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ABSTRACT

A program has been written to perform polynomial least
squares fits on the IBM 7090 computer. Weighting factors may
be included with the data if desired. The program was written
in two parts: a subroutine which does the fit and furnishes the
calling program with the coefficients, standard errors in the
coefficients, standard error of fit, and information necessary
to compute a complete error analysis; and a calling program
which reads input, calls the subroutine, and writes requested
output. The subroutine may be used separately in any Fortran

or FAP program where a least squares fit is needed.



INTRODUCTION

In analyzing experimental data it is often necessary to make a least
squares fit and use the resulting coefficients in further computations. A
polynomial least squares fitting subroutine was written to facilitate this
procedure by eliminating both hand transcription of coefficients and the time
lag caused by extra machine runs. The first version of the subroutine was
written for an 8K IRM 70h(l). The present subroutine is an improved version
written for the IBM 7090, which will permit use of weighting factors and will
fit up to a seventh degree polynomial.

In order to make the Polfit II subroutine immediately available for
least squares fitting a calling program has been written to read in data,
call the subroutine to meke the fit, and write the coefficients, standard
errors in the coefficients and the standard error of fit on an output tape.
In addition the user may request optional output which includes (1) a point
by point solution of the equation for each input value of the independent
variable, together with the difference between the observed and calculated
values of the dependent variable and the variance at each point; (2) solutions
of the equation and the variance for any number of values of the independent
variable which may be supplied following the standard input; and (3) a listing

=1
of the inverse matrix (XTX) , where X is the observation matrix.



MATHEMATICAL DISCUSSION

To make a least squares fit to an equation y = f(x, 84s By, eeo an)

it is necessary to set up n "normal equations' for the fit. A brief discussion
(2)
of the derivation of these equations may be found in Margenau and Murphy .

These n equations are then solved simultaneously to determine the coefficients

8Gs Bqy eee B such that

2
%;(yi(observed) - yi(calc)) is a minimum.

The equations may be set up and solved by the matrix methods described in the
following discussion.
In the general case of a least squares fit to an equation
vy = £(x, 8y By eoe an) which is linear with respect to the coefficients
84y 895 +-- 8 80 observation matrix X is set up with a row of partial

derivatives evaluated for each data point i, i =1, 2, ... K.

%EO)X'.L g%1 1 o %n il
ggo *2 (%}1)"2 S %n *2
‘g%o)xx (%I)KK S g%n *g



This matrix is then transposed to give

Y

1 1L T (El’ﬁ{

R 2l o [ -

The observation matrix X is then augmented by the column vector of observed
values of y to form XA.

If weighting factors are to be used a matrix W is set up which has
the weight associated with each point on the principal diagonal and zeros in

the off diagonal positions, giving

Wy 0 0 - - 0
0 Vi, 0 - - - .
W= 0 0 .
V3
0] 0] e e o e e WK .

Now the matrix multiplication
XT W XA = A

will give the matrix A which is the matrix of the coefficients of 8y Byy ees B



in the "normal equations," and the vector B which is the vector of constant

terms in the "normal equations."
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The values of 845 815 e+ 8 WAY NOW be calculated by solving the
matrix equation AX = B, where A and B are the matrix and vector given above

and X represents the unknowns ay & cee B

l,

In the special case of a polynamial equation the partial derivatives




are known to be as follows: gg =1, %g =X 5 eee g% = x'. Therefore
0 1 n
the observation matrix may be written directly as

From this it can be seen that the matrix A and vector B will be as

follows:

XA Ty x; o T, i
1 1 1
Y % N Ca A {7 )
A =



The polfit program takes advantage of this fact to reduce computing
time by setting up A and B directly fram the input instead of going through

a1l the preceding matrix operations.

USE OF SUBROUTINE

The Polfit II subroutine requires no common storage and uses no
input-output equipment. It does require the library subroutines EXP(2, XLOC,
MATEQ, and SQRT. These routines are standard library subroutines except for
MATEQ which is included with the binary deck. To use the subroutine with any

FORTRAN program it is necessary to include the following statements:

DIMENSION A(8), SEC(8), XTxI(8,8), VARC(8,8), X(250), Y(250), W(250)

CALL POLFIT (X, Y, W, K, N, A, SEC, SEF, XTXI, VARC, NERR)

The following definitions apply:

X Independent variable

Y Dependent variable

W Weighting factor (may be left = 0O)
K Number of data points

N Degree of polynomial L =N =17

A Coefficients 8o eos By

SEC Standard error in each coefficient

. [ 2
SEF  Standard error of fit: -/ Zwi r ./ (K-I+1)
T, "L
XTXI  Inverse Matrix: (XX)

2 7 "t
VARC Variance Matrix (Zwi ro/ (K-N41) (XX) )



NERR Error indicator: -1 = Too many data points: K > 250

0 Calculation all right

It

+L = Singular matrix.

The statement following the call should test the error indicator (NERR) and
appropriate action should be taken if an error has occurred.

It is not necessary to supply weighting factors as the subroutine
will autamatically supply a value of 1.0 when a zero weighting factor is
encountered.

The values of X, Y, and W are left intact by the subroutine, except
for the case of W = O which is changed to W = 1.0, so they are available for

further camputation.

DESCRIPTION OF CALLING PROGRAM

A calling program for POLFIT II has been written which is campatible
with the IBM FORTRAN Monitor System. It uses logical tape 10 for input and
logical tape 9 for output. No other tapes are used.

The program was written to provide a camplete package for polynomial
fitting. Input is read from tape 10 in the form shown in figures 1 and 2, and
output is written on tape 9 as shown in figures 3 and k., The minimum output
fram all cases consists of the coefficients, standard error in each coefficient,
and standard error of fit. 1In addition the user may request, by use of integers
I1, I2, and I3, (1) the calculated value of the dependent variable, y; the

difference, Yo = Yeale? and the variance in y for each value of the independent

bs

variable, x, used in the fit; (2) values of y and the variance in y for I2




additional values of x read in after the fit is made; and (3) the inverse
matrix (x%%) .

The program checks for errors, and goes on to try the next case if
an error is detected.

Tnput data 1is described in table 1 and samples are given in figures
1 and 2. Please note that integer quantities are packed to the right.
Floating point quantities must have decimal point written, may have power of

10 given.



TABLE 1.

INPUT DATA

Card
No. Field Variable Type
0 1-48 Title BCD Up to 48 alphameric characters
which will appear on each page of
output.

Lo-5k K INT Number of data points N < K = 250.

55-56 N INT Degree of polynamial 1 <N = 7.

57-58 Il INT = -1, min. output only; = O, skip
to I2; = +1, solve eq. for input
x, then to I2.

59-62 I2 INT = 0, skip to I3; = + No.; read
extra x_ and solve for Ygs then
to I3.

63-64 I3 INT = O skip to next case; = 1, list

T =1
(xx) .
1-K 1-.10 X Fl1., Pt. Independent variable
11-20 Yy Fl. Pt. Dependent variable
21-30 W Fl. Pt. Weighting factor (may be omitted)
K+l on 1-10 X Fl. Pt. IZ2 extra values of x for which
11-20 X Fl. Pt. solutions are desired, 7 numbers
. Fl. Pt. per card. Omitted if I2 = O.

61-70 X Fl. Pt.




650 DATA SHEET

REQUEST. JOB TITLE POL FIT WRITTEN BY. M. P. LIETZKE DATE
1-10 11-20 21-30 31-40 41 -50 51-60 61 -70 71 - 80
TIE|S|T I [N R FI1|T - M E(T|Z|K|E 1 1 [}
x y w
1].]0 [ 1
2.0 [ 2
3 0 2 3
4 0 1 4
5/.]0 7 5
6.0 7 6
7 0 3 7
0 5 12 0 8

WCX=2627 (9-56)

Figure 1. Input for Test Case Without Weighting Factors.
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650 DATA SHEET

REQUEST JOB TITLE POLFIT WRITTEN BY M. P. LIETZKE DATE
1-10 11-20 21-30 31-40 4 -50 51-60 é1-70 71 -80
T|E|S|T I |N R FlI|T - M E[T|Z|K|E 7 1
1 0 - 2 0
2 0 - 1 1
3 0 -1 [ 9
4 0 -1 1 5
s|. |0 -1 2 2
6 0 - 1 4
7 (] 3 1 0

WCX-2627 (9-56)

11

Figure 2, Input for Test Case With Weighting Factors,




ct

TEST CASEl=- LINEAR FIT - MesLIETZKE

STANDARD ERROR OF FIT

COEFFICIENT

2+200000E-01

14278571E~01

Y CALC
34478572E-01
44757143E-01
64035714E-01
74314286E~01
84592857E-01
9e871428E-01

1.I15000E 00

Y
24839286E-01
14562500 00

le754286E 00

INVERSE MATRIX

J
1

b

2

b

7e¢14286E-01

-1442857E-01

STANDARD ERROR

1.584358E-02

34542731E-03

VAR. Y
1e¢631623E-04
1.004076E~04
6e275473E-05
54020378E-05
64275473E-05
1.004076E-04

14631623E~04

VARW Y
24039528E-04
5.804812E=04

84534643E-04

-1442857E-01

3457143E-02

Y

1.,874637E-02

0BS = Y CALC
1e214284E~02
-14571430E-02
le642857E~02
=2¢142857E~02
1,071430E-02
~1e714283E-02

1.500003E~02

X
54000000E-01
1.050000E 01

1+200000E O1

ORDER OF FIT

X
1.000000E 00
2+000000E 00
3+000000E 00
4+000000E 00
54000000E 00
64000000E 00

7+000000E 00

Figure 3, Output from Test Case 1.

1

NOs

OF POINTS
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€T

COEFFICIENT

2e235357E-01

1,270557E-01

STANDARD ERROR OF FIT

Y CALC
34505914E-01
4¢776471E-01
6e047028E~01
74317585E-01
84588142E~01
9.858700E-01

1.112926E 00

TEST CASE2- LINEAR FIT - MeLIETZKE
STANDARD ERROR

14501560£E-02

3e435875E-03

VARs Y
1¢454031E~04
B8+594838E~05
54610410E-05
4.687030E-05
6+124658E=-05
9e923414E-05

1.608328E=-04

2,172500E-02

Y O0BS - Y CALC

F¢408630E~03
-1e764709E-02
1e529719E=02
=24175853E~02
l1e118575E=02
~1.586997E-02

14707432E-02

ORDER OF FIT

X
14000000E
2+000000E
3+000000E
4 +4000000E
5+000000E
6+000000E

7+000000E

Figure 4, Output from Test Case 2,

00

00

00

00

00

00

00

OF POINTS
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TEST CASE2- LINEAR FIT = M,LIETZKE

INVERSE MATRIX

) 1 2
I

1 4,77712E-01 =9,73254€=02

2 =9473254E-02 2¢50124E-02

Figure 4 (continued)

ORDER OF FIT

1

NG

OF POINTS
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APPENDIX )
|
The Fortran lists of the Polfit II Calling Program and Subroutine

|

are reproduced here. The Fortran and/or binary decks are available from

the author.
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50
51

52
54

55
56
57
58

59
60

1000

61

62

63
64
66

67

68
69

70

71
72

82

CALLING PROGRAM FOR POLFIT II

DIMENSION A(8)sSEC(8)4XTXI(858)sVARC(858)sXI(T7)»IDENT(8)

ITITLE{B)YsX(250)sY(250)sW(250)

READ INPUT TAPE [Osl s (TITLE(I)sT#198)sKsNsI1s12513

IF(K=250)5195151000
IF(K)300,300952

DO 54 I#!K

READ INPUT TAPE 10929 (I)sY(I)sW

WRITE OUTPUT TAPE 993, (TITLE(I)»I#198)9sNsK

L IM#N+1

CALL POLFIT(XsYsWsKsNyAISECISEF9XTXIsVARCHINERRY}

IF(NERR) 000962955

WRITE OUTPUT TAPE 9s4
IF(12)50+50+56

NC#I2/7
IF(NC%7-12)58559459
NCH#NC+ |

GO TO 57

DO 60 I#14NC

READ INPUT TAPE 10s2sXI(1)
GO TO 50

WRITE OUTPUT TAPE 993, (TITLE(I)sI#!48)sNsK

WRITE OUTPUT TAPE 945

DO 61 TI#I1sK

READ INPUT TAPE 10s2sDUMMY
IF(12)50950456

WRITE OUTPUT TAPE 936, (AT} sSECII)IsI#|sLIM)

WRITE OUTPUT TAPE 997,SEF
LINE#L IM+4

IF(11)50:63966
IF(I2)64964472
IF({I3)50950483

WRITE OUTPUT TAPE 98
LINE#LINE+2

DO 71 TI#1sK

YCALC#A( )

DO 67 J#2sLIM
YCALCHYCALCHA(II ¥X (T x*{J=~]}
DIFF#Y(I)-YCALC
SUMIH#VARC{ 14 1)

SUM2#040

DO 69 IVI#2,LIM

LE(IVI=1)%2
SUMI#SUMI+VARC(IVI oIV ) #X(T)*%L
SUM3#00

DO 68 J#IVIsLIM

L2#IVI+J=-3
SUM3#SUM3+VARCIIVI—1 9 ) EX(T)*%L2
SUM2#SUM24SUM3
VARY#SUMI 424 0%SUM2

WRITE OUTPUT TAPE 999,YCALCsVARYsDIFF¢X (1}

LINE#LINE+]
IF(LINE=22)71471570

WRITE OUTPUT TAPE 993, (TITLE(II)sII#198)sNyK

WRITE OUTPUT TAPE 948
LINE#2

CONTINUE

GO TO 63

WRITE OUTPUT TAPE 9.10
LINE#LINE+2
IF(12=7)73973974

(7090

(1

17

14800105
14800107
l4800109
14800110
14800111
14800113
14800115
14800117
1480031t

14800123
14800125
14800201
14800203
14800205
t4800207
14800209
14800211
t4800213
14800215
14800217
14800219
1480022 |
14800223
14800225
1480030!
14800303
14800305
14800307
{4800309
1480031 |
f4800315
14800317
14800319
14800321
14800323
14800325
14800401
14800403
14800405
14800407
14800409
1480041t
14800413
14800415
14800417
14800419
14800421
14800423
14800425
14800501
14800503
t4800505
14800507
14800509
1480051 1
14800513
14800515
14800516
14800517



73

74

75

76

77

78
79

o]
o]

W
jm}
o}

O ~NOWNPL WN —

W —0O 0

NX#12
SENSE LIGHT |

GO TO 75

NX#7

12#12~7

READ INPUT TAPE 1092s(XI(I)sI#|sNX)

DO 81 IX#!sNX

YCALC#A (1)

DO 76 T#2,LIM
YCALCHYCALCHALII#XT (IX )% *{1~1)
SUMI#VARC( 14 1)

SUM2#0 0

DO 79 IVI#2,LIM

LE(IVI=1)%2
SUMI#SUMI+VARCIIV oIV ) #XT(IX)%¥%L
SUM3#0.0

DO 78 J#IVIsLIM

L2#IVI+J=-3
SUM3#SUM3+VARCIIVI=19 ) #XT(IX) *%L2
SUM2#5UM2+SUM3

VARY#SUM |42 4 0% SUM2

WRITE OUTPUT TAPE 959,YCALCVARY $XI(IX)
LINE#LINE+|

IF({LINE~22)81+81,+80

WRITE OUTPUT TAPE 943,NsK

WRITE OUTPUT TAPE 9s1n

LINE#2

CONTINUE

IF({SENSE LIGHT 1)6448>
IF{LINE+LIM=20)85485486

WRITE OUTPUT TAPE 993, (TITLE(I)sI#148)9sNsK
WRITE OUTPUT TAPE 911

IDENT (1) #I

DO 87 I#2ysLIM

IDENT(IY#IDENT(I=))+!

WRITE OUTPUT TAPE 99129 {IDENT(I)sI#1sLIM)
WRITE OUTPUT TAPE 9,113

DO 88 I#I1sLIM

WRITE OUTPUT TAPE 9s 14 IDENT(I) s (XTXI{(IsJ)sJ#IsLIM)
GO TO 50

CALL EXIT

FORMAT(BA69169212s14s212)
FORMATI(7E10.,0)

FORMAT(IHIBA6s 1 TH ORDER OF FITI3,s I8H NOs OF POINTSI7)
FORMAT (1 6HOSINGULAR MATRIX)
FORMAT (26 HOMORE THAN 250 DATA POINTS)

FORMAT(33HO COEFFICIFNT STANDARD ERROR/(IHOIP2E1646))

FORMAT (22HOSTANDARD ERROR OF FITIPE!646)

FORMAT ( IHO/&8HO Y CALC VAR. Y Y OBS - Y CALC
X)

FORMAT(IHOIP4E646)

FORMAT ( IHO/39HO Y VAR. Y X)

FORMAT(IHD/15HOINVERSFE MATRIX)
FORMAT(3HO JI797114)

FORMAT(3H 1)

FORMAT(1HOI2s IP8EI445)

END(Os 190905 !)
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4800519
480052 |

14800523
14800525
14800601
14800603
14800605
14800607
14800609
14800611
14800613
14800615
14800617
14800619
14800621
14800623
14800625
14800701
14800703
14800705
14800707
14800709
14800711
14800713
14800715
14800717
14800719
14800721
14800723
14800725
14800801
14800805
14800807
14800809
14800811
14800813
14800815
14800817
14800819
14800821
14800823
14800901
14800903
14800905
14800907
14800909
14800911
14800913
14800915
14800917
14800919
1480092t
14800923
14800925
1480100!
14801003



.’

C

1000
1001
50

51
52

53

54

55

56

58

59

60

70

61

POLYNOMIAL LEAST SQUARES FITTING SUBROUTINE POLFIT II
SUBROUTINE POLFIT(XsY WesKeNsAsSECsSEF s XTXI sVARCHNERR)
DIMENSTION A(8)9SEC(8)4XTXI(8s8)sVARCIBs8)sSUM(24)sXTX(8s8)
IB(899)sX(250)sY(250)sw(250)
IF(K~250)504+50s 1000

NERR#-|

RETURN

SCALEX#0.,0

SCALEY#0.,0

LIM#N+ 1

DO 52 I#1sK
SCALEX#MAXIF(SCALEXsARSF (X ¢
SCALEY#MAX |IF(SCALEYsARSF (Y {
IF(W(I))51s514952

WiI)#1e0

CONTINUE

DO 53 I#ls24

SUM(T)#0.0

DO 54 I#1sK

YC#Y(1)/SCALEY
XC#X{I)/SCALEX

SUM{ 24 ) #SUM( 24 ) +YC*%#2xW(T)
DO 54 J#I|sLIM

JA#I+I~-1
SUM(JAY#SUMJA)+XCH*%LJA-T )XW T)
SUMUJA+] Y HSUMJA+I Y EXCHHE(IAYEWI(T)
SUM{J+15)#SUMIJ+I5)+YCRXCH%x(J=1 ) #W(])
DO 58 I#|sLIM

I2#1+1

XTX(TsIY#SUM(I2=1)

B(IsI+|)#1a0

B(Isl)#SUM({I+15)

IF(I-LIM)55458458

JI#T+]

DO 57 J#J1sLIM

B(IsJ+1)#00

J2#JI=-JI+12

XTX(TsJ)#SUM(J2)

XTX(Js TY#SUM(J2)

B{JsI+|)#0s0
CONTINUE
CONTINUE
LA#XLOCF (XTX (1
LB#XLOCF(B( 1!
M#L IM+ |
DET#MATEQF (LAsLBsLIMIM9848)
IF(DET~140E~35)594594¢0
NERR# |

GO TO (o0t

NERR#0

DO 70 T#!sLIM

ACTY#B(Is1)

DO 70 J#lsLIM
XTXT(T o JY#B(TeJ+1)
SIGR2#SUML( 24)

DO 6! TI#14LIM
SIGR2#SIGR2=-A{1)*SUM(TI+15)
VARF#SIGR2/FLOATF (K-L1M)
SEF#SQRTF(VARF ) #SCALEY

DO 63 I#14LIM

DO 62 J#IsLIM

IR D]
IRRD

s 1))
)
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14800107
14800109
t4goot !
14800113
14800115
14800117
14800119
14800119
14800121
14800123
14800125
14800201
14800203
14800205
14800207
14800209
1480021t
14800213
t4800215
14800217
f4800219
t4800221
t4800223
14800225
1480030t
14800303
14800305
14800307
14800309
1480031 |
14800313
14800315
14800317
14800319
1480032t
14800323
14800325
14800403
14800405
14800407
14800409
14800411
14800413
14800419
14800421
14800423
14800425
14800427
14800429
14800431
14800433
14800501
14800503
14800505
14800507
14800509
1480051t
14800513
14800515




62
63

64

65

#DATA

VARC(ToJYHXTXI(I9J)*VARF
SEC(I)#SQRTF(VARC(I’I))
TEST#1 40

DO 64 T#14LIM
A(T)Y#A(T)*SCALEY/TEST
SEC(IVYHSEC(I)*#SCALEY/TEST
TESTHTEST#SCALEX

DO 65 I#1sLIM

DO 65 J#1sLIM
TESTHSCALEX#%(I1+J=2)
XTXTUTL 9 JYHXTXI(T9J)/TEST
VARC(TI s JI#VARC(IsJ)/TFSTHSCALEY %%
GO TO D0t

END(Qs 1905041

20

14800517
14800519
14800521
14800523
14800525
14800601
14800603
14800605
14800607
14800609
14800611
14800613
14800615

14800009

o\
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