
and the prime denotes differentiation of the gamma function. Using Eq. (12-8)
the first three terms in Eq. (11-8) may be evaluated. To evaluate the last

term we proceed as follows:
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Maclaurin's series for any function can be written

u k 1
£(x) = Lo 2B (0) £ 4 (1) (g X7 (13-8)
k=0 ki (u + 1)!

If for f£(x) it happens that ,f(k) (x) lflf(k) (o) l and that f(k) (x) is of one
sign for all x, '+ then the error in using only the first n terms of

Eq. (13-8) is less than the term neglected in magnitude, and of the same

sign. For f(x) = fn (1 + -;—) s L f(k) (x) = (-)k+l(k - 1)N(x + B)-k,

which does fulfill the stated conditions. Hence

® ©
u k

/ wj/2 e-w/2 dn (l + %) aw = / w3/2 e-w/2 > (-)kfl—l% dw (14a-8)

_ k=1 KB

o) o

u 2
Z_, 2 . (o) H%%) (14b-8)
k=1 K (_2_)

u
- (2n)}/2 bl (-t e+ )1 (g, )
k= kB

where the double factorial is derived by x! = x(x - 2)(x - 4)...2 or 1,

and the error is less than the (u + 1) term of the series (i.e., the first
term neglected). The series (14c-8) is asymptotic, since for any value of

B it is clear that the terms first decrease but ultimately begin to increase.
Combining all these results we obtain for the integral in Eq. (9-8) the

asymptotic series

1 8-3(,2nB+C+fn2) 2 k (2k + 3)!!
I' ==+ +Z. ("') (15-8)
B Be oy kBk+2 »
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h'ro If B << 1 a power series for I' in powers of /B can be derived
as follows:
First let us rewrite I' using the variable ¢) defined by c)2 = % « Then

, 231/200 2 ll»jnl+k) g
' I =(ﬂ—) - ( ac (16-8)

The limiting value of the quantity in the curly braces as w—@ is -;- s BO

4
it, by itself, is not integrable. If we add and subtract %— to it we can

then write I' as

4.3 /g"‘ .

al/2 2 - S .
_ (%?) / o2+ (1 e 2 aw (17-8)
LO

(A

The quantity in the curly braces, Y’O(CJ), now vanishes like 452 as J—yp 00
and is integrable. Hence we can integrate the second term in Eq. (17-8) by

parts. It can readily be verified by

rol
]
&
+
€

2
/1/"0(4))&0 = L _ 2t +°; 4w

[
B
G
|
lg
(M
e

+Q— < arctan@ (18-8)

Now using the formula of partial integration in the form




8
8

B .2 @ B 2
- 39, - 50
ro(o)e 4w = - f a )“ (v)av | e (19a-8)
() o 4
o0 o) B2 o)
= / ¥ (@)aw- B we °  aw 4 (v)av (19b-8)
0 o
w
we can write for I' the result:
1
N AL R
It = .2_ - 32 () Bz dd.Q.e
z. Q-s-ln l—t-‘-f- " {‘2 AR érctaﬁo) | (2b-8) .
5 5 o2 5 10 5 '

'This procedure can be repeated by adding and subtracting % to the curly

bracket in the last integral. The details are tedious end similar to those

presented. The result is

i1 z 3
2 3 . 2 5
I ...!2'._ La—z—L— 32 + % n - %‘i‘ﬁ—az + oo (21-8)
5

It is of interest to note that the integrated term in Eq. (19b-8),
(0 0]

f ’y‘o(a))dw , is Jﬁst what one would obtain by setting B = O in the integral
o o '

in Eq. (17-8). It is clearly an overestimate in magnitude. Hence, the -
error in using Eq. (21-8) is less than the first even order term neglected.

In both Eq. (21-8) and Eg. (15-8) one can improve the magnitude of the
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error by at least a factor of two, and often by much more by adding half
the first term ordinarily neglected. This procedure has the disadvantage
of rendering the sign of the error unknown.

Using Eq. (21-8), Eq. (15-8), and three numeriéal integrations of
Eq. (16-8) near B = 1, the curve of Fig. (1-8) was calculated for the ratio
of BEq. (9-8) to Eq. (10-8). As one can see, the correction to Eq. (10-8)
introduced by the statistical fluctuations of the neutron width 1s never
more than 30%, so that Eq. (10-8) is suitable for rough estimation.

2;_ The infinite dilution case is the only case in which the integration
over energy &nd the average over the distribution of neutron widths can be
carried out explicitly. In all other cases we shall indicate how to obtain
results for the effective absorption cross section (corresponding to E é;% )s
and rely on a numerical integration to obtain the effective resonance 1ﬁeegral
(corresponding to I*). Our main problem in calculating these cross sections
will be averaging the function J(&,B) over the distribution of neutron
widths.

In finding the average of a function f(x,y), a very useful approximate

formula 1is
o) =5 (3 e ()
Bx <<x> , <¥>

A2
(o]

)6 )

This formula can be derived by expanding off(x,y) in a Taylor's series

(22-8)

+ % var(y)

around <x> s <y> » and dropping all but the first two nonvanishing
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terms. In calculating <J(§, B)> we shall use Eq. (22-8); however, we
shall not use the obvious variables { and B, but rather the variables g‘l
and B-l/ 2. As we shall see immediately below, J(&,B) varies roughly
linearly with these variables over considerable ranges and this will tend
to meke the second derivatives in Eq. (22-8) small. Then the series of
which Eq. (22-8) is the first two terms will converge rapidly.

It ¢ << 1, P(£,0)>> B => %52, andé—B\E >>1, J(&,B) 1s given ap-
proximately by Eq. (55-4%) which, excepting the very slowly varying square
root term, indicates a {l dependenée on £. On the other hand, if any of
the inequalities above has its sense reversed in the £-dependence of J dis-
appears, and again the curvature of J in the variable g'l disappears. In
thg transition region between these behaviors there is some curvature of
J 1n the variable 5-1 but 1t 1s smell if ¢ << 1 as we shall presently see.

Let us now consider the p-dependence of J. If ¢ << 1, %(£,0)

2268 > 52, and 5-E>>1, J is again given by Eq. (55-4). On a log

2B
J-log B plot, such as is given by Figs. (1-4) and (2-4),this equation

-1
gives the slope of log J as = -]2-'- [jn -g-ﬂé_ ] . Hence, if (é-ﬁé—) is not

too large the slope will be near - % . For example, if -g-ﬁé' ~ T, the

slope is ~ - % « The curve B_l/h' when plotted vs 6-1/2 for B << 1, looks
like /x plotted vs x for x > > 1. The latter function varies linearly

with x over quite large ranges of x for largg Xx. A scrutiny of the log J-log
B plot for small B substantiates these considerations by revealing a strong
similarity in shape between J(0.1,B), for example, and J(w®,B), which latter

function is proportional to L in this range. Furthermore, from Table (1-4)
p
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1t is possible to find linear relations between J(0.1,B) and J{oco,B), which
hold quite accurately over considerable ranges of 8. One such example is
given below. The slope and value are correct at the point k = 10, and have
been obtained from Table (1-4). Such linear laws imply a linear relation

between J and L over quite large ranges of B.

VB
K = an(los 8) 8 9 10 11 12

J(0.1,B) 46.47  37.81 30.45 23.67 17.%
1.3%01 J(oo,B)+9;907 50.51 38.75 30.45 24,59 20.41

In the foregoing discussion we have added another condition, viz., B << 1.
This condition implies high, narrow resonances and is always fulfilled in
the situations where this analysis is intended to apply.

If either £ 5> 1 or 6B << §2 J takes the value appropriate to the

natural line shape, and if B << 1 is proportional to 2 . Finally, if

5 5 /B
£ << 1, 6B >> £, and 25 << 1, the B-dependence of J is proportional

1
to =
g
Eq. (22-8) will be small. Consequently, the use of the variable \7_—3;_— is

B

5 however, in the cases where this cccurs the corresponding term in

Justified in all cases.

6. Equation (22-8) can now be written in the form

<3(e,8)7 = 3(&%,8%) +‘ 2> <_> )(— ( -1 2
ot £*, p*
+ % ——;> /ZQCZ—-:> ;><i; gz;:i7§—— (23-8)
£

*, B¥
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- where £ = £( (%) ), 8_ = B( <n§> ) (g0)7h = <s'1> , and
(B-)(-)"l/2 = <B-l/2> o It will now be shown that:

<-§—9> = (1 + B) /—;"—-;eB/E Erfe (/g) (24a-8)
<§'2'> Saen f o e (f2). f2 ) s
<j/g-—9> /1 +B 2 Erec </§) (2kc-8)
<'Z'9'> (1 + B) [1 - g/é_g e8/2 Erec (/é)] (2ka-8)

Case (i) Eq. (24a-8)

o (Y e, () e, () s
- .

il

1}

£E=2 =& 1T+B
1 | - (ra) e+, o
(25-8)
Hence:
‘ o)
3
<f“> - / (2nw)"Y/2 7¥/2 (H) aw (262-8)
o

e ¢]
2
-B/2 y
(1 + B) /% / E—— ay (26b-8)
l+y
(0]

The second line follows from the substitution w = By2. The integral in
Eq. (26b-8) is the same as the integral denoted by F(a) in connection with
Eq. (14-6). It has been evaluated in Eq. (17-6); employing this equation

and Eq. (26b-8) one readily obtains Eq. (24-8).
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Case (i1) Eq. (24b-8)

Proceeding as before we have

< > f (2c0) 722 7V/2 (3:3) aw (27a-8)

(o 0]

2
2 -B/2 ¥
= Li_i_gl_ . /E; . E__Z__§_§ (27b-8)
B % 1+ y9)
0
If we denote by G(a) the integral
< 2 2
-a“z
(1 + 27)
)
we cen immediately write
Gfa! 1t a2 L
G(a) = - F(a) = - 5 e Erfc(a); 6(0) = i (29-8)

d(a )

where F(a) is again given by Eq. (17-6) and defined in the text following

Eq. (14-6). The solution to the system (29-8) is
a2
cla) = e 1’% - g Erfc(®) dx (%0-8)

The integral in Eq. (30-8) can be written in terms of tabulated functions

as follows: First changing the order of integration we obtain:




o _
=2 f dy ye eV 4 a2 Erfc(a) : (31c-8)

o

By partial integration we can show

2
/,_/ e y dy = 3 Erf(a) --J-'\/: ae (32-8)
T

Collecting the results of Eqs. (32-8), (31c-8), (30-8), (28-8), and (27v-8)
yields Eq. (24b-8).

Case (iii) Eg. (24c-8)

By definition

oo o % () el (1) Bl L s

T bk o kP <n§> JE w(<P§> E+T) ° W(l+3(5 .
33-

Hence:

0 0] -
</§> - / (2nw)™2/2 e"’/e[—(——-lw 1+B ’1/2 aw (34-8)
w+ B
(o]

Equation (24c-8) follows immediately from the substitution w + B = 2y2.
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Case (iv) Eq. (24a-8)

Proceeding as before we have

0o
8 ‘
o\ _ -1/2 -w/2 w(l + B
<E’> _ / (2m0)"1/2 ¢ (1+8) g (35a-8)
-B/2 G
= 2(1 + B) dy (350-8)
1+ y
if we set By2 = w. But
(o) 2 2 00 -
1—-——- dy = e Y ay - F(a) (36a-8)
1+ y
o o
- L2 e 8
= ta -3¢ Erfe(a (36b-8)

Combining Egs. (36-8) and (35b-8) one obtains Eq. (24d-8).

AV/IAN
Using Eqs., (24-8) the quentities <-—2> T - 1 and
£

< > / - 1 have begn calculated and are plotted in Fig. (2-8); the

quantities\ / >a.nd <——> are plotted in Fig. (3-8).

T.- Next we turn our attemtion to the calculation of the second

-~

derivatives. We restrict ourselves to the. case in which £ is emall and

p is not very much less than é— » This is the only case which will arise
in practice. If %BL- >7 1, then differentiation of Eq. (55-4) immediately
yields
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2 ln(ﬂ5)+l
0 J = - b ¢ 2B (575-"8)
} (éa 228
.
1 8% Jn(é'si)*%
7 5 = - 33 (370-8)
3(¢™) [n gaf)]
If, on the other hand §§£—< l, one can differentiate the power series
(56d4-L4) to obtain
& > k : )"
525:57535 = 1 é;b (-)* /k+1 (2k + 1) <§§5 (38a-8)
(e ¢]
1 2% k J?)k
e Vo <§%%) izl ()% x /k +1 %E‘ (38b-8)

It is again possible to extend the radius of convergence of these series
by the analytic continuation technique déscribed in connection with Egs.

(56d-4) in Egs. (57-to 59-4). The B-coefficients for Eq. (38a-8) are

B, =1 B, = 0.13725
Bl = - 4,24p63 B5 = 0.04750
(39a-8)
B2 = 4,41762 B6 = 0,02228
B5 = - 0.92213 B7 = - o.012;8
The B-coefficients for Eq. (38b-8) are

Bo =0 Bu = - 0,07763
Bl = - 1.41401 B. = - 0.02814

2 (390-8)
B = 2,04989 B, = - 0.01366 _

2 6

B. =

- 0.48601 B. = -.0,00770
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Using Eqs. (37-, 38- and 39-8) the second derivatives have been plotted in
Figs. (‘#8) and (%8). The left hand side of the solid curve was obtained
with the power series, and the right hand side of the solid curve with

Egs. (37-8). A graphical interpolation (dashed curve) was then performed

between them. Since Eq. (37-8) is not accurate unless éABE > 21 the lack of

—

agreement of the dashed and full curves for 4 < g—BE % 10 is understandable.

8. In the case 5-56—4& 1 above it is possible to use Eq. (70-4) for

J(£,B8). It follows then from Egs. (25-8), (33-8), and (7-8) that

@
1 ¥ x
(e8) = | e e 2. av (40a-8)
o o w(1l + B) 2 ol 4+B
I _l
= -2—;— (1 + B) (2nw) 2e 2 L aw (40b-8)
o (w + B)(w + 8)
fo]
-1 1 go‘/;
where 8 =~ = f: . 6 . Using a partial fraction expansion of the integrand,
2 o]

we can write at once

1

<I(§:5)> = 2; . o(1 + €), (Enw)ﬁ e
o

6 - B

- ¥
2

[ 1 L ]dw (41-8)

W+ B W+ 0

o
But these integrals are the same as those of case (iv) of paragraph (6-8).
Hence, from these results we immediately obtain

<J(§,a)> = 5%‘0‘ o(1 + B) ¥ Be g o (428-8)

5 _
vwhere M(3Z) =1 - g /%E eZ Erfe </§) (42b-8)
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_ The results of the last three paragraphs permit the averaging of the
function J(&,B) over the distribution of widths, and allow the calculation
of the effective absorption cross section in all cases previously discussed,
except that of Eq. (77-4). It yet remains to average the difference of the
first and third terms. This difference can be written, when generalized
to include heterogeneous media also,

-1
1+ bp 2
1+8 -4

LI | (43-8)

J(w, BY) —

% (v8)
The approximate equality depends on the assumption Pb << 1. Ifb =17y =1,
the right hand side of Eq. (43-8) becomes singular; even the non-singular
left hand side becomes equal to the infinite dilution value. However, this
situation never arises. In homogeneous media, b = 1, 7 is usually small,
as indicated in paragraph (17-4). On the other hand, in heterogeneous
media, when y can equal unity, b is usually a good bit larger than unity.

We shall therefore consider the case in which VA is at least somewhat less

b

than unity. In such case

1 1
an - — 2 5
2 b 2] 1 3 5
3 (Bv) [ > -2-(Bb) §%+g§§+ﬂ;§3+mJ (44-8)
[ 7o
Now BOC-’;— and 7 C( -2, Thus B = By ° > and the average of Eq. (4i4-8)
n
can be written
1 ' 1 2
-3 =57 3/2 3y
X ef j_Bb__ _ =1 2|10 /2 )
75 b
3
o7 7/2
+ ° + LI (h5-8)

16 b° 1/2
(o]
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To complete the evaluation of Eq. (45-8) it is necessary to calculate

n+l/
the quantities n+l 5 Now
o .
7=§2851.=S°ag» (Pn>/§w =y . (1 +B)w (46-8)
o’P J p O’p J<P2>{EW+F7 o w+ B
Hence
foo}

al/2 '%’ -3 w(1l + B)
%) = (2nw) “ e [ e ] aw (472-8)
(1 + B)2*L/2 / / - Lz- dy (k7b-8)
y

The second line follows from the substitution w + B = Byz. Expanding the

mlm
B

binomial we can write
n+l/ “
n+l/2 /2B k _ n! B
< ) 2> (1 +38) [ & O moomr & <'2') (48a-8)

where (oo}
2
N (a) = e” f A (49a-8)
1
By partial integration we can easily show that
(2k + 1)Nk+l(a) =1-2a Nk(a) (50-8)

Finally,

No(a) = -;‘- /g— e Erfe (/c;) (51-7)




CHAPTER 9. NUMERICAL CALCULATIONS

l. 1In the previous eight chapters a complete theory of resonance ab-
sorption has been developed in two extreme approximations, viz.: the narrow
resonance approximation and the infinite-mass-absorber (wide resonance) ap-
proximation. The first of these extreme spproximations corresponds to a
small mass absorber, so that neutrons in a esingle collision with an absorber
atom cen jump entirely over an absorbing resonance. A simple condition for
the validity of this approximation has been stated by Wigner (W55) in terms
of a parameter of the resonance called the practical width, /A . The practical
width is defined as the energy interval between the two points at which the
resonance cross section (absorption plus scattering) equals the potential
scattering cross section. Wigner's definition properly applies to large
lumps (b ~’1), and for smaller lumps the replacement of 65 by bo; should
be made, as previously noted. The practical width Ais a measure of the
interval over which appreciable flux depression takes place. E.g., if we
consider a narrow resonance with no interference term (i.e., y = 0) and
bp <4< 1 half the absorption takes place inside the practical width and half
outside for the natural line shape. The half that occurs outside is equal
to almost 80% of the absorption contributed by this part of the resonance
line in the infinite dilution case, while the half which occurs inside
equals a fraction % /Gi;'( << 1) of the corresponding quantity in the
infinite dilution case. Hence, if the average energy loss per collision in
the absorber, §Eo, is very much greater than A, the narrow resonance ap-
proximation will apply.

2. Let us next consider a resonance in which gEo << A, and for the
moment in which T? << 1 (absorption resonance). As we shail see next for
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such a resonance the wide resonance (1nfinite mass) approximation is valid.
Let us follow the life history of a neutron which is absorbed in the
resonance but outside of the practical width. For the natural line shape
and b somewhat larger than unity such absorption in the wide resonance ap-
proximation is agdin about 50% of the total absorption, and sbout 80% of
the corresponding quantity in the fnfinite dilution case. A neutron entering
the resonance in the wings cannot enter the line center by elastic collision
with absorber nuclei since §Eo<:<:15° Indeed the contribution of neutrons
moderated by the absorber into the line cgnter to the total absorption is
qVv = §£;p¢v, where q is the slowing down density associated with a flux ¢
in an infinite medium of absorber material. The contribution of this process
to the resonance integral is then 6nly gdg'which is of the order of 0.1 b in
Uzj8 and Th252° Hence neutrons which enter the wings simply diffuse in the
lump with small amounts of energy loss. 1In the wings in the neighborhood of
the practical WidthyA is fhe order of magnitude of energy change required
to produce apprecisble change in the resonance absorption cross section.
Ir gEo<:<-A‘and the neutrons do not meke too many collisions in the lump the
cross sections they experience do ﬁot change much and their spatial distribu-
tion can be accurately calculated by one velocity transport theory.
Concerning the last point, viz., the average number of collisions a neu-
tron makes in the lump, one can say the following: It can be shown |ef Ap-
pendix (1-9)] thatinone velocity transport theory the average number of col-
lisions made by neutrons which are incldenton a lump, collide in it, end

leak out again is given by

& - (% -9)
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wvhere C is the average number of secondaries per cqllision, 6 is the albedo,
and 80 =1 - LP, where P is the escape probability. Again we have used units
in which the total mean free path is unity. If % 1s given by Bq. (22-7),
vhich is appropriate outside the practical width, then for pure scattering
(c=1)
1
&y = 3 (2-9)

For small lumps this number is fairly small; e.g., for cylinders for which

f=1(=2) (> =1.67.

In the center of the line neutrons incident on the lump through the
surface are absorbed on their first collision and hence one velocity transport
theory is permissible (and trivial) for calculating their spatial distribu-
tion. Hence, for not too small (b > 2), purely absorbing (;9- << l) lumps,
for a resonance for which 5E0<:<,A the wide resonance formula should be
applicable.

3. If we now relax the condition ;? << 1 of the last paragraph and
keep everything else the same we can proceed as follows:

By the saﬁe argunents as in the last paragraph we can show (i) that
the absorption of neutrons moderated into the practical width by the ab;orber
nuclei is very small and (ii) that one-velocity transport theory is applicable
outside the practical width. However, some of the neutrons which are incident
on the lump with energies near the line center undergo more fhan one collision
in the lump, and the moderation which occurs after the first collision will
change the cross section relevant to the second collision unless EE% << F,
which is, practically speaking, a condition never realized. However, as we
shall next show, even for rather la.rge--ﬁ'E the error introduced due to this

moderation is small.
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First note that deeb iQéide the practical width where the cross section
changes most rapidly C = é?i; and is independent of energy. Further note that
deep inside the practical width the surface of the lump can be treated as a
Plane surface. ILet us choose for the sake of argument C = 0.3 and roughly
calculate effect of moderation by the absorber on the amount of absorption as
follows: 1In the first place, only 30% of the incident neutrons make more than.
one collision. As shown‘in Appendix (1-9) in one velocity trﬁhspoft theory
the average number of collisions made by neutrons which leak out is 1.20 for
C = 0.3, We shall therefore assume that all the leakage occurs between the
first and second collisions. This procedure is admittedly rough but it
allows us to assess the importance of moderation by the absorber. 1In the
one velocity case, the actual absorption is given by Eq. (52-T) by 92.59%,
and in the one-collision-leaskage approximation as 93.86%. These two figures
are sufficiently close to Justify our approximate procedure.

If moderation occurs on the first collision the first collision albedo

is given by
®
5 =C / E,(x) Ey(sx) ax (3-9)
)

vhere ‘Jis the ratio of the cross section at the lower energy to that at
the higher energy. By an exactly similar technique to that used in con-
nection with Eq. (54a-7) we can show that

v 2
§n - ¢ [l T CL ";) log(1 + 7) + nog:J (4-9)
r
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It is very important to note that in the line center the line shape is
symmetric, so that while a certain number of neutrons are moderated from an
energy at which the cross section is 61, say, to an energy at which the

cross section is o~ on the first collision, an equal number are moderated from

2
, to oy. Hence, we must compare g(e = 1) with %—[8( 5+ S(?):l » Since this

g,
last quantity is concave upwards when plotted vs § it always exceeds
S(f=1). For moderation in which the cross section changes by a factor
of 2 (= 2), the absorption in the one-collision-leakage approximation is
89.%1%, or about 5% less than if no moderation occurred at all. In the case
for C = 0.5 it is about 9% lower. If the cross section changes by a factor
of g the corresponding percentages are 2% and 5%, respectively. In addition,
it must be remembered that these errors really affect only the half of the
absorption occurring inside the practical width, and, moreover, that if the
change in cross section is a factor of 2, say, near the line center, it will
be less far from it. Finally, the Doppler broadening of resonance lines tends
to smooth out the line shape and decrease the cross section change in a given
energy interval compared to the natural line shape. In sum, if §EO‘<< A
but ~I" and ;E is . not too large we expect the wide resonance ap-
proximation to be valid.

Finally, in order to apply the criterion developed in the previous

paragraphs explicit expressions are necessary for A. For the natural line

shape, it can easily be shown that

Y R (5-9)

This expression is only applicable if in the neighborhood of §¢g= é} the

natural line shape applies, and if p <<1 this will only be the case if



133

22
£ xa

2
>> 1, or equivalently, 8b << (1 + 7) é— . On the other hand, in the

case of the extreme Doppler broadened line shape, Eg.(35-l), is given by
a=r-2 [hftE (6-9)
E 28b,

4. Presented in the first two columns of Table (1-9) arefthé energies
and neutron widths of the resolved resonances of U258 8s reported by Hughes and
Schwartz(H572). The third column is the ratio ;E and is based on the assump-
tion of a constant radiative width, F7, of 25 mv. A constant radiative width
is indicated in the work of Porter and Thomas (P5¢), and the numerical value
of 25 mv is taken from Hughes and Schwartz(457a). The fourth column, B, is
based on a value of oi of 10.75 barns, as recommended by Seth(556c). The
fifth column, £, is based on an absolute temperature of about 500°K
(kT = 0.025 ev).

In the first column of Table (2-9) is the parameter °

EE B 7
second column the parameter 2_2 . DA vas calculated with either Eq. :(5-9)

and in the

or Eq. (6-9) according as the entry in the first column was greater or less

than unity. In the next three columns are values of the resonance integral

S .
v =

(i) the narrow resonance approximation including interference effects,

calculated for b = k4 <' 0.33 cme/g%> and kT = 0.025 ev, according to
Eq.(71-4), (ii) the narrow resonance approximation without interference
effects, Eq.(L42-4) and (i1ii) the wide resonance approximation. For b = 4

n
and ﬁE:f 0.5 approximation (1i) will vary from approximation (iii) by from

n
-17% for —r—,‘-‘ = 0.5 to +13% for 'Fn' = 0. This is a fortunate circumstance
because in cases in which neither of these extreme approximations is strictly

¢E

applicable (i.e., when 759 ~ 1) one may conjecture that neither of them can

be in very great error.
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Teble (1-9). Parameters of Resolved Resonances in Ure!l.n:i.umea8
n7 = 25 mv
o; = 10.75 b
kT = 0.025 ev
s 18 ev
E (ev) N (mv) n/n X = B x 10° ¢
[o] n n
6.68 1.48 0.05589 k9. 43 0.4998
21.0 9.0 0.2647 32.80 0.3620
36.8 33 0.5690 26.74 0.4664
66.3 23 0.4792 57.21 0.2876
81.1 2.1 0.07749 432.8 0.1468
90 0.09 0.003587 10370 0.1290
103 72 0.7423 57.36 0.4663
117 17 0.4048 119.5 0.1894
146 0.8 0.03101 1947 0.1042
166 2.8 0.1007 631.7 0.1053
191 138 0.8466 93.32 0.5754
211 41 0.6212 140.4 0.2217
239 35 0.5833 169.4 0.1894
258 1.3 0.049k2 2159 0.07989
278 40 0.6154 186.8 0.1902

297 Lo 0.6154 199.6 0.1840
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Uranium Resonances for b = 4

Effective Resonance Integrals for Resolved

KT = .025% kT = .025° kT = .025°

kT = 0% kT=0 kT = 0
§E0/A 52/6(b6) I (barns) I (barns) I (barns) I (varns) I (barns) I (barns)
0.09422 21,06 5.921 5.882 5.175 5.725 5.686 5.03%6
0.1879 16.65 2.362 2.286 2.228 2.297 2.220 2.166
0.1743  33.90 1.551 1.439 1.721 1.515 1.403 1.671
0.5550 6.024 0.6107 0.5757 0.6461 0.5674 0.5324 0.5913
1.299 0.2075 0.2746 0.2731 0.2252 0.1598 0.1582 0.141)
o * 0.01512 0.03940 0.03940: 0.03673 0.02913 0.02912 0.02525
0.h272  15.80 0.3915 0.3544 - 0.5181 0.3793 0.3422 0.4899
1.618 1.251 0.2777 0.2662 0.2852 0.2202 0.2088 0.2206
6.003 0.02324 0.08728 0.08712 0.07874 0.0k162 0.0k146 0.3635
2.382 0.06775 0.1332 0.1325 0.1173 0.06236 0.06160 0.05559
0.6014 14.78 0.1690 0.1507 0.2642 0.163%0 0.1hh47 0.2473
2.012 1.459 0.1416 0.1321 0.1752 0.1162 0,1068 0.1334
1.768 0.8823 0.1225 0.1155 0.1462 0.09284 0.08580 0.1035
® " 0.012% 0.04939" 0.04927 - 0.04532 0.02242 0.02228 0.01968
1.9%9 0.8069 0.1019 0.09582 0.1261 0.07639 0,07026 0.08723
2.033 Q.706T  0.09433 0.08879 0.1170 0.06917 0,06362 0.07898
12.33 11.97 11.90 11.53 11.17 11.43

*Infinite dilution value = 0.04523,
**Infinite dilution value = 0.07581.

a. Narrow, including interference.

b. Narrow, no interference.

Wide.
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For the most important resonances, i.e., those at 6.68, 21.0, and 36.8 ev,

. however, the wide resonance approximation is surely preferable, for in none of
_ EE
these cases does 7;2 exceed 20%. These three resonances alone contribute about

75% of the total absorption of the resolved resonances. In addition to the
three approximations mentioned above let us define a fourth, the preferred
approximetion, which consists of selecting one of the first three according as

¢E 2
the parameters —= and are Z 1. For b = 4 and kT = 0.025 ev the preferred

A Bb
approximation gives 11.85 b. To this figure several approximate corrections
need to be applied: In the case of wide resonances two errors arise, one due
to the fact that Eq. (3-7) does not give quite the right albedo in the wings for
small lumps (cfo paragraph (lh-?)] and one due to approximating the integral in
. Eq. (7-7) by neglecting q; [gf. paragraph (5-7)] . For b = L these corrections
combined increase Iy by roughly 8%, according to Table (1-7) and the discus-
sion following Eq. (56-7). For narrow resonances an error is introduced by the
use of Wigner's rational approximation for the escape probability [;f. paragraph
(8-9) ff,:]and according to Table (1-6) increases I by about 7%. If we apply
a uniform 7°5% correction the preferred approximetion we obtain a value for the
resonance integral of the resolved resonances of 12.7 barms.

Insofar as the calculational uncertainties in this:figure are concerned
very little can be said. The main error arises from the inapplicability of one
of the extreme approximations (wide or narrow). let us first consider the
resonances at 6.68, 21.0, and 36.8 ev. For these resonances, especially the
first two for which ;? is small, we expect the wide resonance approximation to

. be quite good. Some corroboration of this point is available from some calcula-

tions of Corngold and Chernick on urenium water lattices. Corngold((C56b)
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considered an alternating lattice of thin slabs of uranium and light water,
with uranium slabs corresponding to a parameter, b, of about 3. He carried
out exact calculations of absorption in the uranium resonances by solving the
Boltzmann equation for the case A = @ and A = 238. Comparison of these cases
showed the former in error by +3% for the 36.8 ev resonance, and +0.5% for the

20.9 ev resonance. No calculation is reported for the 6.68 ev resonance, but we

¢E r
may infer from the above figures a negligible errors since 159 and--,:,-‘E are
smallest for this lowest resonance. In the higher resonances which Corngold con-

(E
sidered, in which 7;2 is always about 0.6 or greater, the error in the A =

case ranged as high as 25% but fluctuated in sign. A Monte Carlo calculation
reported by Chernick (C56) on the 36.8 ev resonance in uranium, in a lattice
of eylindrical rods with b = 2, indicated an error in the infinite mass ap-
proximation of about +1%. In this connection it is worth noting that, although
the statistical accuracy of I is estimated at about 3%, Richtmyer(R56a) has pointed
out that differential effects such as we are concerned with may be obtained ﬁith |
higher accuracy than I itself,

All the resonances below 300 ev except the first three contribute only
2.9 barns, and as much as 20% error in this part would produce an error the
total of I of about 0.6 barns, which is less than 5%. Actually 20% error is
a rather high figure, for since the errors ;n the contributions of individual
resonances fluctuate in sign considerable cancellation can be expected. Such
cancellation occurs in Corngold's calelation.

Similar calculations for b = 8 (isi = 0,76 cm2/g1n> are presented in
Table(3-9). Quite a similar discussion applies to these results as to the

results of Teble (2-9). The preferred approximation gives 18.5 barns for I
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Effective Resonance Integrals for Resolved
Uranium Resonances for b = 8

b

c

kT = 0.025% kT = 0.025 xT = 0.025
EEOAA 52/6(Sb) I (barns) I (barns) I (barns)
0.133%2 10.53 8.483 8.455 8.074
0.2657 8.325 3.360 3.306 3.523
0.2465 16.95 2.13h 2.059 2.693
0.7849 3,012 0.8779 0.8543 1.063
1.603 0,1038 0.4131 0.4120 0.3971
® 0.007560 0.04296 0.04295 0.04173
0.6041 -7.900 0.5362 0.5120 0.8234
1.310  0.6255 0.4238 0.4161 0.4948
® 0.01162 0.1090 0.1089 0.1067
3.603 0.03%88 0.1896 0.1891 0.1845
0.8505 7.390 0.2292 0.217h 0.4237
1.760 0.7295 0.2052 0.2046 0.2970
1.998 0.4412 0.1829 0.1782 0.2507
® 0.006160 0.03379 0.03369 0.05809
2.195 0.4035 0.1536 0.1L49k 0.2153
2.318 0.3534 0.1422 0.1384 0.1987
17.52 17.28 18.84
8. Hdurrow, incleding interierence.
b. Herrow, nc interference.

c. UWide.
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without correction; after a correction of about 9% for the effects previously
discussed, I becomes 20.1 barns.

5. In order to complete the calculation of the resonance integral of
urenium for b = 4 and 8 an estimate must be made of the contributions from the
unresolved resonances above 300 ev. These resonances are described in terms of
the following parameters: An average spacing; D, of 18 ev, a reduced neutron
width, F:’l , of 2,5 mv and a radiative width, I’  OFf 25 mv. These data are
consistent with the resonance parameters reported in reference H57a for the |
resOlved uranium resonances. The effective absorption cross section has been
calculated according to the narrow resonance approximation, and interference
effects have been negiected. This 1s in view of the fact that the parameters
é;f and égg are less ther and greater than unity, respectively, when evaluated
at the point (£%,p%) {£* and B* are defined in Egq. (25-8)] . These calculations
have besn carried out at 300 ev, 1500 ev, 7500 ev, and 37,500 ev. At the first
three points the averaging of J(ﬁ,B) over the distribution of neutron widths
was accomplished with Eq. (23-8). A%t the last polnt Eq. (42-8) was used.

Presented in Table {4-9) are the results of these calculations. Since the
tabular entries are at constant intervals in ﬁnE we can use the "three-eighths"
rule of Newton to find the contributicn ¢f this energy range to the resonance
integral. These figures are written directly below their respective columns.
To them one must now apply the correction factors previously discussed, ob-
taining for the corrected contribution to the resonance integral, BOL b and 4.6 b,
respectively, for b = 4 and 8.

Presented in Table (5-9) are the values of J(&*,B%*b), <J(§,Bb)> and

J(go,Bob) employed in the computation of the effective absorption cross
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Table (4-9). Effective Absorption Cross Section of
Uranium Lumps for b = 4, 8

b==4k b =28

Eo (ev) oiff (b) a eff (b)
300 1.302 1.943
1500 0.86k2 1.160
7500 0.k269 0.4922
37500 0.1017 0.1075

3,185 k.229
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Table (5-9). Effect of Fluctuations on the Resonance Absorption
in Uranium for b = 4 and 8

b =4 bP=38

E - J(e%,p%)  (I(6,B0))* J(t,BB)  J(ex,p¥)  (ICs,B0))  I(£,B D)

300 24 .33 21.80 24,25 18.61 16.27 18.91
1500 17.12 1447 15.96 10.82 9.715 11.51
7500 7.493 7.148 7.466 3.973 4,121 4,518

37500 - 1..703 2,14 - 0.8995 1.1351
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section. Comparison of the‘flrst two quantities found in columns 2 and 3,
and 5 and 6 of the table is an index of the rapidity of the convergence of
the procedure employed in performing the average over the distribution of
neutron widths. The second order terms in Eq. (23-8) are never more than
about 20% of the leading term, and for most entries in the table are con-
glderably less, indicating good convergence. Comparison of the last two
quantities, found in columns 3 and 4, and 5 and 6 of Table (5-9), indicate
that the effect of fluctuations in the neutron width is to reduce the
effective absorption cross section. The resultant reduction in the resonance
integral from the energy range 300-37500 ev is about 9% for b = 4 and 14%
for b = 8.

6. A simple estimate of the remaining contribution from energies
above 37500 ev can be made by ignoring the effects of fluctuations entirely.
This ﬁeglect will be valid if B << 1 and 6 >> 1. For the first require-
ment says that I y < <<Pn> and that f'n/ N is nearly unity except with
very low probability. The second requirement says that J is glven by
Eg. (70-4%) end that the term in { is very small compared to the term in B.

It can then be straightforwardly shown that

[0 0} Q
d
de’ x p__1 _ = 1
= J(¢,B) = 2 = 6 Jn 1+——) (7-9)
L/' E 2/ ) B+t %t_‘ QBC c ( Gc
Ec BC

Evaluating this quantity in the case Ec = 37500 for b = 4 and 8 (and
replacing B by bB) one obtains additional contributions to the resonance

integral of 0.1k b in both cases.
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Finally then, the calculated total resonance integrals for uranium for
b = 4 and 8, respectively, are 16.2'b and 24.8 b, Because most of this
absorption is due to wide levels a /b - 1 law of geometric dependence
ought to be good. This proves to be the case; the expression 9.36 \/b -1
fits the calculated points at b = 4 and 8 exactly. Since b - 1 is
proportional to S/Ma [b -1 law of geometric dependence implies a
dependence on S/M proportional to jé;a;- . In particular, the expression

9.36 y b - 1 glves for the resonance integral of uranium lumps in barns

1-28.4 /3 (8-9)

when S/M is expressed in cm?/gm. Equation (8-9) is only valid in the range
4 < b< 8 and perhaps slightly outside this range; this range corresponds
to a range in S/M of 0.33 cmz/gm < 8/M< 0.76 cmz/gne

7. Precisely similar calculations have been performed for Th252 fér

b =4 and 8, and are summarized in Tebles (6-9), (7-9), (8-9), and (9-9).
After correction by the 7.5% and 9% previously mentioned in connection with
uranium lumps the preferred approximation gives for the resonance integral
11.5 and 17.2 barns for b = 4 and 8, respectively. These last figures contain
0.18 b from energies above 37500 ev, in addition to the contributions already

noted in the tables. The expression

I =18.6 /—3 | (9-9)

fits the two calculated points within 1%, which is well within the uncertainties
of the calculation. Concerning these uncertainties we can only asnticipate

that they are somewhat larger than in the case of uranium. In that latter
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Table (6-9). Parameters of Resolved Resonance in- Thorium®-2

F7 = 30 mv, 6 =12.00 b, D =17 ev, kT = 0.025 ev

K 5

E, (ev) n (mv) - Pn/n 2 =B x10 3
22.0 2.0 0.06250 162.5 0.3287
23.7 3.7 0.1098 99.59 0.3335
89.6 4,5 0.1304 210.9 0.2153
70.1 40 0.571k 56.63 0.4027

11k 10 0.2500 210.5 0.1805

123 27 0.4737 119.9 0.2476

131 11 0.2683 225,k 0.1726

152 15 0.3333 210.5 0.1758

174 70 0.7000 11k.7 0.3652

195 30 * 0.5000 180.0 0.2070

202 19 0.3878 290.4 0.1661

215 2.3 0.07120 139.4 0.1061

226 L 0.5775 180.6 0.2275

235 1.3 0.04153 261.2 0.09835

256 51 0.6296 187.7 0.2439

269 22 0.4231 293.5 0.1498

290 57 0.6552 204.3 0.2461

310 105 0.778 184.0 0.3693%
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Table (7-9). Effective Resonance Integrals for Resolved
Thorium Resonances for b = 4

£2 /680 £E /A KT = 0.025% kT = 0.025° kT = 0.025°
2.770 . 0.4767 1.464 1.454 1.254
4,654 0.3818 1.683 1.662 1.489
0.9158 0.9059 0.5534 0.5465 0.4882
11.93 0.4099 0.763%0 0.7087 0.8588
0.6450 1.289 0.3133% 0.3062 0.2939
2.130 1.831 0.3305 0.313%2 0.3545
0.5508 1.409 0.2713 0.2649 0.2575
0.6116 1.495 0.2395 0.2323 0.2359
4,845 1.014 0.2284 0.2090 0.2966
0.9921 1.608 0.1890 0.1796 0.2087
0.4479 1.782 0.1765 0.1705 0.16L45
0.03365 4,200 0.09651 0.09611 0.08602
2,144 2.327 0.1595 0.1500 0.1870
0.01543 0o 0.06229 0.06213 0.05607
1.320 2.356 0.1368 0.1277 0.1690
0.3185 2,140 0.1300 0.1255 0.1371
1.235 2.592 0.1168 0.1087 0.1494
3.088 1.695 0.1055 0.09582 0.1154

a. Narrow resonances with interference.
b. Narrow resonances with no interference.
¢. Wide resonances.



Table (8-9). Effective Resonance Integrals for Resolved
Thorium Resonance for b = 8

£ /68b §E_/A KT = 0,025® kT = 0.025° kT = 0.025°
1.385 0.67h1 2.193 2.186 2,078
2.327 0.5399 2.490 2.475 2.415
0.4579 1.027 0.8524 0.84760 0.8333
5.965 0.5797 1.066 1.030 1.373
0.3225 1.475 0.4829 0.4780 0.504k4
1.065 '2,589 0.4904 0.4788 0.6005
0.2754 1.622 0.4177 0.4133 O.4h12
0.3858 1.712 0. 3675 0. 3626 0.4038
2,423 1.434 0.3227 0.3100 0.4843
0.4961 1.554 0.2856 0.2793 0.3561
0.2390 2.064 0.2697 0.2656 0.3090
0.01683 © 0.1266 0.1263 0.1232
1.072 3.291 0.2381 0.2317 0.3190
0.007715 © 0.07511 0.07500 0.07206
0.6600 0.2029 0.2023 0.1963 0.2854
0.1593 2,532 0.1971 0.1941 0.2301
0.6175 2,148 0.1724 0.1671 0.2508
1.5k 2.397 0.1495 0.1432 0.1835

&. Narrow resonsnces with interference.
b, Narrow resonances with no interference.
C., Wide resonances. .
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Table (9-9). Effective Absorption Cross Sections
of Thorium Lumps for b = 4 and 8

E (ev) oS (v) o5 (v)
. b=k b=8
300 1.602 2.355
1500 1.082 1.440
7500 0.4973 0.5478

37500 0.1135 0.1360
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case fully 60% of the resonance absorption was contributed by only three
resonances, fpr which the wide resonance approximation was anticipated to
be quite good. In thorium this is not the case.

8. Presented in Tables (10-9) and (11-9) are comparisons of Egs. (8-9)
and (9-9) with experimentally determined resonance integrals. As is apparent
from Table (10-9) agreement among the various experiments for urenium is
only fair. In the table the formulae of Creutz (C55b), Risser (R50), Sher
(857), Davis (D57), and Eriksen (ES55a) have not been evaluated beyond
S/M = 0.40 cm?/gxb since this limit is well outside the range of these experi-
ments. It is apparent that a linear dependence on S/M predicts a too rapid
rise in I for large values of S/Mo The experiments of Davis (D57) and
Eriksen (E55a) should be ignored in a comparison of theory and experiment
because of the apparent presence of systematic errors. Davis'(D57) experi-
ment gives results ~ 20=-30% higher than the first five experiments noted
in the table; Eriksen's (E55a) experiment is ~20% too high. The agreement
of Bgiazarov's (ES55) results and Hellstrand's (H57) is always within 8% or
léss, the former lying lower than the latter. Hellstrand (HS57) quotes an error
of i?% in his formula, not including errors in IOO to which the results were
normalized. Agreement of the theory and Hellstrand's (H57) experiment is

within 5% in the range 0.30 < S/M< 1.00. At low values of S/M the extrapolated

theoretical values will be underestimates, since there the extrapolation tends
to weight the wide resonances too strongly. For better values another calcula-
tion should be attempted. In sum, in the range of applicability of the
calculations carried out here, the theory predicts the resonance integrel of

uranium rods quite well.



Table (10-9).

Comparison of Theory and Experiment for Uranium Rods

Approximate
Resonance Integral Range of 5 _ _ 5 _ B - _ -
Reference (barns) Calibration Experiments M =0.10 =02 = 0.ko =0.55 = 0.70 = 0.85 = 1.00
S
Creutz (C55b) 8.5+27.l+(ﬁ) Ioo = 0.05-0.15 11.2 15.4 19.5
280 barns* cme/gm
Risser (R50) 8.1++28.o(-3) A=8.4 barns* 0.02-0.15 11.2 15.4 19.6
S 1/2
Egiazarov (ES5) 3.85+21.5(ﬁ) * * 0.40-4.8 10.6 14.6 17.4 19.8 21.8 23.7 25.4
5 1/2
Hellstrand (HS57) 2.81+2h.7(‘7[) Ip = 0.07-0.53 10.6 15.2 18.4 21.1 23.5 25.6 27.5
280 barns
5 1/2
Sher (§57,557a) o.1+53.5(ﬁ) Unknown 0.18-0.22 10.7 16.9 21.3
Davis (D57) 6.0{1+15.6 % Unknown 0.1-0.35 13.5 19.8 23.9
2
S S
[1-2.18 g +2.19(ﬁ) }}
S 115
Eriksen (ES5a) 9.6+31.9 ;7;) Iw(In )= 0.02-0.13% 12.8 17.6 22.k4
3200 barns*
s 1/2
Theory 28.4 (ﬁ) Iy = 9.0 1k.2 18.0 21.1 23.8 26.2 28.4

285 barns***

*These data have been renormalized to the most recent cross section data by Hellstrand (H57).

"volume" absorption term of 9.0 barns as
indium cross sections and the thermal U2

§ge

cross sections.

asured by Hughes and Goldstein (HLG).

The original data of Risser were based on a

This measurement is based on certain assumed values for the

When renormalized to recent values of these data the "volume" term is 8.4 barnms.
*¥Renormalized by E. P. Wigner, BNL (433)-C2L, September, 1956.
**I., = 285 barns for the resonance parameters employed in this calculation (including an estimate of the contribution of the unresolved

resonances by the methods of Chapter 8).

eONT



Table (11-9). Comparison of Theory and Experiment for Thorium Rods

Approximate
Resonance Integral Range of S _ 5 _ 5 _ S _ S _ 5 _ 5 _
Reference (varns) Calibration Experiments M 0.10 M 0.30 M 0.50 M 0.70 M 0.90 M 1.10 M 1.%0

3 1/2 cm2

Dayton and Pettus I=-o.6+2u.1(—) o, (B)=7696 0.1-1.3 — 7.0 12.6 16.4 19.6 22.3% 24,7 26.9
(D572) M th an e

S S 2
Davis (D57) I=6.ll{}+5.0 ﬁ[}-o.87(ﬁ) ]} Unknown 0.1-0.3 9'1u 14.6 18.06

s\1/2
Sher (857,557a) I=2'2h+17'13(ﬁ) ~0LL 11.6 144

BT

1/2
Theory I=18.6(%) 5.88 10.2 13.2 15.6 17.6 19.5 21.2
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In the case of thorium rods the situation is not nearly-so good. Only
one experiment, that of Dayton and Pettus (D57a) spans a large range of 8/M.
In the entire range 0.3 < SﬂM <1.3 the measurements are larger than the
calculated results by ~25%. The cause of this discrepancy is not understood.
One can, however, offer a plausible reason why some doubt concerning the
experiment mey exist. By comparing the results of calculation in the narrow
and wide resonance approximations one sees that for the rod sizes corresponding
to the range b ~ k the resonancé‘integral does not depend significantly on
the approximetion employed. For the resolved resonances in uranium, for example,
the sums of columns 4 and 5 of Table (2-9) are essentially equal, and a similar
condlusion holds for thorium in Table (7-9). One might then assume that this
independence of the approximation made to describe the moderation holds as
well for the oxides of uranium and thorium. In such a case, the effective
resonance integral of the oxides could be obtained from those of the metals
in the narrow resonance approximation, ac¢cording to the first rule of para-
graph (6-6). Hellstrand (H57) has measured the effective resonance of both
uranium metal and oxide. The resonance integral of the oxide calculated
from that measured for the metal according to the rule of paragraph (6-6)
agreed within 5% with those directly measured in the range 0.25 < S/M.f 1.00
cme/gm (corresponding to 3.3 <b = 10.2). As expected the error vanished near
b = k. Dayton and Pettus have measured the effective resonance integrals of
thorium and thorium oxide. The resonance integral obtained for the oxide
from that of the metal by the method of paragraph (6-6) exceeded the directly

measured one by 20-30% in the range 0.5 < §/M< 1.3 (5 < b < 11.4), although
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agreement was good for S/M = 0.3 (b = 3.4). This poor agreement raises a
doubt which could be settled by further measurements on Th.
APPENDIX (1-9)
The current leaving any lump of material irradiated on the surface by
an infinite isotropiec ggatiany uniform source producing unit inward current

cen be written as § = 57 %nocng vhere Sn is the excident current of neutrons
n=o0 "

which have experienced n collisions for a purely scattering lump. This form

follows from the cbvious fact that the absorption prcbability, 1-C, 'is

independent of position in thz lump. Then

:Oi nsncn
s'—’f B (%): 2:1 = Lo (1-9.1)
o] Z gncn
n=1

where (n> 1is the average number of collisions made by neutrons which collide
in the lump and leak out again. 5@ is the current of neutrons which escape
collision in the lump, and is clearly given by 1 = ZP, since ZP is the first
collision rate in units where the lump total mean free path is unity. For

an infinite lump (/-o), 80—> C. By definiticn, $ 1s the lump albedo.



CHAPTER 10. THE EFFECT OF FLUCTUATIONS IN THE WIDTHS ON
REACTION CROSS SECTIONS

1. In the previous chapters the problem of resonance absorption in the
s-wave resonances of the absorbing material was considered. In treating this
problem the simplifying assumption was made that only scattering and radiative
capture of neutrons by the absorber are possible. However, the effects of
flux depression by the absorbervand the associated effects of the Doppler
broadening of resonance lines, as well as effects introduced by the spatial
distribution of the absorber, were carefully taken into account. At high
energies, usually of the order of 100 kev or more, the problem of resonance
absorption is peculiarly inverted. Resonance cross sections fall sufficiently
low so that flux depression effects and their attendant difficulties become
unimportant while the effects of other reactioms, e.g., inelastic scattering
and fission, and higher angular momenta become important. In the remainder
of this work emphasis will be placed on the calculation of resonance integrals
with spatial and flux depression effects ignored. This problem is really the
same as the problem of calculation of reaction cross sections averaged over
many resonances in a small energy band. Since the flux in the 100-kev range
and above is generally not a slowing down flux (%) » the total resonance
integral depends on the form chosen for the flux. Hence, in the remainder of
this work we shall calculate only average reaction cross sections as functions
of energy.

2. It has been pointed out in Chapter 2 that average reaction cross
sections in both the asﬂ and ajI representations are proportional to sums, each
term of which contains an average squared S-matrix element, whose form is
given in Eq. (8-2). 1In order to conduct an analysis of experimental data the .
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properties of such averages must be studied, and rapid means of evaluating
them acquired. It is the purpose of this chapter to accomplish this
desideratum.
If we restrict ourselves to situations in which fission is unlikely,
then for the heavy elements only elastic and inelastic scattering and radiative
capture need be c¢considered. In such a case the only widths which appear in
Eq. (8-2) are neutron and radiative widths. According to the results of
Porter and Thomas (P56) the neutron widths are statistically distributed in
chi-squared distributions of one degree of freedom, while the radiative
widths are essentially constant. PFrequertly, in the expressions for total
reaction cross sections averages of the type appearing in BEg. (8-2) occur in
which one of the neutron widths must be considered as having two degrees of
freedom. Such a situatior arises as follows:
Tn schematic theories of nuclear reactions {E57, FS4L ) the assumption

is frequently made that the average reduced reutron widths are independent
of channel spin, s. If this is the case and if the reduced widths for dif-
ferent channel spins are statistically independent Eg. (10-2) for Bo(a,a')
can be written

- T o o T} . ToT " ?e ol
B (xa') = 111‘ oi %L Oi g. eaﬁI'L'WMFaR ALt ,Jﬂ)Fai

J=0 “Jx 1=0 L°=0 2N e{d e an) T J)
. 2 "I ":ﬂ: 1" a

(1-10)

Here é(ﬂ;I n ;Jn) is the symbol of Hauser and Feshbach, and equals the number
of channel spins which can combine with corbital angular momentum,Q, target
spin end parity I and n , to form a compound state of spin J and parity =.

For neutrons € can only equal O, 1, or 2. From the addition thecrem for
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the member distributions of the chi-squared family ( C56e ) it follows that
er’aL may be interpreted as a random variable with mean ¢ é’ aﬂ> and € degrees
of freedom. We shall therefore be interested in the averages of quantities
like ﬂsr't/(l"s + Ft + Pr + --~) where Ps, /"t, /71_, ete. are independently dis-
tributed in member distributions of the chi-squared family with 1, 2, or
infinitely many degrees of freedom. (Infinitely many degrees of freedom
corresponde to a delta function distribution.) In the next part of this
paper we shall evaluate explicitly in terms of tabulated functions averages
in which there are three or fewer widths. Table (1-10) summarizes the cases

done.

Table (1-10)

ﬂs Ft Fr

1 1 absent, 1, 2, @

1 2 absent, 1, 2,

2 2 absent, 1, 2, @

1 00 absent, 1, 2 -
2 0 absent, 1, 2

The entries in the table represent the number of degrees of freedom in the
distribution of the corresponding width. We can find the averages of expres-

sions like "2/(I + I, + ') from the identity:
s s t r

2
rgr Pl r
<PS> -G n>+ ) n>+< - (2-10)
s+r't+r s TtV \Fs+[7t+r’r

L]
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Reduction of the Multiple Integrals

In general, the averages will be represented by multiple intégrals, one
integration for each random variable (width) present. For widths distributed
in the chi-squared distributions an artifice exists for reducing these
multiple integrals to a single integral. The result is general, but we prove
it ornly in detail for the case of three widths.

A normalized chi-squared distribution with %p (= y) degrees of freedom

is

P(x,p) = ﬂ%- (/ox}P'l e P* (3-10)

where ['(0) 1s a gamma function. If we let aé = <&;;> then

S T ]

t't
X P(x_,p_)P(x, ,0, )P(x_,p0_) 22 (4-10)
8 Ps tﬁpt ryor aX +8aXx +ax
s s tt rr

If we now set

8

-r(a x +a,x +a X )
1 - ar e ss tt rr (5-10)
ax +aXx +ax,

o]
in the right hand side of Eq. (5-10) and interchange the order of integration
so that the A-integration is last, the x-integrations are independent, and

egesily carried out. The result after some simple rearrangement, is



(o 0]
/" /’]t A8 -(Ps+l)
5 = asat 1 +,-;-§-
ns + Ft + Fr o 8

) ~(PerL) ra_\ Pr
+ (1 + P 1 +E d (6-10)

When a given p, approaches oo, the corresponding bracket in Eq. (6-10) ap-
-\

proaches e « For convenience we shall express our results in terms of the

rr a +a +a
- sPt - s t r (7_10)
2] + t + r asat ,

k. Let us first consider the two-width cases, l.e., those in which

ratio R, defined by

L r is absent.

ol

Case (1): P =Py =

According to Egs. (6-10) and (7-10) we can write

00
= (as + a) / 1+ exas)'3/2(1 + exat)'3/2 ar (8-10)
/ :
I'f we set }1 =2 /a.sa.t * A we obtain for R the expression
00
R-—2 2t ()_12 + 2pp + 1)"3/2 ap (9-10)
J g% o
_1 /_ /a_'t
where p = 5 = - If we change the variable of integration to 3,
defined by p + p = - 1)1/ 2 - 52)'1/ 2, the integral in Eq. (9-10)

beconmes




1/p

Combining Eq. (9-10) and (10-10) it is easy to show that

ag + a8
R = 8 (11-10)
2
(/ a, + ,/at )
Case (ii): =3 =1
© Ps T2 Py
In this case
loo)
R=(a_ +a,) (1 +2a x)'5/2(1 + 8 x)'2 a (12-10)
s t s t
o
5 2a
If we define the auxiliary parameter r = E-E - 1 and change the variable
t .
of integration to &, defined by 1 + 2an = 'ra tan29 R can be written as
n/2
ba (a + a )
R-—25 b . lg_ (csc® - 2 + s1n°0) d@ (13-10)
a r Ny ,
arccotr

These trigonometric integrals can be performed easily, and glve after re-

arrangement
2 2 2
R-5+r 5+2r—514’1‘&1.1’=cta.nr (14-10)
2 L 5
r r
Case (1ii): P =Py =1
In this case
@
R=(a +a,) (1 + ra )’2(1 + & )'2 ax (15-10)
s t s t
o
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()12 +2pp + 1) ax - (16-10)

vhere p is defined as in case (1). If we set p+D= (ip'2 - l)S-l the

integral in Eq. (16-10) can be written as

1
2 \2
p -1
(pa) 2
2 -3/2 54 2 -3/2
(5% - 1)°% -‘—-"-2—2'=(P-l)3/ X
(1 -%%)
o 1
2 )2
(&) :
1 1 1 17-10
/’ 1. - 4 (27-10)
“ (1 - 3) (1 + %) l-53 1+sJ
The integrals ars elementary, and when carried out yield after rearrangement:
a +a 2 2a 8 a
R=f2—=t) .2t /i[_8 (18-10)
a ~-a 2 2 a
s t a_ - & t
s t
Case (iv): -2 =
PP T T @
In this case
0o
R=(a, +a) f (1 + 21.8.8)-3/2 e~ ) (19-10)
o}

If we change the variable of integration to $defined by 52 =1+ 2a_h,

Bg. (19-10) becomes



_a_t_ @ %t 82
a +a 2a " 2a_
R=—=2— L. S / e 5 4 {20-10)
a :fe .
s 1

a
The integral in Eq. (20-10) is just Ni <%£%:) » Wwhere Nl is defined in
s

Eq. (49a-7). Using Egs. (50-7) and (51-7) it can be evaluated and gives

for R:

St _ -
a, + 4 8 2a / a8
__t 8 t s/ t -
R = — 1-Jx [z~ ¢ °Erfc J/EE" (21-10)
s 8 o 8
Case (v): Py =11 p, = 00
In this case
@
-Aay -2
R=a +a e 1+ xas) ar (22-10)
o
If we make the substitution 5= 1 + xas, R becomes
BN 14 2
a, +a & a a, +a a a
R=-—t—058 ¢S e ° 5.t s sp (.t (23-10)
a 2 a 2\ a
8 A} 5 s
1
[@.0)
The E_functions, defined as Jp Eﬁ e”®*  are tabulated in referetce (C53).
z
1

Corresponding formulae for the three width cases are noted for reference
in Appendix (1-10) of this chapter, together with some brief description of
thelr manner of derivation.

5. In Figs. (1-10) and (2-10) the ratio R for the preceding two width

a a
cases is plotted vs gﬁ in the range 0,03 < EE % 30. All of the curves have
t a t

minima in the neighborhood EE = 1; the symmetric curves (those for which
t
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[

Ps =/°t) have minima exactly as ;é = 1. For the cases plotted in Figs. (1-10)
t
and (2-10) R is always less than unity.
R cannot be less than one for all reactions, however, since the sum of

all reaction cross sections equals the cross section for compound nucleus

formation, for which R = 1 irrespective of the distribution of widths. Thus

nr
k'm
if we define ka a <: ; 1t can easily be shown that

% g, (R_-1)=0 (24-10)

Hence, if some of the ka are less than unity, others must be greater. For
two width reactions we have seen that Rst <1 (and consequently Rss’ Rtt > 1).
For two widths this is a general conclusion and we can establish it as follows:

Let us consider the inequality <3F + LP ) /(P + %> > 0. By expanding

the square it can be shown easily that

2 at as
by ;; Rtt + 2stt + ;1: Rss =0 (25-10)

Since Eq. (25-10) must be true for all real A the discriminant of the quadratic

form must not be positive. Hence

2 -

R, = R By (26-10)
If we define R, =1+ D_, we can rewrite Eq. (26-10) as
'‘D° +2D . £D D, + D +0D (27-10)
st st —~ "ss "tt 8s tt
It follows from Eq. (24-10) that
as t
. " Dst =3 Dss T & Det (28-10)

t
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Combining Eqs. (27-10) and (28-10) yields

D.=

st

=

(bss +D (29-10)

tt)

»

Since Dss and Dtt must have the same sign, and opposite sign to Dst’ it follows
that D , is never positive, and if it vanishes so do D _and D_, .

st 58 tt

it is a general theorem that Dse i1s never negative, even when there are
more than two widths. For the purpose of deriving this inequality we can
replace the sum of all the widths which appear in the total width except
those for the entrance channels by a single random and variable, l-’r' Then

from the results of the two width case

l"s(l"t + f’r) . a_ - (a.t + a.r) (30010)

T’S+(It+l‘r) as+(a.t+ar)

From Eq. (30-10) we can prove that
a, D, +aD 40 (31-10)
Since, however, Bg. (24-10) in this case is written

D = -
a D+ 2D, +8D =0 {32-10)

we must have DSS =0 always-.

One may inquire, then, whether Dst is always = 0?7 The answer is no as
we can see as follows: If [ =T .+ Vt with very small probability D . will
be very ¢lose to its value for Fr = O which is less than one. On the other

: 4 < [
hand, 1frr_ S+ &

with very small probability Dst will be close to the
value <P ;l> & which is greater than one.* These considerations indicate

*We prove this with Schwartz® inequality. If f(x) isanormalized probability
distribution,

1 =<//ﬁ§—)? /xf(X) dgs(/j%ﬂ— dx)(/\f(x)xdx = <x-l>\\/ac> .
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that there may be considereble enhancement of & cross section due to fluctua-
tions. The appropriate circumstances may erise, for example, in the radiative
capture cross section when there is strong inelastic competition by several
excited states. The inelastic width may then greatly exceed the elastic
(entrance) and radiative (exit) widths.

6. The analytic formulae derived in the previous paragraphs suffer two
defects: (i) The effects of reaction channels competing with the entrance
and exit channels must be approximated by a single random variable with 1, 2,
or infinitely meny degrees of freedom. (ii) The numerical evaluation of R
from the three width formuleeis tedious and time consuming. For these
reasons the computation of R has been coded for the ORACLE. The Monte Carlo
method was used for the computation. In this method a large number of values
of R are formed by choosing each width from its appropriate distribution, and
substituting them in Eq. (7-10). From this sample various moments of the
R-distribution cen be found; in this coding the first and second moments are
calculated. The first moment is the value of R given in Eq. (7-10).

The menner of choosing random numbers from chi-squared distributions of
1 and 2 degrees of freedom is instructive and will be described brféfly below.
Fundamental to these prqQcedures is the method of choosing numbers distributed
uniformly on the interval (0,1). These numbers are generated according
to the algorithm Rn = 515n mod (2k0) X 2-59. The success of this method is
based on the theorem that if x =5 mod 8 then | . x, x2, . xeq-g are
distinct mod (2q). Thus the algorithm provides one fourth of all possible
residues mod (2q) and furthermore, since they are all powers of 5,’only those
whose last two binary digits are Ol. Clearly these numbers are nearly

uniformly distributed.
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Let us now consider a chi-squared distribution of 2 degrees of freedom.

According to Eg. (Snlo)'such a distribution is an ordinary exponential, e %,

Random numbers may be &rawn from an exponential distribution by the following
method due to Von Neumann and described by H. Kahn ( K54 ). Choose random

numbers, ¥ ,X,,X, ..., uniformly distributed on the interval (0,1), until

e

one exceeds the one before if, i.e.,

- X

o Xy Z Xy eoe X L X (24-10)

n+l

v

Then if n is even keep x . (We define this as a success.) If not (a failure)
repeat the procedure until an even n is obtained. If the number of repetitions
(failures) is k, k + xo is distributed exponentially. The proof of this is

ae follows: The probability that X, will 1ie between x and dx is dx. The

probability that x neoy X will be less than X, is xg ; the probability

l.?
that, they will be ordered as in BEg. (24-10) is %T « The probability for the
sequence (24-10) is then
n n+l
*s *s
Py e dx (25-10)
{n+ 1)!

The probability of a success on the first try with x < X = X + dx is then

-X
(o]

X dx. The

oo ko,
the sum of (25-1C) over all even n, i.e., > — %, dx = e
=0 °

probebility of a failure on ary try is-

1
f (1 - emx) ax = "1, Hence, the probability of k failures and a success
o

~{k + xo)
with x<€ x_< x + dx is just e dx, g.e.d.
o

The usefulness of this rather oblique method is that when used in

conjunction with high speed electronic computing machinery it is very fast,
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involving only addition, subtraction, multiplication, and logical decisions.
To choose from a chi-squared distribution of one degree of freedom the
following method, due to R. R. Coveyou, is employed. =z is chosen as described
from an exponential distribution, and two random numbers u and v satisfying
the inequality u2 + v2.f 1 are chosen from the uniform distribution. Finally,

2, 2 .
wy=2zu~/(u” + v2) and w_. = 2zv2/(u2 + ve) are formed. It can be shown that

2

vy and v, are statistically independent and both are drawn from chi-squared

distributions of one degree of freedom. The first time the subroutine

employed in this calculation (coded by R. R. Coveyou) is used both w) and

w, are calculated, and w, is used as output; the second time the subroutine

2 1
is used w2 is used as output, and the subroutine returned to its original
form.

The code contains the subroutines just described for choosing random
numbers from chi-squared distributions of 1 or 2 degrees of freedom. This
restriction to v = 1, 2, (or o) is not essential, however, for if it is
desired to compute averages in which one of the partial widths, Ps’ has,
say, v = 3 the addition theorem for the chi-squared femily can be employed

to write fg either as the sum of three widths with v = 1 and mean % <:Fs;> B

or two widths, one with v = 2and mean % <<Fs:> , and one with v = 1 and
mean % <:st> . As a matter of fact, as we have already seen, even the sub-

routines used for choosing from the v = 1 and v = 2 distributions are related
by the addition theorem. Thus the code is quite general and can be used for
calculating R for widths with any v. The only restriction on the code is that
there be no more than 20 partial widths. The running time is about

-13

K
(N+2)2 minutes, where N is the number of partial widths, and EK is
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the number case histories (values of R) computed. Thus for 6 widths and
4096 cases, the running time is 4 minutes.

In the calculations described in the remaining chapters the numerous
calculations of R-factors were performed on the ORACLE. Sufficiently many
cases were used so that the statistical accuracy was always of the order

of 1% or better.
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Appendix (1-10). R for the Three Width Cases

Let us first consider cases in which none of the widths have /o =

Case (1): Po =Py =Pr =3

According to Eqs. (6-10) and (7-10) we have
4 _3 3 !
- 2 2 2
= (a.s +a + ar) / (1 + exas) (1 + aat) (1 + exar) ax (1-10.1)

(o)

If we set }.1 = 2\ /asa.t we can rewrite R as

(o]

t +l +}- q
R = ———t—-g— / dp. (2-10.1)

/ (P+t)(}1+—)/(}1+t)(}1+—)(,u+-')

vhere t = la.rger</—- / )a.nd q =
t

ing in Eq. (2-10.1) is elliptic and can be found in the tables of Byrd and

- The integral, I, appear-

Friedman (B54). Three subeases occur:

(Case (1-1): t> %—-» a (BSk - 231.13)

5/2
I-= 2( (D/ K2 P(@,k) + (1 + k )E(¢,k) + k2 sing
Kt

cos¢ . A4, kyj (3-10.1)

A(¢J cos@

-1/2 1/2
where k = (1 - q‘t:)l/2 ‘ - %) » @ = arccos (%) » k'2 =1 - ke, and
A(¢,k) = J1 - k sin2¢ - F and E are the incomplete elliptic integrals

of first and second kind respectively.
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Case (ii-1): t> % »%— (BS54 - 2%31.12)

2
2
I=2 ( o~ ) ai 5 [(1 - 2°)E(g, k) - k'2F(g, k) + k2A (g,k) ta.n¢] (4-10.1)
tm - kk!

1/2
where k = <t2 - %) (t2 - l)"l/2 and @ = arccos (%‘-) . k',A, E, end F

are defined as before:

Case (1ii-1): t» ’tl"?.ll (B5h.- 231.11)
2 |
I=2 (Qt 2 )2 k';kh [(1 + k®)E(g,k) - 2 '°F(g,k) - kz:z;?k;”“] (5-10.1)
where k = (t2 - 1)1/2(t2 - -E )'1/2 and ¢ = arccos <211—t->1/2 .
Case (ii) Ps =,ot=%,,or=l
In this case
y .3

PO

(1 + axat) 2 (1 + mr)'l ar (6-10.1)

R = (aS +ea + ar) J/p (1 + 2Xas)
o
If we again set A= 2\ a8, R becomes

% L3
T O S o

a

o)
a
where now t = ;s- and q = L . The integral in Eq. (7-10.1) can
t 2 ;a.sa.t

be performed with the aid of Pierce (F29) No. 199, No. 162, and No. 195. The

result 1is:
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, 1( 1)
+ =\t + = 2
4 g

R = X

(a-9)(a-5) Ja-0(@-3})
[-3<t+—-l /(q-t) ) l (t+-+l)-l

log T (8-10.1)
q[-- %> /(q-t)(q--)]J 2(“')
Case (iii): Pe = % » Pp =L Py =-;—
7 3 1
R = (as +a + ar) [ (1 + 2an) 2(1 + ).at)-z(l + 2>.ar) 2 o (9-10.1)
o
a a
- ) - b -1 1
Ifweset}l—ex /asar,t—/;:;,q-2 . a.ndp—2é:+t)
o0 1
R=%—(t+%>+qJ. f \P+<t+>).1+l) 2(l+)ut) (l+)uq)
o} (10 10.1)
Using the partial fractions identity:
1 = t-e(q el t)-2 - qt(q. - t)- q.(q - t) (11_10.1)

(1 + pt)(2 +}1q)2 1+ pt 1+p (l + )1q_)

R can be written as the sum of three integrals which can be performed with

the aid of Pierce 195, 196, and 197. The result is

1 1
q*'éG”"E) t2(g - 1) q(q-l) q X

@-F JEE+D 9 F Ja-wa-D
$6+3)-a 2 q[q‘%@*“'f)'/‘Q't’(Q'%)]

t + il og

$f3)fe oD

R =

(12-10.1)
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Case (iv): Pa =-;-, Py =1 p.=1

t

7 3
R = (as +a, + a.r) / (1 + 2).38)- 2(l + M.t)'a(l + M.r)-l ax
)

a 2a
Ifweset}xr:x,/a.rat,t: ;E,a.ndqs/_s__,weho.ve
r a_a
rt
(o)
1l 1 3
t+=+=q - = :
t 2 1 2 -1 1l ,-2
R-—qg7'2—:—— (}1+q) ()l+t) (}1+§)

o

Using the partial fractions identity:

1 1

%

1

(13-10.1)

(14-10.1)

e aGeE? -1,

e -

1 1

+
) (3-0(F- 0%+ )

t

+ +
(5-g)-3)p+3)® (2221 0P+l

o]

(15-10.1)

R can be written as the sum of four integrals which can be performed with

Pierce 101, 114, and 119. The result is
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case () _py b py <1y

Q

1
_ -2 -2 T2
R = (aB + e + ar) j[ (1 + xas) (1 + xat) (1 + exar) ar (17-10.1)
o
/ 8 2&"r
With the notation p= A a.s&.t sy t = o and q = 5
t / G-
®
v % * % 4 1,-2 2, 14" %
R = ——=% (F +3 ) (P +t) QP *+3 ) dp (18-10.1)
[« 4
Using the partiel fractions identity
1 1 1
= +

2 2 2 2 2 2
(p+2) (ret)  (t-F) (reg) (5-F) (u+t)

- 2 + 2 (19-10.1)

> >
(t-5)(p+3) (-5 (a+t)

R can be written in terms of four integrals which can also be evaluated uéing

Pierce 101, 114, and 119. The result is: q
£ 1 <1 1> -1/2 1+ /- %
— == log

teiegal@ 2\ F 1- /-3
-2 (3-1)
FE e LN U TP
R S 1+ /1o gt
(2-4)



1+ 1~% /———"

log . l+ V1 - qt
- - 3 /

1 t l-qt

B ©-ba- -y DE -t - e
-3 P {(t -« )= - )
Case {vi): /Ds =/o't;, =Pr =1
[0 e]}
R=(a +a, +a) {1 + Aa )"2(‘1 + A& )"’2(1 + e )'l a (21-10-.1)
8 t T ] t r ®
(o]
PR a.s ar
Ifweset}x=k asat, t=-é:,andq=/;_;_wehave
' st
(0:0]
t + % +q l'ml
R = ————e + t = = a -10.
}; ) }1 + ) }1 + q) o (22-10.1)
q’ Y
o
Using Eq. {19-10.1) and Pierce 39 and 42 we have
t+x4q 1og<9-)-=1+:°- log(qt) - 1 + 3
R t t q - gt
= +
1.2 . 1.2 1.2
CIE TE T3 .=
LQ(t’ t) . \.b qlf <t q)
lcg ( ) ’
-2 At/ p —loglat) (23-10.1)
(t -3z -3 (6 -t -3)
7% T g’ ‘ T T g

Iet us next turn to cases in which one P = 00. There are seven such cases
in all; in only two can the ratic R be expressed in terms of tebulated functions.
In the remaining cases we must be content with an expansion which will, in

general, be a good representation when the radiative width 90 =) is small
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compared to the geometric mean of the other two (neutron) widths. This latter

requirement is usually fulfilled in practice.

Case (vii): Ps =Pt = % » P =@

@

- é - 2 _Xa
— 2 2. r )+ l)
R = (a.s + e+ ar) (1 + 2xas) 1+ 2xat) e a (24-10,
o
[ 1/ /2 %
Making the substitutions }1 =2\ jaa , p== - — /, and
st 2 a, ay
a,
q = , we can write s
.
- —5- - ..J."_ q}l ;
2 2 2 ¥
R=(p+3) / (i" +2pp+1) “e - dp (25-10.1)
o)

If we integrate twice by parts and add and subtract }1 + p to the integrand

of the resulting integral we obtain

4
2 o e,

BN} ; 1
-1 1-3a (54 '~’ 2 -5 u
R(p +%) = CEN g (}1+ p)[1- [1- —P—'% e 2 4y
- l1+p  p -1 ' (}1+p)

(26-10.1)
If we expand the square root in the integral in-the povers of -P—-;-—J-'E
(p + p)
and. integrate term-by-term we obtain the following series for R:
2 Pq
1 -1 1 -1 1l 2
R=[p+-2-qJ[(l+p) - GAQ+P) T+ (Fa) e

® g1 ' 2 ot
5 (len - 3{)s: E2n-l(;|2: pq) <P_P:2__) J (27-10.1)

n=1 (2n) ¢!
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where the E's are the En functions defined in connection with Eq. (23-10).
The double factorial notation was defined in paragraph (3-8). The convergence
of this series is good if q <<1 or p2 -1 << 1.

1
Case (viii): Ps =5 P =L p.=®

a0
-2 -Aa
= 2 -2 s 28-10.1)
R = (za.S +ag ¥ ar) (1 + 2).as) (1 + ).at) e an (28-10.
(o]
2a a
Ifweset}l2=l+2a)., t = [ 2 5 q=———r——, a.ndr2=t2-l, we can
s at 2a a
. s t
write
(0 0]
2, 2 : a - %Pz
R=to(t2 + 2+ qt) e 5 2" 55 . e (29-10.1)
(™ + %)
1
Now
(0 0]
2,2 2.2 K 2K
Ppm 4T = () (6 + 1) ey (20-10.1)
k=0 }1
Thus
Qo
R = t2(t2 +2+qt) x 5 (-)k (k + 1) oK Nk+3 (%) (31-10.1)
k=0

where N is defined in Eq. (49a-7). This series converges rapidly if r << 1,

but if r > 1 and q is small it does not. This defect can be remedied as
follows:

From Eq. (50-7) it follows that

. k ARE
@ - S ()P (2k - 2m-1'11 (2™ + (_)k+l(2a)k+l

(2x + 1):: (2k + 1)3¢

N’k+l No(a) (32-10.1)

m=0
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Inserting this series in Eq. (31-10.1) and interchanging the order of summation

one obtains

™ ™
R=t(t"+2+ qt>[5; (-)" %‘i)n S (Rl om)ii )X
n=o k=max(0, n-2) (2k + 5)1¢
© n+3 . A
- NO (“%) Z 2nn++51.|.1 r2n <§J') J (33"10.1)

n=0

The curly braces (k-series) can be summed in closed form for the various values

of n as follows: For n = 0, it follows from Eq. (30-10.1)

©
w - .
Kk +1 2k _ dp _ 1 3 .1 r )
5 (-) TS r = J[ 2( S 2)2 == (r-3 arctan r + 5 N %> (34-10.1)
Ko / pn +r r +r

Any of the other k-series may be generated from this relation by multiplying
by an appropriate power of r and integrating. E.g., the k series for n = 1

‘cen be obtained as follows:

(e 0] ok N i
LM o ”'5/“‘—2(1‘--3“6@#%% )

2k + 5)(2k + 1 r l+r
Ko ( ) )
5 o
1 L 341 -1
= - + tan “r . (35-10.1)
o’ ur' 4

This procedure is particularly useful when q 18 small end r is not, so that
only a few terms need be taken in the n-series, while many must be taken in

the k~series.

Case (ix): Ps =Py =L pr=o

®
R = ( ) (1 + )21 y2 o r 6
=(a  +a +a : + e + May e ax | (36-10.1)
o
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}a a
Substituting }1 = A l/aaa’t s t = a-s- , and q = z we have
t ,; a 8

B t

00
-2
R=(t + %’ +q) / ()1 + %’-) (}.1 + t)-2 e ¥ dpn (37-10.1)
)
If we make use of Eq. (19-10.1) and the equality

(e o}

| e~Px l-n &b

—_————dx = a e E_(ab) (38-10.1)
(x +a)° n

o

We can write the final i‘esult:

-

g .
1 q t _q.) qt
_ t+T+aq 2 Q) .1 at 2e El(t 2e El(qt)
R = —_— te” E +=e*E (qt) - (39-10.1)
3 2\t t 2 £ - 1 £ - 1
(t - 76) t t
Case (x}: =1 a @ =3
P Ps T2 Pt T ® Pr T3
o) 3 N 1
T2 My T2 40
R = (as + 8, + ar) (1 + 2xas) e (1 + 2xar) ax (40-10.1)
o
/ &y &y
Ifweset}.l=2k aa ,t= [— , and q = then
sr a
s a_a
r s
- _3 1l
_l..2 2 1, 2 2 '
R=35 (t“ + 1 + qt) / (p + t) (}1 +3 e dn (41-10.1)
o]
An integration by parte gives after some rearrangement
1
(o] 1 " . 1 2
R=2(t2 41+ qt) | —2— + —2 e ° 1 - L ay (42-10.1)
2 2 1
l-t t - E ).1 + t

o




Expending the root in powers of and using Eq. (38-10.1) one obtains

’.1+t

1, | | N
2 - 31): 1 -
=-33(t +1+qt)lft-qe Z( 3) (gqt)<°t29

(43-10.1)

Case (xi): Ps

#
[b] ]
)
ot
i
8
~
R
i
|_J

=(as+a

@
-2 -\g
2 -1 t
6t ar) / (1 + exas) (1 + xar) e ar - (4k-10.1)
(o]

N ' a &, o o
Setting}l=l+2asx,t= f,q=/___,r=2t-l,weca.nwrite
r a8

s r

- 21;/u
=2(1 + t2 4 . e°t / (45-10.1)
(/u + r7)
Now:
@ 2k
ARG - 5 G 2y (46-10.1)
k=0 roo
Hence:
=2(1+t2 4 qt) ): (- )k %y Mo (§E> (47-10.1)
k=0

Substituting Eq. (32-10.1) in Eq. (47-10.1) and interchanging the order of

summation we obtain

A ]
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17h
: ® n| *®
R=2(1+1t°+ qt) [2 (-)" (%) S (oyf 2k (2K + 1 - o)
n=0 k=max(0,n-1) (2 + 3):!
® 2n (g n+2
+ N () 2 r__&_)_ (48-10.1)
° \2t n=o (2n + 3) ¢

The k-series can be summed explicitly starting from the n = O k-series:

1 1
5> 5 ? (1 - = arctan r) (49-10.1)

1
Case (xii): Pg = 1, Py =% p.=3

00

-

]
_ -2 t
R = (as + a8, + ar) / (1 + xas) e (1 + exar) ar (50-10.1)

o

2 & 2y 2 2
If we Setl.l =l+2)«.ar, t = = s a= and r = 2t - 1, we have:
s a

sar
(o) _a 2
" 2 o 2l
R = Ut5(1 + t° + qt) -2—2—215 (51-10.1)
()u +r")
1
Since
2 22 o,k =
(B + £%)7° = 2L (-)F (x + 1) ST (52-10.1)
k=0 I A
QO
R = bt2(1 + t2 + gt) 0 (-)F(k + 1) 2% Mo ) (53-10.1)

k=0
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Substituting Eq. (32-10.1) in Eq. (53-10.1) and interchanging the order

of summation we obtain

) ®
R=ht2(t% + 1+ qt)[.zz (-)° (%)n 2 (-)%(k + 1) 26 (Be+1 - 2n)2e
n=o0 k=max(0,n-1) (2k + 3)1:
o on n+2
(n+ 1)r !
* o (%@ z 22 @ (54-10.1)
n=o (en + 3)12

The k-series can be summed explicitly starting from the n = 0 k-series

k=0 2 + 3 er l+r

a
@ 2k
1

Case (xiii): Ps = Lpo=®@, p. =1

@
-2 My -1
R = (as +ag ¥ ar) (1 + xas) e (1 + xar) Y (56-10.1)
o
a's a't
Ifwesetp:k/aa,t: — , and q = R becomes
s r / 8 [
.o r 88y
fo o)
t2 +qt +1 -2
1 -1 -qu
=" L2 - -10.
R " (}1 + 1_‘) (}1 +t) " e dp (57-10.1)
o
Using the partial fractions expansion
1 = 1 1 + = (58-10.1)

PP+ ErPEaD? @-D%pad) (22200
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and Eq. (38-10.1) we can write finally

2 t
R < [tE + gt + f] [e% £, (S) _ e’ Ei(q/t) . e? El(qt)J

. 5 5 (59-10.1)

t -1 t -1




CHAPTER 11. AN ANALYSIS OF NEUTRON REACTIONS IN (P2
1. In the previous chapter a formalism was developed permitting rapid
calculation of the effect of fluctuations in the widths on reaction cross
sections. With this preparation we can attempt the calculation of average
reaction cross sections. The rationale which will be adopted in this ¢hapter
is to attempt to deduce the strength functions for the various partial waves
from experimental data. As we shall see for U258 some rough theoretical con-
siderations together with the low energy resonance data serve to determine
»the s- and d-wave strength functions. The available reaction date can then
be used to determine the p- and f-wave strength functions. As it happens,
there are enough reaction data to overdetermine the p-wave strength function,
so that agreement emong the individual determinations gives the theory a
measure of absolute significance.
In order to carry out an analysis of the data it is necessary to know
'the spins and parities of any states excited in the reaction. A 2+ state
has been observed(HS4,D55b) at 44 kev, and states have been observed (A57,C57b)
at 146 and 306 kev. From the energy ratios it has been concluded that the
latter states are the 4+ and 6+ members of the ground state rotational band.
States have also been observed at 700 kev and above((57a,B56) but no informa-
tion is available concerning tﬁeir spins and parities. For this reason only
reactions which occur with bombarding energies between O and 0.5 Mev will be
considered.
5. A number of further assumptions have been made which limit
the number of unknown quantities involved in the analysis. These afe:'
(1) Py is taken constant in energy, and independent of Jx. It has
been chosen equal to 24 mv. At the time these calculations were
carried out this value was believed to be best; it agrees quite
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wall with the value of 25 mv used in Chapter 9, the difference
being well within experimental error.
D, is taken proportional to (20 + 1)'l with an energy dependence

given by Lang and LeCouteur (L56). With this assumption

(27 + 1)Dth
D= AGER is the level spacing observed with 12- 0 neu-

trons. It is taken as 18 ev at zero bombarding energy.

The ratio §£ = <}§ﬂsg>>/DJﬁ, the strength function, isitaken
independent of qn and s. We have chosen So = 0.036 whicp.is
consistent with choosingf1; =2.5mv, D = 18 ev, and a nuclear
radius of about 9f. The assumption of Jr ,and s independence
deserves some further comment. A model for calculating the
dependence of S on Jns and has been}suggested by Wigner, Lane,
and Thomas (I55). On their view, the interaction of the neutron
with the nucleus can be described in terms of an average potential,
a point of view adopted by other workers (F5':) on less fundamental
grounds than those 6f (155). The single particle levels of the
average potential then "share" their reduced neutron width with
nearby levels of the actual compound nucleus. The energy interval
over which this sharing is considered appreciable is taken to be'
somewhat leés than the separation of the single particle levels,
giving rise to the now well kﬁown "giant resonance" phenomena. If
the average potential is a spherically symmetric one with no spin
dependent terms then §R is independent of Jn and s, and depends
only on,f° [It is worth noting at this point that then the

BL(a,a') take exactly the same form in either the Ij or sl
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representations (see Chapter 12). 1In this chapter we shall use

the more familiar chennel spin (sﬁ) representation.] It has been .
suggested, however, that the average potential does contain a

spin-orbit coupling term, and the effect this will have on the

following analysis is discussed in Chapter 12,

(iv) The fourth and last assumption is that S and that both

o = S
these quantities are constant in the energy range 0 to 0.5 Mev.
This assumption is based on the following qualitative considerations:
If one examines a plot of So (at zero bombarding energy) vs A (see, for
exemple reference 236) one notices that mass number 238 is situated at
a minimum. Now, if the range and depth (only the product VR2 is important
here) of the average potential are teken to be smoothly varying functions of
mass number, then the single particle levels will move smoothly past zero
bombarding energy, E, intc the well as VR2 increases. Minimum So in this
simple picture corresponds to s-wave single particle levels roughly symmetrically
placed around E = 0, so as to insure that dso/dE vanishes at E = 0. For, if
the range and depth of the well parameters are smooth functions of mass

das das .
number —2OC —2 = 0. 1In such a case, if the width of the single particle

dE dA
levels is much larger than 0.5 Mev, So will not vary much in the first 0.5 Mev.
The absorpticn width of the sihgle particle levels is of thé order of twice
the imaginary part of the potential in the complex potential model (which
is formally identical with that of 155 ); for the potential suggested
by Weisskapf (W56b) this is about 7.0 Mev.

Near each s-wave level lies & d-wave level with a very similar wave

function. Iet us first consider a square well, and let us define the position
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of a level by the vanishing of the logarithmic derivative of the radial wave

function. [The radial wave function, u is defined by F'= ﬁﬁgﬂ& ﬁﬁm(a,gﬂ)°

This boundary condition corresponds to a level shift?unyards of x{, the orbital
P

momentum quantum number, times the single particle reduced wiqth of the level,

st zero bombarding energy;] As is shown in Appendix (1-11), the s-d splitting

is then given by

(1-11)

‘whereag is approximately the energy of either level measured from the bottom of
the well; and x = R/k, the ratio of the well radius to the inside reduced
neutron width. Equation (1-11) is based on the assumption that x =>’,£p which
is true for the virtual levels we are considering. For a well about 4O Mev
deep, and 9 f in radius, Eq. (1-11) gives a splitting of about lQS‘Mevg at
zero bombarding energy. This difference corresponds to about a 2% difference
in wave length.

One can argue that if the edge of the well is tapered the splitting
calculated with Eq. (1-11) will not change much, i.e., the_s- and d-levels
will travel together. This is because after several oscillations the wave
functione have roughly the seme sghape, they have the same phase at the nuclear
surface, and very nearly the same wave length. Only when the perturbation
extends into the region where the action of the centrifugal potential is
important will the splitting be altered. By an extension of the foregoing
argument it may be expected that the contribution of these levels to their
respective strength functions will be nearly the same, since the latter

quantity depends only on the value of the wave function on the nuclear
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surface. Hence we expect that S, = So and that both quantities are fairly

2
constant in the first 0.5 Mev of neutron energy.
It is possible to verify these conjJectures by exact calculation in the

case of a complex square well. Results of such a calculation are given in
Table (1-11). Xo is the ratio of the nuclear radius to the inside wave

Table (1-11). s- and d-Strength Functions for a Complex Square Well

E = 10 kev E = 500 kev
Xo “r So SE So SE
11.65 0.03 0.01237 0.01017 0.009338  0.007733
11.95 0.03 0.007167 0.006320 0.006070 0.005434
12.25 0.03 0.005287 0.004902 0.004794  0.004609
12.55 0.03 0.004695 0.004563 0.004470  0.,004642
12.85 0.03 0.004965 0.005093 0.004927  0.005608

length at zero bombarding energy, and Y is the ratio of the imaginary and real
parts of the potential. When Xo = 12.55, which roughly corresponds to a

minimum in So as a function of Xo’ So and S, appear constant and equal within

2

some 5% or less. Changing XO from this value by +0.30, which corresponds

to about a +2 Mev change in the well depth and level positions for uranium,

keeps the constancy of So and S, within about 13% or less.

2

5. A considerable amount of data has been reported for inelastic scat-
38 (H552, H57a, A57, C57b,
tering and radiative capture in U2 below 0.5 Mev . R55,B56,N56b). Enough

data is avalilable on inelastic scattering to draw a continuous curve from
150 kev to about 2 Mev. Unfortunately, most of these data suffer from a

systematic defect, viz.: only partial resolution of elastic neutrons and
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neutrons scattered from the U4 kev state. Perhaps the easiest way to see
this is to compare the time~of-flight measurements (C573 at 550 kev with
measurements made by other techniques at the same energy. The time-of-flight
measurements clearly resolve the bl kev level, as can be seen by inspection of
the reported time spectra, and give a total non-elastic cross section of
1800 mb. On the other hand, the work of Allen (A57) and Batchelor (B56), both
of which were done by sphere transmission and proportional counting, fail to
resolve the 4li-kev level as can be seen from an inspection of the reported
pulse-height spectra. Both these experiments give a non-elastic cross section
of about 800 mb, which is significantly lower than the time-of-flight'valueo
Allen discusses the effects of this imperfect resolution on his experiments and
concludes that his values for the excitation cross section of the Lli-kev
state, ¢ (2+), by 150 kev neutrons and for the excitation cross section of the
146 kev state, o (4+), by 250 kev and 500 kev neutrons are probably correct.
However, comparison of his value for o” (4+) at 500 kev, viz., 490 + 250 mb,
and at 250 kev, viz., 290 + 159 mb, with the time-of-flight value at 550 kev,
viz., 290 + 60 mb, indicates that Allen's values of o (4+) are probably too
high. Since these values were obtained by a rather uncertain "unpeeling"
technique we are inclined to the opinion that a%systematic error is present in
the analysis favoring too high values for ¢ (4+). No such possibility of
error arises in the case of the 150 kev data, where only the Uh-kev state is
excited; according to Allen inelastic neutrons ought to be separable from
elastic neutrons at this bombarding energy.

4, TLet us consider the available data at 550 kev, summarized in

Table (2-11). In this table B(2+) is the coefficient of the cos~6 term
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Table (2-11). Experimental Values of Cross Sections for E = 550 kev

Quantity Measurement Reference
o (2+) 1430 + 200 mb C5Tb
o (4+) 290 + 60 mb C5To
B (2+) -0.45 + 0.10 C5Tb
o(n,7) 135 + 15 mb B56, H>5a

in the angular distribution, 1 + Bcosee, of the neutrons inelastically scat-
tered from the 2+ state. It has been determined experimentally that the
coefficients of higher powers of cosf and zero. Only one value of o(n,7y) is
given, and it represents an average of several excellently agreeing data
reported in the corresponding reference.

According to Eq. (9-2), (10-2), (6-2) and (8-2), if we only consider s-,

p-, d-, and f-wavze, we can write -

4 1
5(2+) _ / To(2T2) T (T + T )
- 1
nxe <\T + 2T, + T T + T + T + T + T
o) 2 l 3

1 1.
5 * 2
] 1 ‘
T (T + er, ) Tl(2T + 2T.)
. 3
+ 2 - 7 7 o
T2 + T + 2T + T + 2T Tl + 2Tl + 2T3 + 2T3 + 2T7 X
5 -
III (Tl l) ( ] l)
+ 2T T (2T, + 2T
2'70 e 1
+ 5 1 ] [ + 5 31 1 5 [ "
T2 + To + 2T2 + 2T2 + 3T7 5 T5 + 2Tl + 2T5 + Tl + 2T5 + 5T7 A
3t 2
] 1
T (T + 2T ) .
+ 4 0 (2a-11)

T, + T + 2T + 2T. + 2T + 47
3 1 3 1 3 v/,

NS BN
1
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' T.T T.T
L+ 1 22
6(2 ) = ¥ 2 U T + 2 T 1 "
X T1+T1+T3+T}+T71 T2+To+2T2+T2+2T7}
2 - 27
(2r,,) | (2r,)
T. (2T ’ T.(2T
1 2772 .
+ 2 — 2 - T + 3 - - T X
Tl + 2Tl + 2T’5 + 2T5 + 2T7 5 T2 + To + 2T2 + 2T2 + 5T7 5
2" 37t
1" " " "
T,.(T. + 27.) (2T, + 27,)
1 1
+3 ? 3 2 ™ 0 + L : 13 1 511 T L
+ 2T, + 2T, « T. + 2T, + 3T T, +T. + 2T, + 2 2T, + 4T
Iy + el + 2T+ Ty + 215 /s 3% T+ 2T+ 2T + 2T, v
2" 27
(2b-11)
&(ny) TOT7 TlT7
P = T + T3 W
nx T0 + 2T2 + T7 , Tl +»-Tl + T5 + Tj + T7 3
3+ 2~
'T2(2T ) / Tl(ET )
+ 2 ? A 1 " +2 [] 7" [
T2 + To + 2T2 + T2 + 2T7 5 Tl + 2Tl + 2T5 + 2T3 + 2T7 g _
3t -
T (3T ) ‘ T,(3T_) )
2
+ 3 T 7v T + 5 ? A ] 1} T
T2 + To + 2T2 + 2T2 + 3T7 2 . T5 + 2Tl + 2T5 + Tl f 2T5 + 5T7 s
: 2 2 -
T_(4T ) '
+ 4 27 . (2¢-11)

T
T, + T. + 2T +2T1+2T

3 1 3 + 1+T7

3

-3

The notation is as follows:

2
Vgap
T = bx-gp "gﬂ = bxogpg .8 (5"11)
L - 8. DJﬂ 3% /2
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We have omitted the subscript s on the reduced width, since we are specifically
assuming it independent of the channel spin. !k of course is independent of
Jx, and is the penetrability factor of Hauser and Feshbach (H52). An unprimed
T refers .to the entrance channel (Ix ;_Q+), a singly primed T refers to the
exit channel in which the Yli-kev staﬁé is ex¢ited (Inx = 2+), and a doubly
primed T refers to an exit channel in which the 146-kev state is excited
(Ix = 4+). Excitation of higher states in the ground state rotational band
has been ignored because of the high angular momentum changes involved.
Finally

2x (23 + 1)p,_

= 4 = -
T‘)’ = D where D m)-— ()-I- ll)

In accordance with the level density law of Lang and LeCouteur (754) D has

been tasken to be 7.2 ev at 550 kev. The subscripts at the lower right of
each term give the spin and parity of the associated compound state. The
brackets denote averages with respect to the distribution of wjdths. For
the purposes of this averaging each T has as meny degrees of freedom as the
coefficient which multiplies it (€ = 0,1,2), except T7 which always has v = oo,
Equations (2a, b, c-11) possess a very useful property which arises from
the fact that all the states excited in the reactions we are considering have
the same parity. The orbital angular momenta involved in the formetion and
decay of a given compound state must always have the same parity. Hence some
terms in Eqs. (2-11) only involve s- and d-waves, while others only involve
P- and f-waves. Thus if a fixed ratio is assumed between the p- and f-wave

strength functions, and if the radiative width is a small part of the total
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. width, Egs. (2a-11) and (2b-11) can be written as linear functions of the

p-wave strength function,* viz.:

¥ 1 11
o= c;ven + o:Ddd ;¥ (5" )
1

Here Géven is the contribution to the cross section from the even parity

*
terms calculated for So = 82 = 0.0358, and c; a is the contribution from the

d

*
odd parity terms for a value of the p-wave strength function equal to Sl .

This linear relation allows rapid solution for the values of S required to

1
fit the experimental values of o(2+) and o(4+). If the ratio of p- to f-

. wave strength function has been chosen properly the two values of Sl determined
from o(2+) and 6(4+) will be identical. Furthermore, by similar reasoning,

: o(n, ) should be nearly independent of the p-wave strength function, except
for very small values which make T7 an appreciable part of the total width

in the odd parity terms.
S

If we choose the ratio §2 = 3 and SI = 8, we obtain from Egs. (2-11)
1
the results
o(2+) = 570 + 760 (sl/so) il (6a-11)
6(4+) = 88 + 180 (sl/so) mb (6b-11)
o{ny) = 140 mb (6c-11)

The linear law for o(2+) and 6(4+), and the constancy of o(ny) ought to hold

quite accurately since T7 is never more than sbout 5% of the total denominator
- S

in any of the terms in Egs. (2-11). Choosing §£ = 1,13, gives o(2+) = 1430 mb,
o
- *This linear relation has been checked by direct calculation; these results are

reported below.
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o(4+) = 291 mb in excellent agreement with experiment. Hence, the initial

]
choice §2 = 3 was correct. Finally, the value of 6(ny) is in excellent agree- )
1
ment with experiment.
Sl 8
It may be asked with what precision the values of oF and 33— are
1 1

determined by the above procedure? This question can be answered roughly as
follows: As it happens the f-wave contribution to the total width in the oda
parity terms of Eq. (2-11) is about 5 to 8% of the total. Hence, Egs. (6a-11)

and (6b-11) can be written

S, T s s.\2
s(2+) = 570 + 5 520 + 210 —5-811 + 26 (%—) (7a-11)
o s, [ [sg ‘
o(4+) = 88 + % 170 3’8—- + 13 (To-11)

The first term in the bracket in Eq. (7a-1l) represents events in which a

S
p-wave neutron is incident and excident; the terms linear in’(?ﬁf) represent
1
events in which a p- (f-) wave neutron is incident and f- (p-) wave neutron
S_
5 )

is excident; the terms quadratic 111( ) represent events in which an f-wave

38
neutron is incident and excident. Plotted in Fig. (1-11) are four curves

defined by Egs. (7-11) and obtained by setting o(2+) and o(4+) equal to the
reported value + the reported experimental error. Any point inside the area

defined by these curves will give value of o(2+) and 6(4+) within the reported
s S

errors. The cross marks the most probable values of Ei and 35
0 1

reported errors are stated to be 50% larger than the standard deviation of

. Since the

the measurements (C57b), the probability of any point lying inside the area

is about 75%. The vertices are rather improbable; indeed, the probability
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of lying outside both sets of lines is only about 2%. A rough estimate of
S

the precision in the determination of g— and —2— is ~ 30%.
0

5. The importance of correctly taking the fluctuations in the widths
into account can be seen by analyzing the results analogous to Eqs. (7-11)

in the case of no fluctuations, viz:

Sl S3 S3 2
o(2+) = 850 + 5 |900 + 245 3§- + 20 BS (8a-11)
0
2
] ] ]
§(h+) = 87 + = [190 (;g‘> + 10 <3§— J (8b-11)
O 1
] Sl
3%‘ = 2.70, 5 - 0.34 is a solution to these equations; as one can readily
1 0 ] ]
see it is much different from the correct solution. For sg— Sl = 1 for
0

which Egs. (6-11), (7-11), and (8-11) are exact, c(2+) and c(h+) equal 1330 mb

and 270 mb, respectively, with fluctuations and 2020 mb and 290 mb, respective-

ly, without fluctuations. o{ny) in these two cases is 140 mb with fluctuations

and 130 mb without. |
o(4+) and o(n,y) are not strongly affected by the fluctuations in the

neutron widths, although the individual terms in Eqs. (2-11) are. In 6(4+)

and 6{ny) a substantial portion of the cross section comes from terms in which

a competing width greatly exceeds the sum of the entrance and exit widths.

As pointed out in paragraph (5-11) such terms may be enhanced by the effect

of fluctuations. The remaining terms are decreased by the fluctuations, and

quite fortiutously, a near cancellation occurs. The case is otherwise:with

o(2+) where the net effect of fluctuations is to deérease the cross section

by about 40%.
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6. According to Egs. (9-2) (10-2), (6-2), and (8-2), if we only

congider 8-, p-, d=, and f-waves, we can write

T
4B (2+) = «2.857 -2,400
T + 2T + T + 2T T + 2T + 2T5 + 2T3 + 2T

27

?
T_T
-0.6857 21
= ET + 2T + T + 2T + 5T

\N

b) 3

T
+3.543 1 B—
T + 2T + 2T5 + T + 2T5 + 5T

+5.71L 5 l
T + T + 2T5 + 2T + 2T5 + hT

r\)l\.n
1

ot~

mFQ\\\V///

(9-11)

T ‘I"B
+8.254 I BE——
T + T + 2’"3 + 2Tl + 2T5 + 1+T7

N

The notation is the same as before. The Z-coefficients were obtained from
S

L *
the tables of L. C. Biedenharn (522}, Again choosing gé = 3 end 5, = 8,
1
we have
. 5, 5 5.\
ok 7B (24) = - 40 - == [120 - 57 [=2—) - 10 {===) | mb (10-11)
> 5 35 35

It follows from Egs. (10-11) and {9-2) that

3
2
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3R 132(2+) 2«9;2132(2+) ’
B(a+) =3T3 R= B_(2+) © T o(2+) (1-1)
s s )
Choosing gl- = 1.13 and 3135— = 1, B(2+) = - 0.10 which is too low by & factor
0 1
of about 4.5, and differs from the experimental value by more than 3 times
S
the quoted error (4.5 standard deviations). Reasonable changes in §l and
] 0

3%‘ cause very little change in the calculated value of B(2+). This dis-
1
crepancy will be discussed in some detail later.

7. Table (3-11) summarizes the available data at 150 kev. If we again

Table (3-11). Experimental Values of Cross Sections at 150 kev

Cross Section Measurement Reference

o{ny) 160 + 8 mb B56
200% mb H55a
240%* mb N56b

o(2+) 440 + 200 mb A5T7

#Graphical interpolation.

choose ;g— = 1 and S; = SO and choose D = 13.9 ev in accordance with reference
L5k we obiain
6(2+) = 190 + 450 (_ss_;) (12a-11)
S(ny) = 180 mdb (12b-11)
]
For this case the linear dependence of 6(2+) on §l has been checked by direct )
calculation. For ;gz = 1 and SI = BSO we obtain g(2+) = 1760 mb directly, ]

and 1660 from Eq. (12a-11), a difference of only 6%. For 6{ny) we obtain
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205 mb directly, verifying the rough constancy of the radiative cross

section. 8ince the linear law holds fairly accurately over such a large

S
range of El (a factor of 3) it should be much more sccurate for smaller
08
changes in 3 - Moreover, it should hold more accurately at higher energies,

0
where the radiative width is a smeller fraction of the total width. For

S
§l = 1.13, 6(2+) is given by Eq. (12a-11) as 74O mb, which is somewhat larger
0

than the datum in Table (3-11). In view of the strong possibility that the

datum in Table (3-11) is an underestimate we are not inclined to look upon
this discrepancy as serious.
8. The insensitivity of the radiative capture cross section above the

S

inelastic threshold to the wvalue of Ei mekes it useless for a determinstion
0

of this ratio. However, it can be used to check some of the assumptions
used in the calculations. For example, if DJn is chosen to be independent
of J rather than proportional to (2J + l)ml, the inelastic cross sections

remain the same, but the radiative cross section will fall. At 150 kev
S

(with ;gz = gi =1 ) this fall is about 45% from 180 mb to 125 mb, sub-
stentially worsening agreement. Again if the decrease of about 30% in the
level spacing predicted by ﬂéng and LeCouteur (LSM) in going from zero
bombarding energy to 150 kev is not permitted, the inelastic cross section
remains unchanged, but the radiative cross section falls by about 30% to

140 mb, At 550 kev the decrease is by more than a factor of 2. This
necessity for using the level density law of Lang and LeCouteur to calculate

the radiative cross section correctly has been carefully pointed out by

lane and Lynn {L57).
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Below the inelastic threshold, the radiative width becomes a substantial
portion of the total width in the odd parity terms, and the radiative capture
cross section is no.longer independent of the ratiO'gi « Hence, the radiative
capture cross section can be used to determiye Sl° Plotted in Fig. (2-11)
are some experimental points of Néwsog~@5éb)together with the 95% confidence
limits of error-(gee Appendix 2-11). Also included in the figure are several
curves calculated with Eq. (2c-11). Below 4k kev, of course, all singly and
doubly primed T's vanish. In addition, f-wave contributions are to the total

widths are extremely small, and have been neglected. The points above 10 kev

S
agree quite well with the curve for El = 1.35, although any curve for which
S 0]
gi is between 1 and 2 is probably consistent with the data. The radiative
0]

capture cross section at 25 kev has been measured independently by Macklin,
Lazar, and Lyon (M57) who obtain a value of6i0+61 mb, in good agreement. with

]

Newson. Their single determination gives §; = 1.6 + 0.5. Agreement of the
0

calculated curves for which 8,2 5, with the data points below 10 kev is not
too bad except at 6 kev. Whether the apparent point of inflection in the
range 6-9 kev is real or not has already been the subject of considerable
discussion. Newson has suggested that the inflection is due to the appearance
of a rapidly rising p-wave contribution, but the smooth behavior of the
calculated curves seem to contradict this hypothesis.

Cameron (cs?b)has suggested a way of fitting the radiative cross section
below 200 kev by allowing a dependence of the radiative width on the neutron
orbital angular momentum. In particular, for p-waves he recommends

]"7 = 80 mv. Plotted in Fig. (3-11) are several curves calculated with this
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= ok -2
’a = 2k mv). The curve for Sl =3 SO fits the data

very well, except perhaps at 6 kev. Cameron's assumptions unfortunately have

assumption (and qu =T

another important snd disadvantageous consequence. To illustrate;, let us
consider radiative capture at 150 kev, where the f-wave contribution to &(my)
will be small, With Camercm's assumption the s- and p-wave contributions to
&(ny) are already ahout 27C mb whick is comparable with the experimental
value. The additional d-wave contribution, calculated assuming P7 for
d-waves is 2k mv, is about 50 mb, making the total about 320 mv. This is
considerably larger than the experimental value. At 550 kev, a similar
situation occurs, where the sum of the s- and p-wave contributions is 150 mb,
whick is again ccmparable with experiment. The estimated d- and f-wave
contributions (assuming Pyd = ny = 24k mv) raise this about 230 mb, which
'is much larger thar the experimental value. Only if radiative capture of
d- end f-wave neutrons nearly vanishes are Cameron'’s assumptions tenable.

9. By way of summary, then, it appears that the ratio gi ; 1.1 at 550 kev,
and perkaps slightly higher {~ 1.4) at ~ 10 kev. The ratio 3§—fv i at 550
kev. These cheoices appear to satisfactorily explain all of the tital reaction
cross section data within the limits of experimental uncertainty. With re-
gard to the single datum coucerning the angular distribution of neutrons
inelastically scattered from the bi-kev state, the agreement of theory and
experiment is poor. It has been suggested by Chase and Wilets (C57c) that an
improvement might be exbected if a significant portion of the excitation of
the 4h-kev state occurred by direct interaction with the non-sphericel surface

of the uranium nucleus. Calculations by these authors using a spheroidal

variant of a typical optical model potential indicated sbout a 100 mb direct
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excitation cross section for 550 kev neutrons. As a further check on this
point & rough calculation was performed by the present author with the
perturbation theory of Brink (BS5a&). The nucleus was assumed black with

a radius of 9 b and a depth normalized to the measured s-wave strength function.
This choice at least insures that the s-, P-, and d-wave strength functions
are roughly the same as we have previously found, and that the s-wave
potential scattering length is nearly equal to the experimental value found
by Seth (SS5€¢). With these parameters Brink's theory gives a cross section
for direct excitation of the 4lii-kev state for 550 kev neutrons of 100 mb.
If this direct cross section is assumed to have & Ba-coefficient of -1,
which is the maximum possible if no higher Legendre components are present
(as appears experimentally to be the case), then B(2+) is increased in
magnitude to about -0.20 which is still much too low. Indeed, the direct
excitation cross section would have to be nearly 400 mb and as anisotropic
as allowable to account for the observed anisotropy in the total Lh-kev
excitation cross section. Finally, Cranberg (C57a)has stated that.the
results of successive runs on the accelerator used in the time-of-flight
work did not repeat within the statistical uncertainties, and further that
the conditions which gave the best data were only achieved once. In light
of these remarks we are inclined not to attach too much significance to the

discrepancy in predicted and measured B(2+) at 550 kev.
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Appendix (1-11). Virtual Levels of a Square Well

The virtual levels of & square well are defined by the condition
f, = 0, where
" ,
xqz
£, =1+ —— (1-11.1)
2 37
and where Jﬂ are the spherical Bessel functions and the primes denote dif-
ferentiation with respect to x, the channel radius in units of the inside
reduced wave length. Now it has been shown by Feshbach, Porter, and Weisskopf

(F5%) to follow easily from the recurrence relations for the j L that

= —= . (2-11.1)

Furthermore, if we differentiate Eq. (1-11.1) with respect to x and then
use Eq. (1-11.1) and the second order differential equation for the ,12 to

eliminate the second derivatives we can write

af, (£+l-f:g)(2+f:e)-x2
= (3-11.1)
X
Now by two applications of Eq. (2-11.1) we can write
x2
£ 41 = ; ¥ - (2+1) (4-11.1)
24+ 1 -
/2 - f:e_l
Thus if x}_l(x_) = 0,
2
x- Iy
f:f'f'l(x-) = x2 - (/&+ l) (5-11'1)
2f +1 - Z:
Suppose f;e+l(x+) =0, If X_ =% is small we can write
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£pa(x) = (x -x) 5= (6-11.1)

It then follows from Egqs. (6-11.1), (5-11.1), and (3-11.1), after rearrange-

ment, that
% X2 - f(4+ 1) (111.1)
—_— =2y + 1 7-11-1
x, [xf - L+ 1)L+ 2)] [xf -9 (22 + 1)]
When x >>_/ , Eq. (7-11.1) reduces to
%‘- = 22; 1 (8-11,1)

Clearly Eq. (7-11.1) is only valid when the left hand side is << 1, for which
the condition is x >>_{ .

The reduced neutron widths, 72, of these levels can now easily be found.
According to the method of 'Terturbation of boundary conditions" described

in the book of Blatt and Weisskopf (B52a)

/. -1
of
2
7 - -(J_) (9-11.1)
OE
evaluated at the point at which fp = 0. But from Eq. (3-11.1) it follows that
of of, 2
<_l - _':.> E) UL+ - x (10-11.1)
3E e, <0 ox £, <0 dE £, <0 2(E + V)

where V is the depth of the well. Then

72 __2(E+V)
Lo q+)

(11-11.1)
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If the potential well has a small imaginary part, the virtual levels also

have an absorption width given by

wl = -2 (Imfl) (1é-11.1)

2
£y =0 /3

where 7’? is the reduced neutron width (which is still calculated for the real
well as described sbove), and Imfz is the imaginary part of :EZ evaluated at
the point where ff = 0 for the real part of the potential. If

X =X +ixI, and 1f x_ <<« X

R I R
ff (xR + ixI,) = :f"z (xR) + ifolﬂ(xR) (13a-11.1)
L +1) -5
= ixg e (13b-11.1)
*R

since fﬂ (xR) = 0. If ¥ is the ratio of the real to imaginary part of the

square well, xI/xR =1/2 T ir )’<< land V >> E. In such a case

W =2¢E + V)22 23V (14-11.1)
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Appendix (2-11). Estimation of Statistical Errors for Newson's Data

Newson's reported data does not include any error estimate, but it is
possible to obtain one since at some energies the Ij§sults of two independent
determinations are given. If we assume that individual cross section
determinations are normally distributed with mean m, and variance &, then
we may ask the following question: If we choose n independent determinations
with mean M and variance S, what is the probability that 'm - M, Z kS? This |
question is answered by a theorem of statistics (C56a)which states that M
is normally distributed with mean m and variance 07' fI-l- , and that the random

variable n32/0‘2 is distributed in a chi-squared distribution of mn - 1 degrees

m-M
3

with zero mean and unit variance. The probability that I m - M/ Z kS is the

of freedom. For n = 2, the variable Y= /5_ is normally distributed

probability that /I [zk /E -3, ( which equals Erfe [k /é— -3—_] averaged

over the o-distribution. Since the square of the variable S/2 _ T is

e

distributed in a chi-squared distribution of one degree of freedom, we

can write
7 S -
P(,m - M]zks) = Erfc(k‘r)(2m'2) 2 2 d(1'2) (1-11.2)
U
o]
Now
o0
2 1,2 _
ETL—E=-‘/—_—2' e-(k+57d(72)--‘/—5 1 (2-11.2)
dk 7 T 2 1 *
k +-2-
[o]
and

P(0) =1 _ (3-11.2)
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Thus
00
P = constent x _EQZ__ (b=11.2)
y +1
k2
The integral is elementary; combining Eqs. (4-11.2) and (3-11.2) we obtain
P(lm - MIE kS) =§ [% - arctm(kfe— )J (5a-11.2)
- % arccot (k/2 ) (5b-11.2)

Some numerical values are given in Table (1-11.2) below. The distribution
has a very slowly venishing tail; very unlike the normal distribution in

which nearly all the area is concentrated with three variances of the mean.

Table (1-11.2)

k 0 1/2 1 3/2 2 5/2 3 5 10

P('m - Mlzrks) 1 0.61 0.40 0.28 0.22 0.18 0.15 0.09 ooou5




CHAPTER 12. ANALYSIS OF NEUTRON REACTIONS IN 0258 (continued)

1. It is the purpose of this chapter to analyze the effect of spin-
orbit forces in the optical potential on the conclusions of the last chapter.
We shall carry this program out in the following steps:

(i) First, we shall derive the connection between the strength
functions of the actual nucleus and the parameters of the
levels of the optical potential.

(i1) Using the strength functions deduced from experiment in the
last chapter we shall then determine the positions of the
single particle levels using the results of (i).

(1i1) Thirdly, we shall estimate the level splitting induced by the
spin-orbit part of the optical potential.

(iv) Then we shall use these 8plit levels to obtain the strength
functions in the presence of spin-orbit coupling.

(v) PFinally, we shall examine the changes which result in the
calculated cross sections.

2. According to Feshbach, Porter, and Weisskopf the optical potential
is so chosen that the diagonal elements of its scattering matrix, nodfyodf’
are equal to the averages over many resonances of the diagonal elements of
the actual scattering matrix, <S§3‘b aj 2> . This stipulation implies as
it is intended to that the total cross sections in the various channels
of the actual nucleus averaged over many resonances are correctly given
by the optical model. This can easily be seen by slightly generalizing
the procedure outlined by Feshbach, Porter, and Weisskopf in connection
with Eq. (2.7) of their paper (F54) to Eq. (4.7) of reference (BS52) in the
IJ representation [see Eq. (11-2)]. Let us first consider the case of target

spin zero (I =0, J = j).

200
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The average of Sggl aif can be obtained from Bq. (7-2) using the relation
1} &7
+00
dx
g =i €50 (1-12)
-00

It is

<Sg§z »’aJ‘9> i eEiﬁafG ) ﬂ—g{?ﬁ ” v (12

It then follows from Eq. (2-12) that

= E,:_<_F&1L>_<L .. X _<_P.aj_ﬂ_>_) (3-12)
DJﬂ 2 _ DJn

i 2
- , "aJLaJ,(',
At fairly low energies, where the resonances are well separated, the second
quantity in the parenthesis is usually quite small compared to unity. Even
x <N 42
2 DJn

never exceed about 0.15. In view of the comparatively large uncertainties

at 0.5 Mev, in the calculations described in the last chapter,

in the strength functions calculated in the last chapter;, we feel nothing is
lost by setting the parenthesis equal to unity in Eq. (4-12). Finally, the
scattering matrix for the optical model is also given, in the vicinity of
a single particle level, by Eq. (7-2)0* If we identify the parameters of

the single particle levels by dots above them, then it follows that

*Since the optical scattering matrix is not unitary, the usual derivation
of Eq. (7-2) is not applicable. The result can be obtained using the
channel elimination procedure of Teichmann and Wigner [cfo R. G. Thomas,
Phys. Rev. 97 22k (1955)] , or more simply, by the method of "perturbation
of boundary conditions" of Blatt and Weisskopf (B52a).
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ex <Faal> . r a.uft - aJY_«) (4-12)
Prx (E - éo)z + (%)2

The resonance energy BB contains the so-called level shift, and can be written

o o 02
where A'2 is defined in Eq. (18-2), and Eﬂ 3 is the formal resonance energy,
defined by the vanishing of the logarithmic derivative of the radial wave

function on the nuclear surface. Combining Eg. (4-12) and (3-12) we can

write

°2
14 r-r_.p
=5, =2 oy - (6-12)
2n . 5 )2 m 2
- + —
where S is the strength function in the channel og[, assumed independent of

ajf

J and x. Equation (6-12) has been arrived at assuming the target spin, I, is

zero. If this is not so and the equality of "auz ) and <:sggp GJ}>>must be

replaced by

J+I
_ 2J + 1 Jn _
Tagg,0if " Jij_ll (27 + (2T + 1) SO!JLO!J!) (7-12)
Jr
If we assume that SGJ[ is independent of Jx, then so is sb@l,ogﬂ;>° The

summation then gives unity, and the final result is again Eq. (6-12). [The

correct many level generalization of Eq. (6-12) is

Al

Im £
agg - (8-12)
(Re faLj - Ai) + (Im fam - 5)

where falj is the logerithmic derivative of the radial wave function cor-

responding to a scattering function naQJ afj]'
)
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3, As we have seen in the last chapter from a study of the uranium
s-wave and strength function, near zero bombarding energy a condition of
s~ (and d-) wave anti-resonance exists. We expect, therefore, that there
are odd parity single particle states near zero bombarding energy. We shall,
therefore, try to explain the p- and f=-strength functions deduced in the
last chepter on the basis of one single particle level apprdximation
using Eq. (6-12). According to the arguments presented in paragraph (2-11)
the reduced widths for the odd-parity levels ought to be nearly equel, since
near the nuclear surface the wave functions are very similar. Furthermore,
as previously pointed out, the p-f level splitting for the actual optical
potential ought to be the same as for a square well of com?ara?le depth and
redius. Finally, the single particle reaction width, W = I- Foﬁly of the
actual optical potential spould be very nearly equal to that of the comparable
square well if the only difference between them is a rounded edge.

According tc Weisskopf's latest calculations (W56b) the best optical
potential is
Vo(l + 1)

9-12
1+ exp [_2(r - R)/d] ( )

v(r) =

1
with V_ = 42 Mev, T'=0.08, d = 1.15 f, and R = 1.35 A’f, For this potential

Wx?2 svo = 6.7 Mev (10a-12)

Ep - Ef ~ 2.9 Mev (10b-12)
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It is possible to obtain easy confirmation of_Eq, (10-12) by inspecting
the published calculation of So vs A. The widths of the S-wave peaks at
A = 55 and A = 160 are related to W; this relation can be approximately
derived by assuming that for particular s-wave single particle levels KR
is a slowly varying function of radius. Here K is appropriﬁte to the related
square well (d —0) for which KR is exactly constant. Then

dE v
2 == 2 (11-12)

°

when Eo corresponds to zero bombarding energy. From Eq. (7-12) for E = = 0

we then obtain

2 AA
W= <3 vo> A (12-12)

where Ao corresponds to a maximum in Soy end AA is its full width at half maxi-
mum. According to Eq. (12-12) both the pesk at A = 55 and the pesk at A = 160

give W = 7 ﬁév, confirming Eq. (10a-12). The maximum value of So permitted by

2
Eq. (6-12) for E=J =0 1s§ 2. . With W =7 Mev the peaks at A = 55 and
160 give Zf=° = 1,7 and 2.2 Mev, respectively.

Using the value W = 7 Mev, and assuming Z§=l = Z§=S in Bq. (6-12); one can

obtain the p~ and f-wave strength functions at E = 0.5 Mev as functions of %?;la
For f=l = 2.5 Mev the values deduced in Chapter 11 are reproduced and the &ingle
particle p-wave level is found to be at -6.3 Mev and the f-wave level at «9.1

Mev. Finally, the p- and f-level splitting is 2.8 Mev, making the choice

2
L =1

unique.

k., To estimate the level splitting caused by the introduction of a spin
orbit force in the optical potential we must solve Shrodinger's equation. This
can be done easily in two cases: (i) a square well central potential plus &
square well spin-orbit potential of the same radius, and (ii) a square well

potential plus a surface spin-orbit botential°
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Case (1

Schr'o'dinger“a equation can be written

2 Toa
_152; Vz.y'_ vc-,t. - v'o .I."..§‘l/-= E'% r< R (15"12)
n
"f—mvzf <E¥ r>R (13b-12)

We can choose our eigenfunctions as simultaneous eigenfunctions of
=
32(3’= L+ s), 12, and s2 since all of these operators commute with the

Hemiltonian, i.e.,

m
- ’%Jls = ':-[: uj[s I') I_rg;n (ijsusmlm )Y! (9¢)2 S (114--12)
Since ]: = 32'- (32 -22 - 52) Schrodinger ‘s equation becomes

2 h

() + [_m Bev_ 3(4+1) - fUd+1) - s(s+1) |, my . i_&L”;_l_z u(r) =
r<« R (15a-12)

u(r) + [?—; E - lcg—ﬂi] u(r) =0 r>R (15b-12)

h

™. Equation (15-12) has the same structure as the Schré‘dinger equation for an
ordinary central square well except for an enetgy shift from E to
E + ]5" Vso [jj(j+l) - ,?(,P+l) - s(s+l)] . This immediately gives the desired
d _ 4+
2

level splitting, viz.: E - E =-ZV , E - E

V , vhere E
+ (o} 2 so - (o} so +

- denotes the energy of the virtual state for which j = } + 8, etc. Note

that the space part of the spin-orbit potential is taken as attractive.
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Case giiz

Before we can treat case (ii) we must first obtein appropriate boundary
conditions to use at a surface on which a delta function potential exists.

We can do this as follows: Consider a one-dimensional region in which the

— e Gvm - ap— - — oo— t———-  —

potential looks like it does in Fig. (1-12).
—
- Let the dotted line denote the total energy.
L b o
The wave function eppropriate to this problem
is
. Fig. (1-12)
%= A cos kx + B sin kx ‘Region I
¥ =A' cos k'x + B' sin k'x Region IT » (16-12)
= A" cos k"x + B" sin k'x Region III
J

The conditions of continuity of the wave function and its derivative at

x =0 and x = a can be written, after some rearrangement as

A cos k'a + -E—?— sin k'a = A" cos k"a + B" sin k"a (17a-12)
- k'A sin k'a + kB cos k'a = - k"A" sin k"a + k"B" cos k"a  (17b-12)

Now let the potential hole in Fig. (1-12) become infinitely deep and
infinitesimally narrow, i.e., let k'-w00 and a— 0, but let k”2a, which
is proportional to the integrated potential in region II, remain finite.

Then Egs. (17-12) can be rewritten as
— == - k' g (18-12)

An equivalent form for Eq. (18-12) is
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G (o3 [ o

where V(r) is taken as negative in the case of a potential hole. Hence, the
logarithmic derivative of the wave function has a discontinuity of magnitude

- 2% times the integrated delta function potential. If the delta function
p;Eential in region IT is a spike rather than a hole, the trigonometric
functione in the region II wave functions are replaced by hyperbolic functions,
and the derivation then proceeds as before. The result is again Eq. (19-12),

|

With this boundary condition we can now study the Shrodinger's equation

but with the sign of the potential reversed, as it should be.

for the nuclear problem. The counterpart of Eq. (15-12) in the case of a

delta function spin-orbit potential on the nuclear surface is

u"(r) +-[g% (E + Vc) - éxg%llj u(r) =0 r <R (20a-12)
il r
u"(r) +[§§ E - »_@_;:QJ u(r) =0 r >R (20b-12)

R du R du _ om 3(3+41) - S +1) - s(s+1)
R du - [B U = -8 .y R (20c-12)
u dr u ar 2 {s)

r=R r=R- A 2

where VSo is the integrated value ¢f the space part of the spin-orbit

potential (taken positive for an attractive force).
R du . . R du
Now (E a;>r~R+ is; by definition, Jjust ﬁfj’ whereas (; @s)r-n- is

{2 of the same problem without spin orbit eoupling. Hence,

I:fJ = £y - f‘% VR - % [3(3 +1) - J(f +1) - s(s + 1)J (21-12)
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Now suppose qﬂj(glj) = {@(EQ) = 0, Then

0 = £,,(By)) = (Byy - By - BV, RL (30 + 1) - 00+ D) - o(s + 1)
(22-12)
Since £(E)) = - %E , we have finaliy,
By = By - f . ;% VR % LJ(\J +1) -J,L,&f.l) - 8(s +§=ﬂ .;(‘(aaa-le)
o 2/ ’
By =B~ 71? ) -;% Vool * | - 40; = (23b-12)

5. It is rather conventional in adhlysis of spin orbit coupling to
choose the spin orbit potential as some multiple, 7so’ of the Thomas potential,

which is given as

\ — —
1 Y /T8
me r dr ‘_h2

A

=1
vThomas ) <' (24-12)

where Vc is the central potential. For an attractive square well of depth
v
of V_, Eq. (24-12) gives for the quantity 2a V_ R the value - %5 .

e mc?

A number of workers have analyzed various nuclear data using Eq. (24-12)
for the form of the spin-orbit potential (L56a, F58, R56b, G56a) and various
central potentials. All these anslyses have given values of 7soA/ -3 to
-50. For the remainder of this work we shall take 7so = -40, With this value,

= 2.5 Mev, and v, = 42 Mev, E - E = 6.8 Mev. Adair (AS54) has

‘2
")=1 pl/2 " “p3/2
analyzed some reaction data using a potential of type (i) and finds Voo

about 2 Mev, giving Epl/2 - Ep3/2

we shall use the larger value. In this case the level positions are:

= 3.0 Mev. In the remainder of this work
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E(pl/2) = - 1.8 Mev, E(p3/2) = - 8.6 Mev, E(£5/2) = - 0.08 Mev,
E(f7/2) =-15.9 Mev. Because these levels are not shifted by a very large
fraction of their energy relative to the bottom of the potential well, we

°

shall assume for them also W = 7.0 Mev, 72 = 2.5 Mev. With these

13
assumptions we then have S({pl/2) = 0.077, S(p3/2) = 0.027, 8(£5/2) = 0.060,
S(f7/2) = 0.025 at E = 0.5 Mev.

5. Let us now complete the final step of the program outlined in
(1-12), i.e., consider the effect of these new,jﬁ strength functions on
the reaction cross sections. Let us begin by considering radiative capture
below the inelastic threshold. The odd-parity contribution to this cross
section is, with extremely small error, due only to p-waves, and is given

by Eq. (9-2), (14-2) and Eq. (8-2) modified in accordance with the dis~-

cussion after Eq. (14~2) as:

w)] e, n(p 3)(2r,)
s = + 2 (25-12)

1
X T(p 5) + T7 T{(p g) + 2T7

i

2

Where T(p %)fv T(p %}'v T, >> Ty, the right hand side of Eqg. (25-12)

1
approaches ST7 independent of T(p %), T(p g), or T,. (Tl is the value to
which T(p %) and T(p g) tend when vso-—,oo) Thus in this limit the odd wave
contribution to &{ny) is independent of the extent of the spin-orbit
coupling. If, on the other hand, T(p %)/V T(p g)/v T, << Ty, the right
hand side of Eg. (25-12) approaches T{p %) + 27(p g)o Now we shall show

below that under the circumstences pertaining to our calculation this last

sum is very nearly equal to BTl, and is consequently also independent of
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the extent of the spin-orbit coupling. In view of the behavior of the
p-vave contribution to o{ny) in these extreme limits we expect it to be
very nearly independent of the extent of the spin-orbit coupling. This
point is tested by direct calculation below.
l 2 —3 -
To prove T(p 2) + 27{(p 2).- 3T, we proceed as follows: If ,%ZJ - Ejl

is not too large compared to [ we can write

dS£>
SJJ =8 + (Eﬂd - El)) <TEI (26512)
Furthermore, if the level splitting 'EIJ - %ll is smell compared to 31

(measured from the well bottom) it also follows that

2

|-

(23 + 1)r~;/£;J =2(2 1+ l)Ej (27-12)
3=

i~

o

This result can be derived from first order perturbation theory, or in
case (ii) from Eq. (2%b-12), or from the energy shift derived in case (i).
It follows from Eqs. (26-12) and (27-12) that
1
L+ 2
57 (23 + 1)leJ = 2(e) + 1)52 (28-12)
1
J‘u- 2
from which the desired result follows when J is set equal to 1.
These results are true for any angular momentwmﬂJ but depend on taking

zero target spin. In such a case

o |ﬂ+ -]2-'-,
2
o(ny) = "—’2’— ,oE 2‘1 (25 + 1) g" rjlr7 > (29-12)
= J=|t- 3 = Ny T,
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since J = J and n = (-)’2 No other neutron width but r:j 1 can appear in the

total width since I = O and parity is conserved. Proceeding as before we

can show that for orbital angular momenta for which ':'1 7 >> |7,
| 1+ 2
o»(l) 22 oxl :
(ny) = (23 + 1) —lD (30-12)
3=|1- 3| In
-2

while for orbital angular momenta for which PJ Y, << Py, we can use Eq.

(28-12) to show:
o‘l)(ny) = (20 + 1) ke, S g (31-12)

Both of these results are independent of Vso.

Thus as long as Eq. (28-12) holds, o(ny) should be independent of
Vso- For p-waves the levelushift ‘E]J - E)lis of the order of 2.5-4.5 Mev,
compared to a tctal width, I , of T or more Mev and an energy of ~ 40 Mev
above the well bottom. Hence, we expect Eq. (28-12) to hold. Indeed, for
the strength functions given at the end of paragraph (4-11), % T(p -]2-'-)
+ % T(p -g-) is only 9% larger than T, -

Presented in Table (1-12) are calculated velues of the p-wave con-

tribution to o{ny) at several energies spanning the range T, > > Ty to

1l

T, << T_r. Values have been calculated for T. = 0.040, and T(p -;—') = 0.077,

1 1
T(p g) = 0.027. From the tebular entries the anticipated independence of the
strength of the spin-orbit coupling is verified. At the lower energies the
relative contribution of the p-waves is rather small compared to the s-waves,

and the change in the total radiative capture cross section caused by the

introduction of the spin-orbit coupling is never more than 3%.°
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Table (1-12). P-Wave Contribution to o{ny)

Energy With Spin-Orbit Force Without Spin-Orbit Force
(kev) (mb) (mb)
3 289 2h8
9 302 292
15 276 271
2l 249 247
27 22k 224

For nuclei with a non-zero target spin and spin-orbit independence of
o(ny) cennot be demonstrated even if Eq. (28-12) holds, since then other
orbital angular momenta besides that of the entrance width can enter the
total width. There is one exception, however, and that is in the range in
vwhich only s- and p-waves need be considered. Since these partial waves
cannot appear in the same term, by parity conservation, Eq. (29-12) again
holds, but with the J-sum restricted to O and 1. The circumstance is of the
greatest importance because it allows unambiguous analysis of data like that
of Macklin, Lazar, and Lyon (M57) [6(n7) for Sb-Be neutrons] for the

quantity % S(p g ) + % s(p % ) =8 These results have several important

l°
consequences: In the first place, the analysis of Newson's data carried
out in Chapter 1l gives physically meaningful results in the sense that
independently the precise extent of the spin-orbit coupling the parameter

2 3 1 1

3 s(p z ) + 3 s(p 5 ) = S, 1s well determined by the experimental data. In

the second place, the procedure can be inverted, for if SI = 22 ++ll X
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only is known, and if the spin-orbit coupling is not toc large,

%3
3 =p-3

6(ny) may be reliably calculated below the inelastic threshold for the spin
zero nuclei, or for any nucleus if only s- and p-waves are important.

This last point has an important practical significance because an in-
dependence theorem similar to that for the radiative capture cross section telow
inelastic threshold also holds for the cross section for compound nucleus forma-

tion, and the total cross section for any target spin. This can easily be

shown as follows: From the results of Chapter 2 we can write
o J+I J+I° J+6 J'+0?

. ola,ar) . sz X S L3N b (27 + 1) X
2(21 + 1) J=o J=[d-I| J'=[5-I'| U=|3-0] f'=j'-o"

(32-12)

2
| Sw'su ‘SJJ' ) aJ; CANMA }

If'we sum this equation over all al ;4 a and carry out the indicated sums over

{' and j', we obtain
o oo J+I J+o

G =..__.1.t_k___..- 2 Z 1 _21(_ /—, 1
(@) 21 e 1) - i) kzﬁ_c} (27 + )DJ“ ajZJ> (33-12)

where o: is the cross section for compound nucleus formation. Here we have made

use of the equation obtainable from Eg. (7-2)

sy, - 1*_<‘g’1'> >

If we assume the strength functions to be independent of J, then we can carry

out the J-sum obtaining
X . ol
O'c(a) = —2—,?%0 J=V~0'(2J + l)°lmsz 89y = b Z; (a4 + 1)hﬁ3,8£ (34-12)

@

=
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from Eq. (28-12). This last result is clearly independent of Voo

ii‘ we carry out the sum over all a including a', and over L+ ana Js,

we obtain
(] J+I J+o”

:tkz 'z\ / - <JJ( -
WA L Ty p T ™ () o0

Using Eq. (3-12) for the averaged diagonal S-matrix element one obtains

J+I J+o~

n.,f" o
e s s I 2027 + 1)
t(a) m J=0 Jj= lJ—II j = 'j-dl ( '

[1 - cos (2.;-04)(1 - 2::9%{9] (36-12)
If we take %&5 independent of J the J-sum can be carried out, and the J sum

A
as well, giving:

® >

d't(a) = ,rxé‘ji (2f +1)2 [1 - cos (2gal)(1 - 2ns,,s1)] (37a-12)
o

= ﬁego (20 + 1) [h sin® by + cos (ega?) . lhtspS!] (37b-12)

which is again independent of Vso'

The optical model of Feshbach, Porter, and Weisskopf is based on fitting
o, and 6 as functions of neutron emergy. From Eqs. (37-12) and ( 34-12) it
follows that it is not necessary to consider a 5p1n-orbit part in the
optical potential. Since the radiative capture cross section below inelastic
threshold also depends only on the central potentials it follows that cal-

culations of the latter quantity based on such an optical model should
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be quite reliable for spin zero nuclei or when only s- and p-waves are
important.

Another example of & cross section which is independent of vso is the
inelastic scattering cross section near its threshold. The inelastic scat-

tering cross section can be written

J+I J+I° J+o 3'+0?

o i 57 2 PR 2.
ola,a’) = "(2—1":—1'7 = 3=|3-1 3'=[3-1°| J=|3-o] }.=|J,_g.,

'-' ? ] 7
- (27 + 1) 12); < aj’,_J:a 4] (38-12)
18

Now if we are very close to threshold (of the first inelastic level), and

if radiative capture is small,r = jl‘ragﬂ° We can then write
i
0 J+17 Ji+g?t <
2 - ox ([
1K <7 7 ljjv
sla,a’) = DI i (23 + 1)
2(21 + 15 J=0 jvzbJ“In) /(:,,jﬂ“d'} JJ‘[
J+TI J+6
P
0 F_. .Z <_Ell> (39_12)
3=1J-1l J3-o | r
2n <r‘a'J nja)
Carrying out the last two sums gives unity. Since is
: Jr

assumed to be independent of Jn we .can carry out the J sum first and then the

J' sum, using Eq. (28-12) giving finally:

2T + 1

sloyar) = me 11 2 (20" + 1) basfs) (40-12)

This is Jjust the reciprccity relation

(2T + 1)l a') __(21” + 1)02(“”)
2 2

aU
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which under the stated circumstances must hold. Since the right hg.nd side :
of Eqs. (40-12) and (41-12) are 1£dependent of V_, 80 is sla,a').
6. In general, however, the partial reaction cross sections are not
independent of Vso' In the IJ) representation the equafions analogous to
Egs. (2-11) and (9-11) are:
qery /WD [1@d) @]
e \n(sD) (@) + (D) 2

NN

(e 3) [1'(p D) + 11(2 D]
T(p

1 J _5_ ' 2 " l
3) + T g +T(E5) +T(f 3) + T,

-
1

@) [r(sd) +1(ad) + 2(a D)

+ 2 ,
. 2) + 7r(sd) +1(a2) + Tr(a 2) + 77(a 2

T(a5) + T (83) +1'(a 5) +T(ag) +T(a 5) + 2T,

+

PN

1) [T+ (e D e D]

+ 2
T(p g) + T'(p %) + T'(p %) + T (f %) + T'(f %) + T(f %) + T(f %) + 2T

4

ml\x\/

5 2 [r(sh + @) + 1 Y]
+
T@g)+wm%)+wm§)+wm%)+ww§)+whg)+ﬂ

K

r\)I\n\/

5 M) [0 oD e D 41 D]
+ ; » -
T&g)+T@%)+T@§)+T&%)+T&%)+W@§)+W&%)+W&%)+ﬂ7 '
2 -
2 -
X (e Dlre ) + (e )+ m(e D]
.

M) + @) + (e D)+ (e D) 4 (p D) 4 T 2) +1(e2) + (e D) + v

5
(k2a-12)
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u+ ) T(P l)T"(f 7)
® \I(p %) + T'(p %) £ TE D) 4w %) Ty

rou-'\/

(a 9) « (a 2)
+ 2 = =
T(d g) + T'(S %) + T'(a -g-) + T'(4 g) + T"(a -g-) + 2T7

mlu\/

) 2< (o D) [1(r 2) + (e D] >
T

(p 3) + T (p ) + T (p 3) + T(E 5) + Tr(e 7) + (£ 2) + T"(f l) + 20

3< 2(a2) [r(a2) + r7(a g)] >
T(a g) + T'(8 32L-) +T'(a g) + T'(a -g-) + T"(a g) + T"(a -g-) + 3T

2 .
2

+

N\

< T(f 5) [ "(P 5) + T"(f 5) + T"(f )]
3 = — —
T(f g) + T'(p -é—) + T'(p -23-) + T(f g) + T'(f %) + T"(p -2-) + T(f %) + T"(f %) + !p >

2 _
2
T(f 7) [T"(P ) + T"(P 5) + T"(f 5) + T"(f 7)]
* l‘< 7 3 5 7 3,
MED+TEH+T(ED + TN +T(B6F) + T D) + T(r 2) + (s D+ kT
7
2"
(42p-12)
S8(ny) _ (s %) T7 >
2 <T(S %) + T'(a -g-) + T'(d -23-) + T7 .
I

T(p 3) T
+ o
T(p %) + T'(p -g-) + T'(f g) + T(f -g-) + T7

roh-\/ |
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+ 2

P

T(a g)(2T7)
(4 g) + (s !2:) + T(a g) + m(a g) + T(a g) +2r ;

2+

/m\

T(p 2)(2r,)
p2) +T(p3) +T(p2) +T(£2) +T(2 L) + T(£ 2) + (2 ]) » et

OhN
]

(a 2)(3,)
(4 g) + Tf(g %) + T'(d -2—) + T'(a -Z—) + T"(a g) + T"(ad -g) 3'1'7

+3

AN
ml\n\/

(£ -g-)(;.Ty)
(22 +TF + T D +T(e D+ (e D) v s (e ) + (e D) 4 3r

N

4

mlm\/

T(£ L)(41)
T(f %) + T*(p -2—) + T'(f g) + T'(f :2(-) + T"(p %) + T'(p g) + T(f -g-) + T"(f %) + MT, -72-- - -

+ l|-<
(42c-12)
3 i(q 2 (g 2
h32(2+) . T(a 51 [Qoll»OOT (a 5) + 0.45727'(4 5)]
ma2) +T(s3) +T(aQ) +T(a 2) +1"(a 2) + 21
5 +
(p 2) [- 2.4007"(p 2) - 0.4721'(£ 2) + 2.8561"(¢ %)] >
+
T(p g) + T'(p -%) + T'(p g) + T'(f g) + T'(f %) + T"(f %) + T"(f %) + 2T, 5
2
< T(f %) [- 0.6858T(p g) + 0.6858T (¢ g) + 2.85871 (¢ %)J >
+ - — -
T(f g) + T'(p -;-) + Ti(p g) + T(f -g-) + T'(f 32-) + T"(p g-) + T(f g) + T"(f %) + 3T
| 2 .
2
< (£ -;-) [5,715'1"(1) -g-) + 3.810T'(f %) + bohlyre(p %)]
+
D+ +1(eD + (e D) + T D) + (0 ) + (£ 2) + (e D) 4 ur .
I -

(424-12)
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Let us first consider &(2+) at 550 kev. If we assume no change in the
d-wave strength funetion (which is reasonable in view of the discussion of
parégraph 11-2), then only the odd-wave contributions to the cross sections
show dependence on the spin-orbit coupling. For 6(2+), the main odd wave
contribution (~ 70%) comes from pure p-wave interactions [cfo Bq. (7a-11),
for example]. The corresponding terms in Eq. (42a-12) are those labelled

L and g - o The sum of these two terms is coincidentally not very sensitive

2
to the extent of the spin-orbit coupling, which we can show roughly as follows:
Let us ignore in these terms the effects of the statistical distribution
of the reaction widths, the f-wave and radiative widths, and let us further
agsume that T,, = T' at 550 kev (in truth the ratio T° T,, = 0.94% at this
4y = Ty ot 550 kev ( 15/%y = 09

energy). In such case the p-wave term has the form

ey D[ 1)

- (43a-12)
(p 2) + p 3) 2(p 2) + (p 3).

with the constraint

21(p 2) + Np %) = 31, (43p-12)

It can easily be shown that
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(44-12)

[T(P D o 7
Poamp 3)] g 3yen, 22

Thus a change of S(p% ) from 0.0k0 to 0.027 (about 33) will cause roughly a
10% reduction in P. BExact calculation including the effects neglected above,

and using the strength functions of obtained at the end of paragraph (4-12)

gives about a 7% reduction in the contribution to 6(2+) from the % - and g -

compound states. For, according to Eq. (7a-1l1) this contribution is about
590 mb when Sl = 0,040, while in the presence of the spiniorbit coupling
assumed in this chapter it is about 550 mb.

The total calculated o(2+) cross sections with spin-orbit coupling is
1220 mb, which is just barely outside the quoted experimental error. Because
the s; py and d-wave parts of this result are essentially independent of Vso’
and because the f-wave part is both a small contribution (-~ 15%) and comparable
with the experimental uncertainty (+14%), o(2+) tells us nothing about S3 or

Vso. It does, however, give information on Sl (since the p-wave contribution

is nearly independent of vso) and indeed indicates that S, ~ So’ in accordance

1

with our findings from the analysis of Newson's date on 6(ny). This agreement

between two separate determinations of Sl increases our confidence in this

result.
6(h+), on the other hand, depends quite strongly on the f-wave strength

functions. Of the 180 mb contributed to 6(4+) by odd-waves in Eq. (Tb-11),
5 5

145 mb come from the 5 - and % - compound states, 40 mb from the 5 - state,

and 105 mb from the % - state. The corresponding contributions using this

chapter's strength functions are 17 and 29 mb, respectively. These contributions
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are roughly in the ratios of 8(f g—):s3 and S(f %):83, indicating that the
dependence of these terms on vso through the p-wave penetrabilities is rather
slight (as one might expect from the form of these terms given in Eg. 42b-12).
The total 4+ cross section is 145 mb using the spin-orbit strength functions,
which is much too low.

In order to increase this value we must increase S(f g), s(f %), or both.

Because of the large splitting of the f 2 and % levels is not possible to

2

increase them both. Furthermore, increasing S(f %) to its maximum allowable
2

W
the % - and % - states of the order of 60 mb, which is still much too smsall.

Increasing S(f %), however, to the maximum value, and decreasing S(f g) to

2 7

zero gives a contxibution from the 5 - and 3" states of the order of 160 mb

which is nearly right. Hence, we are inclined to think that the level

value ~ 0.18 and setting S(f %)/V 0 will give a total contribution from

structure proposed so far is incorrect, and that the correct one is characterized
by the following requirements:

(1) when Vo =05 8 0.040; and moreover the extent of the spin-

1
orbit coupling is such that Eq. (28-12) holds for p-waves.

(2) After the spin-orbit coupling has been introduced, the f %
partial wave is in nearly perfect resonance at E = 0.5 Mev,

i.e., S(f £)~ 0.15 - 0.20 vhen E = 0.5 Mev.

(3) 1In all likelihood the unsplit p-level lies at positive rather
than negative energies. If it lies at negative energies, then as
the bombarding energy decreases the total width decreases while
the level shift increases pushing the effective level position

closer to the bombarding energy, both of which phenomena cause a
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rapid rise in sl. On the other hand, if the level is at positiwve
energy, fhese effects work in contrary directions. In any case the
resulting level scheme must maintain Sl reasonably constant ovsr the
range 0 - 0.5 Mev, as required by our analysis of Newson's deta and
the o(2+) data at 550 kev. Finally, since the f % level is the
lowest of the four we are concerned with, if it is to resonate at
0.5 Mev, the other levels must be at positive energies.

If we again assume W = 7.0 Mev, ;i = 2.5 Mev, Yoo =~ 40 we find that

E, = 5.6 Mev will give S, = 0.040 when E = 0.5 Mev. We can determine the

1
position of the f g and T % levels from the requirement El - E5 = 2,8 Mev,
and from Eqs. (23-12). The results are E(f g)= 11.8 Mev, E(f'%\= - 4.0 Mev.

E(p%)= 10.1 Mev and E(p%): 3.3 Mev. The corresponding strength functions

ueﬂp§=omm,ap§=omw,mf§=o&w@sw%)=mum The
p-wave strength functions again approximately obey Eq. (28-12). Finally,

S, at E = 0 is 0.036 which is near S, at E = 0.5 Mev as required. For the

1 1
previous choice (El = - 6.3 Mev) 8 at E = 0 was about 0.10 which was too
large.

7. With the above choice of strength functions exact calculations at
550 kev give 6(2+) = 1420 mb, o(4+) = 270 mb, and o(ny) = 140 mb in excellent
agreement with experiment. A similar calculation gives B(2+) = - 0.25 in

better agreement with experiment than before, but still far outside the quoted

) _ -
2
o) g term in Eg. (42d-12). It is probably possible to make slight adjustments

experimental error. The increase is primarily due to the increase in the p

in the level scheme so as to increase S(p % ) somewhat and improve the
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agreement of B(2+) with experiment, without disturbing the cther guantities
too much, Furthermore, a small émount of highly anisotropic direct excitetion
may affect B(2+) considerably. 200 mb of direct, excitation with a P,-
component of - 0.8 (the value obtained by Chase and Wilets) of its isotropie
component brings B{2+) to - 0.35 which is just barely within experimental error.
8. In concluding this chapter let us recapitulate our findings: As we
have seen 6{ny) at low energies and o(2+) at 550 kev seem rather independent
of vso and hence cen be used to analyze the central part of the optical
potential. Assuming So = 82 as usual these data overdetermine the p-wave
strength function and indicate that it is slightly larger than the s-wave
strength function, and fairly constant in the first 0.5 Mev of neutron
bombarding energy. This constraint, plus the measured s-wave strength function
and potential scattering radius, together with the general properties of
reasonable optical pctentials._known from survey works of the type of
reference (F54) ghould determine the central optical potential. This central
potential can then bte tested by calculating the total cross section. To

this a spin-orbit potential should be added whose strength is of the order of

- 40 times the Thomas term, and which brings the f % strength function near

its maximum at & bombarding energy of 0.5 Mev.




A39.
A50.
A5k,
A5T.

B33.
B570
B52,

B52a.
B52b.
B53.
B53a.
BSk4,
B55.
B55a.

B56.

C53.

C55a.

REFERENCES
H. L. Anderson, E. Fermi, L. 8zilard, Phys. Rev. 56 284 (1939).
H. L. Anderson, Phys. Rev. 80 499 (1950).
R. Adair, Phys. Rev. 96 503 (1954).

R. C. Allen, Phys. Rev. 105 1796 (1957).

M. Born, "Optik," J. Springer Verlag, Berlin (1933).

H. Bethe, Rev. Mod. Phys. 9 39 (1937).

J. M. Blatt and L. C. Biedenharn, Rev. Mod. Phys. 24 258 (1952).

J. M. Blatt and V. F. Weisskopf, "Theoretical Nuclear Fhysics, " Wiley
and Sons, New York, 1952.

L. C. Biedenharn, J. M. Blatt; and M. E. Rose, Rev. Mod. Phys. 2k
2k9 (1952).

A. Bohr and B. R. Mottelson, Dan. Mat. Fys. Medd. gl No. 16 (1955).
L. C. Biedenharn, ORNL-1501 (1953).

P. F. Byrd and M. D, Friedman, "Handbook of Elliptic Integrals for
Engineers and Physicists, " Springer Verlag, Berlin (1954).

N. A. Burgov, AEC-TR-2435-Pt. 1 (July 1, 1955).

D. Brink, Proc. Phys. Soc. A58 994 (1955).

R. Batchelor, Proc. Phys. Soc. A69 214 (1956).

K. M. Case, G. Placzek, F. deHoffmann, "Introduction to the Theory
of Neutron Diffusion," U. S. Government Printing Office, Washington,
D. C.; June 1953.

E. Creutz, H. Jupnik, T,ﬂSnyder, and E. P. Wigner, J. Appl. Phys.

26 257 (1955).

224




C55b.

C55c.
C554d.

c56.
C56a..

C56b.

C57.
C5Ta.
C57b.
C57c.

Dhk,
Dhka,
D55.
D55a.
D55b.
D56.
D56a..
D56b.
D57.
D57a.

D57b.

E.

225

Creutz, H. Jupnik, T. Snyder, and E. P. Wigner, J. Appl. Phys. 26

271 (2955).

E.

v.

JO

H.

Cyeutz, H. Jupnik, and E. P. Wigner, J. Appl. Phys. 26 276 (1955).
S. Crocker, Proc. Int. Conf. Geneva 5 102 (1955).
Chernick, BNL-433 (C2L4) (September 2k, 1956).

Cramer, "Mathematical Methods of Statistics," Princeton University

Press, 1956.

Nﬂ

I.

. Dresner, Nuc. Sci. Engr.

Corngold, BNL-433 (C2L4) (September 24, 1956).
Corngold, Proc. Phys. Soc. 70A 793 (1957).
Cranberg and J. Levin, Phys. Rev. 109 2063 (1958).
G. W. Cameron, TID-7547 (September 9, 1957).

M. Chase and L. Wilets, unpublished results quoted in reference C57a.

M. Dancoff and M. Gineburg, CP-1589 (April 1, 19hk).
M. Dancoff, CP-2157 (Oct. 21, 19uk).

G. Davey, AERE-RP/R-1842 (December 1955).

Dresner, J. Nuc. Energy 2 118 (1955).

S. Devatia, Phys. Rev. 100 1266 (1955).

68 (1956).

501 (1956).

I+

Dresner, Nuc. Sci. Engr.

-

Dresner, Nuc. Sci. Engr. 1 103 (1956).
V. Davis, J. Appl. Phys. 28 250,71k (1957).

E. Dayton and W. Pettus, BAW 30, Babcock and Wilcox Company,

Lynchburg, Virginia (September 3, 1957).

B. Davison, '"Neutron Transport Theory," Oxford University Press, 1957.




E50.

ES55.

ES55a.

ES6.

F51.

F5kh.
F55.

F58.

G55,

H"I‘S °
HLG.

H51.

226

E. Eggler and S. Untermyer, ANL-4596 (Dec. 1, 1950). -
V. B. Egiazarov, V. S. Dikarev, and V. G. Madeev, AEC-TR-2435-Pt.

(July 1, 1955).

V. O, Briksen, R. W. Meler, and P. Schmid; Proc. Int. Conf. Geneve 2

105 (1955).

P. Eglestaff, "Progress in Nuclear Energy," Vol. I, Pergamon Press,

London, 1956.

B. T. Feld; H. Feshbach, M. L. Goldberger, H. Goldstein, V. F. Weisskopf,
NY0-6%6 (Jan. 31, 1951).
H. Feshbach, C. E. Porter, V. F. Weisskopf, Phys. Rev. 96 448 (1954). .

V. S. Fursov, AEC-TR-2435-Pt. 1 (July 1, 1955).
'J. L. Fowler and H. 0. Cohn, Phys. Rev. 109 89 (1958).

I. I. Gurevich and I. Y. Pomeranchonk Proc. Int. Conf. Geneva 5 466
(1955).

I. I. Gurevich and M. I. Pevsner, Nuc. Physics 2 575 (1956/57).

A. E. 8. Green, Phys. Rev. 104 1617 (1956).

P. Greebler, H. Hurwitz, Jr., and M. L. Storm, Nuc. Sci. Engr. 2 334

(1957).

D. J. Hughes and C. Eggler, CP-3093 (July 13, 1945).
D, J. Hughes and N. Goldstein, CP-3580 (Aug. 10, 1946).

H. Hurwitz, Jr.; KAPL-706 (Nov. 1951); see also RH-1, p. 371.




H52.
H53.
H5L.
H55.
H558.

H56.

H57.
H57a.
H58.

J56.

K5k,
K56.

K56a.
Ks8.

L39.
L5k4,
L55.

L56.
157.

227

W. Hauser and H. Feshbach, Phys. Rev. 87 366 (1952).

D. L. Hill and J. A. Wheeler, Phys. Rev. 89 1102 (1953).

N. P. Heydenburg and G. M. Temmer, Phys. Rev. 96 90 (1954).

E. F. M. vanderHeld, Proc. Int. Conf. Geneva 5 107 (1955).

D. J. Hughes and J. A. Harvey, BNL-325 (July 1, 1955).

J. A. Harvey and J. E. Sanders, "Progress in Nuclear Energy, " Vol. I,
Pergemon Press, London, 1956.

E. Hellstrand, J. Appl. Phys. 28 1493 (1957).

D. J. Hughes and R. B. Schwartz, BNL-325, Sup. 1 (Jan. 1, 1957).

J. A. Harvey and R. B. Schwartz, "Progress in Nuclear Energy," Vol. II,

Pergamon Press, London, to be published.
D. St. John, BNL-433 (C24) (September 24, 1956).

H. Kahn, "Applications of Monte Carlo, " RM-1237 (April 19, 1954).

K. Klein;, G. G. Smith, W. Baer, A. Z. Kranz, and J. deJuren, BNL-433
(c2k) (September 24, 1956).

H. Kouts, BNL-433 (C24) (September 24, 1956).

E. Kuhn and L. Dresmer, J. Nuc. Energy, to be published.

W. Lamb, Phys. Rev. 55 190 (1939).

J. M. B. Lang and K. J. LeCouteur, Proc. Phys. Soc. A67 586 (1954).
A. M. Lane, R. G. Thomas, and E. P. Wigner, Phys. Rev. 98 693
(1955).

I. I. Levintov, Physica 22 1178 (1956).

A. M. Lane and J. E. Lynn, Proc. Phys. Soc. TOA 557 (1957).



ML3,

MLL,

M49.
M550

Msll'o

M55.
M56.

M57.

N56.

N56a.

N56b.

NST.

056.

P29.

P55.

228

H. Margenau and G. Murphy, "The Mathematics of Physics and Chemistry,"
D. Van Nostrand, New York, 1943,

A. G. G, Mitchell, L. J. Brown, J. R. Pruett, and E. D. Nering, CP-1676
(March 31, 19uk).

C. O. Meuhlhause and S. Untermyer, ANL-4350 (July 1, 1949).

E. Melkonian, W. W. Havens, Jr., end J. Rainwater, Jr., Phys. Rev. 92
702 (1953).

A. T. Monk, J. A. Wheeler, J. W. Keuffel, T. M. Snyder, and K. Way,
C-66 (1954) (declassified).

R. L. Macklin and H. Pomerance, Proc. Int. Conf. Geneva 5 96 (1955)°
P. W. Mummery, BNL-433 (C24) (September 2L, 1956); see also Proc. Int.
Conf. Geneva 5 282 (1955).

R. L. Macklin, W. Lyon, and N. H. Lazar, Phys. Rev. 107 50% (1957).

W. E. Niemuch, BNL-433 (C24) (September 2k, 1956).
T. D. Newton, Can. J. Phys. 34 80k (1956).
H. W. Newson, ORNL-2309 (Nov. 1, 1956).

L. W. Nordheim, private communication (Dec. 23, 1957).
S. Oleksa, N. Nuc. Energy 5 16 (1957).
B. 0. Pierce, "A Short Table of Integrals," Ginn and Company, Boston,

1929.

N. V. Popov and F. L. Shapiro, results quoted by Groshev et al.

AEC-TR-2435-Pt. 1 (July 1, 1955).




P56.
P57.

R50.

R5k.
RSll-a. °

R55.
R56.

R56a..

R56b.

Ské.

553,

S55.

S56.

S56a..

856b.
836¢.

229

C. E. Porter and R. G. Thomas, Phys. Rev. 104 483 (1956).

B. Pershagen, private comnunication, 1957.

J. R. Risser, G. B. Arfken, Jr., T. R. Cuykendall, R. J. Stqupnuon,
and D. P. Caldwell, ORNL-958 (1951).

G. M. Roe, KAPL-1241 (Oct. 15, 1954).

M. E. Rose, W. Miranker,; P. Lesk;, L. Rosenthal, ard J. K. Hendrikson,
WAPD-SR-506 (1954).

B. Rose, AERE-NP/R-1T743 (June 22, 1955).

"Nuclear Reactor Data 2," Raytheoﬁ Corporation, Waltham, Massachusetts,
(December, 1956).

R. D. Richtmyer, BNL-433 (C24) (September 24, 1956); see also NYO-6479
(May 1, 1955).

A. A. Ross, H. Mark, and R. D. Lawson, Phys. Rev. 102 1613 (1956).

H. D, Smyth, "Atomlc Energy for Military Purposes, " Princeton University
Press, 191+6°

R. G. Sachs, "Nuclear Theory, " Addison-Wesley, Cambridge, Massachusetts,
1953.

P. E. Spivek, B, G. Erozolumsky, V. I. Lavrenchik, ard G. E. Dorofeyev,
Proc. Int. Coﬁf, Geneva 5 91 (1955).

K. T. Spinney, BNL-433 (C2Lk) (September 24, 1956).

J. B. Sampson, BNL-433 (C24) (September, 1956).

S. Stein, BNL-433 (C24) (September 24, 1956).

K. K. Seth, ORNL-2%09, p. 5 (Nov. 1956).



230

857. R. Sher, 3rd Annual Meeting of A.N.S., Abstract 22-2 (June 10, 1957);
see also BNL-455 (April 1, 1957).

857Ta. R. Sher, private communication.

T40. L. A. Turner, Rev. Mod. Phys. 12 1 (1940).

W55. E. P, Wigner, E. Creutz, H. Jupnik, and T. Snyder, J. Appl. Phys.
26 260 (1955).

W55a. E. P. Wigner, BNL-25 (Nov. 1955).

W56. A. M. Weinberg and E. P. Wigner, BNL-433 (c2l4) (September 24, 1956).

W56a. E. P. Wigner, ORNL-2309 (Nov. 1, 1956).
W56b. V. F. Weisskopf, Physice 22 952 (1956).

256. R. L. Zimmerman, ORNL-2309 (Nov. 1, 1956).




-231-
ORNL-2659
Physics and Mathematics
TID-4500 (14th ed.)
INTERNAL DISTRIBUTION
1. C. E. Center 61. C. E. Clifford
2. Biology Library 62. A, D. Callihan
3. Health Physics Library 63. R. R. Coveyou
4-5. Central Research Library 6L4. W. Zobel
6. Reactor Experimental 65. F. L. Keller
Engineering Library 66. C. D. Zerby
7-26. Laboratory Records Department 67. D. K. Trubey
27. Laboratory Records, ORNL R.C. 68. S. K. Penny
28. A. M. Weinberg 69. R. W. Peelle
29. L. B. Emlet (K-25) 70. P. M. Reyling
30. J. P. Murray (Y-12) 71-90. L. Dresner
31. J. A. Swartout 91l. F. Alsmiller
32. E. H. Taylor 92, G. deSaussure
33. E. D. Shipley 93. E. Guth
34, A. H. Snell ok. R. Gwin
35. E. P. Blizard 95. W. E. Kinney
36. M. L. Nelson 96. M. E. LaVerne
37. W. H. Jordan 97. J. H. Marable
38. R. A. Charpie 98. R..B. Murray
39. 8. C. Lind 99. A. B. Reynolds
4Lo. F. L. Culler 100. E. G. Silver
41. A. Hollaender 101. T. A. Welton
42, J. H. Frye, Jr. 102. T. K. Fowler
43, M. T. Kelley 103. S. H. Hanauer
44, J. L. Fowler 104. D. Magnuson
45. R. 8. Livingston 105. R. Becker
46. K. Z. Morgan 106. R. J. Mackin
47, 7. A. Lincoln 107. J. T. Thomas
4L8. A. S. Householder 108. R. L. Macklin
kg, C. P. Keim 109. H. Pomerance
50. C. S. Harrill 110. D. K. Holmes
51. C. E. Winters 111. P. Kasten
52. D, 8. Billington 112. K. Hasegawa
53. H. E. Seagren 113. P. L. Friedman (consultant)
54. D. Phillips 114. H. Goldstein (consultant)
55. A. J. Miller 115. H. Hurwitz, Jr. (consultant)
56. M. J. Skinner 116. L. W. Nordheim (consultant)
57. R. R. Dickison 117-119. E. P. Wigner (consultant)
58. J. A. Harvey 120. ORNL - Y-12 Technical Library,
59. A. Simon Document Reference Section
60. F. C. Maienschein



. -232-

EXTERNAL DISTRIBUTION

121 . Division of Research and Development, AEC, ORO
122-127. Brookhaven National Laboratory (1 copy ea. to S. Oleksa, N. Corngold,
. J. Chernick, D. J. Hughes, H. Kouts, and R. Sher) -
128. General Atomics (J. Sampson)
129. Argonne National Laboratory (B. I. Spinrad)
130. New York University (R. D. Richtmyer)
131. Babcock & Wilcox (M. C. Edlund)
132. Combustion Engineers (S. Visner)
133. Hanford (H. Neumann)
134. Atomics International (E. R. Cohen)
135. Savannah River (D. St. John)
136. Jet.Propulsion Laboratory (R. V. Meghreblian)
137-751. Given distribution as shown in TID-4500 (1hth ed.) under Physics and
Mathematics category (75 copies - OTS)




	image0001
	image0002
	image0003

