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ABSTRACT

A generalized least squares program has been written for the IBM
T090 computer. The program is written in two parts: a subroutine to
perform all matrix operations and furnish the calling program with
the coefficients, standard errors in the coefficients, variance of fit,
and a complete error analysis; and a calling program which reads input,
calls the subroutine, and writes requested output. The subroutine may
be used separately in any Fortran or FAP program where a least squares
fit is needed. The user must furnish a subroutine to define the
desired function and partial derivatives with respect to the

coefficients.
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A previous ORNL report describes POLFIT II, an IBM 7090 program

for polynomial least squares fittingl. The present program will perform

(1) M. P. Lietzke, ORNL-31%2 (April 2k, 1961).

a least squares fit to any function, linear or non~linear, with up to
eight coefficients and up to five independent variables, Weighting
factors may either be defined or computed. The user must furnish a sub-
routine to define the function to be fitted and the partial derivatives
with respect to the coefficients. The standard output of the calling
program includes the values of the coefficients, the standard error in
each coefficient, the variance of fit, and a point by point solution
of the equation for each data point. The variance in the dependent vari-
able is also computed for each data point. In addition, the inverse
matrix may be printed out at the option of the user.

Since a mathematical discussion of least squares fitting was in-

cluded in the PCLFIT II report it will not be repeated here.

Use of Subroutine NLLS

The generalized least squares subroutine NLLS requires no common
storage. It does require the library subroutines XLOC, MATEQ, and SQRT.
These routines are standard library subroutines except for MATEQ which
may bé included with the binary deck. To use the subroutine with any
FORTRAN program it is necessary to include the following statements:
DIMENSION W(250), x(25o,5)*, Y(250), GP1(8), STDE(8), YCALC(250),
VARY(250), A(8,8), B(8), XTX(8,8), TB(8), cowv(8), DERIV(8), C(8,8),

VMAT(8,8)
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CALL NLLS(W,X,Y,GPl,STDE, YCALC, VARY, NERR, EPS, NIT, NP, NDP, VARF,
VARFL, C).

The following definitions apply:

W Weighting factor (input, may be zero)
X Independent variable*

Y Dependent variable

GP1 Initial guesses on the coefficients
STDE Standard error in each coefficient

YCAIC Calculated value of Y for each data point using the
converged values of the coefficients

VARY Variance in Y

NERR Error indicator
1l = no error
2 = singular matrix
%3 = non-convergence within the specified number of
iterations
L = singular inverse matrix
EPS Maximum allowed peréentage difference between successive

values of the coefficients at convergence

NIT Number of iterations to be allowed
NP Number of coefficients (1 < NP = 8)
NDP Number of data points

VARF Variance of fit

VARF1 VARF/S W,
i
C Inverse matrix

¥ The independent variable is doubly subscripted since up to five
independent variables may be specified.

M
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The statement following the call of the subroutine NLLS should test the
error indicator (NERR) and appropriate action should be taken if an
error has occurred. This can conveniently be done with a computed

GO TO. (See Calling Program in Appendix A.)

Note that the value of the independent variable is doubly sub-
scripted. The first index refers to the number of the data point and
the seéond to the specified independent variable. For example, X(J,1)
would refer to the jth data point of the first independent variable
and X(J,5) to the jth data point of the fifth independent variable.

Subroutine NLLS calls a subroutine SUBRT which must be supplied
by the user. This subroutine must evaluate the function to be fitted,
the partial derivatives of the dependent variable with respect to the
coefficients, the difference between the observed and calculated value
of the dependent variable, and a statement on the weight to be assigned
to each data point.

Subroutine NLLS does not have built-in scaling. Scaling must be

done by the ﬁser, if necessary, on the data.

Subroutine SUBRT

A sample subroutine to fit the function
y = aoxl + a;3Xp
ig shown. Note that

DYy oana ¥ - xg
oao Bal

and assume that all points are assigned weights of unity.




c TEST ROUTINE
SUBROUTINE SUBRT(J,W,X,Y,GP1,DERIV,YC,F1,WI)
DIMENSION W(250),X(250,5),Y(250),GP1(8),DERIV(8)
YC=GPL(1)*X(J,1)+GP1(2)*X(J,2)

F1=Y(J)~-YC

DERIV(1)=X(J,1)

DERIV(2)=X(J,2)

WI=1.0

RETURN »,
END r

The following definitions apply:

J Index on data point

W Weighting factor (input, may be zero)
X Independent variable

Y Dependent variable (observed value)

GP1 Guess on value of coefficient. Thus GPl(l)=aO and
GP1{2)=a; in the example above.
DERIV Partial derivative of dependent variable with respect to
coefficient. |
YC Value of dependent variable computed using the current guesses .
on the coefficients.
F1 Difference between the observed and calculated value of the
dependent variable.
WX Weight assigned to data point.
In case specific weights are read in for each data point then the

statement
WI = W(J)




[ o—

o

-

-5=

would be made in the subroutine. In the event weights are to be com-
puted, then the appropriate statement would be included in SUBRT. If
all weights are unity then WI = 1.0.

Any subroutine SUBRT written would have the same arguments and
dimension statement as in the example.

If for reasons of memory space the user desires to change the
maximum number of data points which the program can handle, he should
changé all the dimensions which are currently 250 to the desired value

and recompile.

Description of Calling Program

A calling program for the generalized least squares subroutine
has been written which is compatible with the IBM FORTRAN Monitor Sys~
tem. It uses logical tape 10 for input and logical tape 9 for output.
No other tapes are used.

The program provides a complete package for least squares fitting.
Input is read from tape 10 in the form shown in figure 1 and ocutput is
written on tape 9 as shown in figure 2. The standard output includes
everything except the inverse matrix, the print-out of which is
optional. The inverse matrix is always listed as a square array.

The program checks for errors, writes out an appropriate error
message if one is detected and goes on to try the next case. Input
data are described in Table 1 and a sample is given in Figure 1. Note
that the integer quantities are packed to the right. Floating point
quantities must have the decimal point written, may have power of 10

given.
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TABLE 1. INPUT DATA
Card No. Field |[Variable Type
0 1-48 Title BCD Up to 48 alphameric characters
which will appear on each page
of output.
49-52 NDP INT Number of data points
NP < NDP =< 250.
535k NP INT Number of coefficients
1l=< NP =<8,
55-56 NX INT Number of independent variables
1l=N{ =<5,
57-60 NIT INT Number of iterations allowed on
a given case. |
61-70 EPS Fl. Pt. Epsilon, the maximum allowed
fractional difference between
successive values of the coef-
ficients at convergence.
T1-T72 NINV INT = 0, do not list inverse matrix;
= 1, list inverse matrix.
1 1-10 GP1(1) Fl. Pt. Guess on first coefficient.
11-20 GP1L(2) Fl. Pt. Guess on second coefficient.
21-30 GP1(3) ¥l. Pt. Guess on third coefficient.
61-70 GPL(T) Fl. Pt. Guess on seventh coefficient.
(1A 1-10 GP1(8) Fl. Pt. Cuess on eighth coefficient
(omitted if NP < 8)).
2—>NDP+1 | 1-10 W Fl. Pt. Weighting factor (may be omitted
if defined in SUBRT).
11-20 Y F1. pt. Dependent variable.
21-30 Xy Fl. Pt. 1st independent variable.
31-40 X2 Fl. Pt. 2nd independent variable.
41-50 Xa Fl. Pt. 3rd independent variable.
51-60 X4 Fl. Pt. lth independent variable.
61-70 Xs Fl. Pt. 5th independent variable.

[,
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650 DATA SHEET
REQUEST. 0B TITLE WRITTEN BY. DATE _
10 1n-20 21.30 31-40 450 51- 6.-70 71-80
TE NE M. H. [LITIETIZ 110 2 .1001 0
G|Pi GRi2
1. .15 4
y Xy K2
1.8 1.0 .15 2
2.9 2.0 .6 3
4.1 3.0 7 4
5.2 4.0 .18 5
6.4 5.10 .19 6
7.4 6.0 11.10 7
8.7 7.0 1.4 8
9.9 8.0 1.2 9
4.0 9.0 1.3 O
2.1 10.10 1.14 1

Figure 1.

Input for Test Gase




Figure 2
TEST ROUTINE M.H.LIETZKE

PARAMETER
Ay 9.95909E-01

STD ERROR
1.56274E-02

Ao 1.550008 00 9.7TT00%E-02

VARF 3.27273E-0% VARF1 3.27273E-04

(0BS) Y(CALC) VAR(Y)

1.80000E 00 1.77091E 00 1.13058E~-03 1.

X(1)
O0000E

2.90000E 00 2.92182E 00 8.13223E-04 2.00000E
4 .10000E 00 4.07273E 00 5.75207E -0k %, 000008
5.20000E 00 5.22364E 00 4 16529E -0k 4, 00000E
6.40000E 00 6.37455E 00 3. 3T190E-0k 5. 00000F,
7.40000E 00 7.52545E 00 3.37190E -0k 6 .00000E
8.70000E 00 8.67636E 00 4, 16529E-04 7.00000E
9.90000E 00 9.82727E 00 5.7520TE~Ob 8.00000E
1.10000E Ol 1.09782E 01 8.13224E-0k 9.00000E
1.21000E 01 1.21291E 01 1.13058E-0% 1..00000E

7.462120E-02 -4.583333E-01

-4.583333E-01  2.916666E 00

00

00

00

00

00

00

00

00

00

01

o o 9 OO

l.

l.

I_l

X(2)
.O0000E-01

.00000E-01
.00000E-01
.00000E-01
.00000E-01
.00000E 00
1000CE 00
20000E 00
.30000E 00

.4O000E 00

—
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The Fortran lists of the Generalized Least Squares Calling
Program and Subroutine are reported here. The Fortran and/or

Binary decks are available from the author.
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NONLINEAR LEAST SQUARES CODE M.H.LIETZKE
CIMENSION TITLE{8),W{250),X{250,5),Y{250),GP(8),GP1{8),
ISTDE{8),YCALLC{250),VARY {25D0),C{(8,8)
20 READ INPUT TAPE 101 4{TITLEIT1)1#1,8),NDP,NP,NX,NIT,EPS,NINY
| FORMAT{BAG,I4,212,14,E10.0,12)
READ INPUT TAPE 10,2,(GP{1),1#1,NP)
2 FORMATI{T7E1D.0) 23120125
DO 18 1#14NDP
18 READ INPUT TAPE 10,2+WlI)sY{1),(X{I5Jd),J#1,NX)
DO 21 1#i.NP 23120205
21 GPILI)#GPL]) 23120207
CALL NLLSI{W,XsYsGPI1,,STDE,YCALC,VARY,
INERREPSsNIT,NP,NDP,VARF,VARF1,C)
GC TO {(30,100,101,102),NERR

30 WRITE OUTPUT TAPE 9,7,{TITLEI(I),[#1,8) 14800819
7 FORMATII1HIBAS/32H0 PARAMETER STD ERROR) 23120821
DO 130 I#1,NP 23120823

130 WRITE OUTPUT TAPE 9,8,1,6P1(I},STDE(I) 23120901
8 FORMATI3HDO A,I1,1PE1U4.5,E15.5) 23120903

GG TO (50,51:525,53,54)4NX

50 WRITE COUTPUT TAPE 9.,9,VARF;VARF!
GC TO 55

51 WRITE QUTPUT TAPE 9,10,VARF,,VARF!
G0 T0 5%

52 WRITE QUTPUT TAPE 9,114 VARF,VARFI
GC TO 55

53 WRITE OQUTPUT TAPE 9,12,VARF,VARFI
GO TO 55

54 WRITE OUTPUT TAPE 9,13, VARF,VARF{

55 DC 56 1#14,NDP

56 WRITE QUTPUT TAPE 9,14,Y(I),YCALC{I),VARYI(1),
FIX{T43) 2 d814NX)

9 FORMAT{7HDO VARF,!IPEI5.5,10H VARF1,E15.5/7
152H0 Y{08S) Y{CALC) VARLY) X{t))

{0 FORMAT{THC VARF,IPEI5.5,I0H VARF{4E15.5/
152H0 Y{0BS) Y{CALC) VARI{Y]) X{1
214H x121))

11 FORMAT(THD VARF,IPEIS.5,10H VARF{,E15.5/ .
152HE Y{0BS) Y{CALC) VARILY) Xt1)
228H X{2) X{3)

12 FORMAT(THO VARF,1PE15.5,10H VARFI14E15.5/
152HC Y{COBS) Y{CALC) VAR{Y) X{1)

242H X{2) X{3} X{u})
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13 FOCRMATITHD VARF,IPE1IS.5,10H VARFI,£15.5/
152HD Y{OBS) Y{CALC) VAR{Y) X{1)
2564 xX{2) X(3) X{4) X{5}))
14 FORMAT{{HOIPBEI4.5)
IFININV)SD,20,60
60 WRITE OUTPUT TAPE 9,15
15 FORMAT(//20HD INVERSE MATRIX)

B0 61 I#1,NP
61 WRITEQUTPUTTAPED16,(C11,J),J%14NP)
16 FORMAT{IHDIPBEIN.6)
GO TO 2C 23121007
100 WRITE OUTPUT TAPE 9,19, (TITLE(I),1#1,8)
19 FORMAT{IHiIBA%L)
WRITE QUTPUT TAPE 9,150
150 FORMAT({{16HDOSINGULAR MATRIX)
GC 70 2&¢
101 WRITE QUTPUT TAPE 9,19, (TITLE(I),1#1,8)
WRITE OUTPUT TAPE 9,151,NIT
151 FCRMATI20HODID NOT CCONVERGE INIk,
1HiH ITERATICONS)
GG 10 2C
102 WRITE OUTPUT TAPE 9,19, (TITLE(I),1#1,8)
WRITE OUTPUT TAPE 9,152
152 FCRMAT(2LHOSINGULAR INVERSE MATRIX)
GC 710 2C
END 23121009
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NONLINEAR LEAST SQUARES SUBROUTINE M,H.LIETZKE
SUBROUTINE NLLS{W.X,Y,GP1,STDE,YCALC,VARY,
INERRyEPS,NIT,NP,NDP,VARF ,VARF1,{)
DIMENSICN wWi{250),%X1250,5),Y(250),6P1{8),
1STDE{(8),YCALC{250),VARY (250,
2A18,8)4B18) 4 XTX{8B,8),TB(8),CONV(B),DERIVI{8},L(8,48),
3VMAT(8,8)

NERR#1

DO 118 N#14NIT

DO 110 L¥i NP

8{L)#0.0

DO 110 MiL,NP

Al{L,M)#C.0

DO 111 J#1,.NDP

CALL SUBRT{JyWeXsYsGPI,DERIV,YC,FI,HWI])
DO 111 L#1.NP

B{L)#B{L)+DERIV{L)#F1=WI]

DC 11{ MHL,NP

AfL MIHALL M)+DERIV(L)*DERIV{M) =KI

DO 112 M#2,NP

K#M-1

DO 112 1#1,X

A{M,1)#ATI M)

DG 212 LEI,NP

DO 212 MEI.&P

XTX(L M) EALL,M)

LA#XLOCF{AL1,1))

LB#XLOCFIB{1))
DETH#MATEQF{LA,LB,NP,1,8,8)
IF{ABSFIDETI-1.0E-30)113,113,114

NERR#2

GC 70 2C0

4 DO 115 I#1.NP

5 TBL{IJH#GPI{I)+B{I])

BC 116 I#t,NP
CONV{I)#ABSFIGPI{I)/TB{I}-1.0)
IF{CONVI{IV=EPS) 116,116,117
CONTINUE

GO TO 120 .

DO 118 I#14NP

GPI{IY#TBLI)

NERR#3

GC 7O 2.0

14800101

14800109
18800110
14800604
23120213
23120219
23120221
23120223
23120225
23120304
14800303
23120305
23120307
23120309
23120314
23120313
23120315
23120317
23128319
23120321
23120323
23120325
23120401
23120403
23120405
23120504

14800506
23120509
23120511
23120513
23120515
23120517
23120519
23120521
23120523
23120525

14800604

o

-
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120
124

122

123

124
125

126
127
128

129

135
136
260

DC 121 I#1,.,nP

GPI{II#T8I1)

SUMWH#EC.CO

VARF#C.O

OC 122 J#1.NDP
CALLSUBRT{JsWeXyY 6P 4DERIV,YCsFi,WIl)
VARFEVARF+RI=F #x2

SUMWH#SUMW+MWI

VARF AVARF/IFLOATF {NDP)~FLOATFINP))
VARF 1 #VARF / SUM¥

BC 125 I1#1.NP

DC 125 J#1,NP

IF{I-J) 124,123,124

C{I,J)#1.0

GCT0125

ClI,4C.0

CONTINUE

LARXLOCFIXTX{1i,1))
LBAXLOCFICT1,1))

DETHMATEQF {LA,1LB,NP,NP,8,8)
IF{ABSFI{DET)-1.06-30)126,126,127
NERR#Y

GG TO 2C0

DO 128 I#1.NP

DO 128 J#{,NP
VMAT({I,)AC1{1,J)=VARF

DO 129 I#1,NP
STDE{I)#SQRTF{VMAT(I,]))

CO 136 J#1,NDP

CALL SUBRT{JsWsXaYsGP1,DERIV,,YC,FI4WI)
VY#C. O

YCALC{JI#YC

DG 135 I#1,.5P

CO 135 K#1,NP
VYBVY+DERIVII)*DERIV(K) *VMAT(I,K)
VARY{J) #VY

RETURN

END

23120605
23120607
23120613
23120615
23120617
14800618

23120621
23120623
23120625
23120701
231207023
23120785
23120707
23120709
23120711
23120713
23120715
23120717
23120719
23120721

14800725
23120803
23120805
23120807
23120809
231208143

14800913
14800915
23120917
14800920
23120921
23120923

14801003
14800007
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