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Abstract

A Monte Carlo calculation to determine the pulse-height response of
NaI{T¢) scintillation counters to gamma rays 1s described. Comparisons of
several calculations with experiments using ?-in.-dia by 3~in.-high crystals
for source energies from 0.%2 to 7.48 Mev are presented and show good agree-
ment at large pulse heights. At small pulse heights the calculations under-
estimate the experimental data and indicate that background radiation can
contribute significantly to the experimental results. An extensive series
of calculations are reported for a 3-in.-dia by 3-in.-high crystal using
monoenergetic, point isotropic sources placed on the crystal axis 10 cm from
one end. The source energy ranged from 0.1 to 6.0 Mev in this seriles of

calculations.



1. Introduction
With the increased use of NaI(T¢) scintillation counters for gamma-ray
spectroscopy much time has been devoted to producing pulse-~height response spec-

1 and for use in unfolding complex

tra from monoenergetic sources for reference
spectra. Although considerable experimental data are now avallable, theoretical
calculations have become an increasingly important method for supplementing the
data in energy regions where monoenergetic sources are not available.

Several Monte Carlo calculations have been reported for crystals of various
sizes and source energles. In general, these calculations have not been compre-
hensive for any particular crystal size and have been additionally restricted to
low source energies where secondary energy losses by bremsstrahlung and annihila-
tion radiation are unimportant.2’3 The recent work of Miller and Snow® is an
exception to the energy restriction. In their calculations they were able to
extend the source energy to 8 Mev by taking secondary losses into account.

The purpose of this paper is to present the results of an extensive series
of Monte Carlo calculations for a 3-in.-dia by 3-in.-high NaI(Tﬂ) counter with
an isotropic point source of monoenergetic gamma rays on the crystal axis 10 cm
from one end. In this study energy losses by secondary radiation were included
and the calculations were performed for source energies from O.1 to 6.0 Mev.

The major difference between this calculation and previous ones is that a
statistical estimation and a weighting procedure were employed rather than
analogue Monte Carlo techniques., The principle advantage of this procedure over
analogue Monte Carlo techniques is that of reducing the variance of the estimates
for a given sample size, or, alternatively, of reducing the sample size for the
same variance.

In Sections 2 and 3, a general description is given of the Monte Carlo cal-

culation that was programmed for computation on the IBM-70L4 automatic computing
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machine., A description of the code and its gpplicability to several alternate

5  Comparisons of some

source~counter configurations has been presented elsewhere.
typical calculations with experimental pulse-height response spectra from NaI(T4)
crystals are presented in Section 4., The results of calculations for & 3-in.-dia
by 3-in.-high NaI(T#) crystal are presented in Section 5.
2. TIdealizations and Assumptions

The basic idealization of the source-counter configuration in the Monte Carlo
calculation was that of suspending it in a vacuum. Background effects, which in
any case are unique for a particular experimental arrangement, are thus completely
eliminated. The difference between calculation and experiment produced by this
idealization is expected to be significant in the region of low pulse height and
in the region of low response such as in the valley between the total absorption
peak and the energy loss spectra for low energy sources.

The response of the crystal was assumed to be proportional to the energy

deposited. This is actually not the case for a real crystal which has been shown

to have a linear but not proportional response for totally absorpted photons above
’ 70 keve In fact, 1t is just this effect which has been shown to cause an additional
source of line broadening.® However, since the calculations are first carried
‘ out as if the crystel produced a sharp line in response to the energy deposition
} and the response spectrum was subsequently spread out by a Gaussian broadening
which includes all contributions (see Section BE), the assumption of proportion-
’ ality should produce llttle error in the shape of the curves.
In the transport of the photons through the crystal it was assumed that only
photoelectric events, pair production,‘and Compton scattering could take place.
The total cross sections for the latter process was determined from the Klein-

Nishina formula and the others obtained from the tabulated values given by




Grodstein.” Sinc~s the photoelectric cross section increases rapidly as the photon
energy decreases, photons degraded below 5.11 kev were assumed to be totally &b-
sorbed. For Compton events, which are the main source of energy degradation for
the photons, the angle and energy of the scattered photons were selected from the
differential Klein-Nishina formula for unpolarized primary radiation.

The obvlious neglect of Reyleigh scattering in the transport of photons
actually amounts to the approximation that the photons scattered by this process
are directed straight ahead without energy degradation. The lack of energy
degradation is very accurate in this case because of the small energy transmitted
to the recoiling atom, and the straight ahead approximation, which increases in
accuracy as the photon energy increases, is sufficiently valid in the energy range
conslidered in this problem so that errors in the response spectra should be within
the statistical accuracy of the calculation.

The charged particles ejected by photon processes play an important part in
the determination of the response spectra since they lead to energy loss from the
crystal through the secondary radiation they produce. The initial energy of these
charged particles, the important parameter for determining the source strength
of the bremsstrahlung radiation, was obtained in the following way: for Compton
events the electron energy was determined from the kinematics of the collision;

LWy
energy.of the incident photon; and for pair production the excess kinetic energy
was distributed between the electron and positron according to the Born approxima-
tion distribution by a random selection technique. All these charged particles
were assumed to slow down and stop at their point of origin. This can be justified
on the basis that the residual path length of a typilcal particle is small

compared with the dimensions of the crystal for energies considered here,8 and

g o

for photoelectric events the kinetic energy of the electron was set equal to the. Agyhr




the actual distance from the origin to the stopplng point is smaller because of
the devious path taken.

The spectrum of the bremsstrahlung radiation emitted by the charged particles
shown in Fig. 1 was teken from a previous calculation which used a continuous
slowing-down model and the bremsstrahlung cross section given by the Born ap-
proximation.® The direction of emission of the bremsstrahlung radiation was
selected from an isotropic distribution. This was done because electrons at
energies considered here diffuse in an almost random direction after they have
lost only a small amount of energy; hence, most of the bremsstrahlung photons will
be emitted isotropically. Only the direction of the highest energy bremsstrahlung
Photons will be correlated wlth the initial direction of the electron since they
must be emitted before the electron has lost much energy by deflecting collisions.
However, the probability of emitting the high energy photons is relatively small
as can be seen in Fig. 1, therefore the assumption of isotropy for all brems-
strahlung radiation should not introduce a serious error.

For the annihilation radiation it was assumed that the positron came to rest
before the emission of two photons having one electron rest mass energy each.
Actually this is a good approximation at the energies considered here since over
90% of the positrons will be stopped before annihilation.® As a result of the
approximation one of the annihilation photons was selected from an isotropic
distribution and the other one given a direction directly opposite to the first
to maintain conservation of momentum.

3. The Computational Procedure

A. Calculation of the Intrinsic Efficiency

The Monte Carlo calculation was started by determining the direction of

incidence of the source radiation on the crystal by systematically sampling the




isotropic point source within the cone subtended by the crystal. The probability
of making at least one collision in the crystal was then calculated for each
sample from the expression 1 - exp(—ZoX), where Zg 1s the total cross section at
the source energy and X is the total path length through the crystal for the
particular sample., These quantities were then averaged to yield the intrinsic
efficiency.

This procedure actually amounts to a numerical integration because the source
was systematically sampled and ylelds a value of the intrinsic efficiency which
has an error of less than 0.1% in most cases.

B. Calculation of the Analytic Zero Intercept

The pulse-height response spectrum for each source energy was calculated in
units of counts per unit energy (pulse height) for one particle lncident on the
crystal and then normalized for convenience in presentation. The intercept of the
unnormelized spectrum with the zero pulse-~height value can actually be calculated
very accurately and i1s quite useful for terminating the curves through the
statistical estimates of the spectrum. The method of calculating this end point
value can be determined easily 1f one notes that photons which scatter straight
ahead only once before escaping are the only ones that contribute in the limit
of zero pulse height. Thus 1t can be shown that the average value of the quantities
obtained from the expression (dZ/dE)oX exp(-ZoX) for each source sample is the
desired quantity. The expression (dZ/dE)q = 2nr§ N mocz/Eﬁ, where N is the
electron density, ro 1s the classical electron radius, and Eo is the source
energy, was obtained from the differential Klein-Nishina formula in the limit of
stralight-shead scattering. The quantities Zy5 and X are the same as defined above.

This calculation again amounts to a numerical integration because the source

wes systematially sampled.




C. Details of the Cascade and Calculation of the Response Spectrum

Once a source photon was permitted to enter the crystal it was never allowed
to escape or to be absorbed. To adjust for this unmnatural behavior a weight was
carried along with each sample photon which represented its survival probability.
At every collision point the primary photon was only allowed to scatter and the
welght, which was initially set to unity, had to be multipllied by a factor equal
to the probability of scattering (the ratio of scattering to total cross section).
After the scattering collision the distance, y, to the exit surface of the crystal
was first calculated and then the randomly selected distance to the next collision
was obtained from a truncated exponential distribution so that the distance was
always less than or equal to y. In this case the weight of sample had to be
multiplied by the factor 1 =~ exp(-Zy), where Z 18 the total cross section at the
current energy of the photon, in order to account for the fact that its escape
was not allowed.

The principle use of the weights is described below; however, it is ap-
propriate to note here that when the weight decreased below the value 0.001 the
history was terminated and the current energy taken to be totally sbsorbed. This
is another way of terminating the history other than when the energy was degraded
below 5.11 kev as noted above.

After each scattering collision of the primary radiation the energy of the
ejected electron was determined so that the energies of the bremsstrshlung photons
emitted in the slowlng~down process could be obtalned by a systematic sampling
procedure from the data presented in Fig. 1. Each of these photons and all
cascade radiation derived from them such as bremsstrahlung and ennihilation radia-
tion were followed by an analogue Monte Carlo method to obtaln the total energy
lost from the crystal. This information was then used in the calculation of the

response spectrum.




With the procedure as described above it was possible to calculate a
contribution to the response spectrum after each scattering collision of the
primary radiation. This was done by taking the current weight of the photon and
multiplying by the probability of escape, exp(—Zy), and adding the product into
the pulse~-height interval which included the total energy deposited up to that
particular collision. In this case the energy deposited is the source energy
minus the current energy of the photon minus all energy lost from the crystal by
secondary radiation originating from all previous Compton events.

The additional contributions required to determine completely the response
spectrum were obtained by first treating each collision of the primary radiation
a5 a photoelectric event and then as a palr production event (if the energy was
above threshold) before actually allowing the photons to scatter. In the case of
a photoelectric event the energy lost from the crystal by all secondary radiation
produced by the photoelectron was calculated in the same way as for a Compton
ejected electron. The weight of the primary photon before the collision was then
multiplied by the probability of having a photoelectric eventand the product was
added into the pulse-height interval corresponding to the energy deposited. The
energy deposited in this case is the source energy minus the energy lost from the
crystal by all secondary radiation initiated by the photoelectron minus the energy
lost from the crystal by secondary radiation from all previous Compton events.
The contribution from pair production was calculated in a similer manner;
however, the loss of the secondary annihilation radiation also had to be accounted
for.

D, Calculation of the Peak~To-~-Total Ratio

For purposes of camputing the peak-to-total ratio, all counts for which the

energy deposition was within 5.11 kev of the source energy was treated as occurring



in the total absorption peak. The ratio of these counts to all counts was then
taken as the peak-to-total ratio.

It should be noted that a slightly different value of the ratio would be
obtained at the higher source energlies if the spectrum was broadened first and
then the total absorption peak peeled off from the overlapping energy-loss spec-
trum. This occurs because the buildup of counts near the total absorption peak
caused by small bremsstrahlung losses are not easily separable from the peak and
are usually included in it.

E. Broadening of the Spectrum

From the discussion of the calculation of the response spectrum, it should
be noted that no account was taken of the line broadening when the spectrum was
initially determined. This was compensated for in an suxiliary calculation which
produced the broadened spectrum,g(E), from the unbroadened spectrum, k(E), by

performing the integrsal

Eo
g(E) = f k(E') F(E,E') GE'
o
iy . .
vhere F(E,E') = (no®) exp [ - E—(E - E') 0 2], Here the term o is related

/
1/2
to the line width at half maximum, AE, by the relation AE = (8 Log, 2) a.

A convenient expression for o turns out to be

0=ANE +BE (1)

as can be seen in Fig. 2 where the experimental fractional line width, AE/E, is
given as a function of E-l/z in which case it can easily be fit by a straight

line, The solid curve in Fig. 2 is a smooth fit to the unpublished experimental

data obtained st the Osk Ridge National Laboratory for a 3-in.-dis by 3-in.-
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high NaI(T¢) crystal.l®! In this case the straight line data yields values of
the constants A and B of 0.01703 (Mev)l/ 2 and 0.01147 respectively.
4. Comparison with Experiment

Shown in Figs. 3 through 7 are comparisons of the calculation with various
experimental results for 3-in.-dia by 3-in.-high NaI(Tz) crystals for source
energies from 0.32 to T7.48 Mev. In all these figures the pulse height is given
in units of Mev and the calculated date are normalized to a total response of one
count. For comparison the experimental data were normalized to the calculated
data at the total absorption peak. The constants used in Eq. 1 for broadening
the spectrum were chosen to best fit the experimental data in each case., Each
calculation is the result of 2,000 samples from the source.

Figures % and 4 show the experimental results of Stelson and McGowan.l 1In
their experiments the counter was suspended in the middle of a room by a minimum
support in order to minimize background effects, and the resultant pulse-height
spectrum was adjusted in an attempt to remove the remaining background contribu-
tions. The calculated data show a deeper valley just below the total absorption
peak of the adjusted experimental data and tend to underestimate the same data
at the smaller pulse heights. This deviation can be attributed to background
effects that were not accounted for in adjusting the experimental data.

For source energies above 1 Mev the calculated data were compared with the
experimental data of Lazar and Willard'® and are shown in Figs. 5 through 7. In
these comparisons the calculation again gives an underestimate of the experimental
data at small pulse-helght values although there is very good agreement at the
larger pulse heights. The deviation between the calculated and experimental data
in these cases must also be attributed to background contributions in the

experiment rather than statistical underestimates of the calculation. This is
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based on the fact that the calculation is verified at both extremes of the pulse-
height spectrum: at the large pulse heights the calculatlion agrees with experi-
ment and at the small pulse heights the statistical data approaches the analytic
zero intercept (see Section 5B) with a falr degree of accuracy.

In the case of the T.48-Mev source, shown in Fig. 7, the calculated data
are represented by a smooth curve in order to simplify the figure and show some
additional data indicating the effect of secondary radiation on the pulse-height
response spectrum. The curve labeled "no secondary losses" was calculated by let-
ting all secondary radiation be absorbed. The curve labeled "only annihilation
radiation secondary losses allowed" was calculated by letting the bremsstrahlung
radiation be absorbed and tracing only the annihilation radiation. The last

curve, which is labeled "all secondary losses allowed," took account of both

)
annihilation and bremsstrahlung energy losses. As would be expected, the curve
neglecting all secondary losses does not agree with experiment at all. The curve
including annihilation radiation losses agrees with experiment fairly well when
the experimental data are normalized to it at the total absorption peak; however,
the relative heights of the two escape peaks do not agree with experiment until
all secondary losses are included. It can be observed that for the case where
all secondary losses are allowed the two escape peaks lie below the experimental
data. This does not necessarily indicate that the calculation is incorrect,
because the difference could be accounted for by the apparently large amount of
background appearing in the experiment. If the calculated data were normalized

to the experimental data at the first escape peak, for example, the calculated

total absorption pesk would be approximately 10% higher than the experimental

value.
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5. Results of the Calculation

A series of calculations for a 3%-in.=-dia by 3-in.-high NaI(T4) crystal
were performed with a monoenergetic point source on the crystal axis 10 cm from
one end. The source energy ranged from 0.1 to 6.0 Mev for these cases, and for
each source energy 2,000 samples of the primary source radiation were traced
along with all secondary radiation as discussed in Section 3C. The intrinsic
efficiency and peak-to-total ratios for these cases are presented in Fig. 8
and Table 1. The error interval indicated at the data points in Fig. 8 and in
Table 1 for the peak-to-total ratio spans two standard deviations and was
determined in the calculation. At energies below 1.3 Mev the error is not
indicated in Fig. 8 because it falls within the circles marking the data points.

The response spectra from these cases are presented in Figs. 9 through
%%, These spectra have been broadened using the constants A and B in Eq. 1
that were derived from Fig. 2 (see Section 3E). In all cases the curves were
drawn so that the total absorption peak was located at a pulse height of 1,000
and had a height of unity. By multiplying the ordinate of each of these graphs
by the normalization factor F, which is given in Fig. 8 and in Table 1 as a
function of source energy, the response spectra will be normalized to a total
response of one count.

The smooth curves shown in Figs. 9 through %3 were drawn on the assumption
that the data would be of most use if presented in this form. This does not
imply that these data have greater accuracy than the calculated data presented
in Figs. 3 through 7. Figures 5 and 6, in fact, show typical examples of how
the smooth curves were drawn through the statistical data. The over-all ac-
curacy of the calculation can be observed by inspecting the errors indicated

on the peak-to-total ratios shown in Fig. 8 and presented in Table 1.
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Table 1. Intrinsic Efficiency, Peak-to-Total Ratio, Normalization
Factor, and Fractional Line Width for a 3~in.-dia by 3-in.-High
NaI(T#£) Scintillation Counter. The source was an isotropic
point located on the crystal axis 10 cm from one end.

Fractional
Normalization Line Width,
Source Energy  Intrinsic Peak-to-Total Constant AE/E, at the
(Mev) Efficiency Ratio F Source Energy
0.1 0.972 0.9919 + 0.000k 6.06 x 10 3 0.1538
0.15 0.927 0.9779 + 0.0009 7.04 x 1072 0.1306
0.2 0.87h 0.9520 + 0.0016  7.67 x 10> 0.1167
0.25 0.825 0.9080 + 0.0025 7.96 x 10 3 0.1072
0.279 0.798 0.8845 + 0.00%0 8.08 x 1073 0.1029
0.3 0.781 0.8546 + 0.0034 8.02 x 1073 0.1002
0.35 0.7k45 0.8102 + 0.0041 8.03% x 103 0.0948
0.4 0.71k 0.7622 + 0.0049 7.92 x 1072 0.090k
0.45 0.688 0.7078 + 0.005%  7.66 x 102 0.0868
0.5 0.666 0.6683 + 0.0060  T7.50 x 10> 0.0837
0.6 0.6%2 0.601k + 0.0068  T.17 x 102 0.0788
0.661 0.615 0.5693 + 0.0058  7.00 x 102 0.076k
0.7 0.605 0.5538 + 0.0073 6.95 x 1072 0.0749
0.8 0.583% 0.5036 + 0,0079 6.60 x 1073 0.0718
0.9 0.563 0.4692 + 0.008% 6.36 x 10 3 0.0693
1.114 0.530 0.3842 ¥ 0.0091 6.13 x 103 0.0650
1.275 0.510 0.3413 + 0.0095 5.7 x 1072 0.0625
1.38 0.498 0.3262 + 0.0079 5.60 x 1073 0.06115
1.6 0.478 0.3016 + 0.0099 5.36 x 1072 0.0587
1.78 0.465 0.2862 + 0,010l  5.05 x 10 > 0.0571
2.1k 0.k4k5 0.2441 + 0.0102  4.76 x 1073 0.05k44
2.4 0.435 0.2143 + 0.010k 4,40 x 1072 0.0529
2.76 0.k2k 0.1962 + 0.0085 4,06 x 1072 0.0511
3.13 0.417 0.1650 + 0.0088 3,64 x 1072 0.0497
3,57 0.411 0.1548 + 0.0107 3,40 x 1073 0.0482
4.0 0.408 0.1345 + 0.0109 3,01 x 10 2 0.0471
5.0 0.405 0.1035 + 0.0112 2.49 x 1073 0.0450
6.0 0.105 0.0918 + 0.0113  2.29 x 10 ° 0.0L3L
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The change in the spectrum as the source energy changes is obvious from
Figs. 9 through 33. One feature of the spectrum is worth a brief discussion,
however, and that is the slight hump that appears between the two escape peaks
for a 1l.6-Mev source energy as seen in Fig. 24. This hump is apparently caused
by the annihilation radiation where one of the photons escapes and the other
escapes after one scattering. It is essentially the appearance of the Compton
peak for annihilation radiation. It is prominent at 1.6 Mev because the escape
peaks have not built up sufficiently to mask the hump when they are broadened.
This effect can also be observed in Fig. 5 which shows the response of a
crystal to a 1.78-Mev source.
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