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ABSTRACT 

The r ipp le  c h a r a c t e r i s t i c s  of i n f i n i t e ,  lumped solenoids a r e  

The t r a n s i t i o n  from f i n i t e  t o  in-  

The coe f f i c i en t s  i n  the r e su l t i ng  

treated by a Fourier  analysis .  

f i n i t e  systems i s  pointed out .  

Fourier s e r i e s  f o r  an i n f i n i t e  s e t  of coaxial ,  equal current-bearing 

loops a re  solved f o r  exact ly .  

the spacing dis tance,  h , an approximate form for BZ on the axis i s  

For loop r a d i i ,  R, l a rge  compared t o  

where BSOL i s  the  f i e l d  due t o  an i n f i n i t e ,  uniform solenoidal  

current  sheet .  

An approximate so lu t ion  i s  also found f o r  an i n f i n i t e  set  of rec- 

tangular  c o i l s .  

The ca lcu la t ion  i s  extended t o  poin ts  off t he  axis. 
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INTRODUCTION 

I n  the  design of magnetic f ie lds  the  problem of i n f i n i t e ,  

lumped solenoids  o f t en  arises. I n  t h i s  t reatment ,  c e r t a i n  impor- 

t a n t  p rope r t i e s  of these  systems are s tudied .  In  p a r t i c u l a r ,  t h e  

r i p p l e s  i n  the  magnetic f i e l d  due t o  lumped systems i s  of most 

i n t e r e s t .  

one may e a s i l y  see the behavior of such systems. 

are hampered by d i f f i c u l t  summations and in t eg ra t ions .  

it w a s  found here t h a t  s eve ra l  i n t e g r a l s  could be evaluated giving 

the  des i r ed  simple r e s u l t s .  

It i s  of importance to have simple formulas from which 

Most a t t a c k s  

However, 

It has been through the  encouragement of D r .  R .  J. Mackin, Jr., 

and D r .  W. F. Gauster t h a t  t h i s  work has been done. 

J 
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A Note on F i n i t e  Se t s  of Loops 

Before beginning the study of t he  case of an i n f i n i t e  set  of 

loops it might be w e l l  t o  point  out  t he  e f f e c t  of taking a f i n i t e  

set and increasing i t s  number of elements. I n  seeing t h i s  t r a n s i -  

t i on ,  perhaps the r e s u l t s  from the i n f i n i t e  sets will be more appl i -  

cable t o  r ea l i zab le  s i t ua t ions .  

L e t  us s tar t  with a p a i r  of loops a t  the  a x i a l  po in ts  - and 

We wish t o  estimate the  e f f e c t  of adding 

2 

carrying a cur ren t  i. 2 ’  

another p a i r  of loops a t  the  poin ts  

we want t o  know t h e  r ipp le  produced by t h i s  addi t ion.  

- Zo and Zo. More spec i f i ca l ly ,  

0 0 0 0 

1 4 I I 
I I I 

0 
3 Z 2 0 a - -  

2 -Z 
0 

0 0 0 0 

We define the r ipp le ,  A, as the d i f fe rence  i n  the f i e ld  a t  the point  

2 and t h a t  a t  0. 2 Hence, f o r  the outer  p a i r  we may write: 

1 1 
0 2 A = B(z + ?A) + B(zo - -A) - 2 B(zo) 

If we expand B( z) i n  a Taylor s e r i e s ,  

+ ... B(zo + h )  = B(zo) + B’(zo)h + B”(zo) 2 h2 

1 
1 

then we ob ta in  f o r  A: 
c 

I 
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2 
A 2 B"(z ) h 

0 4  

Now i n  MKS u n i t s  we c a l c u l a t e  f o r  a c i r c u l a r  loop 

2 3 2 4z2 - R 
2 0  ( z 2  + R ) 2 7/2 

B"(z) = - p i R  

From equation ( 3 )  it c l e a r  t h a t  

B"(z) >/ 0, i f  z >/ R/2 

(3) 

(4) 

Now when the  equa l i ty  of (4) holds w e  have the  familiar Helmholtz c o i l  

p a i r  with A = 0. It i s  now c l e a r  t h a t  adding loops in s ide  the  po in t  

z = R / 2  makes A more negative,  while adding loops outs ide  this  

i n t e r v a l  m&es A l e s s  negat ive.  It may also be shown t h a t  when 

s u f f i c i e n t l y  many loops are added A becomes pos i t i ve  approaching 

a l i m i t  as t h e  set  becomes i n f i n i t e .  
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Calculat5on of BZ Along the Axis f o r  Loops 

In  t h i s  sect ion we expand the f i e l d  due t o  an i n f i n i t e  s e t  of 

c i r c u l a r ,  coaxial  current  loops i n  a Fourier s e r i e s .  Each loop has 

the  same dimensions and c a r r i e s  the same current ,  i. They are  a l s o  

equally spaced by a dis tance h . It w i l l  be found t h a t  we have 

the f i e l d  due t o  a uniform solenoidal current  sheet with small har- 

monic per turbat ion ternis. 
h t- I3 c b 8, 9 

'r 
1: 

1 h I I il I Y . . . . . . z  
-2A -a 0 h 2A 3h 4h 

0 Y) (P P, Q a B 

The f i e l d  produced a t  a point  z on the  axis due t o  a loop displaced 

\Ih meters from the  o r i g i n  i s  given by 

2 

B ( z )  = - 1 i R  
0 

2 [ (z  - V A ) ' +  R 
(MKS u n i t s )  

Now t o  f i nd  the f i e ld  due t o  all the  loops we must sum over 9 from 

- bo t o  + 00: 

B(z) = 

2 
CL i R  

2 
o 1 

The magnetic f i e l d  of such an i n f i n i t e  array w i l l  be a periodic 

i 
I 

funct ion of z. This i s  obvious since,  as we advance along the  z axis 

from one loop t o  another, we see the same physical s t r u c t u r e .  

funct ion then must have t h i s  distance,  A ,  as i t s  period. 

Our 

Having 

t 
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such a periodic function, we s h a l l  perform a Fourier analysis .  We 

would represent B( z )  as 

B ( z )  = f3 + 2 7, cos (: n z) 

n=l 

To evaluate 

from - $ t o  A 2 . Note t h a t  the i n t e g r a l  of the  cosine series vanishes 

f3, we multiply each s ide of equation ( 2 )  by dz and in tegra te  

so t h a t  we have 

2 

f 3 =  - i R  
0 

ZA 
I =  -00 

dz 

To evaluate the i n t e g r a l  l e t  

Interchanging the order of summation and integrat ion:  

( 3 )  

Now note t h a t  equation (4)  i s  of the form: 



so  t h a t  

-6- 

We observe t h a t  

sheet with current  per u n i t  length equal t o  i/;i . Therefore, con- 

t r i b u t i o n s  from the r e s t  of the  s e r i e s  w i l l  be per turbat ions of t h i s  

uniform f i e l d .  

B i s  the f i e l d  due t o  an i n f i n i t e  solenoidal  current  

Now l e t  us proceed t o  ca lcu la te  the coef f ic ien ts  i n  the series. 

Multiply each s ide  of equation ( 2 )  by cos k 7 2n z and i n t e g r a t e  from 
A 

- ?! t o  2 . Using the orthogonality r e l a t i o n  the  i n t e g r a l  over the  2 

Fourier s e r i e s  gives $. Thus, 
2 

Proceeding as before i n  the evaluation of the  in tegra l ,  
. 
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I 

I 

cos ( n - 25r u + nJ2' ) = cos n - 2' we then have h u' h Since 

A s  before, t h e  summation s ign  i s  incorporated i n  the  in t eg ra l :  

This i n t e g r a l  may be evaluated i n  the  following way. It i s  known * 
t h a t  

0 J 

where KO 

Di f f e ren t i a t e  each side of equation (9) with respect  t o  B. 

permissible s ince  the  r e s u l t i n g  i n t e g r a l  i s  uniformly convergent. 

i s  the  modified Bessel funct ion of the second kind. 

This is 

/- 

J o  

* 
Grbbner and Hofrei ter ,  I n t e g r a l t a f e l ,  Springer-Verlag, 1950, pp. 
333-78a. 

A 
I 
1 
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We have then t h a t  

We may, therefore ,  wri te  the  Fourier s e r i e s  as 

00 

n Kl(n2n 5 )cos n 
P o i  P o i  

+-F B(z) = - A 
n=l  

For l a rge  values of x, K1(x) may be expressed by the  asymptotic r e l a t i o n  

I n  problems of i n t e r e s t  t h i s  i s  a reasonable approximation, so  we write: 

For l a rge  values of t he  argument we may drop a l l  bu t  t he  f i rs t  term 

i n  the  expansion, obtaining 

N -2nR . cos z ) 
solenoid B(z) = 
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Following is a table of the amplitude of the first harmonic 

vs. the quantity R/&; 

2 

3 

4 

Amplitude 

1.07 x 

3.1 10-5 

6.1 x 

1.74 x lom1' 
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Extension t o  Points off  t h e  Axis 

For a current  f r e e  region we have 

c 

Using t h i s  property of t he  f i e l d  it i s  a s t r a i g h t  forward procedure t o  

show t h a t  t he  magnetic quan t i t i e s  of an i n f i n i t e  s e t  of loops off  
t he  ax is  are given (14) 

n = l  

n = l  

80 

n=l  

i s  the  dis tance from the  axis t o  t he  point  i n  question. -f Here 
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An Approximate Solut ion f o r  Rectangular Coils 

If we th ink  of t he  cur ren t  i n  a loop, i, as being a current  

densi ty ,  J, we might sum a group of such loop sets t o  approximate 

a c o i l .  I n  the  l i m i t  t h i s  sum approaches t h e  i n t e g r a l  over t he  

c o i l  cross-sect ion.  

We might begin by in t eg ra t ing  a funct ion of t h e  form of equation (1) 

over a c o i l  cross-section; hawever, t h i s  method r e s u l t s  i n  some 

d i s t a s t e f u l  i n t eg ra l s .  

equation 

We choose ins tead  t o  in t eg ra t e  the  approximate 

L e t  us f i r s t  perform the  3 in tegra t ion ,  which may be done d i r e c t l y .  

Using a trigonometric i d e n t i t y  we have 

dl.7 
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Now if  J i s  thought of as a cur ren t  per u n i t  l ength  we again 

Thus, have a solenoid f i e l d  with a small harmonic cor rec t ion  term. 

equation (17) represents  t he  f i r s t  order  f i e l d  produced by an 

i n f i n i t e  set  of cur ren t  shee ts  of width a surrounding the  axis. 

We now proceed by in t eg ra t ing  equation (17) with respec t  t o  R 

between t h e  l i m i t s  R1 and R2. 

The second p a r t  of equation (18) must be in t eg ra t ed  by pa r t s .  

Af te r  s impl i f ica t ions  the  r e s u l t  i s  

8 
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I 

P l J  and 7 2  I n  e a r l i e r  p a r t s  of t h i s  development we have assumed 

t o  be l a rge  compared t o  1. 

of e r f ( x ) :  

We may then use the  asymptotic form 

Equation (19) then becomes 

c1 

W e  now note t h a t  1>>- 1 ; so  t h a t  s u b s t i t u t i n g  for 
4f 

where BsoL = PbJh 
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A Numerical Example 

L e t  us take 

a 1 h - -  - 2 ,  - -  R1 

h A 
- -  

With these  values  we ca l cu la t e  

Amplitude of f i r s t  harmonic = .88 x 

It i s  c l e a r  t h a t  with such r e a l i z a b l e  dimensions a very uniform 

f i e l d  can be produced. Natural ly ,  t h i s  i s  an approximate value; 

however, it i s  t o  wi th in  an order  of magnitude. High speed computer 

codes are being w r i t t e n  t o  b e t t e r  check t h i s  value with both 

i n f i n i t e  and f i n i t e  c o i l  arrangements. 
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