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Session I: THE EPITHERMAL RANGE

Paper I-A

CALCULATION OF WIGNER-WILKINS SPECTRA WITH
M = 18 KERNEL AND M = 1 SOURCE

T. J. Kreiger P. F. Zweifel
D. M. Keaveney
Knolls Atomic Power lLaboratory






Calculation of Wigner-Wilkins Spectra With
M = 18 Kernel and M = 1 Source

T. J. Krleger¥* P. F. Zweifel
D. M. Keaveney
Knolls Atomic Power laboratory
Schenectady, New York

Abstract

In an attempt to explain the excellent agreement of measured thermal
spectra in water with calculations based on a free monatomic moderator of
mass M = 1, a conjecture has been advanced that the calculated spectrum
is insensitive to the value of the moderator masss used in the energy chénge
kerneleZ(Ei—9E%) of the Wigner-Wilkins integral equatiom. The truth of
this conjecture has been investigated by assigning to the protons a mass
equal to 18 neutron masses in evaluating the energy change kernel and
also in establishing a distribution of initial proton velocities. The
source term in the Wigner-Wilkins equation, which represents the neutrons
fed into the thermal group from the epithermal region, is, however, calcu-
lated with the true proton mass, since the chemical binding is negligible
for epithermal neutrons. The integral equation has been solved on an
IBM-650 computer and the resulting spectra compared with the usual M = 1
spectra. The comparisons indicate that the spectrum is indeed sensitive
to the value of the moderator mass used in the energy change kernel, The

effect of thermal-cutoff choice and Doppler effect is also shown.

*Speaker.



CATCULACLON OF WIGNER-WILKING CPECTRA WITH

T. J. Krieger
P. F. Zweifel
D. M. Keaveney

The very good agreement between measured thermsl neutron speétra in water
and theoretical spectra calculated neglecting chemicel binding effects has led
%0 & good deal of gpeculation ccencerning the origin of the apparent lack of
sensitivity of the spectrum on the form of the energy chenge kernel o{(E —¥E'),
at least vhen the absorbers are of the 1/v type. Experiments in which both emergy
and angular distributions of mopcenergetic slow neutrons scattered by weier are
messured seem to imdicate that the scattering law is simply that corresponding
to & m#ss 18 proton. This result is plausible, since owing to the larze electric
dipole mcment of the Eéo molecule, the rotatiocns in the liguid state are probably
strongly inhibited; so that the molecule recoils without rotstion when struck by
a slow neutron. In view of these considerations, a conjecture has been advanced
that the calculated spectrum is insensitive to the details of the scattering
kernel g¢-(E — E') (provided, of course, that detailed balance and neutron cone
gservation are cbeyed), and in particular, that spectra calculated with M = 18
and with M = 1 kernels should not differ appreciably. DNow, it is already knoin
from work on the heavy mass epproximation (M -»co ) that the spectral hardening
factor is given by the ratio xa(km)/'i Z,, implying that an increase in the mass
from M = 1 to M = 18 yields a spectrum which is hardened roughly in the ratio Eis(M?l):
~§28(M=18)455Thu3, a straight forward M = 18 calculation could not possibly give
results similar %o those for an M = 1 scatterer with the ssme gbsorption and

scattering propertiss. Hoewsver, 1F, instead, we assume that en M = 1 seathering

a7
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Calonlaetion of Wgper-Wilvins

Me37 Kermel and M=l Source

law is operative al neulron energles sbove some thermel cut-off energy
EgZ?S?kfj while for neutrom enargieg less than.ﬁa an M = 18 law applies, there
is some hope that the calceulated speotrum will not differ from a straight M= 1
solution. The essentlel difference is that with M = 1 eplthermal moderation,
many more neutrons ere fed into the thermal group at lover energies than with
M = 18 moderation. The resulting ﬂ@@ﬁtrum is, thersfore, expected 1o be solfter
than that due to a streight M = 18 moderation exnd thermalization. Of course,
when differing proton masszs erae asssuwmed for thermal and epithermal peutron
enargies, the epectre calculated are bound to he somevbatl dependent on the cute
of ¥ energy EP chosen.

Another featurs of the "two mess value" method is concerned with the Doppler
effect, i.2., the influence of the targetd thermal moiion on the scaltering. Althougb
the Doppler effect is eutomatically included in the scattering kernel o(E ~PE'),
since the latter contains the temperature, 1t must also be taken into sccount in
a correct formulation of S(E) the energy distribution of neutrcas feeding into
the thermal group frow epithermal energies. Thus in the case of monatomice
hydrogen moderation, if the protons wers agsumed to be initially at rest, the dis-
tribvuticn of neutronsg fed into the thermal groug would be uniform down to zero
energy. However, owlug to thermal motlon, 5{B} is proportional to erf‘%%% 3 Le®.ay
it 1s congtant down to ~ XT and ther drops to zero. In e present yra%l@m, it 1s
asgunad that the Doppler sffect is charscterized by M = 1O rather than M = 1

‘tee Fig. 1) so that S(E} is cunstent down to o somewhat lower energy then for a

M = 1 Ivppler before dropuing 1o zereo. In any evenit, the varlation in the value
of M entering whe initial distributicn of proton velocities is a minor effect.{Bae Flg.2
To teat the ccnjecture thet the calculated spectrum is insensitive to the

details of the thermal scatiering law, the Wigner-Wilkins integral equaiion for
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Oaleulaticn of Wigper-Wil-ine Frastra With
M=18 Kerrel and M=l Source

the thermel flux hasg been solved on an IBMw6fjo digital computer. The source
function S{E) was taken to correspond to M = 1 with an M = 18 initisl provon
velmity.d:ﬁ,stri"butj,.@n, while the Wignsr-Wllkins kernel g {B'=»E) was calculated
with M = 18; the speciral bhardening was py = .226. The resulting fiux is shown
in Fig. %, in which fov compariscn, strict M = 1 and M = 18 solutions are also
shows. We chesrve that the (M = 1, M = 18} solution is significantly different
from the etrict M = 1 solution, which demonstrates the falsity of the con jecture, ¥
In Fig. b, the sfrset of thermel cut-off energy on the (M = 1, M = 18)
polution is shown. The two curves corrvespond o 10 kT and 1 ev cul-offs; re-

grantively.

* Note added following conference: A preliminary calculation with a ~4 kt cut-off
in vhich the upscattering is included rigorously &s an effeetive absorption, has
shown that the M=1 and M=18 solutions are much more similar than the earlier
calceculations with higher cuteoffs indicate.
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Paper I-B

THERMAL NEUTRON SPECTRUM IN HARMONICALLY
BOUND HYDROGEN MODERATORS

E. R. Cohen E. U. Vaughan
Atomics International






Thermal Neutron Spectrum in Harmonically
Bount Eydrogen Moderators

E. Richard Cohen and Edward U, Vaughan
Atomics International
Canoga Park, California

Abstract
The description of hydrogen moderation by chemically bound hydrogen

as described by Bethel has been extended to include the Boltzmann distri-
bution of initial hydrogen oscillator states, Because of the discrete
energy transfers allowed in the system, the Boltzmann equation for the
neutrons can be reduced to independent sets of difference equations. The
adjoint equation, which gives the neutron importance is also formulated and
is used to provide a simple and easlly understood formula for the reac-
tivity change with temperature (population of oscillator initial states),
The neutron importance is equal to the number of neutrons produced per
absorption averaged over the energy at which the neutron is ultimately
absorbed. The change in reactivity produced by a change in the population
distribution of the hydrogen arises from the differing importance of neu-
trons with energy. Thus if the neutron production per neutron absorbed
(Qf) is independent of energy, or if there is absorption only in the inter-
val of 0<E< h(nV¥= oscillator level), there is no change in reactivity
with temperature even though the neutron spectrum changes radically. The
neutron spectrum and the reactivity have been calculated for several cases

of interest.

1. H. A, Bethe, Rev. Mod. Phys., April 1937, p, 122.
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by E., Richard Cohen and FEdward U, Vaughan

Thermal Neutron Spectrum in Harmonically Bound Hydrogen Moderators

Introduction

Within the last few years there has been an increasing awareness of the
importance of chemical binding of the moderator atoms in the determination
of the thermal neutron spectrum in a reactor. The free atom (monatomic gas)
moderator has been extensively calculated, and several partial attacks have
been made on the problem of the chemically bound moderator. A case which
represents perhaps the opposite extreme to the monatomic gaseous hydrogen
moderator is the harmonically bound hydrogen oscillator. This model represents
the moderation of neutrons in a crystalline hydride moderator in which the
motion of the hydrogen is severly restricted by the chemical bonds which tie
it to an essentially infinite crystal matrix. With an appropriate choice of
oscillator frequencies, this model may perhaps also yield approximate represen=-
tations of the effects of chemical binding in other systems where the vibrational
states are predominant (water or hydrocarbons at sufficiently low temperatures).

We shall therefore consider the following system:

Hydrogen is bound in an isotropic harmonic oscillator potential well.
The possible energy levels are uniformly spaced with separation hw, No energy
transfers will be considered other than those associated with hydrogen-neutron
collisions (collisions with any other elements are either purely eléstic or
lead to absorption)., The neutron can therefore only gain or lose energy in
discrete multiples of the quantum h¥. The neutron flux is assumed to be low
enough that the population of hydrogen in the various quantum states shall be
adequately given by the Boltzman factor just as if there were no neutrons present

(the Boltzmann equation for the neutron spectrum is linear.)



Formulation

We can quite generally write down as our starting point, the time inde-

pendent Boltzmann equation.

- .
ﬁ'%y(?vﬁsx) + G’(X)V(?r‘(ls)c)
= H’ cr'(x',x;yo)\}/(?,ﬁ.',x?)dﬂ'dx' + s(?,x) (1)

The medium is assumed to be homogeneous so that the cross sections
are independent of position., The function‘*’represents the detailed neutron
flux density in angle and energy. The neutron energy is measured in units
of ¥/, (E=xh#L The scattering cross section (r(x',x;/13 represents the
probability of a neutron at energy x' scattering through angle arccos/Ao to
energy X. This will be specialized below to exhibit explicitly the restriction
that x'-=x must be an integer (positive or negative).

In order to reduce this equation to more tractable form we shall consider
only a single fourier component of Eq (1) and assume furthermore that yV can
be adequately described in terms of only the first two spherical harmonics,
and we shall be ultimately interested only in the total flux or total collision

density. Eq (1) can therefore be rewritten:

1’K/JV +O’(x)‘.-r(x,/b{) =j[d'(x',x;lqO)V(x',/u')dx'd N+ 5(x)
¢(x}lu,) ¢¢o(x) + M ¢l(X)

This gives two coupled equations

(1.1)

17K 471 +0'(x)¢o(x) = f¢o(x')g O"(x',X;/uO)d/qodx' + S(x) (2.1)

ik 4)0 + 307 (x) ¢1(X) = 3r¢1(x‘){/UOU’(X',x;/qo)d%dx' (2.2)

We now introduce the collision density K(x) = ﬁx)¢o(x) since this function



is more smoothly varying than ¢)0(x) itself, and an auxiliary function J(x)
related to the current

1—’3’5 36 = ) )

With these substitutions kg (2) takes the form

2.
K(x) = IK(x'_)A(x',x)dx' + S(x) + ?—0—_‘{—)(("7) (3.1)
J(x) = {J(x')B.(x',x)dx' —5_21; (3.2)
0-()('1)“/”0)
where Alx'yx) = ’{ TG dM (3.3)
f(x',x;/do)
B(x',x) = g/“o =) d/"o (3.4)

Eqs (3.1) and (3.2) can be solved as soon as the kernels A and B are known.
We must now look in more detail at the scattering of neutrons by harmonically

bound hydrogen.

Determination of Cross Sections

The first thing that we see with respect to the kernels A and B is that
they are not continuous, but are actually sums of delta-functions since the
energy of the hydrogen (and hence of the neutron) may change only by integral

amounts. Hence we can write

SK(X')A(X',X)dX' = Z K(x+S)AS(x+s) (4ha1)
s

gJ(x')B(x',x)dx' = z J(x+s)B (x+s8) (4.2)
- s

where 8 ranges over integral values (s>» -x). In order to waluate these

elements AB and Bs we must look at the guantu+ mechanics of the scattering



process. This was first developed by Fermi1 in connection with the moderation
of neutrons by paraffin, and has been sumﬁarized by Bethe.

The hydrogen atom may be.in any. oscillator level before the collision.
Hence, we must calculate the transition cross section o,

—>
hydrogen making a transition from state m to state n in a collision with a

n(x) for the

neutron of energy x. (In this collision, the hydrogen gains energy n-m, and

the neutron loses energy n-m). For a three dimensional oscillator at temperature
T the probability that the hydrogen will be in state m is given by £(m+1)(m+2)€ m
where € is the Boltzmann factor € = exp(-hy/kT). Hence the cross section

per hydrogen atom for energy loss s at initial neutron energy x is given by

1 3 (m)(m2)€ "

<M Tmar & 2 o () (5)
The total cross section of the reactor is given by
o (x) = 3 o5(x) *+oo (x) +og,(x) (6)

5
where (r;bs(x) is the total absorption cross section (per hydrogen atom) and
-CT;1 is the elastic scattering-.cross section for all of the non-hydrogen atoms
(per hydroren atom),
The scattering cross section per unit solid angle for the hydrogen

oscillator is given (according to Bethe) in the Born approximation as

2
G’m_)n(x)dw = ;{ j:_;q ' feXp [i(k-kf ).x] yi(x)y/;.; (x)dx/ dw (7)

v,k are the initial speed and momentum of the neutron and ve, k., are the

f’
final values: (I‘o is the free atom scattering cross section.,
The initial and final hydrogen states are given by the usual harmonic

oscillator wave functinngs:



1 i
Vit v Wt
Vet e N(B)eni g

\£;= (2¢//n) %x

Y%ﬂ(é; ) is the Hermite polynomial. The oscillator can be described in

terms of three imdependent oscillators at right angles. For each of these
three independent directions the oscillator can make a transition from state
mi to state ng with a corresponding change in the neutron momentum component
qi. The momentum transfer is not uniquely defined by the energy transfer

because the crystal (to which the hydrogen is bound) can sbsorb arbitrary
1

momentum, The unit of momentum is (M 2/) “.

The matrix element is -
m, +n,«2p
(m,) Hq® [ (4q,) + 1
At (q,) = Ym_ !n ! e 1 1 (8)
ny i 1°7%° p!(mi-p)!(ni-p)!

We must now average over all the initial states such that m..ml+m2+m3

sum over all final states such that n=n1+n2+n}. With these restrictions ¢

the sums we have

) ey v (m.) (m,) 2

(x)dw £ A(ml)( )A?—()A3(> dq.dq.da. ¢
Casn'® * mel)(me2) g~ v nom ['ng 9 n, 1, ny 95 ;99,994

The summation over initial and final states can be simplified if
the coordinate system is properly oriented. If the z-axis is taken
to be the direction of momentum transfer in the collision. 9, and 9, .
are zero., All of the matrix elements are then zero except for

=m, and n.= m,. We see a point which is perhaps physically obvious.

y =0y 2% M

1



The independent oscillators cannot make an energy transition unless there

is a momentum transfer also. This is of course not a trivial statement

since the momentum transfer is Qot uniquely correlated with energy transitions
because of the recoil momentum which can be given to the crystal as a whole.

We can then reduce kg (9) to the much simpler summation

m
20
g - 0 ’ X 1 A(m-—r) c qw
crh—)n(x )d (a+1) (m+2)W ¥ x! ;E: (r+1) n~r(u) (10)
r=o
where u=q2 is the square of the momentum transfer. Kq (10) gives

the differential scattering cross section per unit solid angle dwW from an
initial energy x' to & final energy x. The relationship between initial

and final energies, momentum transfer and angle of scattering is

u = X+x'=2V xx!' /Ao (11)
Xx+x '-u
= s (11.1)
Mo 2V xx!

- i
Qi = 27rde = U (11.2)
ﬁxo YV oxx!

The integrated cross section for energy transfer from state m to state

n is
2
2o 21
ey L 0 _ 1 k(m-r) d 12
a;~)n(ﬂ ) = (m+1) (m+2)x' - (r+l) Mp-r (u) 4 (12)
the limits on the integral are determined from the limitS/4O = +1 in Ibq t1.1)

u = 2x'=six2V zx'{x'-s) s=n-m, X=X '-s

Tane integrals involved are all elementary but tedious, they are given in
more detail in an Appenuix. Dwsults are presented in Figures 1, 2, and 3.
If the Boltzmann factor, € , it specified, cne is now in a position to

calculate the trancition coefficients Aq(x)
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and Bs(x) of Eq (&).

Solution of the Boltzmann Egpation

The Boltzmann equation, Eq (1) has been reduced to the approximation

2
K(x) = Zs: B Gers ) (xr8) +5(x) + %ﬁ{%—) (13)

K(x)
g(x)

;
J(x) = :Z;Bs(x+s)J(x+s) -
5

and we have outlined the evaluation of o (x), As(x) and Bs(x) in the previous
section. We must now establish a method for solving Eq (13) for the collision
density K(x). We see first of all that the solution breaks up into an
infinite set of independent systems. If we write x=k+¥ where k is an

integer and b4 is a fraction 04 §'<l, we see that equations for different
values of § are completely independent of each other.

We specialize our problem by considering our solution to apply for
neutron energies less than X. For x» X we assume a known flux which scatters
neutrons down into the region o< x <X at a known rate, S(x). We have im-
plicitly assumed that this source is isotropic and if we postulate the
slowing down to come exclusively from hydrogen collisions, S(x) will be a
constant.

Equation (13) can be written as a set of simultaneous equations

x-1
2
K(k+§) =; Aj_k(j+g)K(j+g) + S + Bﬁa_'%%?g%)
(14)
x=-1
- ' ' K(k+ §)
J(k+§) = ng Bj_k(ang) J(3+§) "g_'(_k_}%

These equations can be solved iterativ-ly as they stand but a few

observations which can improve the rate of onvergence are in order,

11



1. Since (1@/“7‘)2 is small a first approximation is to omit the term
in J(k+§ ) from the first equations of kq (14), giving a first approximation
for K. These values of K are then used in the second equations of kg (14) to
obtain the first estimate for J, which are then used in the K equation to
improve the approximation; the iteration proceeds until the successive
approximants have converged.

2. The equations for K and J are themselves solved by iteration. In

the Appendix we show that As(x) and Bs(x) are of order €|ss for negative
values of s. The matrices A and B are therefore approximately triangular

and we can write

x-1
~ 2
/ 1-Ao(k+~g)_7x(k+§) = Z Aj-k(j*f )K(j+§) + S + g‘%-—‘z%‘t%l
J:k'l-l E
1 (15)
+ ; Aj-k(j+§)K(j+ \f)

with a similar equation for J(k+¥).

The first summation of Eq (15) contains "large' terms, the second
summation contains only "small'" terms; for k=X-1 the first sum vanishes.
Hence we solve the equations successively in the order k=X-1,X-2,X-3,...1,0
using at each step the latest approximants for K(}+g). (We can start with
K(j+g ) = O or with any better guess that may be available). This procedure
corresponds to neglecting in the first approximation the collisions in
which neutrons gain energy. The resulting approximate collision density
can then be used as a "source' of energy gain collisions with which to
improve the approximations.

Typical results of the above procedure, as executed on the IBM 704,

are presented in t(ig. k.

1z
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Appendix

Details of Crose Section Calculation

The fundamental scattering cross section of a neutron of energy x

c¢olliding with a hydrogen atom in state m to leave the hydrogen in state

n and the neutron with energy Xp = x+m-n is
m
2
0o X¢ Z m-r
Crh—én(X) = (m+1) (m+2)7C V[;;j- oo (r+1) | A ne-r (u) dw (A.1)
gy = free atom total scattering cross section

u = square of the momentum transfer
U o= X+xg - %/Jo Vxxf " (4.2)
aw = 2Wdu - - Zdu (A.3)

© V XX o

cosine of the angle of scattering of the neutron,

i}

/Qo

2 -p
(m) m+n (=u) -u
{ A (u)/ = mlnlu z; (m-p) T (ap)ipl e (A.l)

The population of initial states in the hydrogen is determined by
the Boltzmann factor € = exp(-h¥/kT). The total cross section for energy
loss is given by an averaging over the contributions of the various popu-

lation levels

1 (m+1)(m+2) m
<O"’S(X)> =[0';(X)dw = T)—(e—)-[m —————2‘———— o—QOHS(X).e ] (A.5)

where D(E):Z Mz—lfm

2
m=o

The scattering cross sections ajﬁ n(x) are given by

-

1h



(m+1)(m+2) J, - -b
T2 Tasa™ s [hm,n(a)e -hm,n“’)e]

a = 2x+m=n-2V x(x+m-n)
b = 2x+m-n+2¥ x(x+m~-n)
The functions h_ (u) are symmetric in the subscripts (h = h
m,n m,n n,m
so that we shall, in the calculation of hm n asgume that n2m. The functins
]
hm o are defined in terms of the auxiliary functions pr(u)
4
= 1 =
pr(u) r = o
t
= 1 + L ryo )
oy U (A.7
n+m
h (u) = z ; C p (u)
m,n rfr
r=n-m
for m = o Cn = 1 (A.8.0)
form = 1 C . = n+2 (A.8.1)
n-1
C = -2n
n
Cn+l = n+l
for m = 2 C = ;(n+1)(n+2) (A.8.2)
n-2 2
o = «2(n-1)(n+2)
n-1

C = n(3n+l1)

C = =2n(n+1)

n+2 = %(n+l)(n+2)
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for m = 3 C = %n(n+l)(n+2) (A.8.3)

C = =(n=2)(n+1)(n+2)

n=2
5, 142
Cn-l = 2(n 1)%(n+2)
C = - 2(n-1)n(n+1)
n 3
5 2
Cn+l = %n (n+l)
c =z = n{n+l)(n+2)
n+2
Cn+3 = %(n+l)(n+2)(n+3)

In addition to the scattering cross section we are also interested

in the "cosine averaged" cross sections

- 1 (me1)(ms2) oy n
M T > = f,uo Tgx)dw = 57gy Z,% 2 W%..,méx»e]“*-”

where
g, - -
S_’Et%_(it.?l<ﬂa'm__’n(x)> = —}-(—° [gm’n(a)e a gm,n(b)ej (A.10)
n+m
and 8, n(u) = Cr (b+a)pr(u ) - 2(r+l)pr+l(u);; /(b-a)
! r=n-m

The total cross section is the sum of the absorption cross section,
the elastic (non-hydrogen) cross section and the sum of all of the energy

transfer and elastic hydrogen cross sections.

a’total(X) = Z(a‘;(x)) + 0';1 + g (A.11)

abs
s

and the elements of the transfer matrix are

< g.(x)>
A (x) = ———L
s total
(A.12)
g (x)7
B (X) :<M 5
8 cr;;—otal
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The actual iteration is best achieved, however, by using the formulas

K(k+f) = ? MkJ_K(j+§) + Plk+ ¥) ,
(A.13)

J(k+ §) = ;%; Nij(j+§?) + Q(k+§ )

, A._k(j+f]
b = TRy x4
3 l-Ao(k+§)
Mkk = 0
B, (j+¢)
N . = _.J:L{___f_._ kKt
kj l-Bo(k+\§)
Nkk = 0 K,Z
m J(k+§ ) + S(k-i-g)
P(k+ ¥ ) =
. § 1-A_ (kv §)
o
Q(k+§ ) = - K(k+ %)

Trorar [, E ]

The matrices Mkj and N are quasi~-triangular in the sense that As(x) and

kj
18] . .

Bs(x) are of order €& for s< 0j hence Mkj and Nkj are each composed of a

triangular matrix of order unity (and with zeros on the main diagonal),

bordered by subdiagonals of order €° for the subdiagonal which is displaced

s rows from the main diagonal. To see this we return to the expressions

for Crﬁ->m+s' It is readily apparent from equation (A.6) that
(m+1) (m+2) <o (x) = (m-s+1) (m-s+2) (x+8) (x+8) (A.14)
2 n—>»m-g 2 m+s->m
hence
E (m+1) (m+2) > (x)€ B - X*3 ZEL (m-s+1) (m-5+2) T (x+s)E T
- 2 M-y M-8 b 4 2 Me~S->m
m=0 m=s
jZl ( ( )é_m'+s
X+5 m'+l (m'+2 (x+s)
= X \ 2 OUntymres) (4.15)

m
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whence

8
<o—_8(x)7 =é—-(—§—+§2- <d’s(x+s)> . 8>0 (A.16

Ihe calculation of the cross sections need be carried out only for
Op.,, "ith nzm and we can then use Equation (A.16), (which is a result
of the microscopic reversibility or the statistical mechanical detailed
balancing of the collision process) in order to calculate the cross section

for neutron energy gain from those for neutron energy loss.

18
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Abstract

When the moderator is hydrogen with isotropic harmonic oscillator
binding, the neutron balance condition and its adjoint, which determine
the neutron flux and Importance spectra, respectively, take the form of
difference equations because of the discreteness and uniform spacing of
the harmonic oscillator energy levels. These equations can be reduced
to first order difference equations ~-- homogeneous in the case of the
flux, inhomogeneous in the case of the lmportance -- provided the hydro-
gen atoms are all in their ground states (corresponding to absolute zero
temperature ). By using suitable approximations to the scattering cross
sections, the equations can be simplified and solved; The solutions are
sufficiently tractable to permit approximate reduction to single sums of
the double sums arising in a perturbational treatment of the effect of
temperature (through excited states of hydrogen) on reactivity. It can
be shown in this way that at room temperature, and for typical hydrogen
frequencies, the temperature-dependent part of the reactivity is insensi-
tive to the behavior of the flux and importance for energies more than
twice the quantum energy of the hydrogen oscillators. With this simpli-
fication, the effect of temperature on reactivity has been evaluated for

a number of conditions.



Neutron Moderation by Chemically Bound Hydrogen

By - E. U. Vaughan and E, R. Cohen

The fact that typical level spacings of chemically bound protons
are considerably larger than thermal energies kT at typical reactor
temperatures necessitates including effects of binding in treating neutron
thermulization by hydrogenous moderators. Following Fermi(l) effects
of the binding have been studied by treating the proton states as those
of an isotropic harmonic oscillator. This model is excellent for zirconium
hydride(Z), and may give useful insight into other hydrogenous moderators,
Consider first the simplified problem of an infinite homogeneous
system, having no signiticant moderator other than the harmonically bound
hydrogen, and no other significant material present except an absorber,

At zero absolute temperature, the Boltzmann equation for the neutrons

has the form

M-1
oy (m+ D)f(me E) = M os_ (n+ §)p(ne §),

n=m+

where
(m+\§)h1/ = neutron energy (O<;<1, m an integer)}

v - frequency of proton vibrations,

# = neutron flux,
me-1 '

) - ) X o e B
n=0
g, (m+ g) = absorption cross section,



i

Toon(mr §)

scattering crosu sections of neutron fromm + €

ton +\€ by a proton initially in its ground state,

=
1l

suitable upper limit for the energy-parameter m,

(1)

It has been known for many years that the cross section.is

LI =X
n(m»;) = m*f (m n) dx,
where
x = (VaTE + Var€)°
.= OBF £ 0eg
and
a‘(‘) = free-atom hydrogen cross section

20b.

Numerical evaluation shows that the integral in the above expression

is near unity for m>»>m - n, but approaches zero rapidly (with vertical
tangent) as n approaches zero. The approach to zero being qualitatively
similar for various values of m, an attempt has been made to show that
the integral is quantitatively insensitive to m.

The integrand of the integral, which is a Poisson distribution,

can be approximately replaced by the Gaussian

(2Tf')-1/2(m-n+l)-% exp/ = (1/2) (x-m+n-1)2(m-n+1)-1_7

This is a good approximation if m-n»>l. If, moreover, n+ E< <m+§,

another good avproximation is

x R m +g‘ + 2 V(neg)(neg)

2sm - n + 1 + Y2(m-n+1) V2(n+ ;)



TABLE

I

Test of (n+€)cr‘o_>n(n+£)/c;'o»:¢;erf Vo e

(n+ & )G‘o»n(.m‘ 6)/0"0

€ lert 13 = 1 n =2 3

value error value error value error
0.01 0.158 0.147 0.011 0.152 0.006 0.154 0.00k
0,20 0.628 0.620 0.008 0.625 0,003 0.625 0.003
0.40 0.792 0.805 -0,013 0.799 -0.007 0.798 =0.006
0.60 0.878 0.893 | -0.015 0.890 -0.012 0.883 -0.005
0.80 0.925 0.942 -0.017 0.937 ~0,012 0.932 ~-0.007
1.00 0.95h4 0.967 -0.013 0.961 ~-0,007 0.960 -0.006
1.20 0.972 0.930 -0.008 0.977 -0.005 O.§75 -0.003
1.40 0.962 0.987 -0.005 0.985 -0.003 O.982k 0.0000
1.60 0.989 0.990 ~0.001 0,990 -0.001 0,990 -0, 001




These approximations yield for the integral the approximate form

(m+%) o’;}_n(rmgyd‘o‘ ‘:‘\,’erf'1/2zn+ §5 .

This expression should be valid for large m and small n, and also
for large m and large n where it properly approaches unity. If it is
true that the integral is insensitive to m, the approximation will hold more
generally. This posesibility has been examined by numerical evaluation
of the correct expression. The resultg, shown in Table I, indicate that
the approximation is sufficiently accurate for the present purpose.

The Boltzmann equation is actually a set of difference equations,
coupling different values of the integer part of E/h4/, but with no
coupling between different values of the fractional part ;I. The solution
accordingly contains an aribitrary function of E' as a factor. This
factor can be determined by imposing as a buoundary condition that for
large values of m + E the solution should approach the solution for

the corresponding problem with free hydrogen. This solution is

E
o

ﬂf(E) = Céﬁo‘in(}i}y‘l exp {—J- dE'O"‘a(E')/_/_E’-‘Q"in(E')J/ '
E

which may be written, by using the relation cr;n(E) = crA(E) + <r0, in

the form

E
- - o — -
g.(E) = CE/E g (E)_/ 2 exp{-j d[E'O“a(E')J/AE'G'in(E')_/] .
B



The solution in the bound case is analogous to the second form above,
making the evaluation of the arbitrary factor simple. The solution is
obtained in a somewhat similar manner, as well;, just as the first step
in getting the above solution is to reduce the Boltzmann integral equation
to a first-order differential equation by differentiation, so in the present
problem the first step is to reduce the Boltzmann equation to the first-

order difference eguation

Sg (m)@(m+ % ) égg (m+1)+erfV2(m+1+ €)/F(m+l+ E)

(m+‘§ )erf‘/Z(m+‘§ ) ) (m+1+§ )eer2zm+l+‘g )

where

(m)

(m+§ ) U°in(m+ g )/o“-Q

m-1

(m+§)o”a(m+g)/q—a + éo eer22n+‘§5

The solution, obtained by evaluating the periodic factor, and dropping the
arbitrary constant factor C, is

M-1

(n)
(n+ ¥)erfVo(m+ & ) - Jg
ﬂ(m+§) = sg(m)sg (m+1) n7=:r7n.+1£1 - ,SE (n+1) ..7 ’
where

J_ (n) = [(m+1+§)o——a(m+1+§) - (m+€)g;‘a(m+ g)]/p""o .

5

The analogy with the free-proton case consists of relating E with

m +§, EC] (F) with Se, (m), d/E' o (8')_/ with J_ (n) and the exponential .

g

of an integral with a product, together with a cettain amount of confusion

between m and m + Ll




The most important feature of thie solution is the large
value of @ when m = O, which arises from the small value of
525(0) = E 0”5<2;)/C73 s, provided the amount of absorber
is relatively small. The flux is shown in figure 1 for the case of
140 atoms of hydrogen per atom of U235, corresponding to a thermal

absorption cross section of about 5b per proton.

If the temperature is raised from absolute zero, some
of the protons are excited out of the ground state. The
changes in the cross sections which result from this excitation
produce changes in the neutron flux spectrum. In a thermal
reactor, this will result in a change in kga' because some
neutrons are absorbed at different energies from before, where
the ratio ol of parasitic captures to fissions is different.

This effect can be treated by perturbation theory, provided the

temperature is low enough for exp(-h3//kT) to be considered
small. In this approximation, all higher powers of exp(-hz//kT)
should be ignored. In particular, only the lowest exicted state

of the protons is significant.



190.0~

8.0l
Zr H,
6.0}
40t
2.0}
\_ -
0'00.0 10 2.0 3.0 40

E /h uhits of o0.13 ev

Fig. 1. DNeutron Flux in an Infinite Homogeneous Mixture of Zr H2 and U2
Having 140 Hydrogen Atoms per U2J7 Atom
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The general expression given by perturbation theory for the reactivity
introduced in an infinite homogeneous medium, constituted of harmonically
and isotropically bound hydrogen togrther with fissionable material, by

a change of the scattering cross sections is

1M M-1
3L ¥R S0 () Flne ¥) - Fne) T
o m=0 n=0
P = T T '
j dgz d}(m+§)¢(m+§)
g =

m=0

where the importance function F(m+g) satisfies the equation

m-1

ﬁn(m+§)F(m+§) = g;o ﬂ-n(m*g)F(n+§) + a—;.(n«rg).

Here
O'f(m+§) = fission cross section,
c;]_n(m+§) = unperturbed cross section for scattering of a neutron
from.m+‘§ to n+ E'
Ja;_n(mg) = change in scattering cross section,

Raising the temperature from zero absolute perturbs the cross sections in two

ways:

1) The cross section o“l(m+ E:.) no longer vanishes. The approximation

used before leads to the expression

5U’_l(mfg):‘jexp(-—h“l//kT)L—o'“o/(m E)J erf‘/2(m+§; .

9



Since larger negative-subscript cross sections correspond to higher
excited states with hipher powers of exp(-h #//kT) in their Boltzmann
factors, the sum over n in the expression for / can be cut off at m+l

instead of m-1.

2) There is a change in c;ﬂ'_n(m+ g). This change can be treated
by approximations similar to those employed previously, but they
must be applied to the changre of cross section because this

quantity is small, and might be masked by small errors in the

separate cross sections. The result is

Xo—rﬁ-n(m+ ‘g):&—exp(-—h:}//k’l‘)[&'o/(m+§ )_7[8(n+§)/ 77‘_7%? expé——Z(n+§)_7 o

This approximation is compared in Table II with the exact values
computed numericezlly. The principal result is that the lorgest error
is 18% of the largest value., It will appear later that this entire contribution
is small, and hence that this accuracy is adequate. Because of the rapid
decrease of expL:Z(n+?§)~7} it hns been deemed sufficient to make this
correction for the case n=0 only.,

Because of its inhomogendty, the equation for the importance is more
complicated than the equation for the flux., Nevertheless, the use of the
error-function anproximation for the scattering cross section permits

its reduction to the first-order difference equation
Sg(rn~rl)F(m+],-o—§) - [_S% (:n)wrrf“f?im»é‘g) F{m+ g) = K‘g(m),

where

K?’S(m) = [(mfl+7§-)c-‘f(m+l+?;)~(m;‘%)q-j-_(m+g)J/d‘; o

10



Table II

Test of (n+6)[€7"0_)n(n+ €) - (n+6)_7/(30‘0):“;(86)%(97T74éexp(—2€)

C:L9n+l

€ 0.010 0.200 0.600 1.000 1.400

m
1

ro
m

8
- . . . u 3 .
vgnr e 0.0531 0.159 0.12 0.072 0.038

correct value
> for n=1 0.0250 0.13%2 0,148 0.084 0.037

error +0,0281 +0.027 ~0.,02h -0.012 +0,001




The arbitrary factor in the solution of this equation is determined,
not by a boundary condition for largerm+§, but by the original equation

for the case m=0: -
F(g) = 0, (E)/ o, (). :

It may be verified that the solution of this problem is

- o (&) Z’“‘l " m-l 3, (n)
F(m+ = v + L ( 1l - L 1l - ;
‘g crézs ) %o g n=g S_ (n+l) J

K.E (0) i c"ffg)
Jg (0) c’a\g)

where L_(R) =

5

if £ =0 v

K_(£) X_(2-1)

T <, .

J ( ) - J ( —l) lff) Oo
< AL T 4

The expressions for ¢ and F, especially the latter, are somewhat
intricate, and lead to intractable expressions when substituted into the

expression for,o . Consequently, further approximations«have been introduced,

based on the smallness of the ratio Jy (n)/S_ (n+l). There is a difficulty

when this approximation is made in a product of the form

ma1

P (m) = T - J,. (n)/S (n+l)
R e

because of the compounding of errors from several factors.,

If the absorption is 10b per proton (thermal average), and h4/=5,2 kT
(corresponding to kT = 0.025 ev., and h?/= 0.130 ev as for zircomium -

hydride(Z), then

12



J (1)/5 _(2) = 0,070,
ls) [o}
J1(1)/8,(2) = 0.024,
P (2) = 0.930.

If the product in Pg (M) is written as the exponential of a sum of
logurithms, and the sum is approximated by an integral and the logarithm

by the first term of a power series, there results
po(z) = 0,94,
PO(Q) x0.92.

Po(m) ——0.87.

The first of these, comparing with the last of the preceding set of numbers,
shows the adequacy of the approximation, while the others show that the
product is never far {rom unity,

If n=0 and E is small, J_ (n)/S_ (n) is not small, It appears,

235 S 5
however, that if U° is the fissionable material and also the only absorber,
then the capture-to-fission ratioe{ is the same for 1+€ as for g for
omall g, provided h')/_ﬁO.l}O ev. Consequently, the range where Jg(n)/s (n)

€

is not small cannot contribute top , and there is no error in treating

JE (n)/5_ (n) as being small everywhere,
With these approximations, an explicit expression for'o can be

written, Introducing the notation

p = -—exp(-—h'i//k'l‘) LK-—I + Ao 7

13



where A_, represents the contribution from JO’_l(m+ g), and

A0 that from f@-m(m+§), the expressions for the A's are

1 M~-1
aE erf V2(m+E) éW(m+l+E,) - Wim+¥® )_.7
l1+4| (g)
0

Sg (m)[o (m+l)_/

A= T -1 J
(m+§)erf1/ 2(m+E )
d);Zo"(mf&)) (m)s (m+1)
E,
1
E I/E -2§ T . (m+1) Wim+1+E ) = W(im+E )
JO l+a\(€j Z é (M) —7 égg (m+l)_72 ’
Aof" 1 M~
: (m+E )erfV2(m+E )
‘I‘ dgg“}(m*" El) S (m7Sr (m+§1)
o m= ﬁ E
where

Wm+E) = (m+ ) op(m+ g)[a((m E) -d\(‘g)J,
a((m+€) = [:95(111+ %)/o'—f(rmg)_] - 1.

These expressions have been evaluated for the case of zirconium hydride
with 70 protons per U235 atom (which gives approximately 10b per proton
as the thermal-average absorption cross section)., The range 0 < E g./
was divided into quarters, the integrands evaluated at the five division

and bounding points, and the integrations perform~d by Simpson's rule,

1%



Absorption in H and Zr was ignored. The coefficient A . was separated

1
into a contribution from m+§é.l.25 and another from m+§>l.25. The resultsx

were

=g
i

0.002

it

A_,(€1.25) = 0.04k » 0.020

A_,(>1.25) = 0.000

A + A

0.046 + 00020
-1 o —

i

It is visible that the contributions other than A_10< 1.25) are not significant
compared to the probable error. This error arises from the uncertainty |
in the values of & , which were taken from BNL 325, Supplement 1. Large
as it is, this spread appears to be underestimated, because of the probable
positive correlations between the experimental errors at neighboring values
of Ei.

Using only A_l(<;l.25), the dependence on composition has been

examined, Absorption in the moderator has now been included because it

contributes significantly to o for compositions poorer in U235 than that
used above,
H/U 70 140 210
A _q (<1.25) 0.045+0.,020 0.057+0.02k 0.,062+0.025

15
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Neutrcon Scattering Properties of Liquid Moderators
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Abstract

The neutron scattering properties of a liquid at a given temperature
and pressure are described by a scattering function® s(Q,cy), where

Q= |k K

s cd::yﬁvf (Eo - E'), ko and k' being the initial and final

neutron wave vectors, and Eo and E' the initial final neutron energies. The
current state of knowledge of the function S for light and heavy water will
be discussed. Experiments using neutrons with Eoqu.OOB ev and in the range
0.03 to 0.07 ev have been performed.2 These experiments have yielded much
qualitative information about S for light water at room temperature in the
range of values at QZ?lOA—l and lna)l2’0.07 ev. Some features of 5 have
also been studied for water at other‘temperatures and for heavy water.

The relationship of the neutron scattering function te self-diffusion,

to vibrational and hindered rotational Ramen and Infra-red bands, and to

models of the liquid state will be indicated.

1. L. Van Hove, Phys. Rev. 95, 249 (195h4).

2. B. N. Brockhouse, Supplemento del Nuovo Cimento (1957) (Proceedings
of the Varenna Conference on the Condensed State of Simple Systems).
Acta Cryst. 10, 827 (1957), alsc unpublished material.
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Chemical Binding.Effects in Hydrogen Moderated Reactors *

Mark 8. Nelkin
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Abstract

A discussion will be given of the effects of chemical binding in
reactors moderated by zirconium hydride and/or water. The first portion
of the paper will deal with theoretical models describing the inelastic
scattering of slow neutrons in these materials. These models will then
be applied to calculations of neutron spectra and temperature coefficients.
In particular, the effect of the quantized energy transfer on the tempera-
ture coefficient of & zirconium hydride moderated reactor will be discussed
and illustrated with experimental data from the General Atomic critical
assembly. Finally, a discussion will be given of our understanding of the
thermalization process in water with emphasis on information attainable

¢

with pulsed neutron experiments.

*The text on the following pages is a 1958 Geneva Paper (P/1839) by
M. S. Nelkin and E. R. Cohen. It includes a summary of the report
given by M. S. Nelkin at the conference, the abstract of which is
reproduced above.



RECENT WORK IN NEUTRON THERMALIZATION

*
M. 8. Nelkin and E. R. Cohen
I. INTRODUCTION

For neutron energies below 1 ev, the energy interchange between neutrons
and modersting materials is dependent not only on the nuciear mass and scat-
tering amplitude but also on the state of chemical binding and on the moderator
temperature. The moderation of neutrons in this energy region, and the ap-
- proach to thermal equilibrium between neutrons and moderator, fall under the
subject we choose to call "neutron thermalization." This paper covers se-
lected recent developments in this fiela, including experimental and theore- .
tical investigations of thermal neutron energy distributions and of the funda-
mental inelastic processes leading to the establishment of these distributions.
Detailed discussions will be confined to work whi%h h?s been completed too -
late for inclusion in two recent review articles.(1,2) A comprehensive cover-
age of the field has not been attempted, since this paper is being written
prior to the Gatlinburg Conference on Neutron Thermalization(3 and we do not
find it either appropriate or possible to give the coverage that will be avail-
able in the proceedings of that conference.

The focal point of the present paper is the rapidly increasing amount of
information that is becoming available on the inelastic scattering of slow
neutrons by materials of interest for neutron moderation in reactors. An
experimental basis is becoming available for a fundamental understanding of
neutron moderation in the region below 1 ev, where chemical binding effects are
important. The interpretation of this data is greatly facilitated by the de-
velopment of powerful fOfm?l techniques for calculation in the Fermi pseudo-
potential approximation. i These techniques reduce the theoretical problem

*John Jay Hopkins Laboratory for Pure and Applied Science, General Atomic
Division of General Dynamics Corporation, San Diego, California; and Atomics
International, A Division of North American Aviation, Canoga Park, California.
Including discussions of unpublished work by E. Vaughan, Atomics International;
N. Corngold, Brookhaven National Laboratory; D.J. Hughes and H. Palevsky,
Brookhaven; B. Dunne, M. N. Rosenbluth, R. H. Stahl, M. Stearns, and M. O.
Stern, General Atomic; D. A. Kottwitz, Hanford Atomic Products Operation; P. A.
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to the determination of well-defined time-dependent correlation functions(5)
expressing the dynamics of the motion of the scattering nuclei as it 1s influ-
enced by the interatomic forces.

These experimental and theoretical developments have concentrated on the
fundamental problem of investigating the dynamics of lattice vibrations and of
atomic motions in a liguld, using slow-neutron inelastic scattering. In this
paper we will take a corplementary point of view and focus on the effects of
interatomic binding on the thermalization of neutrons by moderating materials.
To reduce the complexity of the problem to where some understanding can be ob-
tained without the use of high-speed computers, we will first attempt, in
Section II, to characterize the moderating properties of importance in the
chemical binding region by a few integral parameters of the scattering dis-
tribution. This can be done only rather crudely, but it makes possible a
semiquantitative identification of those features of the inelastic scattering
which are of dominant importance in determining the energy distribution of
neutrons in a reactor. The experimental and theoretical evidence on modera-
tion by zirconium hydride, water, graphite, end beryllium in the chemical
binding region will be discussed in Section III. Section IV will present re-
cent experimental data on the spectra of close-packed water-moderated lattices,
and the temperature coefficient of a zirconium-hydride-moderated reactor will
be discussed., These experiments do not conflict with the considerations of
Section III.

Section V will discuss recent developments in methods of solving the
energy-dependent transport equation in the thermal region. These include
analytic results on the asymptotic behavior of the spectrum as the energy in-
creases to the region of free atom scattering, and on the behavior of the
spectium in a region with a plane temperature discontinuity. Finally, we dis-
cuss numerical technigues for including neutron speeding up in multigroup
calculations and for determining the spectrum in a hydrogenous moderator when
the hydrogen atoms are bound in an isotropic harmonic oscillator potential.

II. FACTORS AFFECTING THE SPECTRUM IN A REACTOR

The neutron spectrum in a reactor deviates from an equilibrium Maxwellian
distribution for several reasons. The first is the finite time required for
fission neutrons to slow down and reach equilibrium with the moderator. In
the presence of an apprecisble amount of absorption this time.can be comparable
to the lifetime of thermal neutrons. In the frequently studied case of an
infinite homogeneous medium with a 1/v absorption cross section, tbhis is the
only cause of deviation from thermal equilibrium. This fact is easily under-
stood by recalling that the neubtron distribution at sufficiently long times
after the introduction of a pulse of fast reutrons will be an equilibrium
Maxwellian which decays exponentially in time. This case has been the subject
of co?ggderable calculation and has been inves?igated experimentally by
Poole for solutions of boric acid in water. There have been indications
from these studies that the spectrum is very insensitive to the effects of
chemical binding on the inelastic scattering of slow neutrons. These indi-
cations can be misleading, as they are ‘ue largely to the idealization of the
problem to an infinite homogeneous medium with 1/v absorption and to the
peculiar combination of effects which makes water behave very much like free
hydrogen in its thermalization properties.
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Before elaborating on these points, we will attempt to define some para-
meters of the moderator which determine the deviation from equilibrium in this
idealized problem, For small deviations from equilibrium we should be able
to characterize ftne hardening of the spectrum by a parameter which is the ratio
of the thermalization time to she thermal lifetime.  For the special case of
a heavy gaseous moderat cz,(TJ this parameter is proportional to (X _v/& §:1f ).
For the general case, it is convenient to divide the energy spectrum $uto two
regions. The first is from fission energies down to about 10 kT. In this re-
gion, the possibility of energy gain in a collision need not be explicitly
considered. The effects of temperature and binding can be included approxi-
mately in a modified value for the slowing-down cross section, §<T, as a func-
tion of neutron energy, anrd the spectrum calculated by the usual téchniques of
neutron-slowing-dowvn theory. The solution in this energy region, then, deter-
mines a source for the "thermal energy group" between zero energy and 10 kT.

An accurate calculation of the spectrum within the thermal energy group
requires the explicit consideration of at least the first two moments of the
energy transfer kernel o(E., E), and preferably of the entire kernel. This
cannot be done without extgnsive numerical computation and can only be done
well with the aid of high-speed computers. One can hope, however, o obtain
a crude description of the spectrum near its maximum value in terms of a
Maxwellian distribution with a neutron temperature, T , greater than the modera-
tor temperature, T. To estimate this neutron tempera%ure, we note that if
neutrons are inserted at t = 0 in a Maxwellian distribution, with a tempera-
ture differing only slightly from the moderator temper?t$re, the neutron
temperature will approach the moderator temperature as

T = T(1+ 7ty
where
7 = (8/3Va)v M, (1)
and
1, = (k1)"% // aE a8, (E, - £)2 o (E,E) By (E) . (2)

The factor ¢M(E ) is the equilibrium Maxwellian distribution. In the steady
state problem one would therefore expect the fractional increase in neutron
temperature over moderator tempers*ure to be proportional to the ratio of

thermalization time to thermal lifetime, or (hED\UHr ) In the heavy gas
model, M, = LESS .

Tre concept of a neutron temperature differing from the moderator tempera-
ture is of very limited utility in a quantitative description of the spectrum,
but the parameter M, as defined by Equation 2 is a useful integral parameter
of the slowing down“kernel 6(E., E) in giving a rough estimate of the devia-
tions from equilibrium, and particularlv in asse ssing the adequacy of a sim-



plifying approximation such as the heavy gas model. In general, M, will depend
guite sensitively on interatomic binding and will be discussed further in con-
nection with moderatrion by water, graphite, and beryllium.

In addition to the effect of finite slowing-down time, deviations from
thermal equilibrium will arise from non-1/v absorption, and from diffusion of
neutrons between moderating regions of different temperatures. Non-l/v ab-
sorption can arise from the intrinsic energy dependence of the cross sections
or from the spatial dependence of neutron loss in a heterogeneous systemn.
These deviations are assoclated with intrinsically nonegquilibrium situations.
An equilibrium Maxwellian distribution would not be obtained for any energy
spectrum of the neutron source. This differs from the infinite homogeneous
medium with 1/v absorption, in which an initial equilibrium distribution would
remain in equilibrium, and deviations from equilibrium occur only in the pre-
sence of a nonequilibrium source.

The diffusion of neutrons between moderating regions of different tempera-
tures is becoming of greater interest as higher-tempersture reactor systems
are developed in which the reflector and core are at very different tempera-
tures, with a large portion of the thermalization taking place in the reflec-
tor. These problems of spatially dependent spectra are generally too com-
plicated for the semianalytic type of treatment that has been fruitful for the
infinite homogeneous medium spectrum, and will have to be attacked by high-speed
computer techniques in which the thermal energy region 1s divided into several
energy groups. Developments in this direction are discussed in Section V.
The theoretical problem taen becomes one of determining the cross sections for
energy transfer between the various thermal enesrgy groups from the avallable
experimental data on the inelastic cross sections, and of discovering which
cross sections need to be known accurately and which only crudely. Little
work along these lines has been done as yet, but it 1s clear that these effects
will depend rather directly on the effects of chemical binding on the inelastic
scattering of thermsl neutrons. The related problem of the "diffusion cooling"
of the equilibrium spectrum in a finite To%erator due to the preferential legk-
age of faster neutrons has been studied, 9) and this investigation indicate
that the relevant parameter is M, as defined in Equation 2. For example, 1oy
room~-temperature graphite this parameter is reduced by a factor of 3.5 from the
value for an ideal gas of carbon atoms of the same density. This indicates
that spatially dependent spectra in graphite-moderated reactors will be quite
sensitive to chemical binding effects.

The discussion in the following section will focus on the energy depen-
dence of the slowing down cross section, B6_, and on the values of the mean
square energy transfer per collision for thermal neutrons as determined by M,.
This is a very crude characterization of the moderating properties of import-
ance for determining nsutron spectra, but it helps to define the kinds of vari-
ations in scattering properties which are of greatest interest in considerations
of neutron thermalization.

III. MODERATION IN THE CHEMICAL BINDING REGION

The most direct demonstration of the effects of interatomic binding on
neutron moderation is in various hydrogenous compounds.



A detailed experimental and theoretic?l onsideration of this problem is
given in another paper for this conference. 10) we will outline the principal
results reported in the above paper and elsewhere, and discuss their implica-
tions for reactor performance. The effects of binding on thermalization in
beryllium and grarhite will also be discussed.

A, Zirconium Hydride

It is for zirconium hydride that interatomic binding has the largest ef-
fect on the thermalization process, and this effect may be quan%itﬁtively de-
scribed. Experiments by McReynolds, Whittemore, and co-workers are in ex-
cellent agreement with a model in which the hydrogen atom moves in an isotro-
pic harmonic oscillator potential with energy levels E = nhy/, vwhere h# = 0.13 ev.
This model is consistent with the position of the hydrogen atom in the lattice,
i.e., at the center of a regular tetrahedron of zirconium atoms. A detailed
justificat%on of the model and s comparison of theory and experiment are given
elsewhere.

The basic result of importance for thermalization is the quantization
of the energy transfer in multiples of hy/ , which is large compared with kT.
This implies that the spectrum in a zirconium-hydride-moderated reactor will
have no resemblance to an equilibrium Maxwellian and that the dependence of re-
activity on moderator temperature cannot be described in terms of a neutron
temperature which follows the moderator temperature, even when the absorption
is relatively weak. Theoretical work on the temperature coefficient of a hy-
dride-moderated reactor has been done by Rosenbluth and Stern at General Atomic.
They considered only temperatures low enough that terms in second order in
exp (-h¥/kT) could be neglected, and worked in terms of multigroup diffusion
theory. The basic process involved is the speeding up of neutrons by their
gaining an energy h¥ from an oscillator in the first excited state. The popu-
lation of speeded-up neutrons will be proportional to exp (-h#/kT), as will
the reactivity. The magnitude of the temperature coefficient depends on the
relative importance of speeded-up neutrons and therefore involves a knowledge
of the energy dependence of the adjoint flux in the thermal energy region.

This cannot be accurately obtained from diffusion theory. Recent work by Cohen
and Vaughan, which is discussed in Section V, removes the limitations both of low
temperature and of diffusion theory and should meke possible more accurate cal-
culations of temperature coefficients for zirconium-hydride-moderated reactors.
Critical assembly experiments at General Atomic,; discussed in Section IV, agree
with a reactivity which goes with hydride temperature as exp (-hz//kT), with

~hz/ = 0.13 ev, but the magnitude of the temperature coefficient could only be
calculated to within about * 50%.

(11)

B. Water

The moderating properties of water for slow neutrons much more nearly re-
semble those of an ideal gas of monatomic hydrogen than they do those of a
strongly bound system such as zirconium hydride. This fact is reflected in the
measured spectra for water-moderated system§ Spectra have been measured for
solutions of borie acid in water by Poole(b and for close-packed, highly en-
riched water lattices by Stone and S1ovacek. ( Recent results of Stone



and Slovacek are reported in Bection IV. Both of these measurements agree very
well with theoretical spectra %alsulated on & free hydrogen model from Amster's
SOFOCATE code for the IBM 7Ok, 13} Both measurements correspond essentially

to an infinite homogeneous medium with l/v absorption of up to 7 barns per hy-
drogen atom at kT.

This close agreement between a free hydrogen model and experiment is very
surprising in light of the experimental informat%o& on the energy-change cross
sections for slow neutrons in water. Brockhousell ) has measured the energy
distribution of initially monocenergetic neutrons with energies from 0.03 to
0.06 ev after scattering at various angles from a thin water sample. The re-
sults are consistent with the scattering from an ideal monatomic gas with the
mass of the H.O molecule, or 18 times the free hydrogen mass. This would in-
dicate that only the translational modes of the molecule have sufficiently low
frequencies to transfer energy effectively with thermal neutrons. Calculations
have been performed by Krieger of the spectrum of neutrons which enter the ther-
mal region with a distribution characteristic of free hydrogen and are then
thermalized by an ideal gas of mass 18. These calculations ?hoy noticeable de-
viations from the gpectrum characteristic of free hydrogen. 15

To understand the agreement between the free hydrogen model and the ex-
perimental spectra, it is necessary to consider in more detail the energy trans-
fer vetween slow neutrons and the translations, hindered rotations, and vibra-
tions of the water molecule., The previously mentioned data obtained by
Brockhouse indicate that the translations can be considered ss free. Brockhouse
has also measured the energy distribution of c¢old incident neutrons after scat-
tering through 90° by water, and he finds a fairly well defined peak at about
0.06 ev corresponding to energy gain from the hindered rotations. The molecular
vibrations for water will have approximately the same characteristic energies
(0.20, 0.40, and 0.43 ev) as those for the free molecule. As the neutron energy
decreases to 0.20 ev, the effective scattering unit changes from a free proton
to an almost rigid H.O molecule. This change is associated with an increase in
the cross section ana a decrease in the energy transfer per collision. The net
result is a value for §6 which is almost identical for free hydrogen and for
hydrogen in water. This“is illustrated by calculations(10) at energies of 0.086,
0.117, and 0.20 ev. The water calculations take into account the hindered ro-
tation, free translation, and zero-point vibration of the H.O molecule. The dy-
namics of the hindered rotations are replaced by those of ai isotropic harmonic
oscillator of mass 2.3 (from the trace of the mass tensor) and energy of 0.06 ev
The calculated values of ¥o. for w?tes are somevhat lower than the values mea-
sured by McReynolds and Whit%emore, 10) and the source of this discrepancy has
not been identified. The point we choose to emphasize here is the near equiva-
lence of water and free hydrogen in the calculated value of ¥o-. This near
equivalence does not arise from any fundamental similarity in the systems but
is due to an accidental cancellation between the increase in o; and the decrease
in &. It is only in the product of E and Oy that the scattering from water
and that from free hydrogen have any similarity.

For energies below about 0.10 ev the distinction between 36‘, which is
determined by the average energy loss, and M., which is determined by the mean
saquare energy loss, is important. The parameter of greatest importance for
the establishment of the thermal spectrum is M2 as 1t is defined in Equation 2.



The va%uﬁ of A can be determined experimentally from the diffusion cooling
effect!d) to be 48 = 7 barns per hydrogen atom. This is consistent with a
thermal cross section that is chiefly associasted with energy transfer to the
molecular translations, with s few barns associated with energy transfer to
the hindered rotations. is slightly less than the 60 barns per hycrogen
atom that would apply for %ree hydrogen. The application of the concept of
neutron temperature, and the definition of M, as the parameter of interest,
is probably not very accurate if the quantizéd energy transfer to the hin-
dered rotations is of importance. We would expect the deviations from equi-
librium in the region from zero energy to about 4 kT to be described roughly
by a free hydrogen model but to be given rather accurately above 4 KT. The
largest differences would be expected between water and a free hydrogen model
at energies below kT. This energy region has not been readily available for
experimental investigation. Between kT and 4 kT the measured deviations from
equilibrium have not been very large but are consistent with a free hydrogen
model.

C. Graphite

Experimental informstion on graphite is considerably more limited than
that on zirconium hydride or water, but there is sufficient evidence to in-
dicate that the effects of interatomic binding strongly reduce the energy
transfer between slow neutrons and moderator. Experiments on the effective
value of §cr for graphite are discussed in detail elsewhere. 10 They show
a value significantly below that expected for an ideal monatomic gas of car-
bon atoms. No theoretical analysis of these data in terms of a model for the
lattice vibrations of graphite has yet been made.

A second piece of experimental information concerns the mean square
energy transfer between thermal aeutrons and the lattice vibrations described
by the parameter M of Equation 2. The diffusion cooling effect on the ther~
mal lifetime in ? §3aph1te blo:xk has been measured by Antonov, et al.,
and by Beckurts. Beckurts has also determined the relaxation tlme of the
neutron temperature by measuring the time dependence of foil transmission
after a milse >f fast neutrons. All of these measurements agree with a value
of M, which is smaller by a factor of 3.5 than would ob?a%n for an ideal car-
bon gas. This value is in agreement with a calculation 9) vased on a model
which assigns a Debye temperature of 900CK to lattice vibrations perpendicu-
lar tothe planes and of 2500°K to vibrations para%le to the planes. This
model was originally used by Krumhansl and Brooks 18) o exXplain the specific
heat of graphite at low temperatures.

The spectrum in a graphite-moderated reactor at low temperatures would
therefore be expected to be considerably more hardened than would be calculated
from a heavy gas model The effects of binding would be particularly large
under conditions of spatially dependent spectra. For example, neutrons dif-
fusing back into a hot core from a cold reflector would require a large num-
ber of collisions to heat-up to the core temperature. Preliminary experi-
mental information on this point has been obtained by Stone and Slovacek. (19)
They heated a graphite cube 1t inches on a side to a temperature of 550°K
and thermally insulated it from a surrounding graphite thermal column at 300°K.
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The spectrum at the center of the cube was found to be approximately Maxwellian
with a neutron temperature of 450°K. This corresponds to a minimum distance
from the cold graphite of about seven mean free paths and, therefore, to an
average of about twenty-five collisions in the hot graphite before a neutron
reached the center of the cube.

D. Beryllium

The only available experimental info tion for beryllium is the diffusion
cooling as measured by Antonov, et al. 1 This measurement indicates a value
of M2 lower by a factor of 4.5 than the free atom value. A calculation 9
based on a Debye model with a Debye +temperature of 930°K predicts that this
factor should be 1.7. Since a similar calculation gives agreement with a more
accurate measurement for graphite, and since beryllium is more loosely bound
than graphite, it is probable that the diffusion cooling in beryllium is
smaller than the quoted experimental value.

If we discount the diffusion cooling measurement, we would expect the
effects of interatomic binding on the spectrum in beryllium to be less than
those in graphite but to lead to definitely more hardened spectra than would
be obtained from a free gas model. This appears to conflict with the results
obtained by Nelkin for the spectra in beryllium,(QO) which showed negligible
deviations between the crystal and the free gas. The model used there for the
crystal was the one used in Reference 9. A re-examination of Nelkin's calcu-
lations shows that the crystalline effects are not at all negligible, but
appeared so because of the misleading way in which the calculated spectra were
plotted. To illustrate this, we plot in Fig. 1 the spectra for (Ejavﬁ;EstO) =
0.25, as obtained from the free gas model and from the crystal model with a
Debye temperature of 1000CK. ;E% is the free atom value applying at high
energy, and the moderator temperature is 294°K. The two curves are normalized
to same total neutron density from zero to 0.4 ev. The spectrum for the crys-
tal model is noticeably more hardened than is the free gas spectrum. In the
free gas case, the region near the peak can be well fitted by a Maxwellian at
395°K. For the crystal case, the spectrum below the peak drops off much more
sharply than does a Maxwellian but can be fitted just above the peak by a
Maxwellian at 465°K. For an absorption~to-scattering ratio which is four times
greater, similar differences are obtained, although here the concept of neutron
temperature has no significance.

We have summarized our understanding of neutron moderation in the chemical
binding region on the basis of fragmentary experimental information. The ex-~
perimental knowledge of the differential-energy-change cross section O(EO, E, 0)
will be greatly increased by the systematic experimental investigation of scat-
tering laws for moderators %n Srogress at Chalk River under the direction of
P. A. Egelstaff of Harwell.(2l

By means of velocity selectors, a neutron beam from a reactor is made to
give neutrons of a prescribed energy. The primary energy range from 0.005 ev
to 1 ev is covered in 50 steps. The scattered neutrons are measured in 20
equally spaced angular positions located around the sample material. For each
angular position the energy distribution is measured in 200 channels. At
present, the materials considered are graphite, light water, and heavy water
at several temperatures.
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Fig. l1--Calculated spectra for heavy gas and heavy crystal
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The development of a systematic program for the measurement of o(E. E, @)
follows many earlier experimental developments. We note the development of
the cold neutron time-of-flight sechnique by Hughes, Palevsky, and collabora-
tors. The work of Brockhouse(l*) and of McReynolds and Whittemore(10) in this
field has already been mentioned.

IV. RELATED REACTOR EXPERIMENTS

Conglderable experimental work has recently been done on the measurement
of spectrs in reactors and in subcritical assemblies. Most of this work is
discusse% y Poole and Stone in the experimental section of a recent review
article.{2) Two interesting experimental results, however, were too recent
for inclusion in that review.

The first stems from the measurement of the spectra of severa% lose-
packed, highly enriched water lattices using the chopper technique 2 developed
by Stone and Slovacek at the Knolls Atomic Power Laboratory. The lattices
consisted of 1-mil uranium foils clad with zircalloy, and approximately equal
volumes of zirconium and light water. The new measurements reported here were
for a uranium-to-water ratio such that the absorption at 0.025 ev per hydrogen
atom was 5.9 barns at 298°K and about 8 barns at 586°K. Calculations were per-
formed using the SOFOCATE c?de developed by Amster for the Wigner-Wilkins
equation for free hydrogen. 13) Corrections were made for the reduced density
of water at the higher temperature, for leaksge from the assembly, and for
self-shielding of the uranium foils. The experimental and theoretical spectra
are shown in Figs. 2 and 3. The agreement between the free hydrogen model
and experiment is even better than was obtained by Poole for boric acid solu-
tions with approximately the same absorption per hydrogen atom.

The second experiment of interest is the determination of the dependence
of reactivity on hydride temperature for a critical assembly moderated by
zirconium hydride and water. This ex?er%ment was performed by Dunne, Stahl,
Stearns, and Stern at General Atomic, 23) and is discussed in move detail in
another paper in the proceedings of this conference. 10) This experiment was
consistent with a temperature dependence of reactivity which went as exp
(-T./T), where T. = 1500°K is the Einstein temperature for the optica% l%t-
ticg vibrations 39 zirconium hydride as measured by McReynolds, et al. 10
This gives direct experimental confirmation of the importance of chemical
binding in determining the tempersture coefficient of a zirconhium hydride
reactor, and indicates that the Einsteln model discussed in Section III is
essentially correct.

V. NEW CALCULATIONAL METHODS

The increased interest in the details of the thermslization process and
the recognition of the importance of the neutron spectrum in determining the
behavior of advanced reactor types has stimulated the development of improved
calculational methods. These may be either completely analytical or partly
numerical in nature. Although these calculations are related in a broad
sense, they represent individual facets of the problem. Several of these
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Fig. 2--Neutron flux spectra in highly enriched, water-moderated
assembly at 2980K. The solid curves are the calculated
sgectra for a free hydrogen model. . For the upper curve
B= = 0 and thermal self-shielding = 0.898. For the lower
curve B2 = 0.0055 cm~2 and thermal self-shielding = 1.0.
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Fig. 3~--Neutron flux spectra in the assembly of Fig. 2 at 586°K. Solid
curves are again the free hydrogen calculations. For the upper
curve B2 = 0 and thermal self-shielding = 0.924. For the lower
curve B2 = 0.0018 cm™® and thermal self-shielding = 1.0
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topics will be separately described as examples of fields in which work is in
progress and in vhich additional effort would appear to be fruitful. We shall
not discuss those calculations which are not newhﬁn principle but are merely
extensions of methods previously reported. 1,2,2 In particular, extensive

use has been made of the free hydrogen and the heavy atom gas m?dels or the
calculation of thermal spectra and flux average cross sections These
calculations are useful for reactor design purposes but are not well suited

t0 condensation for inclusion in a review of this type. The availability of
high-speed computing machines has made such spectral calculations almost routine.

Corngold(26) st Brookheven has considered the problem of neutron thermal-
ization in an infinite homogeneous medium from the standpoint of deriving the
maximum of information from an analytical treatment of the Boltzmann equation.
The guiding idea is to carry the study of the Boltzmenn equation for the neu-
tron spectrum as far as possible without resorting to numerical methods or re-
stricting considerations to very heavy moderators. The results to date have
concerned the asymptotic expansi n f the fl u¥ é? inverse powers of the energy.
The methods suggested by Placzek\? and Wick\29) rfor treating the scattering
cross section in the asymptotic region are extended to the collision integral
dﬁ c(E E) @ (E ) 4E An expansion of the integral equation for the flux
in terms of nb order glfferential operators 1s also obtained. For the special
case of an ideal mon?togic gas, an expansion in powers of the mass ratio ylelds
the Wilkins equatlon as the first gpproximation and explicitly yields a
more accurate differential equation when terms cf higher order in the mass
ratio are included.

The spatial dependence of the thermalization process is beginning to
yield to attack also, and the problem will achieve increased importance as re-
actors in which there are strong temperature gradients become more common.

In small reactors the major thermalization process may occur in a reflector
vhich is at a different temperature from the core; in such a situation there
arise additional distort%oni from an equilibrium Maxwellian neutron distribu-
tion. Recently Kottwitz 29) at Hanford has obtained an analytic solution to an
idealization of this problem. The energy and spatial dependence of the steady-
state neutron flux has been derived for a nonabsorbing infinite medium consisting
of a heavy monatomic gas, the temperature of which has a constant value in

one half-space and a different constant value in the other. The heavy-gas and
Pl approximations lead to a partial differential equation which is separable
for each region. Each resulting energy eigenfunction is a product of a
Maxwellian distribution and a Laguerre polynomial of order one. The series
expansion coefficients ar= evaluated by requiring flux and current to be con-
tinuous at the boundary plane.

Although the problem considered by Kottwitz is too idealized to be of
direct use in reactor applications, the availability of an amalytic solution
for a spatially dependent spectrum will be of great utility in checking out
numerical methods developed for use in more complicated problems. In particu-
lar, it will be possible to determine the accuracy of multigroup methods de-
veloped for calculating spatially dependent thermal spectra reactors.

A complementary appr?ac to the problem of space-dependent thermalization
has been taken by Griffin(30) at Los Alamos. The multigroup SNG (transport

14



approximation) technique of Carlson(3l) is used to calculate the spectrum in
a semi-infinite medium as a function of distance from the boundary plane.

The source of neutrons is taken as monoenergetic and incident at the boundary.
Multigroup scattering cross sections have been chdlculated for both speeding-
up and slowing-down in the thermal region. Two distinct assumptions are made
about the moderator: (1) that it is a Maxwellian gas of atoms of mass M at
a temperature T; (2) that it is a Debye crystal of atoms of mass M at a
temperature T and characterized by a Debye temperature 6. The first case is
treated exa%tl¥ and the seccnd case in the first-order (1/M) incoherent ap-
roximation. {20) From the numerical results for the spatial dependence of

the spectrum, it is possible to define a relaxation length for the thermali-
zation of neutrons in a given moderatcr,

The description of the energy-transfer cross section in terms of hy-
drogen ha?ggnically bound in an isotropic potential was used by Fermi twenty
years ago &8s an apprcximate model for the slowing-down of neutrons in
paraffin, In a metal hyaride mouerstor such & description becomes much more
nearly exact, and it is reasonable to consider this model in more detail.

Preli?iniry calculations on the neutron spectrum where mede by Rosenbluth
and Stern, 11) vino pointed out that the reactivity in a reactor moderated by
a metal hydride would have a Boltzmann-factor temperature dependence
[:exp(4h14/k?% . More extensive calculations have been carried out by Cohen
and Vaughan. )

In the approximation that the only energy transfers to the neutrons are
associated with changes in the guantum states of the hydrogen, the neutron
can gain or lose energy only in discrete amounts. It is then convenient to
express the neutron energy as multiples of the quantum energy hv of the os-
cillator levels, i.e., E = (m + E)h2/, vhere m is an integer and 0 < E < 1.
The scattering can change m but not &, and, hence, the integral equation for
the neutron spectrum is reduced without further approximation to a difference
equation in which¥is a simple parameter.

The probability that a neutron will change its energy by an amount shy
1s determined by the cross section for a proton transition from state n to
state n - s, weighted by the population of protons in state n. These cross
sections can be eva%ﬁ§ted in a straightforward manner from a direct extension
of Permi's results. The cross sections for energy transfer approach the
free gas values as the initial neutron energy becomes large, and hence it is
permissible to consider only a finite number of oscillator states in combi-
nation with a free gas model at higher energies. Physically, also, there is
Justification for this approximation, since the protons are bound in a well of
finite depth.

The time-~independent Boltzmann equation can be reduced to a set of coupled
difference equations by introducing the Pl approximation and a Fourier transform.

15



Then @O + 3;&1}1 is the Fourier transform of the neutron flux spectrum, and we
obtain

iK@l(x) + o'(x)d_-)o(x) =Z O‘S(x + s)@o(x + 8) + 8(x) iK@O(x) -

s

+ 3d(x)@l(x) +Z’t—s(x + s)q)l(x +8),

s
where X=m +’§ = neutron energy measured in units of hz.
o(%) = total cross section,
Gé(x) = cross section for neutron energy loss, AE = shl),
1
ds(x) = ds(x’ IJ~) du ,
-1 :

1
To(x) =/ uo (x, u) du .

1

S(x) is the source term for neutrons making transitions from the "free proton"
to the "bound proton" region. }

The equations which are adjoint to these equations give the neutron im-
portance function, F(x), which provides a formula for the reactivity change
with temperature of the moderator (and hence with change in the population
density of the various oscillator states). The neutron importance is equal to
the number of neutrons produced per absorption, averaged over the energy at
which the neutron is ultimately absorbed. The change in reactivity produced
by a change in moderator temperature arises from the differing importance of
neutrons with energy.

The change in reactivity is given by
8P~ - | §o(x) E 80 (x) [F(x) - F(x - s)] ax,
)

where 86é is the change in transfer cross sectlon produced by the change in
temperature.

In an infinite moderator (no leakage) there will be no temperature coeffi-
cient of reactivity in two important cases: (1) if the number of neutrons
produced per neutron sbsorbed (Vf) is independent of x (even though the absorp-
tion cross section may not be); and (2) if there is absorption only in the
energy interval 0 <E < hl,since in both of these cases F(x) is a constant.

16



If zero excess reactivity is taken to correspond to the moderator tempers-
ture at absolute zero, there will be, in the standard state, no possibility of
neutron energy-gain collisions. At finite temperature the energy-gain cross
section is nonzero and contalns a Boltzmann factor. Thus, although at low
temperatures (kT < hV) the temperature coefficient of reactivity is small, it
has a strong temperasture dependence. In a finite moderator the change in
leakage with temperature can have a much larger effect on the reactivity than
the change in absorption.

We have indicated some of the directions in which progress in the calcu-
lation of neutron spectra has been made. These consist largely in the devel-
opment of physical understanding of situations which are simpler than typical
reactor configurations but are sufficiently realistic that one can obtain
considerable insight into the behavior of the energy distributions in reactors.
Such investigations will be very useful to check the general-purpose computer
programs that will be developed for the calculation of spectra in complex
reactor configurations.

17



10.

11.

12‘

13.

1k,

15.

16.
17.

REFERENCES

Amaldi, E., "Neutron Diffusion and Slowing Down in the Chemical Binding
Region," to be published in Handbuch der Physik, Vol. XXXVIII. -

Poole, M. J., Nelkin, M. S., and Stone, R. S., The Measurement and Theory
of Reactor Spectra, Progress in Nuclear Energy Series I, Vol. II, Per-
gammon Press, 1958.

Conference on Neutron Thermaslization, Gatlinburg, Tennessee, .S.A.,
ApI‘il 28"30, 19580

Fermi, E., Ricerce sci. 1:13 (1936).

Van Hove, L., Phys. Rev., 95:249 (1954); Zemach, A. C., and Glauber, R. J.,
Phys. Rev., 101:118 (1956).

Poole, M. J., Journal of Nuclear Energy, 5:325 (1957).
Wilkins, J. E., Jr., Report CP-2481 (1944) (unpublished).

Cohen, E. R., Nuclear Science and Eng. 2:227, (1957); Hurwitz, Nelkin, and .
Habetler, Nuclear Science and Eng., 1:280 (1956).

Nelkin, M. S., General Atomic Report GA-2L8,The Diffusion Cooling of
Neutrons in a Finite Medium.

McReynolds, A. W., Nelkin, M., Rosenbluth, M. N., and Whittemore, W. L.,
"Neutron Thermalization by Chemically Bound Hydrogen and Carbon," Geneva
Conference, 1958; Andresen, A., McReynolds, A. W., Nelkin, M., Rosenbluth,
M. N., and Whittemore, W. L., Phys. Rev., 108:1092 (L) (1957).

Rosenbluth, M. N., and Stern, M. O., unpublished internal General Atomic
reports, 1957.

Stone, R. S., and Slovacek, R. E., Report KAPL-1499 and KAPL report to
be issugd.

Amster, H., Nuclear Science and Eng., 2:394% (1957).

Brockhouse, B. N., Supplemento del Nuovo Cimento (1957), Proceedings of
the Varenna Conference of the Condensed State of Simple Systems, Acta.
Cryst., 10:827 (1957).

Kriéger, T. J., Zweifel, P. F., and Keaveney, D. M., "Calculation of
Wigner-Wilkins Spectrs with M = 18 kernel and M = 1 source,” Gatlinburg
Conference on Neutron Thermalization, April 28-30, 1958.

Antonov, A. V., et al., Geneva Conference, P/661, 1955. v

Beckurts, K. H., Nuclear Science and Eng., 2:516 (1957).

18



18.

19.

20.
2l.

22,

23.

ol

25.

26.

27.
28.

29.

30.
31.

32.

Krumhansl, J. A., and Brooks, H., J. Chem. Phys., 21:1663 (1953).

Stone, R. S., and Slovacek, R. E., unpublished results obtained at the
Knolls Atomic Power Laboratory.

Nelkin, M., Nuclear Science and Eng., 2:199 (1957).

Egelstaff, P. A. (unpublished).

Carter, Palevsky, H., and Hughes, D. J., Phys. Rev., 106:1168 (1957);
Eisenhauer, Pelaly, Hughes, D. J., and Palevsky, H., Phys. Rev., 109:1046
(1958); Pelah, Eisenhauer, Hughes, D. J., and Palevsky, H., Phys. Rev.,
108:1091 (L) (1957); Hughes, D. J., and Palevsky, H., Gatlinburg Con-
ference on Neutron Thermslization.

Dunne, B., Stahl, R. H., Stearns, M., and Stern, M. 0., unpublished in-
ternal General Atomic reports.

Cohen, E. R., Geneva Conference P/611, 1955.

Krieger, T. J., Storm, M. L., Zweifel, P. F., and Keaveney, D. M.,
Gatlinburg Conference on Neutron Thermalization.

Corngold, N., Bull. Am. Phys. Soc., Series II, Vol. 3, No. 1 (1958),
Abstract A8; also Gatlinburg Conference on Neutron Thermalization.

Placzek, G., Phys. Rev., 86:377 (1952).
Wick, G. C., Phys. Rev., 94:1228 (1954).

Kottwitz, D. A., Bull. Am. Phys. Soc., Series II, Vol. 3, No. 1 (1958),
Abstract AT.

Griffin, J., private communication.

Carlson, B., "Recent Developments in the Transport Equation by High Speed
Digital Computers," Geneva Conference, 1958.

Cohen, E. R., and Vaughan, E. V., Gatlinburg Conference on Neutron
Thermalization.

19






Paper II~C

THERMALIZATION OF NEUTRONS AT VERY LOW TEMPERATURES

C. N. Kelber
Argonne National Laboratory






Thermalization of Neutrons at Very Low Temperatures

C. N. Kelber
Argonne National Laboratory
Lemont, Illinois

A -+ e
Abstract

The slowing down of neutrons in cold moderators to produce neutron beams

of low effective temperature has been reconsidered. The early analysis by

Pomerantschuk in 1938 pointed out one principal difficulty, namely the increase
in capture rate attendant upon a decrease in neutron velocity. This limits the
attainable temperature in H2 to about BOOK. In the case of D2 or DEO’ however,
the capture rate is so low that leakage represents the major sink for neutrons.
In typical DEO moderated reactors the capture rate does not become appreciable

in a cold, pure sample of D, or D20 until temperatures of the order of 30K are

2
reached. The principal remaining difficulty is that the cross section for ex-
change of energy with the crystalline lattice becomes exceedingly difficult

at very low temperatures. A greatly simplified model of DQO has been adopted
which enables one to compute the inelastic scattering cross section (for one
phonon exchange ) and, using the methods of Kothari and Singwi Zfﬁburnal of
Nuclear Energ&, 5, 3, pp 347-56 (1957)/ the age of thermal equilibrium of
neutrons in the cold sample can be computed with the assumption that these
neutrons originally had a Maxwellian spectrum characterized by a teumperature
of BOOOK. The age 1s very large for D20 at hOK'but should be reasonable for

D2 at the same temperature. The hazards associated with handling D2 have led
us to start a series of experiments with DEO' The experimental apparatus and
design will be discussed, as well as preliminary resulis. A Monte Carlo

calculation of the spectrum expected in the exit beam from a finite block of

moderator is also being made.



Thermalization of Neutrons at Very Low Temperatures

The material presented here is in the nature of a progress
report on an experiment to be performed at Argonne late this summer.
We propose to construct a graphite thermal column fed by
an 5b-Be source and into which a cylinder of D,0 at a few degrees abso-
lute is inserted. Then by foil activations and by slow chopper measure-
ments we aim to determine the neutron spectrum and mean temperature.
5,0 is used as a moderating medium, since it is less

hazardous than D,, while H,0 or H, both capture at too great a rate.

THEORY
The moderation of neutrons in cold samples to produce
neutron beams of low effective temperature has been considered many

times., An early analysis was presented by Pomerantschuk(l) in 1938.

(1) Scattering of Slow Neutrons in a Crystal Lattice: I. Pomerantschuk,

Phys. Zeits. d. Sovietunion, 13, 1, pp. 65-83 (1938).

The chief conclusion is that moderation in hydrogen will not produce
effective temperatures below 30°K, since the mean free path for capture
becomes smaller than the mean free path for scattering at this tempera-
ture. This conclusion is no longer valid in the case of moderators such
as deuterium or heavy water, since the capture cross section is much
lower for these materials, In this case the limiting temperature is

likely to be provided by the effective cross section due to leakage - the

D B?term. Apart from enabling one to produce a high intensity beam of
cold neutrons, it is also apparent that the reaction rate in a small 1/v
absorber in a cold region would also be enhanced as the square root of the
effective neutron temperature., For this reason a facility has been sug-
gested in connection with the Mighty Mouse reactor design which will
amplify the already high flux to higher effective values for work with small

samples.




Recent work by Butterworth, Egelstaff, London and 'Webb(z)

s}

(2) I. Butterworth, P. A. Egelstaff, H. London and F. J. Webb: The
Production of Intense Cold Neutron Beams, Fhil. Mag. 2, 19,

pp. 917-927 (1957) .

at Harwell has shown that there is a marked increase in the number of
neutrons at low energies (~ 10 A’) when the volume of moderator (liquid
H,) is only 200 c.c.

To gain some indication of the sample size needed, calcula-
tions have been made of the age for neutrons to slow down to the temper-
ature of the cold sample. The calculation is necessarily approximate in
nature; since orders of magnitude and scale factors were the sought after
quantities it is felt that an analytic presentation is most useful.

3, 4)

The technique is that of Kothari and Singwi( and consists

(3) Kothari, L. 3. and Singwi, K. 5.: Thermal Inelastic Scattering of
Cold Neutrons in Polycrystals, Proc. Roy. 3Soc. A, 231, 293-307
(1955) .

(4) : Slowing Down of Neutrons in Be from 1. 4 ev to Thermal Energy
(to be published) . (We are indebted to the authors for receipt of

their manuscript prior to publication. )

of two steps.

First, develope a multi-phonon expansion of the inelastic
scattering cross section of the solid considered as a simple Debye lattice,
and consider only incoherent scattering. The fact that the lattice is near
absolute zero allows several approximations. Chief among these is the
neglect of all collisions wherein the lattice loses energy. Next one neglects

processes which involve more than one phonon. The cases considered by



ba

Kothari and 3ingwi do not allow these approximations. At this point the
elastic and inelastic cross sections can be written in terms of tabulated
functions. For D,0, however, the molecular mass of 20 is high enough ”"c J/(/O‘J
an expansion of the Debye-Waller factor in powers of 1/M (M is the mass).
vields o (&) = 2/7 (¢/M) M where o is the free atom cross section, M
the mass, and E the incident neutron energy in units of k <&_, uD being
the Debye temperature. If E is greater than one, then oy(E) = 2/7 (¢/M) fou
- o £-1). For E >>1 this forrmula is no longer valid.

3imilarly the rate of energy loss can be calculated in the
same approximation and the result obtained that the mean energy loss
AE =. 15/c_ (o/M) EYE <L, =150 (o/M) (£% - (£-1)%) if £ > 1.
Here o is the total scattering cross section. At this point it is advan-

tageous to recall that Weinstock(®) has shown that under these conditions

(5) Weinstock, R.: Inelastic Scattering of Slow Neutrons, Fhys. Rev.

65, 1, 1-20 (1944) see esp. eq. 59.

o is nearly constant over the range of incident energies. Then the age
can be readily calculated if one takes the second step advocated by Kothari
and Singwi,

That is, to assume that the neutrons always have a Maxwellian
distribution, and the decrease of temperature of the distribution is caused
solely by the loss of energy through collisions. Then

dE /dt=3/2dT /dt=N ( ve AEM(E, T ) dE. Here & is the
n n 3 n n

¥

o]

mean energy of the neutrons; Tn the characteristic temperature of the neu-
trons in units of GD (the Eoltzman constant is suppressed) ; N the number

of scattering centers per unit volume; Nv T is the number of collisions per
unit of time, M( E, Tn) dE the proportion of neutrons in an interval dE

about E; t the time. 3ince



T = (' D b | ( D v dt the age can now be computed.

D, the diffusion coefficient depends on the total cross section and this is
assumed constant over the interval, since we neglect coherent scattering.
Then dt = (dt/dEn) d En ;nd the integral can be performed analytically.
When this is done, and small correctiong arising from the change in cross
sections for It > 1 are neglected, one obtains 7 = (DM/36 Ng) l/T:lf. One
can see from this highly ap_proximat'e formula that the age in D,0 will be of
the order of a few hundred square centimeters, even with temperatures of
the order of .1 (@D ~ 170%°%) . Since the experimental volume should have
a radius of roughly 2 F this implies rather large volumes. A consider-
able amount can be saved by using D,. H, suffers from the difficulties
previously mentioned while He has too low an atomic density. C D,
(deuterated methane)or C D, (deuterated polyethelene) are other possi-
bilities, but processing these materials is a problem.

The neglect of coherent scattering is another serious error
which will increase the age considerably. The total effect of coherent
scattering is hard to determine, however, since it is certain thatyif the
D,0 is to be cooled to liquid He temperatures, a large proportion of
metallic impurity (e. g., Mg) will have to be included to promote good
heat conduction.

A diffusion theory calculation utilizing a modified NICK-II
code has been made to determine the effect of the cold sample on the
neutron spectrum in the sample. This calculation predicts a mean tem-
perature of 100°K which is probably not representative of the exit beam.
The calculation suffers from a number of defects: scattering into only
the next fixe energy groups can be considered in any one group, so that
neutrons which might go all the way down in temperature in one collision
are neglected; the sample is small in terms of mean free paths, so that

diffusion theory itself is only of the most limited validity; and the albedo



of the surrounding graphite for slow neutrons is not correctly included.
A Monte Carlo calculation of the exit spectrum to be

expected is being made at present.

EXPERIMENT

The major experimental problem is the design of the cryo-
stat. In this we have received the generous help of D. W. Usborn and
., Abraham of the Chemistry Livision, ANIi.. The sample size is a
square circular cylinder 18" by 18", This is not adeguate to slow the
neutrons down much below 30°K, but is a practical maximum for our
present purposes.

The cryostat is constructed of stainless steel except for the
radiation shield which is 25 Al. We expect to lose an average of 1 liter
of He per 2%-‘;%. The inner shell of the cryostat is a tube sheet. The D,U
will be frozen by circulating N, through the tube sheet and then pre-cooled
with H,. Finally, liguid He will be put through the tube sheet and some
poured directly on top of the I,U to promote cracking and good heat con-
duction. When the 1,0 reaches 4. 2°K, He will be maintained on Lig-of
the D,C,

Figure 1 is a cutaway view of the cryostat. The various

parts are:

A Inner tank

B Radiation shield

C Uuter tank

D Nitrogen resevoir

N lectrical outlet

¥ Transfer slide for H,and He
G Vacuum gauge

H i.ine to vacuum system
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Neutron Thermalization in Infinite Homogeneous Systems

Noel Corngold
Brookhaven National Laboratory
Upton, Long Island, New York

Abstract

In this talk we shall present some of the latest results of a study of neutron
thermalization now in progress at BNL. Our guiding idea is to carry the study of
the Boltzmann equation for the neutron flux as far as possible without resorting
to numerical methods or restricting our considerations to very heavy moderators.

With the Boltzmann equation:

o0]
o(E) 4(E) = f GE' oy(E'~> E) #(E') + S(E)

o]

and the physical model of a system of non-interfering scatterers possessing

" % " absorption we first seek information about the manner in which the

1/&£ E " spectrum joins the thermal spectrum. The methods suggested by Placzekl
and Wick2 for treating O;(E) in the asymptotic region are extended to the col-

lision term in Eq. 1. \d;(E) is expressed as a series in inverse powers of E,

while the collision term becomes

— - 2E
()

% n ¢
x (l;?) bz ty =5 dE") s (2m[E" - = E])
[ oy (J§§%)2E y=1
g S

In Eq. 2 p is the neutron-scattering atom mass ratio and the Sn functions are

t
simply related to the n—-12 moments of energy transfer to the scatterer when a

1. G. Placzek, Phys. Rev, 86, 377 (1952).

2, G. C. Wick, Phys. Rev. 9k, 1228 (1954).



(3)

given amount of momentum is imparted. They contain the physical characteristics

of the system. With these expansions, Eq. 1 may be attacked via a Mellin trans-

form and a series solution expressing the flux in terms of inverse powers of E
is obtained. It is:
m
(e BEdE) = 90 BT O L
o] E m 2
m=0 k=0 5
Here, £ has its usual meaning, d; is d; at high energy, T is the moderator tem-
1 m

perature and 5 § - o;(T)uog is the absorption parameter. [jg Jstands for 3 if

m-1 r
m is even and —§£ if m is odd. The quantitiesﬂ'n are given recursively by

o

r 0 r-1 1 n-1 T
r 1 Wb (n+l) 7+ W b (nel)7 Foeut M oo b (n+l)7 + W ] .
Tn = o { T n-r r-1 n-r+l 1 r-1 n 1/2
s .
1~

- - T =1 -
and br(s) = ar(s)/r. with A(s) = 1 Tas and

1

P
(1-p)B05T) (L dx[]l§#X)2-(l—u)(y-u51~ |
T

)2r k[
M k2] = (J§+x)2(S"P)+l y=1

_Lh
r rl 1-

a(G) (s) = 1/2‘;8

in the special case of a gas of "point-particles." For a general system ar(s)
is composed of a group of terms of structure quite similar to Eq. 5. If we

5

take the lowest order in p, Egs. 3, 4, and 5 lead to the Wilkins equation” and
its asymptotic solution. The next order in p leads to a more accurate differ-
ential equation for the flux., If time permits, comparison of Eq. 3 with exact

(machine) calculations will be made, and effects of chemical binding will be

considered,

3. J. E. Wilkins, Jr., CP-2481 (194L),



Neutron Thermalization in Infinite Homogeneous Systems

SUMMARY OF TALK GIVEN AT GATLINBURG

CONFERENCE ON NEUTRON THERMALIZATION

This paper describes a study of neutron thermalization now in
progress at BNL. The guiding idea is to carry the study of the Boltzmann
equation for the neutron flux in infinite, homogeneous media as far as
possible without resorting to numerical methods or restricting our consid-
erations to heavy gaseous moderators. The mathematical problem, that of

obtaining a solution to the integral equation

00
(0, (8) + 0 (@) PlE) = l & o' -5 gE) +s@

has two aspectsj one must find appropriaste expressions for the cross-sections
and one must then extract a solution from (1)e

The cross—section oaCE) in (1) may be taken as proportional to 3
ieceo il/é with reasonable accuracy; the cross-sections osCE) and G(E' -> E)
are much more complicated since they depend upon the structure of the
scattering systems However, a method for calculating the high-energy (E >> kT)
behaviour of the scattering from quite general physical systems has been
developed by Placzekl and by Wickz. We shall use these methods to obtain
the principal result of this paper, which is an asymptotic series represen-

tation of the neutron flux, of the form

n
PO~ g 3 o, () (2)
n=o

W



In this éxpansion the important physical characteristics of the system
(ratio of neutron to scattering stom mass, character of binding, ete.) are
contained in the 8.

The method of Placzek and Wick is based upon the fact that the differ-
ential cross-section o(E; -> i;) for the scattering of slow neutrons by a
system may be expressed as the Fourier transform of the space-time correla-
tion function for the motion of the scattering centersB. The correlation
function in a classical system would be described as the average proabability
of finding at the time, t, a scattering center in the volume element d3r
about T , if one knows that at time zero some scattering center was present
in element d3r at the origin of coordinates. Wick has shown how an expansion
of the correlation function in powers of t leads to an expansion of the total
geattering cross—-section os(E) in %{. We have used this result and have used
the same time-expansion to show that the integral term in (1) may be written
as an infinite sum of integrals, each having the form of a convolution
integral in the context of a Mellin transformation.

When the expansions are inserted into (1) the resulting expression cries
out for treatment by Mellin transformation, which converts the integral equa=-
tion into a difference equation of infinite order. A formal solution to the
difference equation may be generated through iterationj this solution has
a double infinity of poles in the complex plane, with residues of exceed-
ingly complicated form. Fortunately, the analysis can be simplified by
recognizing that most of the poles are connected with source~transient effects
and give contributions which vanish as the source energy is removed to
infinity. Further, one can find an important recursion formmls connecting
the residuesof significant poles so that general statements may be made

regarding the behaviour of the co-efficients &, in (2). Bxplicitly,



with

2= 53%?1‘7[‘“"1) L+ by (LT + 5o, ()2 + oo + uPo (ni1)x Topd o (3)

In equation (3), [n} signifies the largest integer less than or equal
o
ton, %% = aséza;y and u is the mass-ratio mentioned above. The quanti=-

ties bp(n+1) l a (n+1) are complicateds In the case of scattering

by a gas of mass-point particles we finds (p 21)

9 )

2 (s=p)+1 1 2 % p
_._..... (y..) La_)_ 5P (_g_) f iy LTN - 0 Gw)] ]

2 pl 1-g uP oy ) (J§+ux)2(s‘P)+l y=1

When the scattering center is bound by a potential, the corresponding

ap(s) functions are linear combinations of integrals quite similar to (4).
The technique of mass-expansion - i.e., the expansion

#(B,p) = ¢o (B) + p ¢1 (B) + see in (1) = has been found by other worker54 to

be quite useful in the study of thermalization. In our work, it is most

convenient to perform it upon recursion relation (3). A mass expansion

of aéG)(s), for example, is easy to obtain, and when only the lowest order

terms in p are retained in (3), that equation becomes a three-term recursion

formila. Indeed in the case of thermalization by a gas, the recursion

“)



formla becomes a three-term (inhomogeneous) difference equation to all

orders of pe In all of these cases the asymptotic series may be associated

with a simple second-order differential equation and the ®physical® solution

to the equation regarded as the proper sum of the series. We are led, in .

the gas case, to:

]
(»]

) 2 1
xN + (2x™ - 1) N, + (4x ~4) N,

] 2 t

- A =

xNy + (x°-1) N + (bx=8) X, (5)
@x2+2AxY) N - [x 2 +280x 2 + (9-2- -4xt-da]y
in the lowest orders of pue The first equation was first proposed by »
Wilkins5. The ®physical® solution to the second equation is identical
with that of a fourth—order equation suggested by Wilkins as an inprovement
over the first. Some curves comparjing solutions x?No and x?Nl iollowe
REFERENGES
l. Ge. Placzek, Pnys. Rev. 85, 377 (1954).
2e Ge Go WiCR’ R].ys. RGVQ 9‘;, 12.28 (195‘;—)0
3« L. van Hove, Physe Reve 95, 249 (1954).
40 He Humtz, JI‘., M. SQ Nelkin, Ge Je Habetler, Nuc. SCi. and Ezlgo l,
280 (1956)3 E. R. Cohen, Nuc. Sci. and Eng. 2, 227 (1957).

5. Je B. Wilkins, Jr., CP 2481 (1944); -Annals of Math. 49, 189 (1948). .
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A Remark on Neutron Thermaligzation Theory
G.Leibfried, Aachen

The slowing down of neuwtrons by amoncatonie nederator
gas with tenmperature can be expressed by a variational forma-
lism. Using a suitable trizl solution one can calculate the
effective neutron temperature and the upper limit of the
thermal region by wvariation. Results are given for large

moderator masses and small absorption,

Variational principle for the slowing down equation

The slowing down equation for neutrons in a monoatomic
gas with 1/v-absorption and tempersture T ie generally &
conplicated integralaequationﬂyg It can ve shown however thet
the kernel of this equation may be symmetrized. This mcans
that one can set up a variational principle for the zlowing
down equation. The treaitnent becomes especially simple for
large atomlc welghts A.

. . - . -. i i
The siowing down eguation for the flux ¢ (E) per unit energy

is then a differential equationz)
__4;__ g d S) i v / y o [ e
(1) JE i Z { ‘KT qs --‘-E; - /“’a,," E)(lb 4 S(E) = {J

§ = é- is the mean legerithmic energy loss for large A4, }:S
denotes the ensrgyindependent macryoscopic crdss-—gectlion for
gsecattering, Efz is the wacroscopis cross—sectlon for capiure,
assumed to be proportional to  T/F% | ¥k is Boltzmamns
constant and 8 (E) is the source demsity ver unit energy and
time. The first term in (1) is the derivative of the slowing

down density.

Equation (1) is eguivalent to the variatismel priveiple

(2) 3 = dlLdF =0 with



(3) ‘ﬁcﬁ G LyfE = BET] - 2sBMLE)

where B8 = /4T and vy = E%Qﬁ)/}z (the ratio of absorption
to slowing down power at E=kl, 3 _(E) = 2 (kT;/(/S«/:zE%) }

The * stands for 4/8E. The variational conditions are as
usuals: vanishing veriation at the limits of the integral in

(2). The variational equation

(28.) - .ﬁ.. oL f- éé. =

P, by

dE J¢' a¢

is identical with eguation (1),
It is convenien’ to introduce & new function W(E) by

. e
(4) o= VEe together with

a2 8" 273

~pE, .
(50) L= MBI E N 298y,

Y measures the deviation of the flux distrivution from the
RE
Hexwellian distribution £Fé at temperature T. The ex-

S —

pressions (3) and (3a) are not quite identical. When passing
from (3) to (3a) a perfect differential has been omltted since

this does not change the wvalidity of the variational prineiple.

Trial solutions

If one assumes & source term 555)=ﬂ(:kqff“g which means
¢ neutrons per seec ocreated at energy E, (E large as cowmparasd
with kT ), and if v is small one expeets & nearly thermal
distribution of neutrons with a slight change of neutrons .
temperature in the thermal energy region amd for higher

energies the normel slowing down distribution uneffected by



the moderating temperature. The problem is how to define the
"neutron temperature“vand the "thermel region”. This can be
done by using the variational principle (2) with suitable
trial functions e.g.:

4 £ i
¥, =Ce ; oeE<E "thermel region

]

(5) y=
\f‘g; =CzeBE/z)

£ E=E "fast region®

In the thermal region this corresponds to a Haxwellian -

foi-3) =

digtrivution with neutron temperature 7; @""Céf“ ;
A o L R
a= Yo - @%E;}, In the fast reglon one has Qﬁzwﬁfg9

where C, is determined by the ratio of the production of

f'a;.. £ v /T
:a.-..s \\ - - 3 ef.w: f

3
This is the uswval solutlion neglecting amhgrﬂ¢io“3 . This

neutrons C to the slowing down power .
eolution may be expected to hold if v is small and &€/:7 tums

out t¢ he largs.

Tt is convenient mnd essential to use & fixed zs well &8s o

good solution in the fast region because the Lagranglisn
anil {5)

according to (5)’éontgina an exponential inceressing term

in the fast region. Then one has 2djustable parsmeters

')
m
&
(‘o’
o
5

referring to the thermal region only. One wmey re

o

fact that with zero-temperature the variaticnal principle

the basliec integral gguation lLs no longer vosslible., So it ds

Py

reagonable to confine the variation tc the thermsl reglon only.

L Rt

C

. Ls determinded by o conblaully cendition as will be sgeen

in the next section. The integral  im {2) then depends on

the variational parameters & .4 ,



The best choice of ¢,4 is given by equation (2) which means
that for the right values of §,4 the integral F is
stationary. The expression (3a) for the Lagrangian [. shows

that F 1s o maximum because the second variation
-[3E ? 4]’ ol / ! )
d,7 = [-e gEz(éx_p-}z—f- 35 zuq/zccﬁ/f)lf dE

is negative definite. So all variations lower the stationary
value of ¥ . Hence when one has approximate sclutions the

one with the largest value of J ies the best approximation.

Determinations of the parameters (&4

2) In equation (2) L and therefore ?‘f’?’”' must exist, so it is
necessary that Y be continuous at E=£

AE Fs.[
(6}) W;(ﬁ} = %‘(&) ; {:4 & = ng fgi’i’

This defines €, azs a function of & and = .
b) Variation of £ leads to

(7) ( %?)& = » Where J is given by

-
#

(8) F o= ju(’\gr JdE f LM;V}GIE

0
se one gets with

0> r :

Fy L Opee)) = Ly, €)) + fw L(iff)dé:



£ £
P _ aze'nc-tz[ ( dE - B%Q R §
ofé?l‘(wdE IFY OLW H

c* ' |
é_%”g.t. = 2(B-a) -4le = 2{yie)-ye}/ e

..ﬁf

{L(\m - L(uf,)}E“£ = e g {1;4?;.) -xyfm}

the condition

83 re e
(T8) 57 = {\lfi(a)—wf)}{ 23 fyo + €%¢ (Yorva)) - o

Orie may couvince oneself that only the vanishing of the second

factor gives a reasonkble condition:
(76) 21 4 gre &)+
.t ee vEe){yler vyie) =0

Since Y8 + ey = (B-2e)yr(e) + AW (€) = (arB=) Yi(e)

one hag
(7c) 23, + e2e “(a+B-2e) Y e) = 0

Using (5) and dividing (Tec) by C,,z one gets eventually

— P+ 2AE
(74) 23, + g*(axP-2fg)e = 0

—_— € ~RE 4+ 3 E iy
where 3, o= G‘,,/Cj2 = _.jfe BE + 2 {6@524?3&{3/ 5:%} o€

0



c)

d)

Variation of « leads Lo

(9) o7 _
5d~/g ¢

3% 295, 7. 94
Since o (C'i ?) = G ad: % Do
one has with 65“55 S P according to (&)
(9a) 9% 9:7F

A

Conservation of neutrons

Integrating (1) one gets
(10) iyq E) PE}dE w@ﬂ@ffﬁ

<t
because the sliowing down term does not contribvbute o the
integral.
This equation describes the conservasvion of neutrons i.e.

.

the number of abgorbed neubrons equals the nurbe

3

by

r

(@;

(o}
newbrong emitﬁé@rby the source 1in a stationary state. Ons
can use (1b) as an additive useful constraint to the
variational conditions. This means that only one parameter
would remaln for the variational procedure. On the othsy
hand it is not necessary to uss (10) wheress the wonstraind
(6) is necessary for the existence of the lagranglanm L.
Eguation (10) is not contsined in the condition (5), (7)
ané (9). One would have btc impose it additively. We will
drop the conditicn (1C) for sake of simplicity since one
can assume that the varlational progedure alone glves

3 H

reasonhble results already. One mlght even guses thal addi-

tive conditions whiech do not srise out of $he variationsl

»yngadure would disprove the result. Une con doagids this



question by comparing the numerical value of F for the
two methods: the larger the value of F the better the
approximation.

Evalution of the variational conditions for small absorption,

fn

For small absorption y one expects @e:ﬁ& to he large
e’ » @/8 and £ to be small. Hence one can try to expand 3

in the equations (7d) and (9%9a) in powers of «

(11) f:f: = A, + Ad 1+ Ae” with
’ 2 2 2.
r~RE a2tz
(11a) A, =~ e yBE T dE

&‘g -~
’{gt YP pBla
(11b) Ao =-2[e ypTETE

2
gwﬁ

{11c) A, = - ]ﬁ
4

The integrals may be eveluated ssympioticaliy.
{(118") Ao a3 @vg'ﬁfﬁ,@

(11b°) A, = -3

(11c') A, = mzfﬁﬁ

whers only the largest terms have been taken into regard.

Now (7d4) reads asymptobicelly
(7e) 2A, + B =0
omitting terms with powers of o and peglecting ?@ &g compared

with 8.



Using (11a®) one gets
(12 ) yvr = n‘en
and for small y approximately

(13) n = bn Yeiw

Equation (9) passes %o

(14) A+ 2A,d = 2&(Aot Ak +Ai )

Since ¢+ is supposed to be small one csn drop the texms

containing o right hand and neglect Ay as compared =ith 284

@
b

Wi

N

So one has eventually

{16) A = YR Imlym - Ty

which shows A€ o be small in accordance with'Yassumption.
The temperature differemce of = T,~T  $urms out 4o he

| . ; )Y
(17) AT/ = =y tn s - (il

ANT 6o {&T) .16

( 1 7 ! ) éz—/’m" =2 N/ Rt S
/ &8s U Ay 7

where ﬁg end 6, denocte the microscople scatbering and abe
sorptlion cross—gection.

This result should be valid for small y only, =ay < 04

8

2



the value 0,5 whereas Cohen gives 0,6. The deviations are of
course more serious for very small values of y, but here the
deviations J/ are insignificant. It seems however that the

neutron temperature defined by the trial solution varies

indeed as X’£%w7k rather than y for smell absorption.

Conciusion

In problems where the concept of neutron temperature and
thermal region turns out to be useful at all [1] the
variationél formalism shows an easy way how t¢ define znd %o
calculate these quantities. The varlationsl principle can as
well be applied to largeyr valuez of v and to the case of

be

5
<

emaller moderator masses, here the formellsm sesnms

especially adapted for numericel work.
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Footnotes

1) For the basic principles of thermalization theory the
reader may be referred to the article of E.R.Cohen [1].

2) One gets this equation by expanding the exact integral
equation in powers of Y » neglecting higher powers

than V4.

3) Of course one can find better solubtions in the fast

reglion e.g.

PE - 25.(E) ffx,
Vo= e ¢/ s E(m2T)
7 - @I‘
“gzﬁ(ﬁ‘)/?Zs
¢ e RpACTy

which corresponds to a more refined slowing down theoryl1].
However ln the case of small vy or large é/&?“ there is

no essential difference as comparsd with (5).
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Thermal-Neutron Flux in a Medium With
a Temperature Discontinuity

D. A, Kottwitz
Hanford Laboratories Operation
Hanford, Washington

x Ao i e
fhstract

The energy and spatial dependence of the steady state neutron flux
has been derived for a nonabsorbing infinite gaseous medium in which the
medium tempersture is a step function of position. In the heavy gas and
diffusion approximations, the energy dependent transport equation reduces
to a second order partial differential equatign which is separable in each,
region of constant temperature, The solution is a series of eigenfunctions,
the leading term of which is Maxwelliagm in form., From general properties
of the differential equation, it can be shown that the total flux (inte-
grated over all energies) is independent of position. This latter result

is in agreement with the theory of irreversible processes,



THERMAI, NEUTRON FLUX IN A NONABSORBING HEAVY GAS
MEDIUM WITH A TEMPERATURE DISCONTINUITY

INTRODUCT ION

A guestion that has aroused some interest of late is the nature of the energy
spectrum of neutrons which are in the thermal energy range but which are not in
thermal equilibrium, that is, not in a pure Maxwellian distribution. For example,
it is of interest to know the "thermal" energy spectrum of neutrons in a moderator
which has a nonuniform temperature. This paper describes work on a simple particular
cage of the latter problem.

In order to obtain analytical results, both geometry and physical system are
assumed as simple as possible. Thus, we not only employ slab geometry in an infinite
medium, but also assume that the medium temperature is an abrupt step function of
position. We assume no sources or sinks of neutrons, and seek only the steady state
solution. The scattering medium is assumed to be & heavy gas; this means that scat-
tering is nearly isotropic in the laboratory system and that the average energy
change in a scattering event is small. Furthermore, the P (or diffusion) approxime-
tion is made, thus assuming that the angular distribution of the flux is represented

reasonably well by the zeroth and first spherical harmonics.

DIFFERENTIAL EQUATION AND BOUNDARY CONDITIONS

The result of the assumptions and approximetions mentioned above is that the
integro - differential equation of transport theory reduces to the second order
partial differential equation(l)

5°F o 5 82
'5"}'22+6HUO(1+E'5§+EI‘€E—2)F=O’ (l)

where F (x, E) = spherically symmetric component of the flux.
B = ratio of neutron mass to gas nuclear mass.

0," bound macroscopic scattering cross section of medium

o



T(x) = temperature of medium
Boltzmann's constant = 1.
This equation is correct to first order in the‘mass parameter w. The spatial
dependence of T is given by
T(x) = ?l x <0 (2)
To x > 0.

In order to obtain a unique physical solution, we have the following boundary
conditions at our disposal. The flux must remain finite at infinite distances, and
both flux and current must be continuous at the interface between the two temperature
regions. For zero energy, the flux must vanish, and for large energy, it must
approach zero rapidly enough to make all moments of the flux finite. These condi-
tions on the energy dependence hold because the flux must be intermediate between
two Maxwellian functions, each of which has these characteristics. Analytically,

these conditions on F (x, E) are
F(+ c©, E) = finite function (3)
F(o+ ,E) = F (0- , E) (%)

8F (x,E) . OF(x,E)

5x ox
x = O+ X = 0~ (5)
F(x,0) 80 (6)
F(X’GO) =0 (7)

It should be noted that (5) is only the zeroth order (in p) approximation to

the exact equation expressing continuity of neutron current across the interface.



The derivation of (1) implies that (1) and (5) go together in a consistent approxi-
mation.(l) However, for completeness, we shall subsequently prove that only the
zeroth approximation of the boundary condition, represented by (5), is physically

consistent with the differential equation (1).

AN INTEGRAL CONDITION

Before beginning the detailed solution of (l), let us establish a result for the
flux as a whole. Integrating (1) over all energies, while noting the presence of a

perfect differential, we get

Qggézl + 6uol [ ET %g +(@E-T)F]Jg =0, (8)

where

B(x) = EEO F(x,E) dE.

Since the boundary conditions require that F be regular and vanish at E = 0

and vanish strongly at E = o, the expression in brackets vanishes. The result is

@(x) = A + Bx (9)

The boundary conditions at |x| = oo require that B vanish. Thus the conclusion
is that the physically valid solution of (1) which is finite at |x| = o must satisfy

the condition (2)
[0 0] N
So F(x,E) dE = constant. (10)

In Appendix I, it will be shown that (10) can be related to well known results
in the theory of irreversible processes. At this point we shall use (10) only to

verify that (5) is the proper version of the condition of neutron current continuity.



The steady state condition in the problem, together with the absence of sources
and sinks, means that the net flow of neutrons is zero everywhére. It does not mean
that the current density, j(x,E), vanishes identically but only that the integral of
J over all energy vanishes. The weaker condition not only conserves neutrons but
allows "hot" neutrons to flow from the high temperature region to the low temperature
region, while "cold" neutrons drift in the opposite direction. Thus, our solution

must satisfy

o
‘g aE J(x,E) = 0 (11)
(o]

where

3(%,E) = -D(x,E) g}gx,m.

From the work of Nelkin and Hurwitz(l), one finds that to first order inp

the diffusion coefficient is

D(x,E) & /3 (1 - cos ©) o(E,x)/ -1
(12)

-1
= [3 ao(L +n {T/2E - 8/3} )]
Now differentiating (10) with respect to x, we find that

oo
S_ §E§§L§l dE = 0O (13)
o .

Equations (11) and (12) furnish a condition on F similar %o (13),
but differing from it on account of the presence of the first order term in (12).
It is clear from diffusion theory that (13) ought to be identical with (11) and (12).
Thus, we conclude that consistent results can be obtained only if the first order

term is dropped from (12). Thus, the current density becomes



3(x,E) = -(30,)72 —g-g-(x:E) (14)

and (5) correctly expresses the desired condition at the interface.

SOLUTION OF THE DIFFERENTIAL EQUATION

The form of (1) and (2) and the boundary conditions (3)---(7) suggests the
following method: (a) obtaining a solution in each halfspace of constant temperature
by separation of variables, and (b) connecting these solutions at the interface by
means of (4) and (5). It is convenient to write (1) in dimensionless form by intro-

ducing reduced energy and position variables, as follows

y E % £ g, /Ou x
(16)

ez E

T

The differential equation becomes

2 2
o°F o) o) -
gy-?-’r(l.‘,eg-e—',’e‘é?)F-Oo (17)

Assuming product solutions of the form f(e) h(y) and introducing the separation

constant k, we get the ordinary differential equations
h" = kh = 0 (18)
ef" + ef' 4+ (L + k) =0 (19)

Acceptable solutions of (18) have the form

n(y) = exp (- V& |y|) (20)

It is convenient to define a new function g(e) by factoring a Maxwellian function

out of f(e¢). Thus,



£(e) & e exp (-¢) gle) (1)
then (19) becomes another confluent hypergeometric equation for g(e)

ceg"+(2-¢)g'+kg=0 (22)
The general solution of (22) is

gle) = ¢y % (-k\EIe) + Co G(-k|2|e), (23)

where @ (~k|2|e) is a confluent hypergeometric function and G(~k|2|e) is a Gordon
function(a).

The Gordon functions would lead to a finite flux at € = O and thus can be omitted
from further consideration. The confluent hypergeometric functions are satisfactory
at € = 0, and must be inspected as e-»>o0 . Consideration of the asymptotic form of
@ (~kl2|e) shows that, except for a discrete set of values of k, the flux would vary
asymptotically as an inverse power of € and thus would not vanish fast enough to
make all energy moments finite. However, for k = 0,1,2,--=-etc., @ (—k|2|e) is a
polynomial, which leads to a satisfactory behavior of the flux at large energies.
The infinite set of polynomials is in fact one of the families of Laguerre polynomials,e’

as follows¥*
1
b (xfzle) = E%I Ly (€), x=0,1,2-m- (2k)

Collecting the results of this section, we conclude that the solution of (17)

is

¥ The normalization of reference (4) has been used here. Note the superscript 1 in

equation (24); for notational simplicity it will be omitted henceforth.

L)



F(y,e) = cexp () & Ky Lyle) exp (- V& |y |), (25)
m=

o}
where the K, are expansion coefficients to be determined by the continuity conditions

(4) and (5) at the interface.

MATCHING SOLUTION AT THE INTERFACE

In each temperature region the flux can be expressed as a series of the form

(25). Thus, we have

@

F(y,E) = € exp(-¢;) Z il-l-lm (1) exp (V/m y), (y < 0)
m=o Tl

(26)
®© B

F(y,E) = e exp (~ep) = = Ly (e5) exp (-/m y), (y =0)

mes o 12
where
€ = E/Tl
e = E/T,

Application of (4) and (5) to (26) gives
o)
Z

% Ly (Gg)

(e v}
€1 exp (~€1) T Am Iy (e1) = & exp (-ep)
=z o Tl

m = m= 0

(27)
™ (o)
€1 exp (-€1) = Aé@ﬁ& Ly (e1) = -ep exp (-¢p) = 4&@%& Ly (e5)
m=o Tp m=o Tp
To obtain the set of equations satisfied by the constants A, and By, we multiply

each of equations (27) by Ly (ey). Then use the change of scale formula (II-3) in

Appendix IT to express L (ep) on the left hand sides as a linear combination of



L(ey;) and integrate over E. Application of the orthornmormslization integral (II-2)
glves

n
Ba=Z () ( Tl) (1 - I1y%p

q-=0 Iz b

1 - - (28)
- /o B, ok R
Lo Te) Va4,
ny ,
where (q) is a blnomlal coefficient.
Elimination of the B, results in an infinite triangular array of equations for

the Ap, which can be solved successively for Ay, Ap, etc., in terms of the arbitrary

coefficient Ag. This array is

m - 1/2
2 @@ RT T agzo. (29)

The temperature dependence of the A's is easily seen to be

Ap = Cq (E& - 1) (E£)-n
To T2

(30)

To\n
c, (1-22)
n
{7 2
where the C's are universal constants which satisfy

5 () ([%Jl/2+1) (-1)%cq =0 (31)
q

Setting Ay ® Co = 1, we find for the first few values of Cp

Co = 1

(9]
—
]

0.5

0.353553
0.28033%0
0.235546

Q2
no
i

(32)

1

0.204981
= 0.182621

Q O
[¢ 2NN ]
1 1



So far we have solved (28) only for A,. However, the symmetry of equations
(27) shows that B, can be obtained from A, by interchanging Tq and T2. Thus,

B, = Cn (1 - F1)”

To (33)

Now combining (26), (30), and (33), we can write the final result as
E E © n E
F(y,E) speexp (-TF) £ Cy (1 -§2> Ly, (F) exp (- ly| ), (3%)
ne=o
where T is the local medium temperature and T, is the medium temperature across the

interface.

DISCUSSION
The flux given by (34) is a Maxwellian function modulated by an infinite series of
functions each of which, except the first, decays exponentially with distance from the
interface. As expected, it reduces to a simple Maxwellian asymptotically at large distances
from the plane of temperature discontinuity. It also satisfies the integral condition (10).
An fmportant question is the nature of the transition from one Maxwellian flux
to the other in the vicinity of the discontinuity. Unfortunately, each term of the
energy spectrum has a different relaxation length. The longest of these, however,
occurs in the first correction term and might well be called the fundamental relaxa-
tion length. In fact, it is just the length M defined in (16). The relaxation
length for the n~th mode is

= T™— = 1
A= /o o T (35)

To study the question of the transition in somewhat more detail, let us attempt

to find an "effective temperature” of the flux spectrum as a function of position.

The simplest way to define a temperature is in terms of the average energy of the

10



flux. Remembering that the (flux) average of the energy for a Maxwellian flux is

2T, let us take
Terr =(l/2)ﬁ (36)

Using the flux given by (34) and the orthornormalization integral (II-2), we

find

Terr =(1/AT1 + Tp) +(1/2) - T,)(1 - exp /A7), x50

3
= /ATy + Tp) -0/2) (1) - ) - exp [~x/2),  x o)

LY

Thus, the effective temperature, as measured by the average energy, requires a

distance of about 2\ to change from Tj to Tp. Assuming, for example, that graphite

is a heavy gas with p = 1/12, we get a relaxation distance

d =2\

2/2 A,

where Mg is the scattering mean free path.
An additional interesting feature of (34) is the particularly simple dependence
of the expansion coefficlents on the two temperatures in the system. Essentially,

the flux is obtained as a power series in the temperature difference. This property
allows us to draw conclusions about the convergence of the series in (34). Assuming
that Cn+l/Cn approaches unity for large n and using (II-5), it is easy to show that

the series converges in both temperature regions if
1/2 <1y /1, < 2

and that it converges in the high temperature region if the temperature ratio is
outside these limits. However, it has not yet been possible to prove convergence

in the low temperature region when the temperature ratio is outside the above limits.
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APPENDIX I

RELATION TO THE THEORY OF IRREVERSIBLE PROCESSES

The purpose of this appendix is to indicate briefly the connection between the
integral condition (10) and the theory of irreversible processes.(5) First, let us
note that the essence of the physical situation discussed here is Jjust the type of
process considered in the theory, i.e., a pair of coupled steady state transport
phenomena . In our particular case, these phenomens are the transport of heat and
the transport of particles in a neutron gas.

The theory of irreversible processes has been applied(5) to the so-called Knudsen
gas, a system in which two containers of a gas are held at different temperatures by
heat baths and in which the containers are thermally insulated from each other but
connected by a small opening through which the gas particles may percolate. In the
steady state situation, heat is carried by the gas from the hot reservoir to the
cold but there is no net flow of matter. The thermodynamic parameters, such as
pressure and density as well as temperature, are different in the containers. The
theory gives the following relation between these quantities

’ (1-1)

Ll = (T2)1/2
o TI

where p; = gas density in the i-th container

=]
1

gas temperature in the i-th container.

It is a simple matter to verify that the neutron gas satisfies (I-1) far from the
temperature discontinuity. Taking the asymptotic flux to be Maxwellian on each side

n -
=3 e
204 1o

wrmalizing it to satisfy condition (10), one finds the desired result by

i

integrating the number density over energy.



As a final remark, it should be mentioned that there must be a deeper connection
between (1) and the theory of irreversible processes. It is well xnown(5) that the
steady staté processes covered by the theory aré Just those which minimize the time
rate of production of entrop&, subjec£ to the constraints of the problem. Thus, it
is reasonable to expect that (1) can be obtained from a variational principle which
minimizes the rate of production of entropy. Such a demonstration would be quite

instructive.



APPENDIX IT

SOME USEFUL PROPERTIES OF THE LAGUERRE POLYNOMIALS L (x).*

LG =z  (ash &0

nso

ga)dx x exp (=x) Iy (x) Ip (x) = (m + 1) &
o

1, &) = EhH @ a-0"" i)
o]

(m+1) Ly po(x) - (2w + 2 = x) Iy(x) + (m+ 1) Ly = 1(x) =0

En(x)] & (m +1) exp (x/2)

(11-1)

(11-2)

(I1-3)

(11-4)

(11-5)

* Note again that normalization is the one of reference (L) and that, as in the

text of this paper, the superscript 1 has been omitted from the Lagquerre function

symbols.
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Abstract

The details of the energy exchanges between slow neutrons and lattice
vibrations are important in determining the manner in which moderation occurs
and the neutron energy spectrum in different geometries. Measurements have
been in progress for several years at Brookhaven in which the lattice vi-
brations are studied by means of the energy gain of incident cold neutrons.
The cold neutrons, of energy 0.004 ev, are produced by filtration in cooled
polycrystalline beryllium and the velocity of the scattered neutrons is de-
ternmined by time of flight., For a single crystal of a coherent scattering
material, the frequency of the phonons as a function of their wave number,
i.e., the dispersion law, may be measured for both acoustical and optical
vibrations, For incoherent scatterers the lattice vibration spectrum is
obtained directly but not the detailed dispersion law. Measurements have
been made for a number of moderators, among which ZrH exhibitsl an intense

optical lattice vibration at an energy of 0134k ev,

1. Pelah, Eisenhauer, Hughes, and Palevsky, Phys, Rev. 108, 1091 (1957).
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Inelastic Scattering of Slow Neutrons in Moderators

D. J. Hughes

In listening to the papers and the discussion on the thermalization
of neutrons it seems to me that people are going in various directions, I
don't mean this in a derogatory way at all; I think they should. For example,
suppose we start with the cross sections for inelastic scattering, If we knew
these as functions of angle and energy change, we could probably then compute
the neutron spectrum, which, I take it, is what most of you are interested in
doing. Now we don't know this inelastic scattering in all its details. As
we have discussed already, for neutrons of sufficiently high energy, i.e., an
energy of a few volts at least, there isn't much difficulty. At these energies
the atom acts as if it is free in the scattering process, But when the neutron
energy drops below the order of a few tenths of a volt things become difficult,

and it is extremely hard to calculate or even to measure the cross sections.

NMow, although we can't measure the inelastic scattering cross section in every detall,

if we were very very good we could compute it from the known details of the
maferials in which we are interested. For example, we have many energy levels,
which represent the specific properties of various solids and liquids, These
things have phonons in them, and one way to express properties of the materials
is, to give the frequency of the phonons as a function of the momentum, or the
wave number, of the phonons, These dispersion curves are the fundamental
information we need about, say, a crystal, If we had this information and again

if we could do the complicated mathematics, we could calculate the cross sections



for the crystal and then the neutron spectrum. However, if we want to build
reactors, or if we want to calculate the spectrum in reactors in the next
50 to 100 years, it is probably best not to wait until we measure all the
dispersion curves of the materials involved, Nevertheless, in principle we
could get all of these desired properties.

The information comes, of course, from various fields. We can measure
the elastic properties of materials, and we can measure their specific heats,
for example. The results give some information on the dynamics of the lattice,
One of the most recent ways of getting information on the dynamics of the lattice
is by inference from the measured inelastic scattering cross sections, That
will be my subject for this evening, something about the methods in which the
observed inelastic scattering cross sections are used to get these fundamental
properties. So, in a way, we're going away from our goal, the neutron spectrum,
but in principle we will arrive there eventually because from these fundamental
dynamical properties of lattices, we can calculate everything we need. The
interest of my group at Brookhaven is just this: getting the fundamental
information from the observed inelastic scattering.

Another approach is to measure the inelastic cross sections at all desired
energies and go from there to the spectrum by direct calculation, This is the
type of work that is being started at Chalk River where EBgelstaff is starting
a very ambitious program of measuring the inelastic scattering as a functiom
§f energy and angle for various materials. It is the so-called scattering
law experiment and it% results can be used to get the spectrum. There is another

method now being used for measuring the spectrum directly by time-of-flight



techniques, This is still another approach in which we go in the direction
of the desired result, with little regard to basic theory.

Now what we want to learn in the approach followed at Brookhaven is the
relationship between the wave number, that is, the inverse of the wavelength,
and the freguency, that is, the energy of the phonons, in the lattice. Let
us talk about a crystal in which there are phonons, that is, sound waves,

They have a wave number vector';ﬁ so that the momentum is equal to &ié{, and
they have an angular frequency w, so the energy of a phonon is A w. The
relationship between w andiz is what we are trying to find. If we have this
relationship, the dispersion curve, we have all the properties we want., Now

a simple assumed fomm of this relationship, of course, is the Debye assumption.
The Debye assumption is simply that w = cq, where ¢ is the wvelocity of sound,
This relationship leads to a distribution of vibrations in the crystal in
which the number of vibrations of a certain frequency vs frequency, that is,

g (w) vs w, rises rapidly then suddenly drops to zero. This is g familiar
Debye frequency spectrum, which follows directly from this assumption, Now
this is an approximation; we will find out wherein it fails in our experiments,

The reason that we can learn a lot about the dispersion from the scatter-
ing of neutrons is that neutrons change both their momentum and their energy
by a large amount in scattering, There is inelastic scattering of x-rays,
but in that case, though the momentum changes a lot, the energy changes by
an insignificant amount, Neutron scattering is much different, in fact, for
ailow enough incident energy the gain in the energy of the neutron is much
larger than its incident energy, so that the relative gain in energy can be

tremendous, These effects become more pronounced the lower the neutron energy



becomes,

In Figure 1 we see an example of the way in which the scattering changes
with energy. Much of this material is very, very simple, but ;t is fundamental
so I hope you don't mind my taking up your time with it. The total cross section
of Figure 1 is for a material in which capture is small, At a neutron energy
of several eV , the atom acts as if ifs free, which in one sense means the
scattering is all inelastic; as far as the crystal is concerned it is inelastic
scattering, At somewhat lower energy we have the coherent elastic plus the
inelastic scattering, and at very low energy there is scattering in which the
neutron is moving so slowly it can only gain energy from the lattice.

Now the behavior.of these "cold neutrons"™ is very different from the
scattering of x-rays and it is in this region that we have been doing our work
at Brookhaven, I will speak of this so-called "energy gain scattering" of
cold neutrons, which have temperatures of the order of 30°K, so they actually
are very cold. A property of any nuclear reaction in which the ocutgoing
particle is fast compared to the incident particle is that it will have a
cross section that is inversely proportional to velocity. So in this energy
region we expect the cross secticn to be 1/v if the phonon that is absorbed
has energy large compared to the emergy of the neutron; and whenever we see
an experimental cross section in this region that is 1/v, we have a direct
demonstration that the neutron is gaining energy large compared to its inci-
dent emergy. Blastic scattering of neutrons, could it occur, would be constant
with emergy because the outgoing velocity is not large,

The elastic scattering, however, disappears for cold neutrons in most
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materials because the wavelength is so long that no Bragg scattering is
possible. Some materials are very‘transparent to cold neutrons. For instance,
in a piece of graphite for neutrons of wavelengths of, say, 8 Ap, the mean
free path is about a meter!

Figure 3 _is an experimental curve for beryllium, showing that these things
really happen. We see the free atom cross section, the crystal cutoff, and
the low cross section for slow neutrons with wavelength about 6 A°. The cross
section increases rapidly with temperature simply because there are more
phonons in the crystal to hit the neutrons. The neutron is moving so much
more slowly than the atoms that it really drifts through the crystal and is
hit by the atoms, leaving the crystal rapidly. It must be\moving rapidly
because the cross section is seen to be 1/v, The cross section of beryllium,
for sufficiently high temperature, actually becomes higher than the free atom
cross section. You see that the cross section for cold neutrons in hot
beryllium is quite high; it changes in this wavelength region from about a
hundredth of a barn to, say, 10 barns, so the cross section can be changed by
a factor of a thousand by merely changing the temperature of the material.

The total cross section we have been talking about doesn't really give
much information about the lattice vibrations, In some cases it is valuable,_ﬂﬁwdqrbf
in particular for iron. Figure 3 is the total cross section of iron and
copper with captpre subtracted, The cross section here is not plotted against
wavelength or neutron energy; it is the cross sectiom at a particular wave-
length out in the 1/v region as a function of sample temperature in degrees

absolute, Now the cross section for copper rises with temperature and the
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points agree so well with theory you can hardly see the points, The theory
is based on a few simple parameters: the free atom cross section of copper,
and the Debye temperature. Conversely, because so few parameters are needed
we don't learn much about the lattice vibrations from this type of work, The

total cross section is really analogous to the specific heat, and we don't

learn much more than we do from specific heat measurements, It was interesting,

however, that in the case of iron the points climbed above the theory quite
rapidly and reached a maximum at the Curie point, Because the scattering is
1/v, it nmust be an interaction in which a large amount of energy is gained.
Further, because of the difference between iron and copper and the peaking at
the Curie point, it obviously is magnetic inelastic scattering, Actually it
was this work that really spurred Van Hove on when he was developing his
theory of the time-dependent correlation function, which be invoked to explain
this scattering, Jt is really a type of critical scattering, like critical
ovdl Ko o A gAMA

opalescence for light, wisizh=ereurs right at the Curie point.

However, we don't learn much about the details of the lattice dynamics
by studying the total cross section alone. What we really want to do is to
have neutrons come in, pick up just one phonon, and come out with relatively
high energy. 1In the case where the neutron coming in has essentially zero
energy we can say that since momentum and energy must be conserved, the_energy
of the neutron must be ecual to the energy of the phonon, and the momentum of
the neutron must be equal to the momentum of the phonon, put if the energy
and momentum are conserved in this simnle way, then it's easy to show « and I

won't take the time to do it - that there is only one possible energy with



which a neutron can emerge from a crystal, This energy, assuming the Debye
theory holds, is simply 2 mcz. To a nuclear physicist 2 mc2 is 2 bev, but
JraAs-
we must remember that ¢ is the velocity of sound not light, So if we take
UL

2 bev and multiply by theA;atio of the velocity of sound, say in beryllium,
to the velocity of light sduare&® we find that for beryllium this energy is
0.8 ev.e But this is something like 8,000 degrees and there just aren't any
phonons in beryllium of this temperature.

Fortunately, this calculation doesn't really apply, so forget about ite
The reason it doesn't apply is that while it is true that we've got to conserve
energy and momentum, we can play with momentum exchanges with the crystal
itself. So the conservation of momentum is not just that the &k of the outgoing
neutron is equal to-a of a phonon, it's equal to-E + 2ﬂ75 where %: is any vector
in reciprocal lattice space. Now it isn't really surprising that the neutron
can exchange momentum with the whole crystal. For if we take the case where 3'
is zero, that is, no phonons gained, we have & = Znﬁ§-; if you think a bit you
will realize that this 4is just the condition for Bragg scattering," A = 2d sin®,
in which momentum is exchanged with the crystal alone. Because of the fact that
the reciprocal lattice vector is inwlved, the scattered neutrons coming out will
not have a contiﬁuous distribution of energies but will have a few discrete energy
peaks in a given directione In another direction it will have another set of
discrete energies.

Now it sounds simple but the experiment is not very easy to do. Various
people have been doing experiments like this now for four or five yearss. The
reason the results aren't very good is simply that the counting rates are low

in an experiment of this type. The work that has been done at Brookhaven at
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first used the equipment shown in Figure 4, A beam of neutrons comes from

the reactor, goes through a piece of polycrystalline beryllium, and the
neutrons that get thrOUghhperyllium are those of long wavelength only, about
30° K in temperature. Unfortunately, only a few of them scatter because the
inelastic scattering cross section is low, and of those that scatter at 900,
some pass through a 'chopper" and emerge as bursts of neutrons. By the flight
time to a detector a few meters distant we are able to measure the velocity,
hence #fat- 4s the wave number“ﬁ, of the outgoing neutron,

In the first experiments of this type performed at Brookhaven, aluminum
was the scattering sample. Figure 5 shows the type of results obtained. These
are typical curves giving the counting rate as a functionm of neutron wavelength
for different orientations of the single crystal of aluminum. The incoming
neutrons have a wavelength of about 5 2, and the scattered neutrons ar& much
warmer; in fact, they are at about room temperature, room temperature being at
atout 1,8 R. 4s we would expect, discrete peaks are observed and as the
crystal is rotated, the peaks move around, change in height, and often merge
so that we can't tell one from another,

The analysis of the results in reciprocal lattice space is shown in
Figure 6. It's a little more complicated than we have considered already
because the incident neutrons don‘t have zero momentum; they do have finite

>
momentume So where I said k, I really should have said the £ -‘E;, the
momentum changes ZEach experimental point gives us the relationship between
the energy ¢rw) and the momentum ("z) of a single phonon. You see that the
points do follow surfaces, which in some regioms get very complicated and are
hard to follow, Also this is just one plane of the aluminum crystal, and many,

. . . . B
many orientations are needed to depict the entire relationship between L} ( q).
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In Figure 7 is plotted the relationship between the frequency and -E
for -E's in a single direction only. There are two branches; one corresponds
to longitudinal vibrationjand the other to transverse vibrations. According
to the Debye assumption, the frequency-momentum relationship would be just
a straight line with a slope given by the velocity of sound, (& = cqe The
slope of the dashed line represents the measured velocity of sound, measured
of course at very low frequencies., The points start off with a slope that
agrees, within the rather poor experimental error, with the measured velocity
of sound. You see that at high frequencies the simple Debye assumption is
wrong and there is dispersion; the linear relationship 4 = cq no longer holds.

I will now show you some improved equipment, and then report very briefly
some results without going into details. In order to get more intemnsity, what
we have done at the Brookhaven reactor is to dig a Dig hole into the top
graphite reflector, Figure 8. The beryllium filter is refrigerated with liquid
air so its transmission for cold neutrons will be greater., With this new equip-
nent we get a much increased flux at the scattering sample, some 50 times what
we had before, and this increase is utilized to obtain higher resolution,

Some recent results with vanadium are shown in Figure 9, Now vanadium is
a rather unusual element in which it is not necessary to conserve momentum,
because the nuclear scattering of vanadium is incoherent. This means we need
to worry about the conservation of emergy only. It follows that the scattered
neutrons have an energy distribution that is a direct representation of the
lattice vibration spectrum in #He vanadium. In other words, we see the distri-
bution directly, instead of discrete energies, as for aluminume. We don't need

to use a single crystal because we don't need to conserve momentum. The



observed frequency spectrum starts off like the UDebye spectrum, but has a
complicated structure at high frequency., It definitely has discrete peakse .
Now these are not unexpected, because even though there have not been calcula-
tions specifically for vanadium there have been calculations of the expected
frequency distribution for body-centered lattices in general, and they
predict peaks and valleys. The force constants of the crystal are closely
related to the frequency spectrum, and actually from the ratio of these peak
heights and their positions it's possible to say some thing about the ratio of
the force constants in the crystal. These results do not give us the complete
w (—E) relationship that we want, but it is rather pretty in that we see the d
lattice vibration distribution so directly.
Figure 10 shows the results for zirconium hydride,which was investigated
at the request of General Atomics. This material, as Nelkin had predicted,
shows a very strong energy gain. DBecause hydrogen scatters incoherently, we

don't need to use a single crystal, Furthermore, we expect rather a smear in
£ y ’

the thermal region; it is peaked roughly at room temperature. In addition to
that continuous distribution there is a tremendously intense peak here roughly
at 0,14 ev. This represents a different type of vibraticn., It is not an
acoustic vibration but an optical vibration in which the frequency is relatively
. ->
independent of the wave number q.

This optical vibration, incidentally, was sought for but not found by
infrared absorption. It turns out that the cold neutron method is an extremely

good one for finding these optical lattice vibrations., Since these first ex-

periments we have, as has Brockhouse at Chalk River, worked on germanium in
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which almost everything happens, because the scattering is coherent (like:
aluminum) and optical lines afe present as well., We ourselves have not done
much more with zirconium hydride, though we intend to study a series of:
hydrides because it's so easy to find these optical lines. However,
McReynolds and Whittemore have done more work on zirconium hydride, checking

the temperature variation and so on, which they will report in the next paperse.
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Neutron Thermal Inelastic Scattering by Bound Atoms

A. W. McReynolds
John Jay Hopkins Laboratory
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Abstract
P 3

In the energy range below about 1 ev, the cross-section 6(k, k', T)
for scattering of a neutron with propagation vector k, relative to the
scatterer at temperature T, to k' 1s no longer characteristlc of free
atoms but dependent on interatomic binding forces. Using monoenergetic
neutron beams, ranging from 0,05 to 0.3 ev, from crystal spectrometers at
Brookhaven National Laboratory, this dependence has been studied by measure-
ments of total cross-section, the angular distribution, and the average
scattered energy, for H in various chemical bonding states and for C and
Be, K in HEO behaves qualitatively as if free, with smooth variation of
both total cross-section and energy loss. The tighter binding of H in
ZrHl°5 gives discrete energy states, .13 ev, characteristic of an isotropic
harmonic oscilllator. Energy loss per collision is negligible for neutrons
of lower energy, but has maxima at the 0,13, 0,26, etc, levels. There are
corresponding peaks in total cross section above these energy thresholds
in agreement with Fermi's theoretical curve, For carbon the predominance
of elastic diffraction scattering over inelastic necessitates higher reso-
lution techniques. These show the product of cross-section and energy loss
per collision (% o) lower by about a factor of 3 than the values for free

carbon.,
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NEUTRON THERMAL INELASTIC SCATTERING BY BOUND ATClM

Ao W, McReynoldsT

The experimental work reported here has been carried out at
Brookhaven Laboratory by ¥W. L. Whittemore and myself of the General
Atomic staff, with the successive participation of Tormod Riste and
Arne Andresen of JEWNER in Nerway and Israel Pelah of the Weizmann
Institute, Rehovol, Israel. Referring to the comments and sketch
of the previous speaker, thermalization research has clearly pro-
ceeded in rather different directions. Reactor physicists are
interested in finding neutron spectra after multiple scattering,
wnile neutron and solid stale physicists are interested in finding
out more about solids by detaliled study of single scattering events.
By the latter approach one can eventually arrive at a determination
of spectra. TFrom the solid-state viewpoint, however, interest is
directed toward the simpler cases, such as aluminum or germanium,
to elucidate fundamental principles, thus information about spectra
of interest to the reactor physicist comes only at the end of a long
road. We have therefore undertaken to make basic scattering measure-
ments on several materials which are of dual interest because of the
nature of the fundamental scattering processes and their potential
use as reactor moderators. These included water, hydrogenous plastics,

metallic hydrides, and graphite.

Since very little experimental information was available in the
near~thermal energy range, 1t was necessary to do several different
types of experiments. It would be desirable Lo measure directly the

scattering kernel Ov(EO,E,Q,T) for scattering a neutron of initial

energy = in moderator at temperature T, to a new energy B, with

O}
change © in direction.

no



although limitations in available beam intensity preclude accomplishing
Tthis directly, four different types of partial measurement, on each of
which there was little available experimental information, have been

made. These are illustrated schematically in Figure 1.

Figure la shows apparatus for measurement of total cross section, using
a crystal spectrometer for selection of a monoenergetic beam. In all
of the cases studled, transmission through the sample is determined
almost entirely by scattering, with negligible effect of the absorption
cross section. In Figure 1b, a crystal spectrometer is alsoc used for
selection of the moncenergetic incident beam but with measurements on
the neutrons scattered from a sample chosen to be suiltably thin so that
only a negligible number of neutrons are multiply scattered. Moving
the counter to different angles, the angular distribution of scattering
is first measured. Whereas it would be desirable to measure also the
complete energy distribution at each angle, intensity limitations per-
nit only the measurement of the average energy of the beam at each
vosition. This was accomplished by the determination of transmission
through a gold foil, for which the cross section is proportional to
1/v. Measurements of the types la and 1b are described in more detail
later. TFigure lc illustrates time-~of-flight analysis of the energy
spectrum of neutrons filtered through beryllium to select those of low

energy, then singly scattered from thin

W
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Fig. l--Schematic representation of four types of neutron-beam measure-
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mission cross-section using crystal monochromator; (b) angular
and energy distributions of singly scattered neutrons; (e)
energy distribution by time-of-flight with incident cold neu-
trons; (d) energy distribution with incident monoenergetic
epithermal neutrons.



samples. In Figure ld is shown apparatus for similarly analyzing the
scabtered spectrum but with monoenergetic incident neutrons from a
crystal spectrometer, as in lb. Experiments of the last two types,
lc and 1ld will be reported on in the next paper by W. L. Whittemore.

Let us then consider here experiments la and lb.
TOTAL SCATTERING CROSS SECTICH

In his classic treatment of neutron slowing-down, Fermi derived
the curve shown in Figure 2 on the assumpﬁion that hydrogen behaves
as an isotropically.bound harmonic ogcillator. The cross section
exhibits minima followed by a sharp rise at multiples of h?, repre~
senting threshholds for excitation of the oscillator to higher states.
This curve would not be expected to apply accurately to water, but
there is reason to expect it toc be applicable to the case of zirconium
hydride because of its structure. The zirconium atoms are in a face-
centered cublc lattice, and it is seen that the hydrogen atom lies at
the center of a tetrahedron of zirconium atoms, isotroplcally bound
and separated from its hydrogen neighbors. It therefore lies in an
isotropic potential well and should behave as an independent harmonic
oscillator. The experimentally determined cross section, illustrated
in Pigure 3 does in fact closely resemble the Fermi curve, with the
expected difference that the minima are less sharp than the cusps pre-
dicted by the theoretical model. This slight broadening is somewhsat
greater than the instrumental resolution of the crystal spectrometer
which V. L. Sailor and his collaborators at Brookhaven Laboratory
made available for the measurements. A larger component is the
Doppler broadening resulting from thermal vibrations of the zirconium
lattice. Using the zirconium mass and the sample temperature, correc-
tion for this effect has been included in the dashed theoretical curve
of Pigure 3. Total cross section measurements on another hydride MgHe
show, in Figure Y4, some anomalies indicating the presence of discrete
vibrational levels, but not as clearly resolved as for zirconium hydride.
This is understandable from the structﬁre, which for magnesium hydride

is of a layer type for which bonding is not isotropic but relatively
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stronger within the layer than between adjacent layers. This should
give a cross sectlon representing a superposition of Ferml curves and
therefore exhibiting less pronounced maxima and minima. For comparative
purposes the EEO total cross section was measured by the same methods,
but, as expected from the variety of possible excitation states, shows

no resolvable anomalies.
ENERGY LOSS CROSS SECTION

In the type of measurements indicated in Figure 1lb, the objective
is to determine the quantity % 04 Where g is the logarithmic energy
decrement 1n Eo/@ and o-is the scattering cross section. 5ince both
are functions of the scattering angle 9, measurements of 5 and ormust
be made separabtely for each angle and the product integrated over all
angles to determine an average value, Eg?;. The quantity actually
meagured as E differs slightly from the conventional definition, in
that it is the energy corresponding to the average transmission through
a l/v absorber, rather than the true average of energies of neutrons
in the beam, but the difference is not great and vanisheé in the high-~
energy limit. TFigure 5 shows, for neutrons of incident energies G.057,
0.086, 0.117, the average energy after scattering at various angles
from thin samples of zirconium hydride, lucite plastic and water.

Within this energy range, the three materials differ markedly, zirconium
hydride showing very little moderating effect as compared with water,
and plastic intermediate between these extremes. In Figure 6 is shown

a representative case of the differential scattering cross section vs.
angle, as given by the angular varistion of the scattered intensity from
a constant monoenergetic beam. The distrivution is of course peaked in
the forward direction. If data of Figures 5 and 6 are now multiplied
together to integratejﬂg o-sin® 46 over all angles, the average values
—g.&as shown in Figure Tare obtained. Also shown for comparison are
three theoretical curves representing the cases of hypothetical free
hydrogen at 0°%K and BOOOK and a theoretical model for water, as proposed

by Nelkin. Again it is seen that in this energy range zirconium hydride
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Fig. 6--Angular distribution of neutrons of 0.045-ev incident
energy scattered from thin HEO target.
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has negligible moderating effect, and lucite is substantially below

the value for free hydrogen.

Similar measurements have been extended to higher energies in
Figures 8 and 9, where Figure 9 represents measurement only at the
single-scattering angle of 80 degrees and Figure gives the average
values of 5 o-obtained by integration over all angles. The theoretical
curves for the cases of free hydrogen and for Nelkin's water model
have been so computed that the values of S o-given are those which
would be measured by use of a l/v absorber and are therefore directly
comparable to experimental data. The water data contain substantial
corrections for multiple scattering- effects, particularly in the
energy range above 0.1 ev. The effect of multiple scattering is always
to increase the measured value of 5 and to decrease the forward peaking
of the angular distribution, both of which tend toward higher wvalues
of the average value E;E;. By using samples of almost zero thickness,
we can eliminate the multiple scattering, but unfortunately eliminate
at the same time any useful data. Intensity limitations require
samples with transmission 90 percent or lower. With the inclusion of
corréctions, however, the behavior of water in the higher energy range
continues to agree falrly well with theory. Tor zirconium hydride, as
the neutron energy reaches the threshhold of 0.130 ev for excitation
of hydrogen vibrational levels, both S and o-rise abruptly to a peak,
then decrease until energy reaches the threshhold 0.260 for excitation
of the second level. The solid curve shown is computed on the basis
of a theoetical model of zirconium hydride as an isotropic harmonic
oscillator, but with the resonance Doppler broadened by thermal lattice
vibrations of the zirconium. Although the only parameter adjusted is
the choice of 0.130 ev as the energy level, both the shape and height

of the curves agree quite satisfactorily with experimental data.
GRAPHITE MEASUREMENTS

The scattering processes in graphite, beryllium, and other
moderators differ from those in hydrogenous materials in several ways

which make the thermalization process experimentally more difficult to
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study. First, because of the greater mass of the scattering atoms, the
fractional energy loss in a single collision is small compared to the
case of hydrogen, which has mass about equal to the neutron. Second,

in contrast to hydrogen, there is a large degree of coherence in scat-
tering, such that most scattering events are by elastic or Bragg dif-
fraction which involves no energy exchange and also 1s concentrated

into sharp peaks of intensity in the Bragg directions, which are deter-
mined by the crystal structure. The angular distribution is the familiar
neutron diffraction pattern, which is shown in Figure 10 for graphite.
At each scattering angle there is a mixture of elasticly and inelasticly
scattered neubtrons, with elagtic predominating strongly in the dif-
fraction peaks. Both.S and ovare therefore strongly dependent on the
exact scattering angle. TFortunately, however, the increases in one

can be shown to compensate exactly for the decreases of the other,

such that the product g o-varies smoothly. As long as both quantities
are meagsured on exactly the same angular distribution, this product
varies smoothly. Also indicated on Figure 10 are the values of 3
measured at several angles. The points of measurement have been chosen
to be those of lowest differential scattering cross section, ¢, since
these are the points at which the observed S has its largest values and
can be measured with greatest accuracy. TFigure 12 shows the resulting
values of S o-plotted against angle. Integration of S o-sin® over all
angles 1s then carried out as before, using the known value of the total
scattering cross section to normalize the arbitrary scale of ovmeasure-
ments and obtaln the average 5 o-value. Figure 12 shows S for three
different energies, compared with the constant value 0.158 characteristic
of hypothetical free carbon at 0%k and also an approximation to the ex-~
pected curve for free carbon at 3OOOK. It is seen that in the case of
graphite the effects of binding reduce the energy decrement per colli-
sion to a value substantially lower than that for free carbon. t is
expected that these measurements and those on hydrogenous materials will
ve pursued further and reported with more detailed theoretical inter-
pretation in the coming Geneva conference. Measurements using time-of-
flight analysis of the scattered neutron spectrum, as referred to in

Figure 1, are reported in the next paper by W. L. Whittemore.
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A Study Using Time-of-Flight Techniques of the Thermal
Inelastic Scattering of Neutrons

William L. Whittemore¥
John Jay Hopkins Laboratory
San Diego, California

Abstract

In order to make a complete calculation of the thermalization of neutrons, one
needs a detailed notion of the interaction between the neutron and the system of
atoms in the moderating substance, As part of our investigation of the thermali-
zation process, we have studied by neutron time-of-flight techniques tk> energy
spectrum of neutrons scattered at 90 degrees by several materials, including zir-
conium hydride, water, and carbon. We have made two types of these measurements
in which the significant difference is the energy of the incident neutron.

On the one hand, we permitted a beam of very slow neutrons to scatter from
the sample., Since these neutrons will gain energy from the scattering substance,
the resulting energy spectrum of these scattered neutroné reflects directly the
spectrum of vibrations of the scattering substance. By studying these spectra one
can deduce information needed to evaluate the moderation properties of such ma-
terials., 1In particular, we can study the effect of changes in the hydrogen
concentration, impurities in the lattice, and temperature on the bound levels of
hydrogen in zirconium hydride.

The other type of measurements was made with a somewhat higher energy
(0.1 - 0.2 ev) for the incident neutron. In this case, the energy spectrum of the
scattered beam shows directly the change in energy of the scattered neutron. The
results of this type of measurement are intimately related to those discussed above
and display directly the interaction needed for understanding the thermalization
process. Results obtained by this study will be presented for liquid and solid

water and other substances.

*Guest sclentist at Brookhaven National Laboratory.
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A Study Using Time-of-Flight Techniques of the Thermal
Inelastic Scattering of Neutrons

Early in our investigation of the moderation properties of various
hydrogencus materials, it became clear that several of the pertinent features
could be best investigated by time-of-flight techniques. So far, we have used
two different time-of-flight techniques in vhich the principal difference is
the energy of the incident neutron. In the first case, the incident energy
was 0.004 ev, selected by a cold beryllium filter. In the second case, the
incident neutron beam is selected by a crystal monochromator and gives
selected energies in the region 0.05 to 0«15 eve For each of these cases, the
energy spectrum for neutrons scattered through 90° gives considerable informmation
about the thermalization process.

Consider first the case where the incident energy is about 0.004 ev.
These experiments were carried out with the cooperation of the Brookhaven slow
chopper groups Ve will confine our treatment here to some aspects of zirconium

hydride .
1
Ve have already reported some results concerning the energy of the

1) phys. Rev. 108, 1092 (1957).

Eingtein level. These resulis were obtained hy examining in deteil the time-
of-flight spectrum of neutrons scattered at 90° by a sample of zirconium hydride.
A typlesl spectrum is given in Fig. 1 where the sharp pesk at channel 17 is due
to interaction with hydrogen atoms in the first Finstein levels The results
reported above were obtained by studying the relative area under the Yoptical®
peak as it changed with the temperature of the samplee By relating this change
to the Boltzmann population of the Einstein level, we determined the Einstein
level to be 0.130 &= 0.005 eve Ve report now some additional information obtained
by studying the additional details of this Rinstein leveles For the practical

purposes of thermalization one needs to know whether the energy of the level
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or its shape changes 1) with the concentraticn of hydrogen, 2) with
the temperature of zirconium hydride, 3) or with the presence of heavy
atoms in the lattice of zirconium hydride.

A study by the above technique of the Einstein level shows that
the energy of the level and the width at half maximum remains unchanged
when the concentration of hydrogen in the zirconium hydride is varied
from 1.2 to 1.9 hydrogen atoms per zirconium atoms Furthermore, the
study reported previouslyl involved the change of temperature from
room temperature to 40000- In this range of temperatures the pesk
of the distribution did not change,; indicating no change of energy
of the FEinstein level. In this experiment the width at one half maximum
increases with temperature, nearly as predicted by a simple perfect gas
nodel of the zirconium battice. The appropriate Doppler broadening computed
for this lattice is sufficient %o explain the width of distribution at all
temperatures studied. The addition of wranium to the polycrystalline
sample to make an alloy with zirconium hydride could be expscted to
change the characteristics of the Einstein level. This feature was
studied by adding about 7% by weight of uranium to ZrH1‘5- The
UzrH, , alloy vas studied at room teaperature and 200°Ce The
shape and location of the peak for the Finstein level remained the
same asg for the sample of zirconjum hydride. This showed that the
distortion of the lattice caused by the uranium atoms had no effect on
the Einstein level. All of thesse results above lead naturally to a very

simple model of the hydrogen oscillator in the zirconium hydride system. It seen:




reasonable and quite sufficient to picture each hydrogen atom as surrounded by
a tetrahedron of zirconium atomse With the addition of more hydrogen to the
zirconium hydride system the additional hydrogen atoms simply enter empty
tetrahedrons with very little influence on the hydrogen already presente

The second type of measurement was made by taking a beam of neutrons from
a crystal spectrometer and allowing them to scatter at 90o into a detector placed
160 cms away. By interrupting the beam periodically one can study the time-of=
flight distribution of the scattered neutronss From this time-of-flight distri-
bution one can easily compute the energy spectrum of the scattered neutrons.

Using this technigue we are presently investigating several hydrogenous materials

- and also certain other substances pertinent to a thermalization studye Fige 2

ghows a time-of-flight distribution for 0.07 ev neutrons scattered at 90° from

a sample of water with a transmission of 0.83s Vhen this time-of-flight distribution
is transferred to an emergy distribution one obtains curve 2 in Fige 3¢ (In this
figure we also see the energy spectrum of the incident neutrons showun as curve 4.
This spectrum is obtained in two indepandent ways 1) by the scattering at 90°
from a thin vanadium sample and 2) by the time-of-flight distribution obtained

by placing a detector in the unscattered beam at a distance of 160 centimeters.
These two spectra agree rather well.) The effects of multiple scattering on the
data are of considerable importance. A thicker water sample with a transmission
of 0.65 was used to give curve 1. Since the difference between curve 1 and 2

is rather slight one can deduce from these as a first approximation to the single
seattering the result shown in curve 3. From a comparison of curves 3 and 4

one can see the effect of thermalization in single scattering from an array of
vater moleculess In the first place, the peak of energy distribution of the
scattered neutrons is displaced to lower energies, mainly explained as a recoil
effects The width of this displaced distribution is approximately explained as
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being due to the Doppler broadening caused by the water molecules. In
addition there is a broad band of neutrons displaced to considerably lower
energys This group of neutroms is probably due to the excitation of the
hindered rotations already studied by Brockhouse.z

To visualize the thermalization caused by water in single scattering
it is helpful to present the results shown in Fige 4 vhere the area under
the curve for incident neutrons is made equal to that for neutrons scattered
from a thin sample of waters A computation of the logarithmio decrement

§ = .Zn EO/E for this case gives 3 ~ 0e3, in agreement with the values

obtained in the preceding paper by very different meanse The results for
that case were obtained by studying the average transmission of the seattered
neutrons in an absorber having a 1/v dependence, whereas in the present experi
ment, the exact energy spectrum for the scattered meutrons is examined.

A further point of interest in the study of the thermalization of
neutrons by water is obtained by studying the spectrum of neutrons scattered
by solid water (ice)s Fige 5 shows the spectra obtained for a sample of ice
having a transmission of 0.65, curve 1, and for a sample having transmission
of 0.80, curve 2. It is clear in this case that there is a significant difference
in the amount of muliipla scattering, as revealed by curve 1 and 2¢ An estimate
based on this difference for the effect of multiple scattering has been applied
to the results and a first approximation to the single scattering curve for
ice is shown in curve 4s From thls curve for ice it is clear that the same
recoll effects which were observed for water also are present for ice, giving
rise to a displaced peake However, the width of this displaced curve is much
reduced compared to that for waters Furthermore, the hindered rotational level
giving rise to the group of neutrons at about thermal energy is considerably

sharper than in the case of water. This would seem to indicate that the broad

2) Bes Ne Brockhouse, Supplemento del Huovo Cimento = "The Proceedings of the
Varenna Conference on the Condensed State of Simple Systems™e
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distribution of levels effective in moderastion by water are to a great
extent reduced for the ice specimen. Fige 6 shows the spectra for ice and
weter drawn on the same scale and normalized to the same peak velues These
results are presented for the thin water and thin ice samples, each having
e transmission of about 0.80. Also shown for comparison purposes is the
distribution expected for a perfect gas composed of particles having a mass
of 18.

The present teshnique for the investigation of thermaliszation can be
used effectively to compare the thermaligation effects expected with different
moderator materialss Some reactor experimenters prefer to use in the place
of one moderating substance a substitute material chosen to have more desirable
properties as far as ease of experimenting is concerned. In particular, poly=
ethylene is sometimes used in place of waters Dy using the time-—of-flight
technique we can easily show whether the detailed processes involved in the
two moderating materials are sufficiently similar to make this a good
approximation. Fige. 7 shows the spectrum (curve 2) we have obtained for a
thin (T = 0.8) specimen of polyethylene. Curve 1 is the spectrum for a thick
(T = 0+6) specimen of polysthylene. It is surprising to find curve 1 and 2
so similar, since multiple scattering should be present, particularly in the
thicker sample and should act to make the curves different in the low energy
region. Since the curves are not different within the statisties one must
conclude that for single scattering, the scattered neutron has a broad energy
distribution. However, this point is being investigated furthere. From the
results vwhich are presented here, the spectra from water and polyethylene are
very similar and so should give similar results in critical or subcritical
assemblies.

As an example of non-hydrogenous materials used for moderators, we have

11
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c¢hosen graphite. Flg. 8 shows the spectrum obtained from a thin specimen of
graphite for the scattering at 9o°o For this particular experiment, the
maximm experimental resolution was usede The incident spectrum here is
considerably sharper than that used for preceding experiments and is important
for the present experiment. One can see that the main group of scattered neutrons
has the same energy as the incident beam. Hovwever, neutrons have been added by
phonon interactions with the crystal to the wings on both the high and low
energy side of the elastic peake It 1s clear, with reference to Fige & that there
are more neutrons scattered to the low energy side, resulting in an over all
decrease in the average energy of/the scattered neutrons.

The above material is of a preliminary nature since the experiment
hag just begun and improvements have been made which will allow a much better
signal-to-noise ratioe With this improved arrangement, the question of multiple
geattering which always arises in this type of experiment can be examined with
mugh more care. At this time it seems certain that there is a significant
difference between the neutron interaction in ice and in water. Murther
measurements are necessary but it also appears that the neutron interaction with
polyethylene and with water is very similar as far as the thermalization process

is concerned though the exaet details of the interaction are differente.
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Fig. 8. Energy Distribution of Neutrons of Average Incident Energy 0.07 ev after
Scattering at 90° Angle from a Sample of Polycrystalline Craphite. Also
shown is the incident spectrum.
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Abstract

Calculated temperature and steam void coefficients of reactivity are highly
sensitive to the techniques employed to obtain thermal cross sections, es-
pecially with the presence of a strdngly non-1/v absorber such as Pu259. Thermal
neutron spectra are calculated for a heterogeneous lattice of a low enrichmend
boiling water reactor. Using blackness theory equivalent homogeneous, mono-
energetic cross sections for the lattice are computed at closely spaced energy
intervals over the thermal energy range. The energy distribution of the thermal
neutron flux is then obtained using both the Wigner-Wilkins and the Wilkins
thermalization equations. Calculations are made with the fuel elements assumed
to contain only U255 and U258 yielding almost pure l/v absorptioﬁ, and also for
the case of appreciable Pu239 present in addition to the uranium, resulting in
a significant departure from 1/v absorption. Sensitivity of the calculated
spectrum to the effective mass of the hydrogen is tested by allowing wide
variations of the ?c; values for water at low energies in several appliQ
cations of the Wilkins equation. Variations in the thermal-neutron spectra
resulting from the choice of the thermalization equation (Wigner-Wilkins or
Wilkins), from changing ?o;, or as a result of plutonium buildup are evaluated

in terms of isotopic and total cross sections averaged over the spectrum in

each case,



NEUTRON THERMALIZATION CALCULATIONS
FOR A HETEROGENEOUS LATTICE CONTAINING
URANIUM AND PLUTONIUM FUEL IN WATER

INTRODUCTION

Plutonium buildup in a low enrichment, uranium fueled thermal reactor
affects many of the core nuclear properties, including power distribu-
tion, excess reactivity that must be held down by control rods, and
the temperature and void coefficients of reactivity. In order to cor-
rectly evaluate these effects, the thermal cross sections for the fuel
and other reactor materials must be sveraged over the thermal spectrum.
Simplified formulas for spectral hardening (1), based upon the evalua-
tion of an effective temperature for averaging cross sections over a
Maxwell-Boltzman distribution, are available for reactor cores whose
absorption cross sections vary inversely with neutron velocity (l/v
absorption). These relationships do not apply, however, with appre-
ciable plutonium in the core, since the Pu-239 resonance peaked at
0.29 e.v. tends to soften the spectrum, opposing the spectral hardening
of the 1/v-sbsorption.

Thermalization studies were made on a low enrichment, boiling water
reactor as one phase of a program to determine the effect of plutonium
buildup on the void and temperature coefficients of reactivity. The
heterogeneous lattice, shown in Figure 1, consisted of closely-spaced
uranium oxide fuel rods with an initial 1.5 percent U-235 enrichment
in water. Thermal neutron spectra were evaluated as a function of
plutonium concentration in the fuel, of steam void volume in the water,
and of water temperature. 'The Wigner-Wilkins thermalization equation
(2), in conjunction with the IBM 650 code DONATE (3), was used to ob-
tain the thermal spectra for cross section averaging.

Figure 1.

Section of Lattice
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II.

(2)

The Wigner-Wilkins thermalization model, which assumes that the neutrons
suffer scattering collisions only with a monatomic hydrogen gas, does

not describe the actual physical situation in water. Additional studies
were made to determine the sensitivity of the calculated spectra to the
thermalization model used. Spectra were obtained with the Wilkins ther-
malization equation (4,5,6), using an IBM 653 code WILKIE (7), and com-
pared with the Wigner-Wilkins spectra. Investigations also were made

of the sensitivity of the calculated spectra to the assumed energy varia-
tion of the effective mass of hydrogen bound in water; and of the sensi-
tivity of the spectra to the self-shielding of the fuel rods in the hete-
rogeneous lattice, Various spectra obtained from these studies are shown
and compared in Section III. In the following section, the techniques
used to evaluate the fuel self-shielding factors for the thermalization
calculations are described.

FUEL SELF-SHIELDING

For a heterogeneous lattice, the thermal cross sections must be flux-
averaged both spectrally and spatially. The usual procedure consists
of an evaluation of the spectral hardening for an equivalent homogene-
ous medium, followed by a calculation of the spatial flux distribution
using the hardened cross sections. Since the spectral and the spatial
flux distributions are not completely separable, fuel self-shielding
factors were calculated and applied to the cross sections used in the
determination of the Wigner-Wilkins or Wilkins spectra. (Failure to
taken into account the self-shielding leads to an over-estimation of
the spectral hardening by the l/v absorption and also the flux depres-
sion in the neighborhood of the 0.29 e.v. Pu-239 resonance, shown in
Figure 6 and discussed in Section IIID.)

Monoenergetic cross sections for each thermal spectrum evaluation were
calculated at approximately 100 energy points over the thermal energy
range. At each energy point, a fuel self-shielding factor f was com-
puted from a neutron current balance on the outer surface of the rod.
For an isotropic flux on the rod surface, the expression for f is sim-

ply

L)
i
flw
=v]

where f is the ratio of the average flux in the rod to the flux on the
surface of the rod, Z; and R are respectively the fuel absorption cross
section and the radius of the fuel rod, and B is the blackness of the
fuel rod (8) (the probability that a neutron incident on the rod will
be captured before it emerges). A good approximation for B is given by
the expregsion

-EZaR
p=1-=-c¢e



(3)

The exponential term in equation (2) is just the tranmission proba-
bility, 1-B. The approximation is valid except for very black rods
(ZaR large) with appreciable scattering cross sections. For this
case, however, f is nearly l/QZaR and is relatively insensitive to
errors in the transmission probability as given by the exponential
term of equation (2).

Flux-weighting factors Ep and E, for the fuel and water regions re-
spectively are evaluated from the self-shielding factor £ and the
water:fuel volume ratioc v, using the relationships

1l +v
Ew T f+ v
Ef = fEW

The E factor for each region is simply the ratio of the average flux
in that region to the average flux in the cell consisting of a single
fuel rod and its share of the surrounding water. The flux-weighting
factor for the zirconium fuel clad, E,, was taken as unity. The
equivalent homogeneous cross sections at each energy point were ob-
tained simply by multiplying the fuel, water, and clad cross sections
by their respective flux-weighting factors and averaging over the cell
volume.,

Flux-weighting factors obtained from equations (3), using (1) and (2),
were compared with those obtained from the P3 spherical harmonic ap-
proximation of transport theory. Several cases covering a typical
range of values v, R, and Z, for a tight lattice were considered. (Zs
for a low enrichment fuel does not vary appreciably with energy or
from one case to another.) As indicated by the comparative Ep values
shown in Table I below, flux-weighting factors for tight lattices ob-
tained by this relatively simple calculation agreed closely with those
calculated by the Pz method. For lattice configurations more compli-
cated than that considered here, the flux-weighting factors may be ob-
tained from Crowther's multi-region current balance technique (9),
which carries out the reguired calculation with considerably less com-
puter time than is required for a P3 calculation.



TABIE I

Comparison of Ef Values Otbained from

Equation (3) and the P3_Method

E

-1 -1 - ) £
v Z -cm £ -cm R-cm Equation (3) P, Method
1.3 37k .1624 0.635 943 943
1.3 37k .3227 0.635 .890 .887
1.5 .369 .2160 0.762 .906 .903
1.5 .365 .0860 1.067 946 .951
1.8 .37k .3436 0.635 .869 873
2.2 37k 3555 0.635 .857 .863
2.534 .365 .1515 1.067 .892 .901

ITI. CAICULATED SPECTRA

AO

Comparison of Wilkins and Wigner-Wilkins Spectra

Figures 2a and 2b show thermal spectra calculated from the
Wilkins and the Wigner-Wilkins thermalization equations.
Spectra in Figure 2a are for a lattice with the fuel con-
taining appreciable plutonium, while those in Figure 2b are
for a lattice containing fresh uranium fuel¥. Isotopic fuel
composition data, in addition to water-to-fuel ratio and the
density and temperature of the water are listed in the upper
left portion of each figure containing thermal spectra. Cross
sections and related nuclear parameters averaged over each
thermal spectrum are shown in the upper right corner of each
figure. Thermal flux, plotted as the ordinate of the spec-
tral curves, has been normalized in each case to a slowing
down density of unity at 0.75 e.v. (i.e., 0.75
u/ L $dE = 1).
o a

*
U-235,

U-238, and Pu-239 are the only isotopes considered in the two fuel

compositions used to compute the spectra shown in this paper. Fission
products and the higher plutonium isotopes, which would be included in the
spectrum evaluation for a specific problem, have been omitted here since
these minor fuel constituents do not contribute significantly to the gene-
ral features of the spectrum.
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FIGURES 2a AND 2b. COMPARISON OF WILKINS AND WIGNER-WILKINS
THERMAL SPECTRA FOR BURNED CORE CONTAINING PLUTONIUM
(2a) AND FRESH CORE (2b).
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The normalized Wilkins spectrum in Figures 2a and 2b is harder
than the corresponding Wigner-Wilkins spectrum (i.e., the Wil-
kins flux is larger at high energies and smaller at low ener-
gies). Pu-239 in the fuel (Figure 2a) accentuates the dif-
ference. With a2 longer neutron residence time in the region
of the 0.29 e.v. resonance for the Wilkins scattering kernmel,
resonance capture is increased. In the normalized spectra,
the increased resonance capture is manifested by a higherflux
in the neighborhood of the resonance and a depressed flux at
energies below the resonance,

A distinguishing feature between the Wilkins and the Wigner-
Wilkins spectra is the sharper transition of the Wignher-
Wilkins flux from the 1/E region to that of the Maxwellian
distribution of neutron population. A comparison by Amster(10)
between calculated Wigner-Wilkins spectra and experimental
spectra obtained by Poole (11) for boric acid in water indi-
cated that the transition of the Wigner-Wilkins flux from 1/E
to Maxwellian was too sharp. Figure 2c. shows Poole's experi-
mental spectral data fitted respectively by Amster's Wigner-
Wilkins spectrum and by a Wilkins spectrum calculated with the
WILKIE code. It appears that the Wilkins spectrum yields a
better fit of the experimental values than does the Wigner-
Wilkins spectrum, indicating that the Wilkins equation pro-
vides the more suitable model for neutron thermalizetion in
water-moderated assemblies. Experimental spectral data wggh
Pu-239, or other isotopes containing low energy resonances,

in water would be desirable and probably would provide more
definite evidence in favor of one or the other of the ther-
malization equations,

The effect of the difference between the two thermal spectra
on cross sections averaged over the spectra is shown in Fig-
ures 2a and 2b. For U-235%, which is predominately a l/v ab-
sorber, the harder Wilkins spectrum results only in a slightly
lower averaged absorption cross section. For Pu-239, which

is not a l/v absorber at the moderator temperature considered
(558°K), the Wilkins spectrum results in an appreciably in-
creased sbsorption cross section., (At room temperature, where
the effect of the Pu-239 resonance at 0.29 ev on the thermal
flux distribution is less important, the spectral dependence
of the Pu-239 cross section would be expected to exhibit a
behavior characteristic of a 1/v absorber.) The sharp trans-
ition of the Wigner-Wilkins flux from the 1/E region to the
Maxwellian neutron distribution occurs in the neighborhood of
the 0.29 e.v. resonance, for the temperature considered in

the spectral evaluation. This effect amplifies the increase
of the Wilkins averaged Pu~239 cross section over the Wigner-
Wilkins value. The 7 value for Pu-239 shown in Figure 2a is
slightly lower for the harder Wilkins spectrum, since the fis-
sion cross section does not increase as rapldly as the absorp-
tion cross section with increasing energy as the 0.29 e.v.
resonance is approached from the low energy side.

*Cadmium, samarium and europium would be suitable materials for this purpose.

-7~



The value "I pp for 1/v'" listed for each spectrum is the ef-
fective hardened temperature for a l/v absorber (i.e., the
temperature associated with a Maxwellian distribution which
would yield the same averaged absorption cross section for a
l/v absorber as the actual spectrum obtained). Since the
cross sections were flux-averaged over the energy range O to
0.75 e.v., the T.pp values are slightly higher than would De
obtained if the thermal cutoff were chosen at a lower energy.
Terr for the Wilkins spectrum is slightly greater in each
case than that for the corresponding Wigner-Wilkins spectrum.
Ters for either spectra is higher for the burned fuel con-
taining plutonium than for the fresh fuel, since the burned
fuel has a 40 percent higher absorption cross section, The
difference of Terp values, however, is considerably less than
would be realized if the 40 percent additional absorption
were entirely of the 1/v type. The Pu-239 resonance absorp-
tion, which causes appreciable flux depression to occur at
higher energies than for l/v absorption, contributes a spec-
trum softening effect opposing the spectrum hardening of the
l/v absorption.

B. Sensitivity of Calculated Spectra to the Assumed Spectral
Variation of the Effective Mass of Hydrogen

Figure 3a shows three different spectral variations of gog
for water, corresponding with three different spectral varia-
tions of the effective mass of hydrogen bound in water®,

Case II is a constant gog for water, equal to 40 barns. The
upper Eog curve, Case I, is derived from experimentally mea-
sured scattering cross sections (12) and transport cross
sections calculated by Zweifel and Petrie (13) for water,
assuming that the average scattering angle for the neutron is
related to the effective mass, as in the case of simple elas-
tic scattering. The lower curve, Case III, was calculated
by assuming the effective mass of hydrogen to be 18 a.m.u.
below .0k e.v., with a sharp transition to a mass of one be-
tween .0k and .08 e.v,

Figure 3b and 3c show the progressive hardening of the Wilkins
spectrun as the low energy £o_ for water decreases from Case I
to Case III. The hardening is especially pronounced for the
assumed Eog variation of Case III. As listed on the figures,
the spectral hardening results in lower absorption cross sec-
tions for U-235, but higher absorption cross sections with
lower n for Pu-239,

*
The term & does not have quite the same physical significance as in the
slowing down energy region, but it bears the same relationship to the
mcde;ator-to-neutron nuclear mass ratic m. For the Wilkins equation,

E =~ 2/m.
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C. ©Spectral Hardening Due to Decreased Water Density

Figures la and 4b show the hardening of the Wilkins spectrum
resulting from a 25 percent reduction of the density of the
wvater., This effect is especially important for a boiling water
reactor, since the water density varies as it flows through

the core due to the buildup of steam voids. Figure 4b, con-
taining the spectra for the fuel with plutonium, is of interest
for a consideration of the void or temperature coefficients

of reactivity in a low enrichment reactor.

D. Sensitivity of Calculated Spectrs to the Fuel Self-Shielding

Calculation of fuel self-shielding factors was discussed in
Section II. Figure 5 shows the effect of neglecting the fuel
self-shielding of the heterogeneous lattice in determining
the cross sections to be used for the evaluation of the Wil-
kins spectrum. Setting the flux-weighting factors Ef and Ey
equal to unity hardens the calculated spectrum slightly, with
resultant lowering of the averaged U-235 absorption cross
section and raising of the Pu-239 cross section. For a more
highly self-shielded configuration, the spectrum hardening
error resulting from neglect of the self-shielding would be
more severe.,

IV. CONCLUSIONS

Low enrichment fuel lattices at moderately high temperatures containing
appreciable plutonium are more sensitive to the thermalization tech-
niques used to obtain thermal crcss sections than lattices in which the
non~l/v absorption is negligibly small. The Wilkins spectrum yields
considerably higher averaged absorption and fission cross sections,
with a smaller n, for Pu-239 than the corresponding Wigner-Wilkins
spectrum. Appreciable increase of the effective hydrogen mass at low
energies significantly hardens the Wilkins spectrum, with resultant
increase of the averaged Pu-239 absorption and fission cross sections
and lowering of the U-235 (and other l/v-type) cross sections. Com-
parison of Pcole's experimental data with calculated Wilkins and
Wigner-Wilkins spectra suggests that the Wilkins equation provides a
more satisfactory thermalization techniqugg More experimental spec-
tral data, preferably with Pu-239 in water, is required to establish
the correct thermalization model.

Calculated spectra for heterogeneous lattices are influenced by the
self-shielding of the fuel, the sensitivity being dependent upon the
degree of self-shielding for a specific configuration. For a rela-
tively simple lattice geometry, accurate self-shielding factors can be
obtained from extremely simple mathematical relationships, such that
the numerical procedures for a spectrum evaluation are not rendered
long and complicated by inclusion of the self-shlelding.

¥
See footnote, page T.
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The Influence of Non—l/v Absorbers on Reactor Parameters

T, J. Krieger M. L, Storm
P. F. Zwelfel¥ D. M. Keaveney

Knolls Atomic Power Laboratory
Schenectady, New York

Abstract
The development of the SOFOCATE code for the IBM-TOL computer has greatly

facilitated the calculation of thermal spectra and associated average cross-
sections in assemblies containing non—l/v absorbers. The code is particularly
useful when isotopes with low-lying resonances (< 2ev), e.g., Bu, Pu259, are
present, since by extending the "thermal" range to include these resonances,
it is possible to analyze their effects in a more accurate and convenient way
than has heretofore been available. This expedient has been employed in the

5_ and Pu23 9-f1ie1e"d assemblies.

anhalysis of the comparative xenon poisoning of U2
and also in the calculation of the influence of Eu on the temperature defect
of a reactor., Results of the former study show that, because of the favorable
competition of the 0.3 ev Pu fission resonance relative to the Xe captures,
the control invested in overcoming peak xenon is greater in a U255 assembly

than in the comparable Pu259

assembly. In the latter problem, the change in
the temperature defect of a reactor upon addition of Eu is found to be de-
pendent on the degree of spectral hardening. This dependence is directly
attributable to the 0.4 ev Eu resonances., In both problems, the thermal
cutoff energy in the SOFOCATE calculations was chosen to be 1.0 ev, which

has the effect of ylelding lower values for the various cross-sections than

those usually used,

*Speaker



The Influence of Non-1/v Absorbers on Reactor Parameters - D.M. Keaveney, T.J. Krieger,
M.L. gtom’ P.F. Zweifel

The availability of the SOFPOCATE codal vhich solves the Wigner-Wilkins equation
for mederation by hydrogen and srbitrary variation of absorption cross-section with
energy has made it possible to study in detail the effect of non-1/v absorbers on
reactor operation. In particular, two such ebsorbers have been studied in some
detail at KAPL. They sare europium which was studied as a possible burnable poison
in the hope that the temperature defect of the reactor would thereby be decreased,
and plutonium whose use as a fuel has been studlied in the hope that xenon defect
could be reduced.

23 are plotted. (The

In Figure I, the absorption cross-sectlon of Bu end U
curve labeled Bu* is for a fictitious element whose cross-section is identical
with that of Eu, except that the rescnence at 0.5 ev is absent.) Kote that the
Bu cross-section falls off more rapidly with increasing energy than does the fuel
cross-section. Thus, an increase in neutron temperature should leed to an

1l
; ; vwhich should tend to
1+ B/ Tee

compensate the negative reactivity effect associated with the decresse in water

increased thermal utilization £ <

density. From Plgure 2, vhere we plot E;Eu/ 6;0235 as & function of

BY = zg/:gzk for two temperatures, it can be semn that below a f of sround
0.2 this does occur, but as the spectrum hardens, BY 7 0.2, the effect of the
Eu resonence is to reverse this effect. (The bars refer to cross-sections
averaged over the Wigner-Wilkins spectrum corresponding to the given values of
kT end BY . The averages were performed on the SOFQOCATE code). The dashed
curves give EF;Zm/ Tay235 for the same temperatures in order to display the
effect which might be expected from a typical 1/v absorber.

In Pigure 3, we see that in the case of Eu* for a1l Y, the thermal utili-
zation is lower st kT = 0.025 than at KT = 0.047, which demonstrates clearly

that the crogs-over in Pigure 2 ig due to the effect of the resonance.



- FIGURE | ABSORPTION CROSS SECTIONS OF Eu AND U-235
vs ENERGY
io?
02
i |
IOZ:'
oL i Lo 111yl 1 Lol 1 N
.00l .0l 0.l 1.0

E (ev)



From this, it appears that Eu will perform the described function of redu:ing
AkT only for reactors with low B ¥ (which means cores not too black). However,
the situation could undoubtedly be improved by self-shielding the Eu in order to
decrease the effect of the resonance, but such calculations have not yet been

performed.

In the second portion of this work, a number of comparative calculations of
critical mass, temperature defect, and xencn reactivity defect for Pu239~and 0235-
fueled reactors are presented. First, it should be remembered that Pue3 hes a

large resonance at around 0.3 ev, (see Figure 4 for the cross-sections of Pu239

end U )Ato “cateh” the neutrons before they arrive at the xenon resonance, whose
peak is down at .065 ev. For this reason, the effect of xenon should be much

less in & Pu reactor than a U reactor.

The calculations performed on the IBM TOL by means of the SOFOCATE code, have
borne out this conjecture. In the following table the results of the calculations

are summerized.



K

ef?
Description Pesk, Hot Clean, Hot Clean, Cold
100% Pu + H 20 .9999 1.194k 1.1326
T5% Pu, 25% U + 0 1.0002 1.1706
50% Pu, 50% U + 0 1.0000 1.1932
25% Pu, 5% U + 1.0 1.0001 1.2243
100% U + HEO <9991 1.2665 1.2891
17.58 kg U + 1:1 Zr-E0 9998 1.2566 1.3439
7.0 kg Pu + 1:1 22r~320 .9992 1.1801 1.2137
52.74 kg U)
157 g B1O ; + 131 Zr-H 0 1.0000 1.1620
20.9% kg Pu) )
148 g 210 ; +1:1 zr-H0 1.0002 | 1.060h.

The results show that the Pu fueled reactors require a considerably smeller
eritical mass (Vv = 2.88 for Pus3? compared to 2.5 for U235) end, in addition, the
¥enon reactiviﬁy swings are much smaller.

The spectrum, as calculated on S0FOCATE, shows a dip at 0.3 ev, as might be
expected. In Figure 5, are shown the spectra calculsated on SOFOCATE;

Otheyr features of Pu reactors such as safebly, endurance, control rod effect-
iveness, and genersl power plsnt features will be gtudled in the future since the ‘

preliminary results appear fevorable.

1 e
H. Amster, R. Suarez, WAPD-TM-39, 1-26, Jenuary 295%. (95 / :
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Measurement of Neutron Spectra in Reactors

M. J. Poole
Atomic Energy Research Establishment
Harwell, Didcot, Berkshire
ENGLAND

Abstract

A method has been developed for the prediction of neutron spectra in
reactors by exciting a sub-critical assembly with a pulsed source, and per-
forming a neutron time-of-flight experiment on a beam extracted from this
assembly.

Results obtained by this method are presented and compared with results

obtained by more conventional means.



Measurement of Neutron Spectra in Reactors

M. J. Poole
United Kingdom Atomic Energy Authority
Harwell, England

1. Principle of Experiment

The basis of the spectrum determination is just an ordinary time~of-
flight neutron spectrometer using a pulsed source. Figure 1 shows the set
up. A section of the system to be investigated is placed around the target
of the Harwell linac, a beam extracted from a definite point by means of a
carefully designed collimator and neutrons counted at the end of o 12m flight
path using a bank of BF.j counters feeding into a set of timing gates. The
effective pulse length for spectrum determination is now set by the relaxation
time of the system rather than the properties of the accelerator - in fact
the most useful pulse from the accelerator is that which puts most neutrons
into the system. With a 12m path this restricts the method to systems with
Ty o™ 200 psec or less - i.e., to water moderated systems. A spectrometer

1/2
is being built using a 60m path, which will extend the permissible T to
1 msec. The gystems amenable to the method will then be

(a) Practitally all water moderated systems.

(b) Highly undermoderated sysbtems using any moderator, including the

intermediate systems.

(c) Some DEO moderated systems,

but not

{(d) Termal graphite Be or D0 moderated systems.



X X X X

A MR

X X X X

}

X X X X X X

X X X
X
N
N
\ [e]
\ (o]
(o]
N (o
A X ,X
X X M X X

Evacuated flight tube

I |

J—Amplifier

12 meters

Boron shielding
Concrete shielding

B Collimator ¢

Tonk E
Gate and =
scaler unit

@h:;)mtor « % x x
X X X x
x X X X
X X X X
X X X X
X X X X
X X X x
X X X X
X X X X
X X X X
X X X X
x X X X
X X X X
L/\’—_l‘-‘
et
Linear
accelerator
g




2. Comparison with Other Methods

One may ask why use a method with such a severe limitation, and this
question is best answered by looking at some of the other methods available.

(a) Integral measurements, such as fission chamber work of Campbell
and Freemantle. This type of method has the advantage of quickness and
relatively simple apparatus. However, the characterisation of the spectrum is
dependent on knowing what the spectral shape is and difficulties are likely
to arise as soon as the gpectrum begins to depart from the accepted shape.
However the integral methods are still probably the most widely used method
of spectrum characterisation.

(b) Chopper. There is no doubt that much better resulutions can be
obtained by the use of a chopper to measure the spectrum in a beam from an
agsembly continuously irradiated with neutrons. The major disadvantage of
this is the activation induced in the fuel. If measurements are wanted up
to ~ 10=eV energy and if neutrons are only to be taken from a reasonably small
area in the assembly (e.g., .3 x 3 cm in graphite, .1 x 1 cm in water) then
a flux as 1070 n/cmg/sec is required, and this flux is irradiating the uranium
the whole time and not just when the chopper is open. Nevertheless a chopper
has been built at Harwell (by M. S. Coates) to measure spectra in graphite
systems which can only be attacked this way. This chopper uses a flight

path 6m long and can give pulses down to uB}lsec.

Resolution of Chopper

B 025 eV .5 eV 1 ev 10 eV 100 ev

AE/E  1/20 1/17  1/9 or 1/25  1/8  1/2.5




(c) Spiral selector. This type of monochromator has not much been used.
A recent paper in Atomnya Energya 5 2. 1958 describes the measurement of the
spectrum in the thermal column of a power station reactor by this method.

Typical resclutions are:

B 025 eV .5 ev

AE/E 0.1 o._16

A disadvantage of the method is that only one energy can be registered at
a time, which will offset comparatively large transmission.
(4) Other methods - very little reported using crystal spectrometer etc.

4. Problems of Beam Extraction

The success of any beam method is critically dependent on extracting a
representative beam of neutrons from the assembly. This may be considered
in two parts, firstly how big a lattice is needed to set up a spectrum
characteristic of that lattice, and secondly, how do we get a spectrum in
the beam that is the same as that in the lattice.

To satisfy the first condition it is necessary that leakage of neutrons
be relatively small at all points in the lattice. Now the neutron balance
condition says that, for neutrons in an energy interval E to (E + dE)

00
Q:a(E) + L () - D(E)VQ) #(B,r) = [ R (B'-E)J(Er)aE"

0

where the L.H.S. terms all result in loss of neutrons from the interval and
the d/ﬁ on the R.H.S. gives the gain of neutrons in the interval. This shows

that



(a) if only general features of the spectrum are of interest then it is
sufficient that D(E)Ve << La(E) + :s(E) at all energies, which is

easily satisfied,

(b) if the detailed effect of Ea on the spectrum is to be investigated, as is

usually the case, then i1t is necessary that D(E)V2 ..«:n.::,za(E).

The value of %%Zf@ must be calculated from the exact flux distribu-
tion; for a point source in systems AU45 cm x 45 em x 45 cm it has values a
few times the geometric buckling Bz. Some values are given in the table

(flux distribution calculated from age theory).

2 2
System z A - BQ(BQ) AR }—é
a ¢ g m ¢ m L
-2
Pure water 0 0.03%3 cm )
_o) - -
asb=c=45 cm -]6; 0.021 cm 2) 0.0185 cm 2 0.12 cm 2
)
1 -2}
=  0.007 em 7)
’ )
Boric acid 0 0.042 cm_g)
solution )
) - -
% 0.035 cm 2) 0.0185 cn 2 1.2 em 2
)
1 -2)
= 0.007 em )
? )
R " -2 -2
Lattice 1.85 0 0.03cm ) 0.026 cm
pitch 1.2" rod )
dia. 1.6 Co )
water mod. % 0.026 cm-e) 0.185 em™2 0.027 em™2 0.35 emZ
B2 = 0.04 cm2 )
m )
12 - 2.8 cn” -]3'- 0.015 cm_eg




2
At higher energies only the rough relation Za + 2% S DV ¢ holds,

whereas at low energies the more severe restriction is at least approximately
true. Furthermore the spectrum in the beam is not necessarily the same as
that in the system. This arises from the non isotropic nature of the flux

wherever there is a gradient. In a homogeneous system the simple diffusion

theory expression for this is good enough

I(B)oC P(E,0) - A (E) E?%LZ_)

Z=0

where I(E) is the spectral distribution in the beam (z is the beam direction).

However in a close packed lattice where the gradient cannot be considered
approximately constant over a distance of xt, then this method is not ap-
plicable, and the only sclution so far found - and this only a partial
solution - has been to measure at a series of angles.

Barlier experiments at two angles (along and across the rod direction)
have shown that the spectra do differ. Measurement at four angles has so
far only been accomplished in one lattice (2.2" spacing) and only in the
moderator, but in this case no variation with angle was detected. A further
cause of false spectra is disturbance of the system by the introduction of
probes. For this reason the probes used are kept as small as possible
(1 em dia) and also in future flux plots will be performed before any
experiment is carried out.
Results

Most results are already reported in Geneva paper P/lO and in J. Nuclear

Energy 1957 5. These include measurements in boric acid solutions and in



water moderated lattices. An interesting feature of the boric acid solutions
has always been the relatively good agreement with Amster solutions of the
Wigner-Wilkins equation (SOFOCATE code) (Fig. 2). That the difference
between the two curves cannot be due to poor resolution has been shown by
interposing a 1 mil layer of Cd metal in the beam and meking a transmission
experiment. The results of this agree completely with a transmission curve
calculated using the BNL 325 cross-section data. Typical results in the
moderator and fuel of a lattice are shown in Figs. 3 and 4.

These results have been analyzed in terms of a three-parameter spectrum,
Eo, A, P Agreement with integral measurements for A is reasonable, even
though the detailed spectrum shape differs from that assumed in the transi-
tion region. Although scatter in values for up is large there is distinct

correlation between A andjl.
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Low Energy Spectra Measurements

R. E. Slovacek R. S. Stone*
Knolls Atomic Power Laboratory**
Schenectady, New York

Abstract
Thermal neutron spectra have been measured using the slow chopper time-

of-flight technique. Spectra'were obtained over an energy range from 10-2 to
10 ev for pure water and for a nearly homogeneous subcritical assembly where
the ratio of the thermal absorption to the high energy scattering cross section
was approximately 0.3, For each medium, spectra were measured at 298°K and
586°K.

The technique of measuring spectra in a subcritical assembly at elevated
temperatures with a slow chopper will be presented. The advantages and limita-
tions of this method will be discussed. In addition, the various corrections
that have been applied to the data will be discussed,

The experimental results will be presented and compared with results of
calculations using the SOFOCATE code. The agreement between theory and experi-
ment is excellent for the multiplying media., On the basis of this agreement,
one concludes that chemical binding effects in light water play a negligible

role in determining the equilibrium neutron spectrum in water assemblies,

¥Present address, General Atomlc, San Diego, California
#%¥0perated by the General Electric Company for the United States Atomic
Energy Commission. .



Paper to be Fresented ab the Conierence on Neubron Thermalization
at
fatlinburg, Tennesssze, on April 28; 29, and 30, 1958

LOW ENERGY SPECTRA MEASUREMENTS
by
R, E. Slovacek and R, 5. Stone¥
Knolls Atonmic Power Laboratory, Schenectady, N Y, ¥
The thermel neubron spectrum in a2 finite medium with absorption present is
of considerable interest both practieally for reactor design, and thecretiecally
for understanding neutron thermalization,

1 caloulations on the steady state spectrum in an

The carly Wigner-Wilkins
infinite homogenocus medium with 1/v absorption have been extended by Amster and
Suar922 permitting one to caleulate the spectrum in a finite medimm with non 1/v
or arbitrary absorption. These calculations neglected the hydrogen binding effects,

Spectrum measurements were undertaken to determine the magnitude of these
binding effects on neutron spectra., Using a pulsed neutron technique, Poole’ has
obtained spectra measurements in homogenous light water sclutions with various
boron concentrations, His measurements ranged from room temperabure to about $0°C
for solutions whose ratio of EELV%ELS’ variad from .02 to .34, In general, his
spectra are in good agresment with SOFQCATE calculations® except for a conuistent
deviation in the joining region between the hardened thermal spestira and the slowing
down region.

In the present series of measurements, the slow chopper technique was used to

measure the spectrum for a medium with non 1/v absorber over a wider temperature

range {298%K to 586°K). Measurements were also obtained for a larger rabio of Z%JQ?E

#* Present address, General Atomic, San Diego, California,

#H0perated by the General Electric Company for the United States Atomic Energy
Commission.
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EXPERIMINTAL ARRANGEMENT

The slow chopper technique for measuring sﬁeatra was described in detaill by
the authors,? The apparatus is shown schematically in Figure 1. The Thermal Test
Reactor serves as a source of thermal neutrons to excite an enriched uranium
fission rlate Jlocated in the reactor thermal colwn. The thermal neutron flux at
operating power is about 1030 neuts]cmzasee incident on the plate., The high energy
neutrons resulting from fission in this plate are transmitted through the pressure
vessel wall easier than the thermal neubtrons and excite the subceritical assembly
which is loeated in the rear snd of the vessel,

Figure 2 shows an end-on view of the pressure vessel in the thermal column
during a phase of its installation, The empty rack for holding the subcritieal
assembly comnonents is seen inside the vessel, The subcritical assembly is 16
inches long and 10 inches in diameter. A reentrant hole 2 inches in diameter
penetrates the forward end of the assembly to a depth of 8 inches., The hele is
filled with a thin walled He tank to provide a method of extracting a neutron beam
from the bottom of the hole with a small perturbation to the medium, The beam
leaves the high pressure region through an 0.030" stainless stesl high pressure
rupture disk and is collimated by a2 one-melter long boron carbide collimator assembly.

The emergent beam is chopped by the rotating flat plate shutter shown in
Figure 3, The 2 inch high rotor plate stack consists of 1/16 inch borated phenolie
resin plates and 1/16 inch alwminum “windqw frames" serve as plate spacers. This
plate stack was capped with borated phenclic resin to form the rotor cylinder which
is 6 inches in dismeter and 6 inches long. A shrunk fit thin walled stainless steel

shell provides mechanical support for the rotor. Because the spectra investigated
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contain a large mober of high energy neutrons, a hydrogenous compound was used
to provide a large removal crous-zection abt high energies,

After a flight path of 3 meters, the chopped neutron beam was detected by
an array of Tive proportional countsrs, These cowners were filled with ﬁlQFB
to one atmosphers, The counber assembly was housed in a large borated paraffin
shield.

The counter vulses were anplifisd and recorded as to time of srrival aftep
| the reutron burst from the chopper. Figure 4 is a picture of the 356 channel
tine analyzereé Circuits and power supply are completely transistorized and
the analyzer has a lerrite core memory, Chamnel widiths from 2.5 to #0 usecs are
available, For the present measursments, 40 usec chanmel widths were used,
Figure 5 shows the display of the information stored in the memory for thraee
different spectra,

The channelizsr was gated on by a pulse from the rotabing shutter, The
arrival of this pulse was adjusted so that a counter signal corresponding to an
infinite velocity neutron would be recorded at the begimning of time chamnel 129.
The system parameters were adjusied so that the flight time of a cutoff neubron
vias less than one half the time bebtween bursts. Since the rotor construction iz
synmetrie about & plane passed through the center of its plate stack, the time
dependent background due to transmission through the shutter will alsco be symmetrile
sbout flight time zerc. Ong can therefore obtain =ignal counting rates correctad
for baskground by reflacting the data aboul channel 129 and subtracting., Informa=
tion stored in esch of the 2%6 channels can be printed out on IR cards and then

processed further for coryections to obtain the flux per electron wvell as a

function of enevgy.
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The expafimeﬁtal data are corrected for several effects. These include
affects such as the attenuvation of the beaw by materizls betwsen the source and
detector; the dynsmic transmission of a flat plate shutter; the counter detection
efficiency, the resolution of the system, and, finally, the flux gradient in the
source region.

The total cross-sections of such materials as irong; aluminum, and aly are
well known and the corrseiion for the beam abtznuation can easily be made. This
amouwhs to & correction that is aboub 20% grester at 102 ey than it is at 1 ev.

The resltive dyanmic transmiseicn for a rotating flabt plate shutter is given

Tip) =1-8p38° 0 em < 1/4

e y = 2 2 " %éﬁ. q

L(B) =837 -8p+3 §§ ke e 1
wh@f@zf% = ?yﬁafiy {the vatio of the minimwa neuiron veloeity transmitied by the
shutter o the neutron velocity under consideration). 'Phis correction is 35%
greater ab 1072 ev that it is at 1 ev.

The counter sfficiency as a function of energy can be calculated using the
boron cross section. A correction for the change of the mean counting center on
the flight path length amourts to 1.3% at 1072 ev and 0.25% at 1 ev.

A ecorrection for the resolution of the spectrometer should be applied
particularly where the spectrum is rapidly varying. For our symmstric resolution
function, thls correction involvas the even moments of the resolution function
and the even derivatives of the ocutpub data, In the case of the pure water spectra,

where the connting rate increases sharply between the dE/E region and the thermal

10



region of the spectrum, the resolution correction was as large as 20%, In the
case of the subcritical assembly, this correction was as high as 62,

The neutron beam current and the neutron flux are related by the relation,
of
Jyp (B) = BolB) - A4E)  drl,

One can measure the flux pradient in the source region and calculate the transport
mean free path to determine this correction to the measured beam current to obtain
the flux at the source, This correction is about 15 to 20% greater at 102 ev for
all scurces than it is at 1 ev,

The chopper technique for measuring spectra in subcritical assemblies has
some inherent disadvantages when compared to the pulsed nsutron source technique,
The source intensity is much less than that available with pulsed sources, The
radiocactivity built up in the assembly is considerably greater in the steady state
case, In the pulsed technique, oné can locate the spectrum source in the region
where the flux gradient is zero, The buckling can also be easily calculated in
the case of the pulse source technique,

In the pulsed technique, the slowling down and thermal neutron diffusion times
tend to broaden the pulse, This results in an uncertainty in the timing of the
neutron flight time for neutrons of various energies. Thus, spectra in media using
moderators other than hydrogen could not be feasibly measured with the pulsed
techniqua, The pulsed method would also not be suitable for media with any appre-
ciable multiplication because of the long decay time of the source. This uncertainty
in flight time usually requires a much longer flight path to attain the same

resolution as the chopper technique.

11



SQURCE DATA

Figure 6 contains the description of the various media that were used in the

spectrum investigations. Spectra were obtained in pure water _aéigg%éggl%;; 0°°£§>
£ C;iS lev

and for two subcritical assemblies with %% 0.29 and 0,54, In each case, measure-
ments were obtained at room temperature and at about 600°F,

For the case of the subcritical assemblies Za>»>DB2 and the measursd spectrum
should well represent the spectrum in an infinite medium of this absorption with a
small l@akagecorrection, In the case of water, éa is not large compared to DB2
for all energies of interest, and the measured spectrum will depend strongly on
the leakage,

The lateral surface of the cylindrical source region was bounded by a 1 1/4
inch thick steel pressure vessel wall which was covered by a 2 inch layer of
thermal lagging and Cd sheet, 3Since the buckling would be difficult to calculate
under the existing source and boundary conditions, measurements of the radial and
axial flux traverses about the center of the beam source region were made.,

These measurements indicated that the perturbation of the reentrant hole on
the axial gradient was found to be less than 3%, Bare and Cd covered measurements
indicated the thémal and epl cadmium flux distribution differed by less than 6%
in the beam source region., The flux was found to be represented to a good approx-
imation by the function @(E, ¥ , 2) = ¢, (E) e-ﬂ J;(au"). The buekling will then
be given by B2 zxz -ng |

Figure 6 lists the measured values of X, ¥ , and B2 with their estimated
errors, The values of & and f were obtained from a least squares fit for a

distance of three thermal diffusion lengths about the source center,

12



Medium

H50
H50
Matrix I

- Matrix I
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The magnitude of the measured buckling was used to determine the leakage
correction DB?, which was added to the absorption cross section in calculating
the spectra with the SOFOCATE code., As a consequence of the bare and Cd covered
activations in the subcritical assembly, the variation of the leakage correction
was taken to be the same as the variation of D with energy., The axial flux
measurement was alse ysed in relating the measured beam current to the flux in
the source region,

In the case of pure water, :Z-a,is not large compared to B2, Therefore,
the calculated spectrum will be very sensitive to the variation of both Za and
DB? with energy. Since the buckling as a function of energy could not be obtained,
no leakage correction was applied to the absorption eross sections in calculating

the spectrum in water.

EXPERIMENTAL RESULTS

The measured results appear in Figures 7 through 12 where the calculated
spectra appear as solid curves, The dashed line is the dE/E spectrum above
1 ev that is assumed in the calculations, In these figures, the crosses are
the measured values of the flux with the vertical extent of the cross indicating
the probahle error in the relative flux as determined from the ecounting statistics
for each chamnel. The data presented here were obtained with AE/E = 1/1 at 3.8 ev,
As the fuel density increased, the slowing down spectra in the region from
about 0.3 ev to 5 ev appear to deviate more from dE/E. A least squares fit to
the function dE/E* was made in this region and the experimental data were all
normalized to give a slowing down flux of 1 neutron/bmz-sec at 1 ev in each case,

Figure 13 shows the results of the least squares fit.
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COMPARISON OF THECGRY WITH EXPERIMEWT

Spectra were calculated for sach source mediuwm using the SOFCCATE code,”

Calculatiens were performed for moderaibor tempersiures corresponding e the
measured temperabures used in the spacirum neasuremsrds, namely 298°K and
526K,

Includsd in the code is the leskage term 057 to corvect & a in a Tinite
mediom, For the hot and cold mairix cases, the appropriate weasured value of
BZ was used in the calculations, Since £a (Eo) 7 ~» DBR for the multinlying
media, this corresponds to a small correction {~1%) to the spectra and the
caleulated spsctra will be insensitive to errors in the measuremenbs of E’?'{E}.,
In addition, the caleulation treats only an sequivalent homogenous sssenbly
haviung the same average compusition as the heterogenesus experimental assembly.
This approximation is good over most of the energy range except bhelow 0.2 ev
where self shielding effects would tend to reduce the effective homogoneous £a
value obtained from the material compesition. & self shielding factor was
determined for the mean fuel £2 corresponding to the hardsned spscbrun using
Bohl'e results for a repeating slab amf-ayo? The self shielding fastors, which
were then applied through the thermal range in calculations, are indicated on the
plotted resulits.

In the case of pure water, £4a is not large compared to IB? over the entire
energy range of interest, The ecaleulated spectrum will then be wvary sensitive to
B2(E) as well as D(E)., For the parbicular water source used, it is guite tikely
that the fast leakage is different from the thermal leakage, Since the mesasurs-
nment of BQ(E) was not available, tha thermal lezkage correction wes not made to

£a in the pure water cases,
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The room bemperature water spectra are shown in Figure 7, The good agresment
betwsen the measured spectrum in a finite medium and the infinite medium czleulated
spectrum is prbbably fortuitous. From Figure 6, it is seen that the leakage effuct
at 0.025 ev could be appreciable (~#30%)., The leakage effect at 1 ev is even
greater, The water spectra at 586%K is shown in Figure 8. Here the measured
thermal flux seems to be low by 50%. This is probably accounted for by the
difference between the thermsl leakage and fast leakage effects, The shape of
the measured hot and cold water spectra in the joining energy region exhibit no
large discrepancies from the calculated infinite medium spectra,

Figure 9 shows the room temverature spectra in the multiplying medium I. The
lower solid curve is the calculated spestrum assuming a self shielding factor of
1.0, The upper curve is—for a self shielding factor of 0.898, Above the thermal
energy cegion, the agreement is excellent., In the thermal region, the measured
points lie between the two calculated curves. Apparently, an average self shielding
factor is not adequate to describe the effect and perhaps one should use an energy
dependent. correction here., No significant deviations due t{o chemical binding effects
appear in the measured spectrum.

Figure 10 shows the spectra in the multiplying medium I at 586°K. The agreemert
is not as good as in the room temperature case, but it is still good. Again, the
shape of the curve above the thermal energy range is in excellent agreement with
ealeulations.

Figure 11 shows the spectra in the multiplying medium II at room temperature.

The data appear to deviate significantly above the dE/E spectrum abowe 0.5 ev. The
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SOFOCATE code ncw indicates an appreciable dip in the spectrum at around 0.3 ev
below the slowling down spectrum extended back down to lower energies, The measured
points do not appear to follow this dip. In the "thermal" region, the measured sPEcreA
gseems to be consistently higher than the calculated spectra,

Figure 12 shows the spectra in the multiplying medium II at 586°K, The devia-
tion from dE/E is greater as expected and the discrepency in the thermal region is
about the sams as the previous case,

It is planned to extend the calculations in two ways. The upper limit on the
SOFOCATE calculation will be increased to 5 ev to include the U235 resonance effects
of the slowing down spectra, The self shielding factor as a function of energy will
be included in the code to see if the deviation in the thermal region can be accounted
for.

The gensral agreement over the entire energy range of interest is consistent
with Poole's results,’ > However, Poole's results indicated a consistent deviation
in the joining region between the slowing down spectra and the "hardened" thermal
spectra, The present results indicate no deviations in this region. It is to be
noted that the count rate increases sharply in this region and that the resolution
correction for our equipment can be as large as 20% in the case of water and 6% in
the case of the matrix, Higher resolution would tend to reduce the correction and
thus the uncertaintv assoclated with the measured point. Since Poole did not in-
dicate making a resolution correcticn, his discrepancies in this region may be ex-
plained in part as being due to resolution effects,

A comparison between the measured and calculated spectra can be made by using
each spectrum to calculate the average cross section of a 1/v absorber for the over-

lapping energy range, 0.01 to 1.0 ev, One can form the ratie
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where T o is the cross section at Eo = 0,0252 ev., Figure 14 contains the results
of these calculations and the estimated errors ¢f this ratio, The error in the
ratio using the measured spectrum is based on counting statistics, the error in
the energy calibration and the error in the transmission correction for materials
in the beam. The error in the ratio using the calculated spectrum is based on
the uncertainties in the composition cross sections and on the errors in the measured
temperatures of the media,
As indicated from the plotted results, the agreement between the experimental

value and the calculated value is good in each case to within about 4% or better,

CONCLUSIONS

Chemical binding effects on the spectra in water moderated reactors appear %o
be extremely small, Consequently, spectra as calculated by the SOFOCATE code should
be quite accurate for media with Z;\/gi s ¢ 0,6, The average cross sections that

are used in reactor calculations obtained with the code should be good to within 4%,
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Measurement of Low Energy Neutron Spectra
Using a Pulsed Neutron Source

J. R. Beyster
General Atomic
San Diego, California

Abstract

A program of measurements of low energy neutron spectra in moderators
and. typical sections of reactor cores is being planned to begin at General
Atomic this summer. This work will use the new high current 30 Mev electron
linear accelerator to produce a very intense pulsed neutron source. The
initial measurements of spectra will be done on hydrogen moderated systems
both polsoned and unpoisoned. The characteristics of the linear accelerator
and supporting facilities will be described. The general features of the ex-
perimental program will be discussed and the two experimental techniques to

be used in performing the spectral measurements will be outlined,
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Measurement of Low Trneroy Neutron Spectra
Uging a Pulsed Neutron Source

R. 8. Stone = J, R, Beyster

INTRODUCTICN

Clearly, one of the most cubstanding problems remaining in the field
of reactor physics is that of understanding neutron thermalization., Not
only must one acquire an understanding of the fundsmental physics of how
slow neutrons interact with a nucleus, but proven techniques for using these
fandamental date to make relisble predictions of reactor behavior mast
continue to be developed. Unfortunately at this point in time, our ability
to predict energy spectra in the thermsl neutron range is limited to the
calculations for the infinite homogeneous system, This limitation is
imposed partly by the complexity of many physical systems, the complexity
of the mathematics required to describe these systems, the lack of accurately
measured fundamental constants needed in the mathematical analysis, and
more important, the lack of definitive experiments which can serve to check
theoretical predictions and point the direction for further exploration.

A year ago it seemed to us that an integrated experimental and
theoretical program should be started which would have as its objectives
the extension of our present knowledge on neutron thermalizetion and the
development of generally applicable techniques for predicting these spectra,
In part, to provide a versatile experimentel facility for this work and
in part, to satisfy other research needs of the laborabtory, a high current
traveling wave electric linear ascecelerstor was purchased by General Atomie
and is in the final sbages of testing st the Applied Radiabtion Corporation
in Walmut Creek, Californis,

ACCELERATOR AND FACILITIES

The cheracteristics of the General Atomic linear asccelerator will
be as follows: varisble energy from 2 to 32.5 Mev; peak currents of sboutb
0.3 amperes; pulse width variable from 0,5 microseconds to 15 microseconds,
and repetition rates varisble from 7.5 pulses per second to T20 pulses per
second, The electron energy for meximm efficiency is about 18 Mev at
which energy 5 Kw of beam power will be delivered.,

o
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Slide 1 is a line drawing of the accelerator indicating the major
components, The injechtor for the accelerator is a high current version of
the Stanford pulsed anode injector, A klystron cavity bunches the beam
and phases it properly for injection into the first section of wave guide.
Two VA820 klystrons will supply 5 MW peak power to the two 6' sections of
wave gulde used for accelerating the electrons. The machine has been
designed so that it can be easily expanded, when our program requires, by
adding higher peak power klystrons, more sections of wave guide, or increased
average power capebility.

Slide 2 is a plan view of the buildings we have erected to house
our accelerator in San Diego, The accelerstor is located at one end of
the earth~-shielded underground vault, The experimental set up area where
the variocus assemblies will be constructed is separated by a thick concrete
block wall from the accelerator room. The accelerator room will be able
t0 hold additional sections of accelerator and will also house various
switching magnets to be used for piping the beam to the targets, Water
cooled vacuum plumbing must be used throughout the entire accelerator and
target systems, Initially, we will place our neutron target at the inter-
section of the first two drift tubes which lead to a large outdoor area
for the detector stations for time-of-fiight experiments, The underground
building is located about 100 feet from the General Abtomic critical facility
and it is planmed to pipe the electron beanm to this area for use with
critical or nearly critical assemblies, The first neutron target will be
water cooled bismuth to minimize the radistion hazerd in handling the
source after continued use, The accelerator conbtrol building is unshielded
and provides area for the accelerstor comnsole, accelerator power distribution
gystem, and the experimental electronics required for the research programs
on the machine,

RESEARCH PROGRAMS

A reseaxch program of major importance on our linear accelerator
will be the study of thermal spectra which we will conduct with the support
of the AEC Division of Reactor Development, First let us briefly review
the experimentel techniques available for these investigations,

Existing Experimental Techniqgues

In recent years, two time-of=flight techniques have been developed
for the detailed study of low energy neubtron spectra and the dependence of
these spectra on temperature, composition, and geometry of reactor cores,



Poolel at Harwell has developed a method using a pulsed accelerator
as a source of neutrons, With this technique, a series of thermal spectrum
measurements have been made on light water moderated, boron loaged assemblies,
These data have been compared with gpectrg calculated by Amster™ using a
formalism developed by Wigner and Wilkins”, In general, these comparisons
are extremely good. However, there may be some discrepancy in the range
from 0,1 to 0,3 electron volts where the slowing down spectrum joins the
thermal or low energy spectrum, In this region, Pocle's data consistently
indicate a relatively higher flux than the Wigner-Wilkins theory would
predict,

second method of measuring spectra has been developed by Stone and
Slovacek ., This method utilizes a mechanical shubtter to chop a neutron
beam which is emerging from a subecritical assembly of the desired composition.
The assembly is excited by fast neutrons derived from a fission plate mounted
in a reactor thermal column,

In their studies of pure water and of nearly homogeneous light water
moderated multiplying assemblies, the spectra obtained by Stone and Slovacek
do not evidence the discrepancy noted by Amster in Poole's experiments,
There are, however, experimental uncertainties associated with the lack of
homogeniety in the multiplying assemblies and in the effects of thermsl
leakage associated with the non-multiplying assemblies,

Initial Imvestigations

Initially, our interest in the program will be devoted to the study
of homogeneous light weter modersted assemblies with varying amounts of
1/v absorber added in the form of boric oxide. This type of assembly best
sgtisfies the conditions outlined by Wigner and Wilkins in their thermal
spectrum calculations,

The neutron spectrum emergent from a source tube inserted in this
assembly will be measured by the method outlined by Poole and also by the
method outlined by Stone and Slovacek., In this wey, any systematic error
that mesy be inherent to either method will be isolasted,

A flexible experimental arrangement for these invesbigations has
been designed so that all geometrical factors which might conceivably affect
the measured neutron spectra can be varied, For example, assembly tank size
and shielding and neutron source location can be altered drastically,



In the pulsed source method, the linear acecelerator will irradiate
an experimental assembly with a burst of fast neutrons, these neutrons
will be slowed down and will establish a fundamentsl mode distribution,
Neutrons emitted in the solid angle subbtended by the BF. detector bank
at the end of the source tube will be detected with a t%me delay after
the fast burst, If the flight path is sufficiently long so that the neutron
flight time is long compared to the neutron slowing down time in the medium,
then the delay time between fazt burst and neutron detection provides a
measure of neutron energy. If one counts the number of neutrons as a
funcetion of time of arrival at the detector and msekes corrections for
relative detector efficiency as a function of energy, one can then obtain
a measure of the spectral distribubion of neutrons at the bottom of the
source tube,

In the chopper experiment, the linear accelerator will be pulsed
gt & high repetition rate to provide a maximum sverage neutron flux in
the experimental assembly. The same source tube and detector will be
used; however, a neutron chopper will be inserted between the exit aperture
of the source tube and the detector and will be run asynchronously with
the accelerator, Present thinking indicates that we might be able to use
the same flight path as with the pulsed source method, Neubron energies
in this series of experiments will be determined from a measurement of
the time required for a neutron to traverse the distance from the shutter
to the detector., After making correetions for energy dependent shubter
transmission and detector efficiency, one can obtain a measure of the
neubtron spectrum at the source point within the medium,

Direction of Fubure Experiments

The experiments just discussed should establish the validity and
compatability of the two experimental techniques developed to date, Once
this is done, there are a number of interesting experiments that will be
undertaken,

Perhaps one of the more interesting is a study of the time dependence
of the establishment of the thermal neutron spectra in a moderating medium,
We feel that it should be possible to perform this experiment by using a
combination of the two experimental methods previously outlined, If we
use a graphite system, then the slowlng down time is sufficiently long so
that our instrumentation will be able to detect the growth of the thermal
spectra after a fast burst., For this experiment, the rotating shutter will
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be operated in phase synchronism with the accelerator, A fast neutron

burst can be introduced into the assembly and after a predetermined

time, the neutron shutter will be opened, The spectrum of neutrons transmitted
by the shutter at this time can be determined by the time of flight

technique,

If there exists a range in time after the burst where the ocbserved
spectrum varies slowly with time, then it should be possible to obtain
a large increase in counting efficiency by operating the machine and chopper
synchronously. We calculate that for some experiments one can gain between
a factor of two and ten in intensity by this new method, This is an
important point when we consider the large cost of obtaining increased
intensity by building larger accelerators,

Another problem that we plan to investigate experimentally is
the spectral variations at interfaces between different media and also
between media abt different tenmperstures. This general problem has only
recently been attacked theoretically by Kottwitz at Hanford and is worthy
of much careful experimental study, since these situations are characteristic
of many encountered in actual reactor design.

CONCLUSION

Clearly, experimental and theoretical work on neutron spectra
and the effect of spectra on reactor behavior is still in its infancy,
At General Atomic, we feel that a fundamental investigation of these
subjects will provide definitive experiments to check the theoretical work
that has been done, The development of newer experimental techniques
promises to provide a firm base for further theoretical work and basic
understanding of reactor processes,
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