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IJnstable osc i l la t ions  of a uniform plasma i n  EL constant; uniform 
magnetic f i e l d  are investigated using the  Vlasov equations, It is 
found tha t  i f  the velocity dist r ibut ions of the eJeetromJs and ions 
a re  suf f ic ien t ly  anisotropic oscillatksns may occur whose amplitudes 
grow exponentially with time Three differen% anisotropic distribu- 
tion functions which lead tQ i n s t a b i l i t i e s  are studied. In  one the 
electrons are all moving wi2;h the  same velociLy along the aagnetic 
f ield and the ions are stationary. 
sidered. by Buneman but without assuming the presence of a magnetic 
f i e ld .  The second d is t r ibu t ion  function studied was one in which a l l  
electrons and ions move with the same speed perpendicular t o  the f i e l d ,  
This ease was  previously considereti by Ha.lmfors, by Gross, and by Sen. 
This previous work i s  extended here. 
consider& the  pa r t i c l e s  have a %melli%n dis t r ibu t ion  of the  velocity 
components perpendicular t o  the  field.  

function for  varying the spreati in the veloci t ies  in the d i rec t ion  
o f  the f ie ld .  If t h i s  spreaa i n  velocikies along the f ie ld  is  suf- 
ficiently small mstable osc i l la t ions  may occur, 

This case was previously con- 

In  the t h i r d  d is t r ibu t ion  function 

Provision i s  made i n  the 
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Recent attempts t o  achieve controlled thermonuclear reactions have 
yielded experimental evidence which suggest the presence of a new type of 
i n s t ab i l i t y .  
have reported evidence tha t  smll scale  turbulence exist within, the stabi l ized 
pinch configuration, and tha t  t h i s  turbulence i s  responsible for  decreasing 
t h e  plasma conductivity, accelerating a small number of par t i c l e s  to high 
energies and grea t ly  increasing t h e  rate of heat transfer to the  w a l l s .  
i n s t a b i l i t y  does not aeem to be of the so r t  predicted by the hydromagnetic 
equations which involve a gross motion of the plasm t o  the w a l l s  of" the 
container. 
stood, 
which a re  excited by runaway electrons. 

1 Thus, i n  a recent paper on the pinch ef fec t  Colgate and f i r th  

The 

These hydromagnetic i n s t a b i l i t i e s  are by now f a i r l y  well under- 
ColgaLe m d  f i r t h  suggest that  the turbulence i s  6ue t o  plasma waves 

W. Bermstein et al.' have reported a number of peculiar phenomena ob- 
_^-  

semed i n  S te l le ra tor  discharges. 
discharge current i n  abrupt steps, the  generation sf in-bense non-thema1 

The phenomena include a decay of the 

microwave noise and burst  of x-rays due to loss of confinement of runaway 

electrons.  These phenomena oecured under conditions for which the  plasma 
should not be subject t o  hydromagnetic i n s l a b i l i t i e s .  

reported by AlRr6n - w  e t  ala' This i n s t a b i l i t y  was found i n  experiments on 
trochotrons. 
are emitted i n  crossed e l e c t r i c  and magnetic fields move i n  trochoidal paths 
and const i tute  a beam perpendicular t o  both fields, 
a t  Low electron density, the motion is  i n  accordance with the motion 
calculated f o r  s ingle  pa r t i c l e s  i n  external fields. 

The i n s t a b i l i t i e s  men%ioned above bear 8ome resemblance t o  an i n s t a b i l i t y  

The main r e su l t s  may be  suarmrized as  follows. ETec'crons which 

A t  low emission, iUe.,  

A t  higher densit ies,  

1. 
2.  64. Bermstein, F. F. Chen, M. A. Heald, and A. 2. Kranz, Phys. Fluids 

3 .  R. Alfvgn, L. Lindberg, K ,  G, Mabfors, T, Wallnark, and E.. Astrom, 

S. A. Colgate and H. P. Furth, Science, 128, 337 (1958), 

- 1, 430 (1958); Coor, C m f n g h s 3 n ,  Ellis, Heald and Kranz, Phys, Fluids 

K u n g l .  fIlecklziska Hogskolans Handlingar NR - 22 (1948). 

-2 1 411 (1958). 
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11. THE LIMEQRIZED VLASOV ElQUATIOHS 

The following set of equations i s  used 

+_, I n  the above f. (r ,v,t)  i s  the dis t r ibu t ion  function f o r  the ith’ species of 
p a r t i c l e  (electron or  ion) ant3 e E and B 
are %he e l e c t r i c  and magnetic f ie ld  in t ens i t i e s .  Xquatisn 3 r e s t r i c t s  our 
considerqtioos t o  longitudinal waves. 
i s  constant, and E’can be wri t ten as 

3 j ,  l. 
and M. are i t s  charge and mass. i 1 

By Eg. 3 the magnetic field in tens i ty  

3 
E = - v @,t) 

where 9 is a scalar potent ia l .  
the coupling between longitudinal and transverse waves. It can be shown 
that t h i s  is only val id  i f  the phase velocity of the waTpe is much smaller 
than the velocity of light. 

By proceeding i n  t h i s  way we have neglected 

We now consider systems which dqar t  only s l i g h t l y  from an equilibrium. 
9 o *  configuration in which E = 0 and fi = f i (v) ,  

magnetic field t o  be i n  the z direction. 
We will take the uniform 

It is easily seen t h a t  To will i 
satisfy Eq. 1 If 

where 
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2 2 
X Y  

VI = v2 + v 

0 Be~lzs t e in~  assimed tha t  -P. 1 w a s  the Maxwell distributi.011; we do not make tha t  
assumption. We write 

1 3 
and assule tha t  f, and E a re  smal.1. quantit ies whose squares and products m y  
be neglected. 

1 
With the neglect of these small quantit ies Eq. 1 becomes 

I t  i s  convenient t o  Fourier analyze i n  space and take Laplace transforms 
i n  time. We w r i t e  

and 

ante similar expressions f o r  the transforms of men transformed, 
Eqs .  I and 2 become 

and 
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Pid v 

i s= k?$ T= 45r e 
i 

eiB 
= - 

ci Mi" 
Is1 the above c;) is  the cyclotron frequency and 

We now introduce the cyl indrical  coordinates vL, PI, arid vz in velocity 
4 

space and choose the vector k to lie in the xz plane, Then 

where 

can now be written 

-9 e and 73 e are unit vectors along the x, y, and z axes. Equation 11 3 1, 2' 

Berristein 5 has shown that the solution of Eq, 16 is given by 



1 
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Substituting Eqe 19 i n t o  Eq. 12 and solving for - $ gives 

By QSE? of the i d e n t i t y  

and 

23t s 
0 
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Using Eqs. ( 2 5 )  and (26) we w r i t e  Eq, (23) i n  %be form 

where 

has been changed, so that; i 5 s  integral over a l l  of -vcLocity space i s  unity. 

We are par t icu lar ly  interested in zeroth order dist r ibut ion functions 

which cause the denordna%or of Eq. 27 t u  vaixish f o r  values of P vhieh have 

a posi t ive r e a l  par t .  'Ibat, is 

y(p> r- 1. f o r  Re(P)>  0 

Tf Eq. 29 i s  sa t i s f i ed  then .t'neTe will exist  plasma, osci l la t ions whose 

amplitudes increase exponentially with t i m e .  

w i l l  discuss several, distribukiou functions %ThiCh glvc? rise t o  unstable 

i n  the following section we 

plasma osci l la t ions e 
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We sbail first comider the d i s t r ibu t ion  fmctions 

for ,the ions, and 

Y(P) = - 

Y 
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2 
3 

2 
dPi  Pe 

P2 (P + i k V )  
2 Y(P) = - - - (33 )  

6 
This case has been considered by Buneman Vha has shown t h a t  i n s t a b i l i t i e s  

ex is t  for  a proper choice of GJ W and kV. We sha l l  use t h i s  example Pi’ Pe’ 
t o  introduce the use of the  Nyquist7 diagram 

i s  s table  or unstable. Le t  P = 7 + i d  where 

from -00 t o  sa. Then 

i n  determining whether the system 

y is  a constant and LA varies 

2 
OPE 

2 
%i _ _  

2 ”  2 ~ ( y  + i d )  = 
(d- iy) (W + kV - i y )  

(34) 

defines a mapping of the curve 

Re(P) = 7 = constant ( 3 5 )  

i n  the P-plane onto a curve i n  the  Y(P)-plane which has the general shape 

shown i n  Fig. 1. It i s  seen from Eq. 34 tha t  

~ ( y  + id) = Y*(- y + id) 

so  tha t  the map of 

Re(P) = - 7 = constant 

6. 0. Buneman, Phys. Rev. Letters, I, 8 (19581, 
7 .  H. M. James, N. B, Nichols, R. S’: Philips.  Theory of Servomechanism 

(MIT Radiation Laboratory Series, McCraw-Hill, NewTork, 1947) p.  70. 

(37) 
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Fig. 4. Nyquist Diagram Corresponding t o  Eq. (34). 
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may be obtained from Fig. 1 by ref lec t ion  i n  the  real. axis .  
be seen t h a t  points t h a t  l i e  within the  s t r i p  I y *- Re(P)d- + 7 map onto the  
region ex ter ior  t o  the  curve and points outside of' this s t r i p  map onto the  

i n t e r i o r  of t h e  curve, 'Iflerefore, if the point +l i s  enclosed by the curve, 
there w i l l  ex i s t  a value of P with Re(P) > y which satisfies 

Now i t  may eas i ly  

Y(P) I- l ($1 

an? consequently there  are unstable osc i l la t ions .  
value of I? w i t h  Re(P) .zL - y which satisfies Eq. 38 because of Eq. 36. 
sane result m y  be obtained i f  t h e  ciirtrc Y(io i )  i s  sketched 8.8 i n  Figc 2. 

NOW 

"ncre will a.lsa be another 
Tne 

i s  an algebraic equation of t he  fourth degree f 0 r 4 ~  Since the  coeff ic ients  
a r e  real complex roots m i s t  appear as  conjugate pairs, From Fig, 2 it  m y  
be seen that  f o r  some values of qi*, ape> and kV the  horizontal. l i n e  labeled 
+ 1 will in te rsec t  t he  curve Y(id) four times corresponding t o  four real 
roots of Eq. 39. For other values of these parmeters  t'ne intersect ions 
betveen 3 = 0 and d =  kV w i l l  disappear and two of the  roots must be complex. 

We next consider the special  case k = 0. Equation 32 becomes 
z 

A plo'c of the Nyquist diagram or  of Y ( i d )  immediately shows t h a t  a l l  four 
roots of Eq. 40 are imaginary m d  consequently there  are no unstable modes for 
k = 0. i s  zero thore will eight roots of Y ( P )  = 1 

and two of Lhem may be complex depending of the values of api, ope, dCi, 

If nei ther  kL nor k: 
z z 

' . and kV. 
ce' 



13 

UNCLASSIFIED 
O R N L - L R - D W G  37437 

W 

-kV 0 

Fig. 2. V ( i w )  as Given by Eq. (39). 
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We next consider the distribution functions 

These distributions correspond to all of the particles having their velocity 

vectors in the plane perpendicular to the magnetic field and all of the ions 
having the speed V 

Eqs.  41 and 42 into Eq, 28 and integrating by parts gives the dispersion 
relation 

and all of the electrons having the speed V . 
i e 

Substituting 

2 +oQ I I , -  \ 2 ?- 1 

k V  
vhere b = A . 

J Ocj 

We shall first of a3.L neglect the ion motion and set k = 0, Equakion 'c3 
z 

then b e comes 



8 %quation 44 i s  the dispersion re la t ion  found by Gross. 
had previously been found by MaWors 
Eq. 42 a d  on the basiG of th i s  NaMors predicted instabilities, 
Gross found an error which invalidated Mahfors conclusions. Gro~s exav3ned 
Eq. lb4 for small values o f  b 
H e  cQnJectured tha t  these were 110 unstable roots fo r  any value of b . Later 
Sen rederived Eq. 44 and nmerieally found unstable roots for large be. We 

shall  show t h a t  there are  unstable roots f o r  values of b 
which is the value at  which. J (b ) has i t s  first; maximum. 
roots f o r  smaller values of b . 

A similar relatLosa 
4 using the  a i s t r ibu t ion  f’unction of 

However, 

and found that there were no unstable rocsts, 
e 

e 9 

greater than 1.84 e 
!lher$ no unstable L e  

e 
Ira. Fig. 3 we have sketched a part of t h e  Nyquist diagram f o r  b - r = ~  1,84 

e 
and in Fig. 4 we have done t he  same f o r  b The difference in the 

2 diagrams i s  due t o  t h e  change in sign of the derivative of J (b ) when be l e  
becomes greater  than 1.84. It i s  seen tha t  the curve i n  Fig. 4 can enclose 
the  paint -t- 1 when the parameters a re  sui tably chasm 

> 1.84, e 

If we set k,= 0 i n  Eqi. 43 we f ind  

from which 

The roots given by Eq. 46 correspond t o  stable pZasma osc i l la t ions  along the 

ltnnes of the magnetic field. 

When neither kZ nor k, vanish, it m y  be seen from Eq. 43 that there can 

be instabil i-kies even fo r  bL1.884, This poss ib i l i t y  w a s  not considered 

8 .  E. P. Grossp Phys. Rev. 82 232 (1951). 
9 W, K I  Sen, Phys . Rev. -’ 88-616 (1952) 
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Fig. 3. Nyquist Diagram Corresponding t o  Eq. (44) with be< i.84. 
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w = + 2  

Fig.  4. Nyqulst Diagrorn Corresponding to  Eq.  (44)  with be > i.84. 



by Gross QY Sea who r e s t r i c t ed  t h e i r  discussions to  waves propagating peqen-  
dicular  t o  the magnetic f ie ld .  

the one wblch we shal l  now discuss 
Tne analysis of th i s  case i s  very s imilar  t o  

* We now wish. t o  consider "ne e f fec t  of a spread. of ve loc i t ies  on the 

s t a b i l i t y .  For that pur-pose we csmslcPer the  d is t r ibu t ion  function 

and a s i i n i l a r  d i s t r ibu t ion  function fo r  the electrons. The parmeters CXL 

a.nd a measi~re the  spread in veloci ty  i n  the directi.ons perpendicular and 
p a r a l l e l  t o  the f i e l d "  
resembles the Maxml1-Boj.tzmann function and allows the in tegra ls  i n  Eq, 28 
t o  be evaluated i n  terms of knosm. functions. 

z 
Toe function given by Eq. 47 was chosen because it 

10 Substi tuting Eq. hr[ i n t o  Eq.. 28 aid using the f o m d a  

one f inds 



W e  s h a l l  first consider the special case In  whieh k L =  0 and the motion 
of the ions can be neglected. We f ind for  the afspersion re la t ion  

1 = Y(P) =: - 4 e  

from which 

which corresponds t o  damped opci l la t ioas  a t  the  plasm frequency. 
or igin of the  damping may be seen as fo1Pows: 
of the order of 

%e physical. 
The oscj.3-htr$ona decay in a time 

Since a 
quired fo r  a typ ica l  p a r t i c l e  t o  move 8 distance X/2% by reason of i t s  thermal 
motion. 
tion. Dmping of t h i s  so r t  w a s  f irst  discovered by Laadau'l who assumed a 
Malcwellian d is t r ibu t ion  and consequently found a decay t i m e  d i f fe ren t  from 
tha t  given by Eq. $ 2 ,  

is  a typ ica l  thermal veloci ty  i n  the z direction, a i s  the time re- 
z 

Due t o  thermal motion the  pa r t i c l e s  get out of phase w i t h  t h e  osci l la-  

S t i l l  neglecting the motion af %he ions TAT& consfder the case kZ = 0 ,  

The dispersion re la t ion  becomes 
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Equation 53 may be shown t o  reduce to the  expression found by Bernstein, 
There are an i n f i n i t e  xlmber of rooks of Eq. 53 all of which are imginary; 
hence there  i s  nei ther  i n s t a b i l i t y  nor Landau damping f o r  waves propagating 
perpendicular t o  the f ie ld .  

We now return t o  Eq. 49 and take into account the n~tion of both 

electmiis and ions. Far the time being we w i l l  let CI = 0 .  We f ind  it  
convenient, t o  let P =: id and write Eq. lc9 in the fomi  

z 
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a n = L -  

k 

z k  
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1/2 



. 

Equation 68 is  an approximate expression f o r  the roots of Eq. 59 i n  the 
neighborhood of d = + &63 
only when the second term in Eq. 68 i s  much smaller than the first .  
seen thatdbecomes complex indicating an instability whenever 

. me approximations that have been made are vetlid ci - 
It is 

2 

2 2  
2 %e n - 
G, ci 

( 4 9 )  

In the l i m i t  

d2 

‘ci 

2 Pe n z 2  - ~ b ) l ~  

Equa% i on 68 be comes 
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??ile n m s t  unstable mode will be t;he one corresponding to 1 I- 
mode 

I; for  this 

Its maximum ,value of 0.219 which makes 

or 

(72) 

mode for t w o  cases. 



The effect of a finite .Q! can be taken into account new j u s t  by re- 
z 

placirigd by GJ- iazkz in the preceding equations. 
spread of velocities in the direction of the field cause6 a damping of the 
oscillations+ Probably no quantitative significance should he a$tached t o  

This indicates that a 

a k 
one. 

MRxwellian distribution was not the sane as our E&,, 42, 

and A &re close to uaity and the most unstable mode is 4 = 2 ,  

n I A, m a l  by unity gives %he instability criterion 

since the distribution in vz given by Ego kP is a rather unrealistic 
z z  

We have already remarked tha t  the decay time found by Landau using a 

2 A criterion for instability can be fozmd from Eq. 69,  In general n 
Replacing 

z 

2 
7, 

, 
OF 

IV. DISCUSSION 

In the preceding section we discussed several distribution functions which 
give rise to unstable @sm% ascillatians, 

there is relative motion bekween electrons and ions have been discussed by 
B u u m  for the case of no magnetic f ie ld  a d  will not be discussed further 
here e 

The instabilities which arise when 

The principle result of this mrk is that instabilities may arise when 
the vel~clty distributions are PZatLened in %he direction of the magnetic 
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4 
f i e l d . .  If we take I3 = 10 gauss and M. to be the deiiteron mass, Eql. '79 
predicts that i n s t a b i l i t i e s  will develop when the parkicle densitj es exceed 

about 10 e 

iluclear machines known t o  the author, 
~ q .  7 3  or  ~ q .  74 are, of coume, much stzsrter than csntainmelzt times necessary 
f o r  a prac t i ca l  device. 

1 

7 This i s  a particle density much below any proposed for  thermo- 
'The e-fsl.ding t i m e s  calculated from 

These i n s t a b i l i t i e s  are reduced by  Lcundm~ dampfa& i f  th,gre i s  a spread 
of ve loc i t ies  along the direction of the  f ie ld .  Hovever, t'nis damping i s  snzall. 
f o r  waves w i t h  smaI.1 k . We have shown for the  dfstribu%iion fvxcU.on given 

by Eq" 47 t h a t  there i s  no in skah i l i t y  i f  k 
2 

= 0 ,  z 
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