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1. In the computation of the eigen-values for multiregion
diffusion problems, some assurance is required that the eigen-values, and,
in particular, the eigen-values of largest or smallest modulus, are real.
This note provides a sufficient condition for the reality of the elgen-
velues for a féirly general one-group, multiregion two-dimensional
diffusion problem. The condition is also sufficient to insure the
orthogonality of eigen-functions corresponding to distinct eigen-values.

2. Consider the bounded, connected plane region S , which is

subdivided into N subregions 55 » i=1, ..., N, by the Jordan arcs

Gij’i=1, ...,N;J=0,l, c‘co,No

The arc Gi is to be taken with a positive sense when viewed from the

J

interior of the region S Thus G’. = =G The arc Gi is the

i’ Ji i * 0
segment of the outer boundary of S which is common to the boundary of Si'

In each region S

{0 the linear differential equation with real

coefficients
2 : N
(la) ¢~ w +D;ju =2 0, u; 3 6, > 0, 1=1,...,N; izl 6, > 0.

(e constant in each Si 5 Di may be a function of position only)

i.
is to be satisfied, with the eigen-value A to be constant over those

regions S, where 0 > 0.
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The following interface conditions are to be satisfied on each

Gy s 221, eery N
=1, ce., N.
) u,
T ¥ R BT ey
(1v) io0gy = (o 8y =By 7yy) £O.
o uy 0 Uy Gy g5 eees By, real.

m TN

On the outer boundary - G i=1, ..., N, we may'specify either

. du
=0 or -;5;51— = 0, but not both, or, more generally, the determinant

io’

Yo

Note that where two subregions Si and S.j have no common

interface, a nonsingular (¢iﬁ # 0) condition is satisfied vacuously,
since Gij = 0 ; and also @hat Py = 1l, Gii = 0 , which is to say

that the solution is to be continuous within any given subregion Si'

Note also that o, # 0 dmplies

1
(2) Pyg = — .
Jl Cpij
3. Assume that the problem has a complex eigen-value X ,
and a corresponding eigen-function u. Then, because of the reality of

the coefficients, the conjugates A and U must also satisfy the

problem:

2 UACLASSIFIED



UHCLASSIFIER

(32 ¥ u, + D u, = xgiui i=1, «ea, N

(3v) v

Multiply (3a) by u,, and (3b) by u, , and take the (surface) integral

i)
of the difference.

— — — 2 2 -

(A=2N)e, [f wwuds = [f (v, V u -u, T u)do i=1,...,N.
i 3 i1 3 i i i i

i i

The application of Green's theorem in each subregion leads to

Bui du
(x-x)e ffu udc: Z ] (uy $ Yds; 1 =1, ..., N.
Sy ,j--OG'j on on

Multiply each equation by a constant Ki > 0, to be determined, and sum:

: N o u, aﬁi
(h)(l-i)‘ZK ffu u do = Z Z Kif (u I ., ) ds .

1
i=1 8y i=l j=0 Gy 3 on . on

Now for 1 < J, and for J = O , we make the substitution indicated by

the interface conditions (1b), so that

_ Ou o u, 3 u, 33,
= (b -9y %) =% é (ogy Byy = Byy 744)(8y =52 - vy 2 ) s
. 13 iJ

i

= K 44 f (u,jTL J“B‘—)ds'
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Since Pi0 = 0, all terms containing J = O vanish. The right-hand

side of (4) then becomes

N oS-l _du 3 ﬁ N N S u, o Ei
Z Z Kicpijf (uj—o-?i-uj —-a——)ds+ Z ZK f (uiT— iTn— ) ds

J=1 i=1 Gij J=1 i=J ij
g Ji} f au 5@1 g ii} - au aﬁi )
= K. 9 (u u )ds + Ky [ (u ds
o1 o1 1%15 n j om 121 321 G 1 3 Y m
g 5 { Buj aaj
= K, ¢ [ + k., [ '}(G = - u ) ds
=1 i=1 1 ¢y, J Cyy gy
g JZ} ( ) Bu:j Bu )
= K, ¢ [ (u -u ds .
ol £e1 13 5 G, j om 3 o

The first equality results from interchanging the order of summation in the
second term; the second by "renaming" the indices in the second term; the

last from recalling that G,, = - G

Ji i3’

From the last expression, it is obvious that if

N
=

then the right-hand side of (4) vanishes; since u, Ei = |u1|2 > 0,

and K, 6, > O for at least one 1, the left-hand side of (%) vanishes



only if A =X 1in those S, where O, # 0. Equation (5) therefore

furnishes a sufficient condition that the eigen-values for the problem
be real: that there exist a set of N positive constants Ki such

that KJ=Ki‘(piJ forall 0 < 1 < 3§ £ N. Since K, > 0,
Kj > 0, "q)ij > 0.
L. Assuming that equation (5) holds, it is possible to

develop & more succinct statement of the condition. Note that

Ky =Ky @3y = K@y = K0y oy, 1< b < g

Therefore
(pi’jha (pih(phj’
and in view of (2),
Pip Pny Pyy 1 , forall 0 < i, §,h £ N
(6)
' (pi,j>° a1 0o < 4, § £ N .

Theoren. A sufficient condition that the one-group, N-region, diffusion

problem (la, b) have real eigen-values is that the determinants of

q)ij
the interface conditions (1b) satisfy (6).

5. If A, by y Uy 4 are interpreted now to represent distinct
(real) eigen-values and their corresponding eigen-functions, the identical

analysis, bearing in mind that now (X - X) #£ 0, leads to the conclusion:
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Corollary.Condition (6) is sufficient to insure that the eigen-functions

corresponding to distinct (real) eigen-values be orthogonal over the

reglions Si where 91 > 0.

6. In certain freguently occurring special cases, the

condition (6) is automaticelly satisfied.

(a) Continuity across the interface:

u = u

1 J

aui auj :
Ki o5~ = X3 K, > 0, &l o <

%55 = X,/ Ky

v(b) Contact resistance

/ du, du,
Bt Kyam = byl mmgds K> o0
hiJ £ 0
implies
Ky ouy
b R By, o
i S W
on 1 on
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