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ABSTRACT

A method for calculating Cerenkov radiation intensity from an initial

electron energy distribution is presented. The Cerenkov radiation intensity

from 1 curie of Sr in secular equilibrium with Y in water is calculated

from the beta-particle energy spectrum to illustrate the use of the method

for a pure beta-particle emitter. The Cerenkov radiation intensity from 1

curie of Co in water is calculated from the Compton electron energy spec

trum to illustrate the use of the method for a gamma-ray emitter. The steps

necessary to obtain the Compton electron energy spectrum from a gamma-ray

emitter are indicated.
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1.0 INTRODUCTION

A method for quantitatively calculating the Cerenkov radiation

intensity from specified beta-particle- or gamma-ray- (or both) emit

ting sources is presented in this report. Such a method is needed

because extraneous light from Cerenkov radiation is a potential source

of interference in spectrophotometic and other light-dependent measure

ments made on radioactive solutions. The extent of the interference

may be evaluated by quantitatively calculating the Cerenkov radiation

intensity. The work was done in connection with the high-temperature

aqueous-systems spectrophotometer program being carried out as a co

operative effort between the Chemical Technology and Analytical Chemistry

Divisions of Oak Ridge National laboratory.

Acknowledgment. The authors wish to acknowledge the contribution

of J. Steinfeld in independently checking and verifying the calculations

in this report.

2.0 BASIC PHENOMENON

When a charged particle passes through a refracting medium with a

velocity greater than the local phase velocity of light in that medium,

electromagnetic radiation may be emitted. This radiation is called

"Cerenkov radiation." It arises from interaction of the charged particle

with the interatomic fields rather than with the atoms themselves. The

requirement that the charged particle have a velocity greater than that

of light in the medium follows from the fact that, unless the charged

particle can move faster than the light it creates, there is no chance

for light created subsequently by the particle to be in phase with the

light first created. Unless this coherence is achieved there is no emitted

light. Since the refractive index of a medium is the ratio of velocity of

light in a vacuum to that in the medium, it is reasonable to expect that

the refractive index will be related to the minimum particle velocity

necessary to produce Cerenkov radiation. In fact, the governing relation

for a single charged particle is

cos 0 = l/0n (l)



where 0 is the angle the emitted light makes with the direction of the

charged particle

0 is the ratio of charged particle velocity, v, to the velocity

of light in vacuo, c (p = v/c)

n is the refractive index of the medium

Additional requirements to achieve coherence are that the path length of

the charged particle in the medium be large compared with the wavelength of

the emitted light (to prevent diffraction) and that the time for the particle

to travel a distance equal to the wavelength, \, of the emitted light be small

compared with the period (\/c) of the emitted light. It should be noted that

Cerenkov radiation is different from Bremsstrahlung, which results from the

acceleration of a relatively slowly moving charged particle in the electro

static field of an atom.

3.0 THEORETICAL CONSIDERATIONS

The theory of Cerenkov radiation has been covered in a book by Jelley,
2 3

and several pertinent articles 'J provide experimental verification of the

theory. Of special interest is an article by Belcher, whose approach was

modified and extended for the purpose of this report.

The object of this section is to present the relations necessary to

calculate for any known initial electron energy distribution the Cerenkov

radiation spectrum from any medium of known refractive index and to indicate

how they are used. In the case of gamma rays penetrating a refracting sub

stance, it is necessary first to determine the initial electron energy

distribution (the electrons will usually be Compton electrons, or, in the

case of gamma rays with energies greater than 1 Mev, positrons from pair

production). These distributions have been tabulated ' for a wide range

of photon energies.
4

The electrons may be related to a number of light quanta by

N. = !!j£ ( •AX \ L '" (l - 1\ dx (2)
PJ 137 feT ^ wzr

1/n

avg/ V Pcnc



where N is the number of light quanta in the wavelength interval
PJ

A\ about wavelength X generated in unit time by N.
avg J

electrons of specified initial energy coming to rest in

the medium

x is the track length in the medium

6 is the initial relative velocity of the electrons
max

l/n is the limiting relative velocity for the Cerenkov effect

The integral in eq 2 may be evaluated graphically from a plot of 1 - (l/p2n2)
vs x. Figure 1 is such a plot made for water (n = 1.333)* Although n is a

function of X, for most substances the assumption of constant n results in

only a few percent error. Figure 2 is a plot of electron range as a function

of energy for electrons in water for establishing values of x corresponding

to specified initial electron energies. Integration up to each range cor

responding to abscissa midpoint values of selected initial electron energy

groups may be carried out and the values of the integral so obtained used

in eq 2, as indicated. Each N. may be substituted into eq 2 and N . evaluated

for each initial electron energy group over the wavelength range of interest.

From this, N , the total number of light quanta generated in unit time at
pt

a wavelength X , may be obtained by summation according to
avg

n + = y n , (3)pt Oj pj

where the sum is taken over all the j initial electron energy groups. The

number of light quanta at each wavelength may then be plotted vs wavelength

X to obtain the spectral distribution,
avg

When gamma rays are the incident radiation, the initial electron energy
5 6

distribution may be obtained from tabulated values. ' The tabulations are

given in terms of the cross section, o- , for Compton electron production

per electron of material per photon per square centimeter. Therefore, for

1 cc of water at room temperature the number of electrons in each initial

electron energy group, N., is

N. = 3-34 x 1023£ *± cr-ij (4)

where $. is the gamma ray flux

err. is the cross section for Compton electron production in the

jth electron energy group from a gamma ray in the ith gamma-

ray energy group
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The sum is taken over the i gamma-ray energy groups at constant electron

energy group for all the electron groups desired. Each N is substituted
J

into e^. 2, and the values of N is obtained from eq 3, as before. From

this the spectral distribution follows, as is described above.

To obtain the radiant energy emitted per unit time in the wavelength

interval AX about X , use is made of the relation
avg'

k P* Xavg
where E is the energy in ergs radiated in unit time at the kth wavelength

K.

in interval A\

h is Planck's constant

A plot of E, vs X between wavelengths of interest produces a curve which

bounds an area proportional to the total Cerenkov radiation energy between

those wavelengths. Thus, the total Cerenkov radiation energy, Et, is given

by

fXavS (2)E^ = «/ E' d\ (6)
t ^avg (1)

where E has the dimensions of ergs/sec when X's are expressed in centimeters,

and E' = Ej/SX (7)

4.0 CALCULATION OF SPECIFIC CASES

Sr" . Sr9 may be used as an example in the calculations which must
be performed to obtain the Cerenkov radiation from a beta-particle-emitting

radioisotope in water. From eq 1 the lower limiting value of p that can

make Cerenkov radiation coherent in a medium of refractive index 1.333 is

l/l-333j or 0.750. The relation between particle energy, E, and p is

-2 L=±=~ \ (8)

where m is the rest mass of the particle. Equation 8 may be rearranged to

E = moc \FTTg
if; thp -rest, mass rvf t.he narti'nlf

give

» - tfi - (ft4otT <9>



o

where the value 0-511 is the energy equivalent (in Mev) of n^c for an

electron. From eq 8 the limiting value of E for production of Cerenkov

radiation by electrons is

E = 0.511/ 1 -l\ = 0.253 Mev
V1-(0-75)2 J

Figure 3 is a plot of the beta-particle energy spectrum from Sr°
in secular equilibrium with its daughter Y . The bounded area above 0.253

Mev is the area of importance in the Cerenkov radiation calculations. This

area has been subdivided into 10 subareas for the purpose of calculating

I N.'s for insertion into eq 2. The value of electron energy at the abscissa

I midpoint of each subarea is used to determine p from eq 9, which is then

• used with Figs. 1 and 2 to evaluate the integral in eq 2 for each of the

ten initial electron energy intervals. The values obtained by carrying out

the steps indicated in Sect. 3.0 are tabulated in the Appendix. A Sr"
source strength of 1 curie was assumed as a basis of calculation. It was

assumed to be in a volume of sufficient size to attenuate all but a negligible

fraction of the emitted beta particles. The Cerenkov radiation emitted

was assumed to be unattenuated, and the calculations are for total light

emitted between 2000 and 8000 A. Because of the cutoff at 0.253 Mev there

is no significant contribution from secondary or cascade electrons to the
7

Cerenkov radiation.

Figure 4 is a plot of Ev vs X . Integration under the curve between
avg

any two wavelengths gives the total radiant energy in ergs per second due
T 901 to Cerenkov radiation in that interval from 1 curie of Sr in equilibrium

90
with its daughter Y . As an illustration, the total rate of Cerenkov

energy production in the interval from 3100 to 6600 A is 12.4 ergs/sec.

The rate of total decay energy release from such a source is 6.62 x 10

ergs/sec.

Co Co may be used as an example in the calculations to obtain

the Cerenkov radiation from a gamma-ray emitting radioisotope in water.

Although Co is also a beta-particle emitter, the maximum beta-particle

energy is 0.314 Mev, and only a negligible fraction of the beta particles

have energies in excess of 0.253 Mev. Therefore only the Compton electrons

i
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are of consequence in the production of Cerenkov radiation (both pair

production and photoelectric effect are negligible for the 1.17- and

1.33-Mev Co gamma rays, which are produced in cascade with each beta

particle emission). The Compton electron energy spectrum, calculated

from information in reference 6, is plotted in Fig. 5. It was assumed

that 1 curie of Co was homogeneously distributed throughout a volume

of water so large that only a negligible fraction of the Co gamma rays

escaped without producing a Compton electron. The ordinate of Fig. 5 is

left in terms of cross-section for the Compton process to produce an

electron of any specified energy, rather than being expressed in terms

of electrons per Mev-interval per second, which is customary. This was

done to avoid determining the photon flux for the homogeneously dis

tributed source. The problem is circumvented by graphically integrating

under the curve of Fig. 5 and identifying the area with the total number

of Compton electrons produced, which must equal the number of gamma rays

produced in the same time interval in the steady state since it was

specified that the volume is large enough that only a negligible number of

gamma rays escape before Compton interaction. The area under the curve

in Fig. 5 was divided into 10 subareas, as indicated, and the electrons

in each subarea were assigned the abscissa midpoint energy value, as in

the previous example. The fraction which each subarea is of the total,

multiplied by the total number of Compton electrons, gives N , as before.

From 1 curie of Co , 7.4 x 10 Compton electrons are produced per second.

The values obtained by carrying out the steps indicated in Sect. 3 are

tabulated in the Appendix. The calculations were made for the Cerenkov
90

radiation emitted between 2000 and 8000 A, as in the example with Sr^ .

Figure 6 is a plot of E, vs X for 1 curie of Co contained in
° k avg

an effectively infinite volume of water. The rate of Cerenkov radiation

energy production in the 3100-to 6600-A interval is 11.3 ergs/sec. The

rate of total decay energy release is 1.54 x 10 ergs/sec.
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5.0 DISCUSSION

By the method described above it is possible to calculate the Cerenkov

radiation intensity and spectrum from any source of gamma rays (or x rays)

and from any source of beta rays (or electrons). It should be possible,

therefore, to evaluate the extent of interference from Cerenkov radiation

with spectrophotometric and other similar measurements. It should be

noted that the limiting energy for observing Cerenkov radiation from

alpha-particle emission in water is 465 Mev (eq 8).

In the case of gamma ray emitters it should be mentioned that the

]" method as described in this report may lead to low answers, since no
account has been taken of the scattered photons after the first Compton

interaction. The fraction of scattered photons possessing energies in

excess of 0.407 Mev (the minimum energy which can produce a 0.25-Mev

Compton electron) may be significant. For example, experimental measure

ments made on Co in water gave the total radiant energy from Cerenkov

radiation between 3100 and 6500 A as 22.6 ergs/sec. This is to be compared

with the value of 11.3 ergs/sec calculated in this report. The analagous

criticism should not be valid for the case of beta-particle emitters,

because secondary electron contributions will be negligible in most cases

of interest, as has already been mentioned.

The fact that such Cerenkov radiation intensity calculations can be

made also suggests the possibility of making a standard source of ultra

violet light with a minimum of calibration and uncertainty as to output.
90 90

For example, a Sr -Y source of well-defined geometry could be fabricated

in a material of high refractive index and low absorption coefficient in the

ultraviolet and used as a portable, versatile standard. Geometry corrections

could be easily calculated, as could interfacial losses and internal ab

sorption in the source from absorption coefficient-wavelength relations.
90

Neglecting such corrections, the radiant energy from 1 curie of Sr , as

calculated in this report, would be 0.019 erg/sec in the 1-angstrom-wavelength

interval between 2537 and 2538 A. This rate of energy production is readily

measured with a standard multiplier phototube such as the RCA 1P28, which
-9has a signal-to-noise ratio of 1 at 2537 A and an energy input of 8 x 10

erg/sec.

1
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It is worth noting that the above method also may prove useful for

calculating Cerenkov radiation intensity from a mixture of radioisotopes

for the purpose of deciding whether it is possible to monitor a system
8

containing the mixture by collecting and measuring the Cerenkov radiation.

A focusing mirror might be used to improve the geometry when intensities

are very low. In the case of a mixture of radioisotopes, the simplest

approach to the calculations would be to add the appropriately weighted

electron energy spectra and treat the sum curve as though it came from a

single emitter.
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7.0 APPENDIX

The values obtained by carrying out the steps indicated in Sect. 3

for Sr and Co in water are given in the appended table.
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