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ABSTRACT

The mean energies E+ and E_ of ions and electrons in DCX at steady state
after "burnout" have been calculated taking into account the plasma potential.
It is found that, because electrons are scattered more readily than ions, the
plasme charges positively to a potential «JE_/e in order to restrict electron
escape. This has the consequence that a cold electron entering the plasma ob-
tains approximately its full energy, E , through the reversible process of
falling through the potential, and it gives back approximately all this energy
on escape. Thus, for not too great a rate of streaming of electrons through
the plasma, and neglecting radiation, the mean energy of ions inside the
plasma, E+, is less than their energy at injection only because the positive
ions lose energy entering against the Plasma potential. It is shown that E_
decreases with increasing electron streaming, hence the potential decreases,
and, for modérate streaming, E+ increases. This trend in E+ reverses when
the net energy loss to electrons becomes appreciable, and therefore there

is an optimum electron streaming rate for which E+ is maximum.
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I. INTRCDUCTION

Because electrons are much more easily scattered out of the magnetic
mirror field than are ions, a plasma in DCX is expected to bulld up an excess
positive charge to the point that the plasma electrostatic potential becomes
comparable to the mean electron energy (per electron charge) and thus restricts
electron escape. Previous investigations of the DCX steady state have neg-
lected this poten‘t:ial.l"2

The present work includes the potential effects. As in FS (Ref. 2),
there is also included the effect of cold electroms from various sources which
might stream through the plasma and drain away plasma energy. In the calcula-
tions, DCX is assumed to be at the "post burnout” stage, that is, neutral atoms
have been cleaned out of the plasma to the extent that ions are lost by scat-
tering rather than by charge exchange with neutrals, but the plasma is still
sustained by injection of high-energy ions.

Essentially, the model of FS has again been employed, and FS will be
relied upon for details. 1In brief, the model assumes two-group distributions
for ione and electrons. Particles which have been in the system long enough
for energy diffusion to occur among them form Maxwell distributions with
densities n+ and n_ and mean energies E+ and E_ for ions and electrons
respectively. In addition there are newly injected'particles, ions at rate

I+ and energy EO’ electrons at rate I and energy ~0, which are rapidly

1. A. Simon and M. Rankin, Some Properties of a Steady State High-Energy
Injection Device (DCX), ORNL-2354% (1957).

2. T. K. Fowler and A. Simon, Energy Transfer to Cold Electrons in DCX,
ORNL-2552 (1958), hereafter referred to as FS.




cooling and being heated, respectively, toward becoming part of this plasma.

As it turns out, the population in these "tails" is small compared with n

and n , end thus attention can be centered on the plasma proper. Thus, as
in FS, the energy transfer rate of interest is that given by Chandrasekhar5

for energy transfer via Coulomb forces between a particle, mass m, > energy

El’ and s Maxwellian field of particles, mass m2, mean energy E density n.:

e’ 2’

dE o =l ! a
= = — Wz ) - [1+=) x. — Fx )J . 1
at (2 El)l72 my ( 1) ( m2> 1 dxy 1 (1)

Here

= Qﬂeh Anp,

e being the electronic charge and, for the present purpose,,ﬁnlﬁ': 20, Abeing

the ratio of maximum and minimum impact parameters.5 Also,
= (2222
1 2 m E2

and ¥, the error function, {is

2
W) = 2 / ay &Y
I
0

3. See Lyman Spitzer, Physics of Fully Ionlzed Gases, Interscience Publishers,
Inc., New York, 1956, pp. 65-76.
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The limit of (l) for xl <« 1, the case when the field particles have much

greater velocity than that of the test particle, is also of interest:

for x, << 1 = -11/. (2)

IT. THE EQUATIONS

The following four equations determine the unknowns n+, n, E+, E or

equivalently, n+, E+, E and the plasma potential, which 1is proportional to

n =-n.:
+ -

A. Jon Balance
E.'t_e A % ) (3)
‘U"—n+ 2.2 A~ M

M is the ion mass; 2/ is the plasma volume. The quantity in parentheses is
the effective cross section for accumulating a deflection angle & via multiple
small-angle Coulomb scattering.h 8 is the angle through which a trapped ion
must be scattered to escape out the magnetic mirrors, and will be discussed in
Section ITI. & depends on the plasma potential. Only scattering of lons by
ions is included. Scattering of ions by electrons is negligible. Note also
that scattering loss of ions in the tail is neglected, as 1s scattering of

plasma ions by ions in the tail.

k. See, for example, A. Simon, An Introduction to Thermonuclear Research,
Pergamon Press, New York (1959), p. 15.




B. Electron Balance

T , 2 oF

zﬁ = n_(n+ + Sn_) ;5 F —5: (L
m is the electron mass. The quantity in parentheses is the effective cross
section for AJ9OO-cumulative Coulomb scattering of electrons. ZElectrons scat-
ter from both electrons and ions, the factor multiplying n_ having a value
Srv 0.7.5 Again, tail contributions are neglected. P, to be discussed in
Section ITI, is the fraction of scattered electrons which actually escape. Like
6 in (3), P depends on the plasma potential. In particular, P —C for excess

positive charge such that the potential energy barrier approaches E .

C. Total Energy Balance

1(E, - E, - ¢) = I (E_ - ¢) + Red. {5)

Each entering ion has, outside the plasma, energy EO, and on escaping again 1t
carries away energy E_+ 3, where E+ is its energy inside the plasma and ¢ is
the energy it gains in falling across the potential. Thus each jon deposits

in the plasma energy E. - E+ - ¢. Each electron has zero energy entering, then

0
on falling through the potential and being further heated by collisions it

5. The factor 5 appearing in the electron-electron scattering term is the
average value of the quantity §(x) - G(x) appearing in Spitzer, Ibid.,
when the test particle is one of the field particles. § accounts for the
center of mmss transformation, etc. TFor electrons scattered from ions,

where the center of mass and lsboratory reference frames are the same, the
comparable factor is unity.




achieves an energy E_ inside the plaesma, and it loses energy ¢ on falling through
the potential to escape. The second term on the right concerns energy lost

from the plasma by radiation. An additional energy loss to neutral atoms

ionized at the plasma surfaece has been neglected in comparison with the volume
losses.

S
D. Internal Energy Balance

I d E
/6 ;m + + 2y
st (B -¢g-E)=,/= |= /._. = _1] nn —=L - (6)
w0 + xr A MA E E + -
A/EME+

The right side is the rate of energy transfer (per unit volume) from plasma ions,
each taken to have energy E+, to the plasma electron Maxwell distribution

(Eq. 2). This energy is supplied to the plasma ions at the rate given on the
left by the newly injected hot ions degrading from energy EO - ¢ inside the

plasme to mean energy E+- Here $is the fraction of energy from degrading
ions going to plasma ions rather than directly to electrons. T is determined

by competition between transfer rates:

dE hot plasma>
—

~¢ - dat ions ions
dE hot plasma + dE hot plasma
dt \ ions > ions dt jons ~electrons

avg.

where the average is taken over hot ion energies from E, - $ down to E -

Using (1) and (2) gives



E . .
vhere E is the average hot ion energy and x = g B Direct heating of

electrons becomes important only if the electrons are quite cold. For example,

— 1/3
. - 1 E M . .
in order that drop to > E must be ~ 0 = 15, which, as will be seen,
I
can be vprought about only by enormous electron streaming, in fact, f: ~ 100.
+

. 1l . ¢ .
Thus, typically, §~ 1, and almost always 3 < $< 1. Hence, § will ve

treated as a known constant.

Note that heating of the upgrading electron tail by plasma ions, included
in FS, is neglected in (6). In previous calculations for FS, this contribution
was always found to be small compared to that for heating plasma electrons.
Direct heating of the electron tail by the degrading hot ion tail is also

neglected.

III. EFFECT OF POTENTIAL ON PARTICLE CONTAINMENT
The quantities 8 and P which introduce the effect of the plasma potential
on particle balance (Egs. 3 and 4) must now be discussed.
It is assumed that ions are trapped in the cylindrically symmetric mag-

6,7

netic field via absolute containment, the electrostatic field of the

6. A. Carren et al., Non-Adiasbatic Effects in Single Particle Orbits, in
Proceedlngs of Controlled Thermonuclear Reactions Conference, Berkeley,
California, Feb. 1957, TID~-753% (Part 2), p. 170.

7. T. K. Fowler and M. Rankin, Containment Properties of DCX, CF-59-6-32 (1959).

e e
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plasma also being assumed cylindrically symmetric. Then, wlth the electro-
static potential V included in the Hemiltonian, the containment criterion of
Ref. 7 is easily extended to. show that an ion is absolutely contained if the

equation

el

g e N[_

— - —A=-,/2

- - M(E+ + eV) (8)
plots & closed curve in the space of r and 2z, cylindrical coordinates for the
position of the ion with z taken along the magnetic symmetry axis. The right
side of (8) is the ion momentum, which depends on r and z through V. A is
the magnetic vector potential, which has just & @-component here. P is the

2]

canonicel angular momentum, a constant of motion for the ionm, defined
= - €
Py =T [ mred + = A(r,z)] (%)

where ¢) is the angular velocity sbout the magnetic symmetry axis of the ion
when it is at the position r and z. (Sign convention: positive A gives rise
to positive ¢ if e > 0.) The critical value of p,, call it fe, for which
ions are contained occurs when the plot of (8) just closes at the mirror. In

1
this vicinity eV = ¢ and, since the curve closes at small r, A = > BoRr,

vwhere R is the mirror ratic and Bo is the magnetic field at the midplane.

Then, in (8),

Hl'dl
©

1 /
5 BRr = - 2M(E+ +g) .

i
ol



The two solutions for r in this equation are equal, the critical condition,
when
2M{E, + ¢)

5 o=o—* T (10

> £ BR
(o4 Q

Using (9), the critical condition can also be stated in terms of the
direction of motion of the ion when it passes through a particular point

in the machine. Specifically, when an ion with the criticalE6 passes

through the point of injection at z = 0 (midplane) and

A/2ME+

r ;‘ro =0 the angle between the ion momentum and its O~-ccmponent,
¢ %
call it 6 ... is found to be the following. From (9), with r = rs Py = 59,
mred =,J2ME: cosg and A’ziBr
+ erit 2 "o 0o
“'1 1 Kl g__ 5
8 = = = {1 . {115
erit = €8 5 [1 t 3 (; + E+f)] 115

In (3), one can take 8 = ecr_ since initially the ion is oriented with

it’
8 = 0 at the midplane (injection condition) so that it must scatter through

to escape.
crit P




Turning now to the calculation of P, it is assumed that electrons, since

their orbits are tiny, are confined adiabatically. As is shown in Appendix I,

12
IILV_L

even with an electric field present, the magnetic moment p = » where

B
v~ is the component of electron velocity perpendicular to E; is still ap-
proximately an invariant. There exists then a "loss cone, " and P is the
fraction of the total solid angle intersected by this loss cone, as in
Ref. 1.
The plasma potential enters in the definition of the loss cone as follows.
An electron is just barely contained if all its kinetic energy at the mirror,

which is E_ - 3, appears as motion perpendicular to the magnetic field,

mirror
Then, using the invariance of p,
em(E_ - @)
{mv }2 e —
Y +L'midplane

R

where againR is the mirror ratio. Again relating the critical condition for
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escape to the direction of motion of the particle, this corresponds to a
critical angle v between the momentum of an electron at the midplane and its

8
component parallel to the magnetic field such that

1 2
= J1-2%(1-
% Yorig 4/ R ( E )

Then the loss cone, lying in the region 0 < v < vcrit’ occupies a fraction P

1
of the total solid angle given by

av]
1
[--f
]
l._i
]
-
/'\
lz.J
1
= I‘&
S’
e~
!-.:I
o

to be used in Eq. (&4).

Equation (12) has meaning only if 0 < P < 1. If ¢ >E_, no electrons car
escape and one should take P = 0. If ¢< - (R - 1)E , all electrons which ars
scattered can escape and ane should take P = 1. Similar restrictions apply to

the calculation of 9 from (11), since one must have 0 < cosf < 1.

IV. SOLUTION OF EQUATIONS
The four equations (3), (4), (5), and {6) can be decoupled if n_/n+; iike
¥ discussed in Section IT, is assumed to be known. Certainly this ratic is

of order unity. Then, dividing (&) by (3), with the definition

A=I /I,

U. A. N. Kaufman, "Ambipolar Effects in Mirror lLosses, " Conference on Control-
led Thermonuclear Reactions, June L4-7, 1956, Gatlinburg, Tennessee, TID-1197,

p. X8.
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gives
E: 5 E: E+ 28 M 2
A = n+ 1l + ]'1+ —-E~ E Pa B (J_})

and combining (4), (5), and (6) with the radiation term of (5) dropped for the

moment, gives
p(1-2) J1 Je w1 ). (14)
TE ) v Ax M!\f: n_

Then, except for n /n+ and §, Egs. (13) and (14) depend only on the quantities
E+/E and ¢/E .
Clearly, unless E+/E is very, very large, (1L) can be satisfied only if

the left side is zero, that is, if

whereby both P and the other factor on the left become zero. Assuming,

therefore, that 1 - (¢/E ) << 1, (12) becomes
1 - (g/E_) = 2RP

and, from (14),

E
2
2.1 e r;_n;(_nl Y 05)
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Then, taking 6 = 6, defined tc be O piy VItH 4/E_ =1, and using (15), (13}

it
becomes
g \/2 /g 1/2
52 | =t L | - (16}
E_ E T o \
where
n 1/2
n l+81—1*— __._\
Q== ——* //.g. s _.1',.., (17}
o, oR¥ ‘ /R

Equation (16) has been plotted in Fig. 1. Given the electron-to-iomn
streaming ratio, A, E /E+ can be obtained at once from the graph. [A selif-

consistent determination of a (Eq. 17}, which depends on E+/EB and n_/n

A can
+:

be carried out if desired:J Given E+/E_, the exact value of ¢/E can be
determined from {15). With these results, EO/Ew can be obtained from {5},
still dropping radiation. Alsc, given I+/vf n_ can be gotten from (3).

In summary, the energies depend only on A, and not at all upon the
magnitude of the injection rates. Also, the ratlos E+/Em and EO/E+ are
independent of EO, the injection energy. Typical results are given in Table I.

The fact that n+AJ 0 for » = C in Table I 1s a consequence of the choice

of mirror ratio R = 2, for which there is no absolute contaimment of ions when

The results of Table I indicate that the neglect of '"tail"” contributions

at various stages of the calculation was valid. Since ¢~ E , electrons
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need not be separated into "tail' and "plasma." The same is true for icns
P

except for values of /0 sc large that E+ is much different from EO - .

Table I. Typical values of the ratios E+/EO and E /E+, where E and E+

are the mean electron and ion energies and E. is the energy of injected ions,

¢
as a function of A/x, where A is the ratio of electron-to-ion injection rates

and @~ 1 is discussed in the text. Radiation loss is neglectsd. The cor-

responding ion density, n, is given for typical DCX conditions: R = 2,

I i
E, = 300 kev, VU= 10 cmj, I, = 6 x 1077 ions/sec (1 ma).
n,
r/o  E /E+ ¢/E_ E+/EO E_/EO (for conditicns given in capticn)
0 1 1 50 50 ~0
1 A5 .66 .69 .31 1.36 x 107 em >
5 .25 .93 .76 .19 1.76 x 10°% ca™>
10 .19 .92 .75 Lk 1.81 x 1002 em™>
20 .15 .90 .70 1L 1.76 x 1072 cn™>
100 .07 .85 48 .0% 1.39 x 107 ™

Note that, since the plasma potential adjusis itself so that ¢ ;JEG, the
streaming electrons which might carry energy away in fact do net do so (unless
A is large)., They simply achieve the mean energy of electrons in the plasma
by falling thrcugh the potential when they enter, and then give back all this

energy in the same way when they escape. Except for large A, the right hard
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gide of (5) is ~0; there is noc net energy transfer to electrons. The mean

energy of ions inside the plasma is < E_ only because these ions lose energy

0]
¢ on entering against the potential. Thus, in Table I, ome finds that, for

not too large A, E+ actually increases with the electron streaming rate since
streaming reduces E_, and hence g. For sufficiently large x, of course, ¢
becomes less than E_in order that the right side of (4) permit electrons to
escape fast enough, and then the energy carried away by the streaming electrons,
E_ - ¢ rer electron, is significent. Even so, E+ does not fall nearly so fast
with large A as was reported in Ref. 2, where the role of the potential was
neglected.

These considerations can be verified approximately as follows. For A =1

but not so large that ¢/E is much less than unity, (16) gives to good ap-

proximation
E'+ A 1/2 (
X -/ A 18}
5 <a52>
end (15) gives
4 - \ 1/2 1/h
2R m A
E =1 - (—_3— Sy ;93 . (19)

Then, from (5), still dropping rediation,
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E E
.....g—- —_ _i Jd_ 5
=1+ [x (l £ +EJ {20

+ + - -
1/2 1/2 - ; 1/2 1/k
- /
~ 2R 6 w [/ =2 3/ ab 2R /6 m A
=1 + (‘f P v ae) A + N 1 ( S, - " ;-g-“ o
For 0 << A << (M/m)2/3, the third term on the right dominates and (20) is
B P 1/2
L7 = .
. 1+ ( Y ) {21)

For much larger ., the second term dominates and (20} is
1/2
E
0 ~ 2R (6 m [ =2 3/4 ;
LT+ 2 /2 2 /a8 . 22
E, ( A x M A (22

Thus the role of A shifts from denominator to numerator as A increases, and

E
0
By

A ~ 5-10. The amount by which E+ varies with varying A is appreciable. TFor

hes a minimum {i.e., E+ has a maximum) for a finite value of A, around

less electron streaming than the critical A, E+ falls from a maximum arcound
.8 E, to .50 EO at A = 0, where ¢ = E exactly (P = 0) to makeelectron scat-

tering losses zero in (4) and, because radiation is neglected, E+ = K
exactly to prevent energy transfer to electrons in {6). For A greater than
the critical value, E+ falls toward zero as A —=>.

Throughout this work, the radiation term of Eq. (5) has been neglected.

For bremsstrehlung, the results of previous DCX steady-state calculations
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(Refs. 1,2) certainly validate this approximation. Cyclotron radiation would
be more important, but will not be discussed here. In any event, as can be
seen in Table I, for appreciable electron streaming E+ can be maintained at
as much as one-half the injection energy while electrons are much colder and
therefore radiation, depending on E_, is negligible. Again, with radiation
loss introduced into the problem, there should exist an optimum A for which
E+ is maximum since radiation loss and ¢, hoth non-zero at A = 0, are de-

pressed as an increase in A diminishes E while the loss to electrons, zero

at A = 0, increases with A.



Appendix T

Following Ref. 9, it is the usual adiabatic assumption that, in

~ 1 B 0B
= - - ——Z: ! =
VB = = (rBy) + v o (B, 0),
0B 5B
the quantity S;E/Q: 3z 2z constent over cne gyration of the particle, from
which
—_ 1l OB
Br ~ T e T oz

—
Teking the z axis to be approximately parallel to B everywhere, and resolving

the particle velocity v into compcnents v, and v, parallel and perpendicular

—h
to B, the equation of motion of a particle with charge e acted on by the mag-

—
netic field B and thre electric field - /V is, using the adisbatic assumption,
LW e, v e 7 B
at -~ dz ¢ L r” gz ¢ 2 ¥z

Furthermore, taking for r the radius of gyration, r = mﬁLc/eB,

R
at oz " F oz’
h 1 2, . , . . .. dz .
vwhere p = 2 mv, /B is the magnetic moment. Multiplying by v, = 3o glves

9. L. Spitzer, op. cit., pp. 7-11l.
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or

at 2 W e = Pag

is
a {1 2 a (1 2 a
at <§mvr +eV) T (Em‘l)“‘dt (p2)
__Gu _ 4B
T dt dt
Combining,
B 5 .9

—

A contribution from E x B drifts has been neglected. Since in the mirror
machine the potential may be expected to be controlled by electron and ion flow
out the mirrors rather than by diffusion across the magnetic field, the electric

field should be more or less parallel to the magnetic field.






INTERNAL DISTRIBUTION

21

ORNL- 2911

UC-2C Controlled Thermcnuclear Processes

C. E. Center BY,
Bioclogy Library 55.
Health Physics Library 56.
Central Research Library 57.
Reactor Experimental 58,
Engineering Library 59-63.
Laboratory Records Department 64,
Laboratory Records ORNL R.C. 65.
A. M. Weinberg 66.
L. B. Emlet (K-25) 67.
J. P. Murray (Y-12) 68.
J. A. Swartout 69.
G. E. Boyd 70.
R. A. Charpie T1.
W. H. Jordan T2.
A. H. Snell T3,
C. E. Winters Th.
E. P. Blizard T5.
D. 8. Billington 76.
F. L. Culler TT.
J. L. Fowler 78.
J. H. Frye, Jr. T9.
C. 8. Harrill 80.
A. Hollaender 81.
A. 8. Householder 82.
C. P. Keim 83.
M. T. Kelley 8k,
8. C. Lind 8s5.
R. 8. Livingston 86.
K. Z. Morgaen 87.
M. L. Nelson 88.
H. E. Seagren 89.
E. D. Shipley 90.
E. H. Taylor gl.
R. 5. Cockreham 92.
P. M. Reyling 93.
D. Phillips gk,
M. J. Skinner 95.
F. 8. Alsmiller 9.
R. G. Alsmiller, Jr. a7.
C. F. Barnett g8.
P. R. Bell

E. R. Bettis

TID-4500 (15th ed.)
August 1, 1959

Callihan

Clausing

Coveyou

Dandl

resner

Fowler

Gauster

Harris

Harrold

Harvey

. Holland

. Kelley

. Kerr

lLazar

. Luce

» Mackin, Jr.

. Maienschein

. McNally, Jr.

Moak

. Mruk

. V. Neidigh

. H. Neiler

. Neufeld

E. Normand

R. North

. K. Penny

W. Peelle

Rankin

H. Ritchie

. Simon

« T. Trammell

K. Trubey

A. Welton

Zobel

. Zucker

L. Friedman (consultant)
Goldstein (consultant)
.. Hurwitz, Jr. (consultant)
L W. Nordheim (consultant)
R. F. Taschek (consultant)
ORNL Y-12 Technical Library,
Document Reference Section

°

Uwor-.mynr-'ow:pon'u:x:Ut—'wtqu

*

mmwzﬂeumbwzmmmoc.zwzoc—.uj:ut.z:uot«r-'otqzn—u—'w:u:u:n>



EXTERNAL DISTRIBUTION

§9-100. A. N. Kaufman, W. Heckrotte; University of California Rediation

laboratory, Livermore, California

Given distribution as shown in TID-4500 (15th ed.)} under Controlled
Thermonuclear Processes Category (75 copies - OTS)

695. Division of Research and Development, AEC, QRO

101-694.




	image0001
	image0002
	image0003

