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ABSTRACT 

- 

A generalized l e a s t  squares program has been written fo r  t h e  IBM 

a subroutine t o  7090 computer. 

perform a l l  matrix operations and h r n i s h  the ca l l ing  program w i t h  

the coefficients,  standard errors  i n  the coefficients,  variance of f i t ,  

and a complete e r ro r  analysis; and a ca l l ing  program which reads input, 

ca l l s  t h e  subroutine, and writes requested output. The subroutine may 

be used separately i n  any Fortran or FAP program where a l e a s t  squares 

f i t  is needed. The user must furnish a subroutine t o  define t h e  

desired m c t i o n  and p a r t i a l  derivatives w i t h  respect t o  the 

coefficients.  

The program is writ ten i n  two par ts :  

L 
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A previous ORNL report describes P O L F I T  11, an ISM 7090 program 

1 for  polynomial l e a s t  squares f i t t i n g  . The present program w i l l  perfom 

(1) M. P. Lietzke, ORlJz-3l32 ( A p r i l  24, 1961). 

a l eas t  squares f i t  t 9  any function, l inear  or non-linear, w i t h  up t o  

eight coefficients and up t o  f ive independent variables 

factors may e i ther  be defined or computed. 

Veighting 

The user must mrnish a sub- 

routine t o  define the flunction t o  be f i t t e d  and the p a r t i a l  derivatives 

w i t h  respect t o  the coefficients.  The standard. output of the cal l ing 

program includes the values of the coefficients,  the standard e r ror  i n  

each coefficient,  the variance of f i t ,  and a point by point solution 

of the equation f o r  each data point,  The variance in  the dependent var i -  

able is  also computed fo r  each data point. In addition, the inverse 

matrix may be printed out a t  the option of the user. 

Since a mathematical discussion of l e a s t  squares f i t t i n g  w a s  in- 

cluded in  the P O L F I T  I1 report it w i l l  not be repeated here. 

Use of Subroutine NLLS 

The generalized l eas t  squares subroutine NLLS requires no common 

storage. It does require the l ibrary subroutines XLOC, MATEQ, and SQRT. 

These routines are standard l i b ra ry  subroutines except f o r  MATEQ which 

may be included with the binary deck. 

FORTRAN program it i s  necessary t o  include the following statements: 

DIMENSION W ( 2 5 0 ) ,  X ( 2 5 0 , 5 ) * ,  Y(250), G P 1 ( 8 ) ,  STDE(8), Y C A L C ( 2 5 0 ) ,  

To use t h e  subroutine w i t h  any 

VARY(250) ,  A ( 8 , 8 ) ,  B (8 ) ,  X T X ( 8 , 8 ) ,  TB(8), C O m ( 8 ) ,  D m I V ( 8 ) j  C ( 8 , 8 ) ,  

VMAT(8,Q 



-2- 

CALL NLLS(W,X,Y,GPl,STDE, YCALC, VARY, NE8R, EPS, NIT, W, NDP, VARF, 

VARFl, C ) .  

The following definit ions apply: 

W 

X 

Y 

GP1 

STTIE 

Y c m  

VARY 

mFm 

EPS 

NIT 

NP 

NDP 

VARF 

VARFl 

C 

Weighting factor (input, may be zero) 

Independent variable 

Dependent variable 

I n i t i a l  guesses on the coefficients 

Standard e r ror  i n  each coeff ic ient  

Calculated value of Y f o r  each data point using t h e  

converged values of the coefficients 

Variance i n  Y 

Error indicator 

1 = no er ror  

2 = singular m a t r i x  

3 = non-convergence within t h e  specified number of 

-%c 

i t e ra t ions  

4 = singular inverse matrix 

M a x i m u m  allowed percentage difference between successive 

values of t h e  coefficients a t  convergence 

Number of i t e ra t ions  t o  be allowed 

Number of coefficients (1s NP 5 8) 

Number of data points 

Variance of f i t  

VARF/C Wi 

Inverse matrix 
i 

r 
1. 

* The independent variable is  doubly subscripted since up t o  f ive 
independent variables may be specified. 

? 

I I 
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The statement following t h e  c a l l  of the subroutine NUS should t e s t  t h e  

e r ror  indicator (m) and appropriate action should be taken i f  an 

e r ror  has occurred. 

GO TO. 

This  can conveniently be done wi th  a computed 

(See Calling Program i n  Appendix A. ) 

Note t h a t  the value of t h e  independent variable is  doubly sub- 

scripted.  

the second t o  the specified independent variable. 

would refer  t o  the j t h  data point of the first independent variable 

and X(J,5) t o  the j t h  data point of the f i f t h  independent variable. 

The first index refers  t o  the number of t h e  data point and 

For example, X ( J , l )  

Subroutine NUS c a l l s  a subroutine SUBRT which must be supplied 

by the user. 

t h e  p a r t i a l  derivatives of t h e  dependent variable w i t h  respect t o  t h e  

coefficients,  t h e  difference between the observed and calculated value 

of the dependent variable, and a statement on the  weight t o  be assigned 

t o  each data point. 

This subroutine must evaluate the Tunction t o  be f i t t ed ,  

Subroutine NUS does not have bui l t - in  scaling. Scaling must be 

done by the user, i f  necessary, on the data. 

Subroutine SUBRT 

A sample subroutine t o  f i t  t h e  function 

y = a x1 + alx2 
0 

i s  shown. Note t h a t  

and assume t h a t  a l l  points are  assigned weights of unity. 
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TEST ROUTINE 

SUBROUTINE SUBRT( J, W,X,Y, GP1, DERIV,YC, F1,WI) 

DLMENSIQN W(25O),X(250,5),Y(25O),GPl( 8),DERN(8) 

YC=GPl( 1)*X( J, l)+GPl( 2)*X( J, 2) 

F ~ = Y  ( J ) -YC 

DERIV( i)=x( J, 1) 

DERIV(2)=X(J,2) 

WI=l.O 

RETURN 

END 

The following def ini t ions apply: 

C 

J 

W 

X 

Y 

GP1 

DERIV 

YC 

F1 

wr 

Index on data point 

Weighting factor  (input, may be zero) 

Independent variable 

Dependent variable (observed value) 

Guess on value of coefficient.  Thus GPl(l)=ao and 

GP1(2)=al in  t h e  example above. 

Partial derivative of dependent variable w i t h  respect t o  

coefficient.  

Value of dependent variable computed using the current guesses 

on t h e  coefficients.  

Difference between the observed and calculated value of the 

dependent variable. 

Weight assigned t o  data point. 

In case specif ic  weights a re  read i n  fo r  each data point then the 

i 

statement 
WI = W(J) 

t 
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I 

J 

‘I 
1 

would be made i n  t h e  subroutine. In  the event weights are t o  be com- 

puted, then the appropriate statement would be included i n  SUBRT. If 

a l l  weights a re  unity then W I  = 1.0. 

Any subroutine SUBRT written would have t h e  same arguments and 

dimension statement as i n  the example. 

If f o r  reasons of memory space the user desires t o  change t h e  

maximum number of data points which the program can handle, he should 

change a l l  t h e  dimensions which a re  currently 250 t o  the desired value 

and recompile. 

Description of Calling Program 

A ca l l ing  program f o r  the generalized l e a s t  squares subroutine 

has been written which is  compatible w i t h  the IBM FORTRAN Monitor Sys- 

t e m .  It uses log ica l  tape 10 for  input and logical  tape 9 f o r  output. 

No other tapes a re  used. 

The program provides a complete package fo r  l e a s t  squares f i t t i n g .  

Input is read from tape 10 in  the form shown i n  figure 1 and output i s  

written on tape 9 as shown i n  figure 2. 

everything except the inverse matrix, t h e  print-out of which is  

optional. 

The standard output includes 

The inverse matrix is always l is ted as a square array. 

The program checks for errors,  writes out an appropriate e r ror  

Input message i f  one is  detected and goes on t o  t r y  the next case. 

data are  described i n  Table 1 and a sample is given i n  Figure 1. 

tha t  the integer quantit ies a re  packed t o  t h e  r ight .  Floating point 

quantit ies must have the decimal point written, may have power of 10 

Note 

given. 
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TABLE 1. INPUT DATA 

Card No. 
0 

1 

Field 

L -48 

k9-52 

53-54 

55-56 

57-60 

61-70 

71-72 

1-10 

11-20 

21-30 

61-70 

1-10 

1-10 

11-20 

21-30 

31-40 

41-50 

51-60 
61-79 

Variable 

T i t l e  

NDP 

Nl? 

m 

NIT 

EPS 

N I N V  

GP1( 1) 

GP1( 2 )  

GP1( 3 ) 

GPi(7) 

G P ~ (  8) 

W 

Y 

X1 

x2 

x3 

x4 

x5 

Type 

BCD 

INT 

INT 

INT 

INT 

F1. Pt. 

INT 

F1. Pt. 

F1. P t .  

F1. Pt.  

F1. P t .  

F1. Pt.  

F1. P t .  

F1. P t .  

F1. P t .  

F1. P t .  

F1. P t .  

F1. Pt. 

F1. Pt.  

Up t o  48 alphameric characters 
which w i l l  appear on each page 
of output. 

Number of data points 
< NDP 5 250. 

Number of coefficients 
1 r w s 8 .  

Number of independent variables 
1 s N x 5 5 .  

i 
Number of i terat ions allowed on 
a given case. I 

Epsilon, the maximum allowed 
f rac t iona l  difference between 
successive values of t h e  coef- 
f i c i en t s  a t  convergence. 

= 0, do not l i s t  inverse matrix; 
= 1, l is t  inverse matrix. 

Guess on first coefficient.  

Guess on second coefficient.  

Guess on th i rd  coefficient.  . . 
Guess on seventh coefficient.  * 

i 
Guess on eighth coefficient 
(omitted i f  NP < 8) ) . 
Weighting factor (may be omitted 
i f  defined i n  SUBRT). 

Dependent variable. 

1st independent variable. 

2nd independent variable. 

3rd independent variable. 

4 t h  independent variable. 

5th independent variable. 
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Figure 2 

TEST ROUTINE M .H . LIETZKE 
PARAMETER STD ERROR 

A1 9 - 959093-91 1.562743-02 

A2 1.5590'33 00 9 779093-02 

VARF 3 272 73E -03 VARF1 3.272733-04 

Y(0BS) 

1.800093 00 

2.90000~ 00 

4.100003 00 

5.20000E 00 

6.400093 00 

7.400003 00 

8.70000~ 00 

9.90000E 00 

1.100003 01 

1.210003 01 

Y(C.uC) 
1.770913 00 

2,921823 00 

4.072733 00 

5.223643 00 

6.374553 00 

7.525453 00 

8.676363 00 

9.8272713 00 

1.097823 01 

1.2129~ 01 

7.4621203-02 -4.5833333-01 

-4 5833333 -01 2.9166663 00 

VAR(Y) 
1.130583-03 

8.132233-04 

5,752073-04 

4.165293-04 

3 371903-04 

3.371903 -04 

4.16 5293 -04 

5.752073-04. 

8.13224~-04 

1.130583 -03 

x(1) 
L.000003 00 

2.00000E 00 

3.000003 00 

4.000003 00 

5.000003 00 

6.00000~ 00 

7.000003 00 

8.00000~ 00 

9.00000E 00 

1.OOOOOE 01 

x ( 2 )  
5. ~0000~-01 

6.000003-01 

7.00000~-01 

8.00000~-01 

9. OOOOOE -01 

1.000003 00 

1.100003 00 

1.200003 00 

i.30000~ 00 

1.40000E 00 

i 
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MPEXDIX 

The Fortran l ists  of the Generalized Least Squares Calling 

Program and Subroutine a re  reported here, 

Binary decks are  available from the author. 

The Fortran and/or 
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C NCNLlNEAR LEAST SQUARES CODE M.H.LIETZKE 
DIMENSION TITtEl8)yW1250)yX125O~S)yY~250)1GP(81rGPl8),GPi~8)~ 

~ S T D E I ~ ) Y Y ~ A ~ C ~ ~ ~ D ~ , V A R Y ( ~ ~ O ) ~ C ~ ~ , ~ )  
20 READ INPUT TAPE l O ~ i ~ I T f T L E I I ) ~ I # I ~ 8 ) ~ N G P , N P I N X I N I T ~ E ~ S ~ N I ~ ~  

1 FOR~ATI8A5,I4r212r~4,ElO-O,~2) 
READ INPUT TAPE I092,(GPIIl9I#l,NP) 

EO 18 I#lsNCP 

CC 21 IBirRP 

2 FORMAT17f10-0f 

18 REA0 INPUT TAPE I O r 2 , W I I ) , Y ~ 1 ) , ( X I I ~ J ) r J % 1 1 N X )  

21 GPIII)#GPII) 
CALL NLLSIWSX,Y~GPISSTDEIYCALCYVARY, 

GC TO I30,10G,101~102)rNERR 
I NERR EP S 9 NI Tt NP t NDP , VARF I V ARF 1 I C  1 

3U WRITE OtTPUT TAPE 9y7,ITITCE(Il , I # l  9 8 )  
7 FCRCATIIH18A6132HO PARA E?€ T ER STO ERROR) 

DO 130 1WlskP 
130 hRITE OLTPUT TAPE 9,8,1pCPI lI)*STDE(I) 
8 FCRMAT13HU d,I!rlPEi4*5yEt5.5) 

GC TO 150151s52q53r54)rNX 
50 kRITE OUTPUT TAPE 9,9rVARF,VARFt 

51 kRITE OUTPUT TAPE 9ylOiVARFsVARFI 

52 kR I €E OLTPU€ TAPE 9 9 1 1 , VARFeVARF 1 

53 kRITE CL'TPUT TAPE 9yi2yVARF~VARFI 

GC TO 55 

GO TO 55 

GO TO 55 

GO TO 55 
SL hRITE OLTPUT TAPE ~ ~ I ~ ~ V A R F I V A R F I  
55 DC 56 I#lrNDP 
56 hRITE OUTPUT TAPE 9 y  14, Y ( I 1 yYCALC( I )  ,VARY I I )  , 

IIXtI*J),J#l~rvX) 

152HO Y t O B S )  YfCALC) V A R  I Y  1 X I l ) ]  

152HC YlDBSj YIGALC) VARlYl X t l )  
2i4H X12) 1 

152HC Y4UESJ Y I CALC 1 VARlY 1 X I I )  
22EH x121 XI3)) 

152HC Y(OBS1 YtCALC) VAR(Y) X I 1 1  
242X XI2) X l 3 )  Xl4) 1 

9 FORMATl7H0 VARF 9 i P E l 5 -  51 i OW VARF#gEIS.S/ 

IO FORMAT(7HC YARF*IPE15.5,10H VARFlr€l5*5/ 

1 1  FCRMATi7HD VARF,IPE15*5,10H VARFi,EIS.S/ 

12 FORMATi7HO VARF, 1 PE15.5r 1 OX VARFl r E I S . 5 /  

231 201 25 

2 3  i 202i-35 
231 20207 

I48UD8t 9 
2 3  12082 i 
233213823 

231 20903 
231 209~1 

P 

1 
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I3 FCRMATf 7HO brARF, 1 P E 1 5 -  5 ,  l i f H  VARFI+EI5.5/ 
152t.T Y { O B S f  Y(CALC) VARI Y 1 
256H X L 2 1  XI31 xi41 

14 FORMAT{ 1HD1PBE14.5) 
fFfNINV)b€lp2C~6O 

60 kRITE OLTPGT TAPE 9 y 1 5  
I5  FORMAT1 / /2DHn IRVERSE MATRIX) 

DO 61 I#lrNP 
kRITEOUTPUTTAPE9r f 6 r  ( C I  I Y J) r J # i  t & P )  61 

16 FCRPATIlHClP3EI4.6) 
GO TO 2 C  

100 hRITE OLTPVT TAPE 9 ~ 1 9 s  lTITLE(1 ) e I # l  98) 
19 FCRMATf1HI8dOl 

kRlTE OLTPUT TAPE 9,150 
IS0 FORPAT( IhHDSINGULAR MATRIX) 

G O  TO 293 
ID1 K R I T E  OLTPUT TAPE 9 ~ 1 9 y 1 T i T t E ~ I ) r I # i ~ 8 )  

kRITE OtTPUf TAPE 9y151rNIT 
151 FCRCATIZOHOOID h O T  CONVERGE IN149 

1 I IH ITfRATICRSI 
G O  TO 2 C  

102 kRITE O L T P i i i  TAPE 9 3 1 9 s  (TITLEIY),I#198) 
kRITE OLTPUT TAPE 91152 

152 FCRP~AT(24HOSINEULAR INVERSE MATRIX) 
GO TO 2C 
END 

2312 1 OCl? 

23 t 2 1003 
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148001 09 
148001 I D  
148UU6C4 
23120213 
231 202 1 9 
23 12022 1 

231 20225 

148003O3 
2 3  f 20305 
231 2U3O7 
23120309 
2312031 I 
23120313 

231 2031 7 
23120319 
2 3  I2032 .I 
231 20323 
2 3  420325 
2 3  120461 i 
2 3  12O4O3 
23 f 20405 
23120501 

14800506 
2 3  120509 
2312051 1 
231 205 13 

23120517 
2 3  I 205 1 9 
2 3  12052 1 
2 3  I20523 
23120525 

148OO6C4 

231 20223 

2 3  I 2030 I 

2 3  I 203 I 5 

23 I 20515 

1 
i 
Y’ 
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120 D C  121 I B I W N P  
121 GPIIi)#TBII) 

SLMM#C,C 
VARF#C,L 
DC 122 J#is%\rDP 
C A L L S U B R T ~ J I W , X , Y , G P I , D E R ~ V , Y C ~ ~ ~ , W ~ )  
VARF#VARF+XI*Fl*+2 

122 SUMU#SUFW+Wf 
V A R F # V A R F / I F L O A f F I N O P ) - F L O A T F I N P ) )  
VARF I WVARF / SUMW 
DO 125 I W I e N P  
OG 125 J # l a h i P  
IF I I - J  1 1241 123, f 24 

f23 CtI,Jl#i*O 

124 CIIvJ)#C-O 
G O T G  125 

125 CONTINUE 
LA#XLUCFIX€XIi e t  1 )  
LB#XLOGF~C 3 1 P 1 1 )  
O E T # N A T E Q F ( L A ~ F B ~ N P I N P , ~ , ~ )  
IF I ABSF 1DE T )-1*0€-3C) 126 9 126,127 

126 NERR#k 
GG TO 2CU 

127 DO 128 i # l r M P  
DO 128 J#l,rYP 

128 V#ATI~~J)BCI?IJ)IYA~F 
DO 129 I # l F h l P  
STDEl I )  #SQRTFf VNAT( 1, I ) 1 
CO 130 J# lrFrDP 
CALL S U B R T l J , W , X r Y t G P I , D E R I V * Y C ~ ~ l  r W 1 )  
VYIC.0 

f 29 

YCALC (.I 1 #'IC 
DO 135 X#l*BP 
co 135 K#lrhP 

135 V Y # V Y + D E R I Y I I I + D E R I V ( K ) * Y ~ A ~ ( I , K )  
136 VARYIJ)#VY 
2CU RETURN 

END 

251 2O6P5 

231 2061 3 
23120615 
23120617 
148006 18 

23 12062 1 
23120623 
23 120625 
231207111 
23 t 2G7P3 
23 1207frS 
23 12070 7 
23120709 
2312074 I 
231 207 i 3 
23320735 
23 t 207 1 7 
23 I 2137 19 
231 20721 

23 I 2 0 ~ 1 7  

I4800725 
231 2D8C3 
231 20RC5 
231 20807 
23 12O8C9 
231 208 13 
148009 13 
I48009 15 
23120917 
t48D€?PZE 
231 20921 
23120923 

1480 1063 
148OOOO7 
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