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Mathematics and Numerical Analysis

D. H. Clanton Walter Gautschi A. S. Householder

NUMERICAL INTEGRATION

As observed previously,! there is a close connection between numerical integration formulas which
are exact if applied to trigonometric polynomials of given order and the (classical) formulas which are
exact if applied to ordinary algebraic polynomials of given degree. The reason for this may be found in

the following general fact.2 Consider functionals

Lx=B]L]x+...+,32pL2px+L2p+]x,

where B, are real parameters and L are fixed linear functionals, continuous in the space C* [q,b] for
some s 2 0, and satisfying Ly 1=0(1 <X <2 + 1). Suppose there is a unique set, 8, = Bg, of the pa-
rameters such that Lx = 0 for every polynomial x(2) of degree <2p. Then, if T is sufficiently large, there
is also a unique set of parameters, 8, = B8,(T), such that Lx = 0 for every trigonometric polynomial x(z)
of order <p having period T. Furthermore, 8,(T) - Bg\,as T~ o

Functionals of the form

k [
Lx= Z {ayslk - Np) = 1B <'Llk — )51 | (g = 1)

are of interest in the numerical solution of ordinary differential equations of first order. Given the coef-
ficients ay with Zay = 0, the requirement Lx = 0 for all polynomials x(t) of appropriate degree detemines
uniquely the coefficients 3, and leads to classical integration formulas such as Adams’ formula. Their
trigonometric counterparts turn out to have coefficients 8) which depend on the parameter v = 27b/T, and
methods of (trigonometric) order p exist whenever |v| < min [vp, 2n/(2p - 1)), where v, are zeros of certain

14
well-defined trigonometric polynomials.

lMazb. Panel Ann. Progr. Rept. Dec. 31, 1959, ORNL-2915, p 1; Dec. 31, 1960, ORNL-3082, p 1.

2walter Gautschi, *‘Numerical Integration of Ordinary Differential Equations Based on Trigonometric Polyno-
mials,”’ Numerische Math. 3, 381~97 (1961).
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Functionals

k
Lx= T {ayxl(k = Nb) ~ b2B) "Ik - N1} (g =1),
useful for second-order differential equations, have also been studied from this point of view. Trigono-
metric counterparts of Stérmer’s extrapolation and interpolation formulas have been derived and tested on
differential equations x'' + P(t)x = 0 with slowly varying positive P(t). Notable gains in accuracy were

observed.

GAUSSIAN QUADRATURE FORMULAS FOR SPECIFIC WEIGHT FUNCTIONS

During the past two decades many efforts have gone into the calculation of tables pertaining to
Gaussian quadrature formulas for various specific weight functions. Work is in progress to develop a
machine program which would produce zeros and Christoffel numbers relative to any weight function w(x)
for which the moments m, = ka w(x) dx can be calculated. Such a program has already been written and
tested for classical weight functions and some others, notably w =In (I/x) for 0 < x <1, and w = En(x)
(fh'e exponential integrals) for 0 < x < . Existing tables3:¢ pertaining to the last two weight functions
have been extended.

Presently, Gaussian quadrature formulas are being constructed relative to the weight function

1 ' 1
wix) = — 0<x<1),
2 (A + ]/2 In )2 + (]/2 )2

where A is constant. This function arose as a result of efforts to evaluate some rather complicated inte-
grals occurring in a study of neutron transport theory.> The function has a logarithmic singularity at

x =0, where it behaves like x=1 In=2 x, but numerical experiments indicated that the use of x=Vin—2x
as weight function in [0, e~ '] does not yield the desired accuracy for larger values of A. The moments

of w(x) are

; 24
my = 1+—tan~' —,
R 7 w
2 2kA tikT
= =l [ AT (A k)| k>0,
m

-
where E, denotes the exponential integral E](z) =f (e™/t) dt.
F4

34, Mineur, pp 555-56 in Techniques de Calcul Numérique, Paris, 1952, ‘

4 . . R ear .
A. Reiz, '"Quadrature Formulae for the Numerical Calculation of Mean Intensities and Fluxes in a Stellar Atmos-

phere,’’ Arkiv Astron. 1(13), 147-53 (1950).

]9605)W. Kofink, Studies of the Spherical Harmonics Method in Neutron Transport Theory, ORNL-2901, p 5 (February
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A posteriori estimates can be given for the accuracy of zeros and Christoffel numbers by computing the
moments with the help of the constructed quadrature formula and comparing the results with the input
values for the moments. The observed deviations can be shown in a first approximation to be linearly re-
lated to the errors of the zeros and the Christoffel numbers. The relative matrix (apart from a diagonal

matrix factor containing the Christoffel numbers) is a confluent Vandermonde matrix in the zeros x ,

1 1 ven 1 0 0 ... 0
x x, cee X, 1 1 oo 1
U = x12 xg x: le 2x2 2x" .

2n

x2n=1 y2n=] xi"—] (2n — '|)x$"_2 (2n - '|)x§"'-2 oo (2n - '|)x:"'_2

1 2 .
The error estimates alluded to can be expressed in terms of norm estimates for the inverse of U,, Adopt-

. . _ n 6
ing the matrix norm ||A|| = ]ggé(n #El ]aV#| , one shows® that

1+ x|

1

Uzl < b
Wzl g, 5

v#EA va - xAl
where

1
bA=m0X ]+IXA"]+2(]+|XA|) V§Am .

MATRICES

Among the recently developed inclusion theorems for matrices,” one suggests a possible method for
finding individual roots of the matrix. This theorem asserts, in part, that if A i's a normalizable matrix,
then associated with any vector x # 0 there is a family of inclusion disks (i.e., each known to contain at
least one root), and that among these disks there is a smallest, which has its center at the Rayleigh quo-
tient x/ Ax/x" x. Any disk of the family may be called a Temple disk, and the least of those the Wein-
stein disk belonging to x. The disks seem to be the simplest useful inclusion regions.

It is natural to attempt to develop a sequence of vectors x; such that the Weinstein disks belonging
to them shrink to a point. This point will then be a characteristic root, and the vector to which it belongs

will be the characteristic vector belonging to that root. And for this purpose it is natural to select a

Walter Gautschi, **On Inverses of Yandermonde and Confluent Yandermonde Matrices,"’ to be published in
Numerische Mathematik.

7 A. S. Householder (with F. L. Bauer), “"Moments and Characteristic Roots,’* Numerische Math. 2, 42--53 (1960).
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second vector y, perhaps y = Ax, linearly independent of x, and to find a vector in the plane of x and y
whose Weinstein disk is smaller.

To find the vector with the smallest possible Weinstein disk requires the solution of an algebraic
equation of degree three at least. Hence this is not feasible. But by solving a quadratic equation it is
possible to find the vector whose concentric Temple disk is the smallest possible, and the Weinstein
disk can be no larger. Thus a diminishing sequence of Weinstein disks can be obtained.

Some starting vectors x lead to Weinstein disks that shrink rapidly to points; others do not. Often the
sequence of disks appears to converge to a limiting disk containing several roots. In such cases there
seems to be no advantage in selecting y otherwise. Nevertheless, it would be highly desirable to have a
procedure that leads from an arbitrary (or almost arbitrary) vector x to a sequence of vectors X, that neces-
sarily converges to some characteristic vector, and not always the dominant one as is the case withsimple
iteration.

A modification that looks hopeful and is now being investigated is to combine this method with the
Rayleigh-quotient method. The Rayleigh-quotient method is defined by sequence (A ~ A.1)x ., =x,

Ay = xfﬂ Axiﬂ/xflﬂ x4, starting with an orbifrau;y x #£0. This method is known to converge quite
rapidly under rather general circumstances, but has the disadvantage of requiring the solution of a system
of equations at each step. Thus more computations are required in a step of the Rayleigh-quotient method
than in a step of the Weinstein-circle method. It is proposed to interpose a step of the Rayleigh-quotient

method whenever the Weinstein-circle method appears to be slowing up.
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The activities of the Mathematics Panel in programming and programming research consisted to a
considerable extent in the continuation, completion, and extension of activities already described in
detail in the preceding progress report.® The status of the projects is briefly summarized, while addi-

tional projects are described more fully. For convenience the work is divided into five parts and is re-

ported here accordingly: (1) programming research, (2) cooperative ALGOL efforts, (3) the Oracle ALGOL

translator, (4) Oracle simulation studies, and (5) general-purpose programs other than systems programs.

PROGRAMMING RESEARCH

Development of ALGOL Translation Techniques

It was mentioned in a previous progress report? that specifications® for an ALGOL 60 translator
which realize a simplification of the Bauver and Samelson translation techniques had been drawn up.
These specifications. are being revised to encompass more details. The revision will also include the

treatment of dynamic declarations and a full analysis of procedures.

Handling of Procedures

The rather general discussion of this section represents a summary of the present approach to the
problem of procedures. The development of details is in progress. Recursive procedures are not being -

considered.

]Cooperafing programmers from the Control Data Corporation.

2Neu'frcm Physics Divisi.on.

3G. J. Atta et al., Math. Panel Ann Progr. Rept. Dec. 31, 1960, ORNL-3082, p 5.
41bid, p 22.

SA. A. Grau, Structure of an Algol Translator, ORNL-3054 (Jan. 23, 1961).
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Each parameter of a procedure call will be converted into a subroutine. This will be done in such a
way that procedure call and procedure declaration are translated independently of each other. The sub-
routines for each call will follow in natural order the transfer of control to the procedure body. For simple
variables the subroutine need consist of only one word, provided that the procedure body contains coding
which picks up the word and places it in a reserved location in the body. The procedure body also con-
tains code to provide the linkage to this reserved location. Parameters other than simple variables gen-
erally require more than one machine word, and in these cases the work picked up by the procedure body
contains reference to the subroutine for that parameter. In all cases the subroutine delivers an address.

This rather general linkage between procedure body and procedure call is made necessary by the
ALGOL concept of *“call by name.’”’ The work on procedures outlined in the last progress report® did not
include the handling of call by name. Roughly, this means that the procedure body must be able to reach
back to the appropriate procedure call each time a parameter is referenced. The simpler notion of “call
by value’ is handled by a variation of the above technique, but the variation must be in the body rather

than in the call.

Storage Allocation

The storage-allocation problem has been solved. Since recursive procedures are not being considered,
‘storage can be assigned to simple variables and information vectors at translation time. The mechanism
is nontrivial, however, if one desires the economy made possible by the block structure of ALGOL &0.

In particular, if procedure P is declared in block B, then the storage for simple variables and information
vectors local to procedure P must not conflict with that assigned to those local to other procedures de-
clared in B or blocks contained in B. On-the other hand, blocks which cannot be activated at the same
time during execution of the program may share storage.

The following is a description of the required mechanism. Four lists are required: (1) V, the vari-
able push-down, (2) T, the block-tracing push-down, (3) R, the procedure maximum serial number push-
down, and (4) S, a list of sentinels. It is convenient to make V a double-entry list. |f we consider these
lists as one-dimensiqnol arrays with subscript values denoted by m, then the mechanism (for simple vari-

ables only) is determined by operations at five points:

when begin is encountered,
when procedure is encountered,
when each variable declared is encountered,

when the end of the declarations for a block is encountered, and

LA w b~

when end is encountered.

The mechanism associates a serial number R{m] with each identifier. The serial number is then the

symbolic or relative address.
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The Dynamic Type-Handling Problem

A practical difficulty in implementing ALGOL arises from the fact that in mathematics (and therefore
in ALGOL) the integers form a subset of the set of real numbers. On present computers, integers and real
numbers are implemented by means of fixed-point and floating-point representations, respectively. These
are usually disjoint sets. This feature imposes on ALGOL implementation either the necessity of han-
dling types of variables dynamically, that is, information concerning the types of variables and interme-
diate results must be available at the time of execution of the target program, or some restrictions must
be placed on the language used on a particular machine.

The possibility of avoiding this difficulty by using fixed-point and floating-point number representa-
tions of a slightly different kind from those currently used was investigated. This resulted in the design
of a representation and normalization scheme which establishes a relationship between fixed-point and
normalized floating-point numbers that corresponds to the historical relationship between integers and
real numbers. The new system appears to have no disadvantages over the usual representations and can
be implemented on machines either by suitable subroutines (where floating-point operation is attained
this way) or by suitable hardware. The use of such a representation would avoid satisfactorily the use
of duplicate machine operations for a given mathematical operation and would make possible consider-

able simplification in the translation of algorithmic languages such as ALGOL.
ALGOL Exposition

The ALCOR group, an association of institutions cooperating very closely on the construction of
ALGOL translators and on a common hardware representation for their machines, provided a common
manual® for their users. This manual was translated from German into English and revised to conform
to ALGOL 60. It serves as an introduction to ALGOL and emphasizes the normal use of the basic
subset of the language. It is expected to be used in ALGOL programming training and as an elemen-
tary exposition for a wide class of readers.

Another exposition’ was written to describe in good detail the features that make ALGOL a power-
ful programming tool. It was intended for experienced programmers and gives a more thorough and

sophisticated view of the language.

COOPERATIVE ALGOL PROJECTS
ALGOL Syntax Checker for SHARE

The syntax checker for the SHARE ALGOL compiler is based on the syntax of ALGOL as described
in the ALGOL 60 report.® The program is designed to be very flexible with a processor for each type of

R. Baumann (ed.), ALGOL-Manual der AL COR-Gruppe, Johannes Gutenberg University, Mainz, March 1961,
7H. H. Bottenbruch, Structure and Use of ALGOL 60, ORNL-3148 (July 12, 1961).

8J. W. Backus et al., **The Algorithimic Language ALGOL~60,"" Communs. Assoc. Computing Machinery 3,
299-314 (1960).
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statement or expression. These processors are completely recursive; that is, any processor may call any
other processor, including itself, to scan a particular set of symbols.

The flow of control from one processor to the next is supervised by a recursive entry subroutine which
stores the calling location in a push-down list and transfers control to the requested processor. Return
from a lower-level processor to the calling processor is controlled by a recursive return routine which takes
‘the last entry point from the push-down list and uses it fo set up the return. An auxiliary push-down list is
used fo store information needed for recursive calls of certain processors.

A processor consists of a set of tables of permissible symbols, each one of which has associated with

* When a match is found between the table symbol and the program symbo! being

it an ‘“‘action location.’
scanned, control is transferred to the action location associated with the table entry. At this point the
appropriate action is taken. For example, the symbol under scan may be put away for translation, the
next symbol brought under scan, and then control is passed to the next segment of tables. If a permis-
sible symbo!l match is not found during the scan of a table, an appropriate error message is written, and
the checker enters the *‘resume’’ mode where it scans each expression as it encounters it, meanwhile
watching for the beginning of a statement or block which will enable the processor to resume normal
scanning. By use of the resume mode it has been possible to check most programs from beginning to
end in spite of errors. It is true that this mode of scanning will sometimes produce false error messages
where an actual error, for example, the omission of a semicolon between two assignment statements, will
cause another apparent error to be noted where it does not really exist. However, it is felt that this is
preferable to abandoning the program at the first error. A count is kept of all error messages as they are
written, and if this number becomes too large the program is stopped with the suggestion that errors en-

countered to this point be corrected before further checking is done.

z

The Contro' Data Corporation 1604 ALGOL Processor

An implementation of the Algol translation specifications mentioned above is being investigated in a
cooperative effort with the Control Data Corporation. Although the specifications are essentially machine
independent, details are being worked out with the help of Control Data Corporation personnel for that com-
pany’s 1604 computer. The above-mentioned |BM 7090 ALGOL syntax checker will be adapted to the 1604
and combined with the translator to create an ALGOL processor for the 1604. The processor will thus con-
sist of two programs. A complete syntax check is performed before control is turned over to the translator,
Plans call for two possible target codes, subject to programmer option. He may choose to use machine
code produced in core storage, ready to run, or binary-coded-decimal (BCD) output on tape, ready as input
to CODAP, the 1604 assembly program.

Mainly in the interests of target program efficiency, certain features of ALGOL 60 are not being han-

dled. These restrictions are:

1. The Processor does not handle recursive procedures.

2. It does not accept own arrays having variable dimensions.
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3. It imposes certain restrictions on the handling of type of variables. This is due to real quantities
being handled in floating-point and integer quantities in fixed-point.
4. Quantities must be declared before they are used. Quantities not declared are treated as real simple

variables.

Several of the basic subroutines have already been coded by Control Data Corporation personnel. Test-
ing of these routines has begun and involves the translation of some simple assignment statements and
arithmetic expressions, Much of the planning of the routines involved an attempt at maximum target pro-
gram efficiency. For example, while it is simpler to store at once all intermediate results, this results in
many instances in superfluous instructions in the target program. To avoid this, full use is made of the
accumulator as temporary storage. The utilization of indirect addressing of array elements simplifies the

target program but introduces some complication into the translation process.

ALGOL Maintenance

The Mathematics Panel continued its representation in the ALGOL Maintenance Group, a subcommittee
of the Committee on Languages of the Association for Computing Machinery under the direction of J. H.
Wegstein, Bureau of Standards, Washington, D.C. Originally there was strong feeling that revisions and
changes in the language were desirable. The significant development of the year was an unofficial affirm-
ative response to a memorandum prepared at Oak Ridge by F. L. Baver, H. H. Bottenbruch, A. A. Grau,
K. Samelson, and J. H. Wegstein. The memorandum favored the adoption of a resolution advocating no
changes in the language at this time, the treatment of ambiguous features in the basic ALGOL report®
as undefined (with no real loss of power in the language), and an emphasis on the construction of prac-
tical translators. A majority of the committee were in favor, though this was short of the 90% vote re-
quired for official action. Changes to the language, therefore, appear at this time unlikely, with the

result that compiler implementors can proceed without fear that changes may invalidate previous work.

ORACLE ALGOL TRANSLATOR
Magnetic-Tape Files

Magnetic-tape files are used for data storage in the Oracle-ALGOL translator. This feature has been
fully described.’

Implementation of magneticstape files has been completed. A program was constructed which scans
all array declarations and builds up tables which for each array contain the information necessary for the
translation process. The work done here parallels in many respects the work done previously for normal

arrays only. Thus segment Il of the translator underwent severe revisions in order to incorporate the tape

“array information in the tables.

9Matb. Panel Ann. Progr. Rept. Dec. 31, 1960, ORNL.3082, pp 14-15.
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Both normal arrays and tape arrays are handled in a particularly simple way in the Oracle-ALGOL
translator. Whenever an element of an array (subscripted variable) appears in a program, the translator
activates a subroutine {(called ‘“address calculator’’) which computes the numerical address of that ele-
ment and places it in a special location. Call this location ADD. This numerical address characterizes
the array being used. For example, the addresses used for normal arrays range from 0 to 217 21, and
those for tape arrays range from 232 to0 235 _ 1,

In exit from the “‘address calculator’’ the translator inserts instructions to use the address of the
subscripted variable in the case of normal arrays. For tape arrays, however, another subroutine (called
““tape positioner’) is called on exit from the ‘‘address calculator.”” On exit from the ‘‘tape positioner’’
the required tape location is represented in high-speed ﬁtorage, and its associated high-speed storage
address is in location ADD. This address can be used in the same way as an ordinary subscripted vari-
able.

When supplied with a tape address in location ADD, the ‘‘tape positioner’’ controls the necessary
tape motions and transmissions and replaces the tape a