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ABSTRACT

A practical, general procedure was developed for digital machine
calculation of nuclide concentration behavior with time. This involved
an explicit solution to the nuclide chain equations in a form most
suiteble for calculation with a limited number of significant figures.
The procedure was programmed for the IBM-T090 with provision made for
interlocking chains; limitations were examined by solution of & number
of example problems. Study of the results indicated that the calcu-
lation is practical for application to reactor depletion problems and

to other problems which can be represented by the equations.
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CHAPTER I
INTRODUCTION

The obJect of this study was to establish a general procedure for
digital machine calculations of nuclide concentration behaviér with time
when exposed to a neutron flux, to examine the feasibility of wide appli-
cation of this procedure, and to establish limitations of the procedure.

The long-term behavior of nuclear reactors must be studied if prac-
tical and economical facilities are to be built. Of major importance in
reactor time behavior are concentrations of nuclides as obtained through
the coupled chain equations. Accumulation of fission products, produc-
tion of fissionable nuclides from fertile material, depletion of fuel
and control rods, and burnable poison behavior all help to determine the
operating life of a particular reactor loading. Because of this, the
time behavior of a critical reactor represents & complex problem. It is
necessary to separate into successive steps the calculations of neutron
accounting and the calculation of the time behavior of nuclide concentra-
tions in most situations of interest (3,5).l

The practice which was previously followed in machine calculations
of nuclide time behavior considered specific nuclide chains. Informa-
tion describing particular chains was made an integral part of the machine
programs (3,5). The amount of data which must be Prepared for any specific
calculation is thereby minimized, but limitations are then placed on the

generality of the calculations which méy be made.

lNum.bers in parenthesis refer to similar numbers in bibliography.
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In this study a general, explicit solution was obtained to the
coupled nuclide chain equations in a form desirable for machine calcu-
lations. Also a machine program was established which permits contri-
butions from several nuclide chains to be summed.

The calculation was pointed toward the nuclide concentrations at
a space point in a reactor during exposure to two-energy=-group neutron
fluxes. Concentrations of these nuclides were determined after suc-
cessive intervals of time as described by the coupled, nuclide concen-
tration, time dependent chain equations. A number of calculations were
mede to establish limitations of the method of calculation. Some at-
tention was given to application of this method of calculation to situ-
ations where materials circulate in a loop external to the reactor and

{
'

a discussion on this topic is presented in Appendix C.




CHAPTER II
THE NUCLIDE CHAIN EQUATION

Disintegration of a specific nucleus (or neutron capture by a
nucleus in a given neutron flux field) is independent of past history,
but is subject to statistical fluctuations. Considering a relatively
large number of atoms, however, the statistical fluctuations need not be
considered, and the rate of disintegration would be proportional to the
number of atoms present. Schweidler showed in 1965, with a statistical
approach, that the law of decay is exponential, in agreement with results
of earlier experiments by E. Rutherford (6).

Considering p to be the Probability per unit time for a particular
atom to disintegrate in all possible ways and assuming that P is not
dependent on past history nor present circumstances, then over a short
time interval A6, p = MO, where A is a characteristic proportionality
constant. The probability that the atom has not disintegrated during
this time interval is 1 - A&© and following n intervals this probably
is (1-M0)°, Further, the probability that the atom has not disinte-
grated in time t = nA® is the limit as A6 +0, n-os, of (1-M6)%. 1If a
large number of radioactive atoms of one species 1s considered, then the
concentration as a function of the initial concentration with no mass
transport is given by:

N(t) = lim N(o)(L-At/n)® = N(o)e M, : (2.1)
This result for a stationary process may be expressed in the following
rate equation:

dNi(e) = =\;N, (). (2.2)
de
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The rate of formation from decay of a precursor species is

Ai N l(e), and so for & nuclide which has a decay source and a sink,

the rate equation becomes:
dNi(e):: a?\ (e) + A
de

AN O! (2.3)

Capture of & neutron by a precursor causes formation at the rate:
Jo (.0 )7, 5 (B (0)aE,
vhere ¢(E,0)dE is the neutron flux in energy interval dE about E
to which the nuclide j is exposed and ab,j(E) is the microscopic capture
cross section. Defining |
o 0(0) = J#(E,0)c (B)aE, | |
the formation rate of the product nuclide is given by a&ﬂJO(G)NJ(G)°
Similarly, neutron absorption causes a loss whose rate is glven by
aaa’i'v(e)Ni(e)o
Splitting of a nucleus by fission forms nuclei of lower atomic
weight. The rate of production of a product nuclide i from fission of
nuclide k for a yield fraction of yi,k is given by:
Jgt(B,0) ey (B (0)y, \(E)AE
where Tp (E) 18 the microscopic fission cross section of nuclide k.
Defining _
o e(0)y, = f¢(E,e)a(E)yi(E)dE,,
then the rate of formation of the yield product is given by o' ¢(e) x
¥, M (@)

Summing contributions, the rate equation becomes:

dN, (e) = ~[7\ + ra,io(eﬂ N, (8) + ijl)\nnn(e)
de

+Z‘3,c’jo(e)nj(e) + Zi"cff’k"(e) ¥y, @) (2.4)
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This equation may be written in a condensed form as follows:

an, (6) = -q, ()N, () + XY, . (8) + )5, (8)N. (), (2.5)
i i i X i,k A J
a6 J
where Ni(e) is the concentration of the ith nuclide at time e,

Hﬁ(e) is the concentration of precursor j at time o,

qi(e) is the loss term associated with nuclide i,

SJ(G) 1s the source term associated with nuclide j,

Yi,k(e) is a yield rate term associated with fission of

nuclide k.,

The expressions above have been developed with the assumption that

the atoms in question experience no mass transport. To consider a
situation of flow into and out of a control volume, V(6), in which there
is complete mixing, a mass balance may be made for each nuclide of the
system:

Accumulation = Gains - Losses;

d[v(e)Ni(eﬂ v(e)Zsj(e)Nj(e) + Tate of feed of N,
o J

i)

+ v(e)Y, (o) - V(6)q; (€)N(8) - rate of removal of N,. (2.6)
k b

For the simple situation of fixed volume, V(6) constent, the rates
of removal and addition are given by the flow rate times the applicable
concentration of nuclide i in the flow stream. The control volume may
be at one space location or one associated with a flow stream.

In a situation where there is significant diffusive and/or convective
transport, account should be taken of such loss or gain. One method of
gross accounting for loss of fission products through diffusion is to
consider that the rate of loss is a function of the concentration distri-

bution. For a particular situation, the appropriate transport equations
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can be used to determine effective values of xi(e) which take into account
both decay and transport effects. This aspect is not pursued herein.

Comparing equations (2.5) and (2.6), it is seen that equation
(2.5) may be interpreted to represent conditions in a circulating fuel
reactor under certain circumstances. This situation is examined in
Appendix C.

For one energy group flux analysis it is convenient to consider
the product of the flux times the time as an independent variable. This

approach is not practical for more than one group analysis.

L al
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CHAPTER IIIT
SOLUTION OF THE NUCLIDE CHAIN EQUATIONS
I. GENERAL DISCUSSION

It is usual that the power level of a reactor is to be maintained
constant. As fuel nuclides are consumed the neutron flux must be in-
creased to effect the desired fission rate. The actual situation will be
approximated here by assuming that yield rate of fission products is
constant with time and further assuming that the neutron flux is constant
ovér a specific time interval. With these assumptions the nuclide chain
equation is simplified since many of the terms will not have a time de-
pendence, and the equation becomes:

d[Ni(eﬂ - Zstj(e) + Y, -q,N, (0),
- (3.1)
where Yi = E%Yi,k'

Although the assumption of constant yield rate is in general con=-
sistent with a constant power level, the assumption of constant flux
level is not. The length of time interval over which a constant flux
level can be assumed without appreclable error depends upon the particular
situation. The higher the rate of depletion the shorter the time interval
should be. In one study (4) it was found that the accuracy of calculated
nuclide concentrations (short chain fission products) was accurate within
0.1% for a A656f 1ihour and. within’2%. forra A® of 2 hours. For reactivity
lifetime calculations, time intervals of 5 days have been used with satis-

factory results (8).
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An explicit solution to a differential equation is generally con-
sldered better than a finite-difference solution due to the inherent
limitations associated with the latter. A detailed study is given below
of the explicit method of solution followed by remarks about finite

difference sclutions.
II. EXPLICIT SOLUTION OF THE EQUATIONS

An explicit solution to the coupled chain equetions for pure decay
considering that only the first nuclide of the chain has an initial
concentration, was obtained by Bateman in 1910 (1). The equation and

corresponding solution are:

d[Ni(ei) = AN (8 - AN (0),
=

N-i(o) = 0, i>1;

T At
Ni(t) = lee coceo %iblNl(O)JZg’l (] - (3.2)
k7J "

Extending this tc the general situation considered here, except

limited to one chain and no yield, the following equation is of interest:
- ( - ,
& J_—Ni(eﬂ = 81180 10) - b (8.

The solution can be written in the form:

i i a.t i
S
N, (t) = Y N, (o) e 3 H n-1 ; (3.3)
ksl J= n=k zq.n-*lg)
vhere Snwl = 1 when n = k; qn-q:j =1 whenn = j.

This result was obtained by Batemen in 1910 {1) by Laplace trans-
form techniques for the case of pure decay, although it was not expressed

in condensed form.
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Equation (3.3) was programmed by Lietzke and Claibornme (9). They
found that digital machine calculations limited to eight significant
figures resulted in erroneous results if long nuclide chains were con-
sidered; more significant figures were required to avoid error and they
made provisions for this by special calculations involving 20 significamt
figures. These special calculations increased calculation time signifi-
cantly.

In resolving short nuclide chains, Bookston (3) and later Breslauer
and Karricker (4) obtained more accurate answers by arranging terms in a
manner different from that shown in equation (3.3). The expressions for
specific short chains used by others are extended in this study to a
general solution, as illustrated below. Consider only the first nuclide

of a chain bo have a non=-zero initial concentration; then

-qit t q; ©
Ni(t) =e f i Y l(e)e ae, isl;
..ql-t
Nl(t) = Nl(O)e ,
t -a.t (q,-q,)e
2¥ \4po~9)
Ne(t) = fo SlNl(O)e e ae,
-qlt -q2t
N, (t) = (0) —‘-a;'af——" ’
t -a.t /(a,-a,)6 (a,-q,)e
N3(t) = Jﬂ 8, 2Nl(O)e 3 [e3 1 e 3 2 ae,
WY )
-t =gt -t -q.t
N3(t) =88, yi(o) e T.e 3 e i e 3 s
B Y | 9374 379,
i-1 i-1

~-q
N,(t) =N (0)23 e J e * Su,II ®n .
i A\ TaSy ) e Gy)
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Accounting for the initial concentration of each nuclide in the
chain, the general solution is given by:

i-1 i=1

-q t 8 =q.t -q.t [
N, (x+t) = N, (v )e i, 23 N (@)2: e J e ?
i i k -
k=1 J=k q.-4
i
-
i=1
S
x |8, . e
0 e (3.4)

825 %%

For machine calcula@ions limited to a particular number of signifi-
cant figures, the form of equation (3.4) is superior to that of equation
{3.3). There will be fewer significant figures lost in usual calculations
if an accurate determination is made of the difference in exponential
terms. This aspect is discussed further in Chapter IV.

For the situation of fission yield of the first member in a chain
with only decay characteristics associated with other members of the
chain, the appropriate equations are:

%_é_]_Ni(e)] =N (8) - AN (0), 1515

%gNl(e)] Y, =?\lNi(9).

The general solution to these equations can be written as (2):

3 -q,%
N (8) =My b s oA YD (e T) (3:5)

Extending this solution to the more general situation corresponding

to a constant fission yleld rate for each nuclide along & chain gives:

~



1[4

x

) i-1 14 7
i 1 5
N, (t) =[1-e Y+ %_ Y, _k(_n_>
% = [P \% )]
i-1{ i-1 , 1-1 7
R Uyt -9t g T _°® Z
_k ], Yk’ eq _Z El n=k .3 o (3.6)
= J= - = ‘
17% /oy = JJ

The contribution to a nuclide concentration from fission yield of
members in the chain given by equation (3.6) must be added to other con-
tributions given by equetion (3.4). Equation (3.6) may be written in
many forms some of which will produce more accurate resultis than 6thers;
however, the form given was selected because it is similar to that of
egquation (3.4) and common terms need be evaluated only once. Fission-
product chains of the most interest are short and extreme accuracy is
not deemed necessary. This has proven to be a correct assumption for
practical situations investigated.

Equations (3.4) and (3.6) formed the basis for calculations made in
this study.

Nuclide contributions from fission yield and individual precursors
are additive and may be calculated separately. Indeed, contributions
following several different chain routes may be calculated separately
and cumulated. This approach can be shown to be valid by considering a
general situation. Let N(6) be the concentration of some nuclide in
question, where N(6) is the sum of several concentrations to be con-

sidered individually; thus, N(©) is written as:

n

N(e) = ), N, (o). (3.72)

i=1

Consideration of two precursors and a direct fission yield as
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separate contributors to N(e) leads to the following expressions:

aN, (e) = -aN, (8) + 5)M (8),
a6

dma(e) = »qu(e) + szuz(e), and
de

ngie) = -qN3(e) + Y(8). (3.7p)

Here g is the usual loss term, Sl and 82 source terms, Ml and M2
precursor concentrations and Y the yield rate. Adding these three
equations gives the general expressicn applicable to this situation:

3
an(e) = ), W1®) = qn(e) + 5} () + 5 M,(0) + ¥(0).  (3.Tc)
de i=l de
Thus, Eq. {3.7c) is linear end may be separated into parts.

For illustration, it may be assumedbthat ccncentrations of the
precurscrs and yield rate are not time dependent. Assuming the initial
concentration of Ni is zero, integration of the three separate equations

of (3.7b) ebove yields the results given below for a time interval t:

m {t) = S)M (5.e79F),
g
Ny(6) = 522 (107,
q
N () = ¥ (1-e"F),
3 a

Summing these results gives the explicit solution:
3 .
N{t) = Z Ni(t) 5 . 5S4 . Y (1-e'qt)°
1=l q e q
For & complete solution it is necessary to add a term due to the '

initial concentretion of the nuclide in question:

v
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N(t) = N(0)e™ % +[51M 4 SMp _g> (1-e9%), (3.8)
- 9 4 g

The same result would be obtained by considering the general equation
for this case. Thus, individual contributions from several sources nay
be calculsted separately and results cumulated. This simple approach may
be used to resolve problems involving several nuclide chains containing
common nuclides. Provision wes made in the machine program for resolution

of complex chains by this technique.,
III. FINITE DIFFERENCE SOLUTION OF THE DIFFERENTIAL EQUATIONS

In the simplest finite difference form equation (3.1) becomes:
A Ni(e) = ESJNI (e) + Yi-qiNi(e) A6, (3.9)

In a calculation this equation is solved for the nuclide concentra-
tions as a function of time beginning with the first nuclide in & chain
and proceeding in order through the chain. To obtain concentrations at
time t after zero time, t is divided into short intervals, A6 = t/m
vwhere m is an integer. Values of Ni(e) are approximated by values at

the start of intervals plus corrective terms, thus:

m
My (0) ¥ m (o) + ) (*Ma(®)) pq .
n=l Aen

Values of precursors may be averaged over the interval AO:
=~ 1
N, (6, o+A0) === IN.(6) + N 6+A6:'.
5 (@ ore) =5 N,(0) + W.(0 + 80)

Also, more elaborate approximations could be made.
Using the above approach, an accurate solution is obtained provided

86 is sufficiently small, One way of establishing this condition is to
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compare results obtained using different times for A6. If the difference
in the two concentrations relative to the final value is greater than a

specified convergence €, A® is reduced and the calculation repeated until

the following condition is satisfied:

N(t)yg = Mt)pe <€, m7l.
Nt)re

This method of calculation is the simplest of the three methods
although many calculations are involved when small time increments are
used. A particular advantage of the method is that concentrations of
successive nuclides in a chain are obtained directly from precursor con-
centrations without considering other nuclides in the chain.

A suitable value of A6 depends on the particular problem. In one
reactor calculation invclving only short nuclide chains (up to 5 nuclides) ,
a value for A® of 5 days was found %o be satisfactory (8). If specific
nuclide chains are to be considered, simplification is possible, particu-
larly if only principal effects are considered. For example, xXenon
effects may be adequately studied with a twec nuclide chain although more

35

nuclides are invclved; here, consideration of direct yield of Il and

135 135

Xel35 from fissioh, decay of Il35 to Xe" 7, and loss of Xe by neutron

capture and decay usually describes the situation adequately.
IV. FINITE DIFFERENCE SOLUTION OF THE INTEGRAL EQUATIONS

Equation (3.1) also may be put into the integral form:

-q,t t \ q,(e-t)
N (4) =N, (0)e k! + j; 2% stj(e) + Ei Yisé]e * de. (3.10)
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It is necessary to accurately approximate the integral. Several

finite difference forms can be used, one of which is:

-9t 7 qy t(
Ni(t) = Ni(o)e + 211 [j S.N (e) + 1 K \m\>
(3.11)

Since powers of e used must be evaluated meny times it appears im=~
practical to use this approach; rather, use of the explicit solution

appears preferable.



CHAPTER IV
STUDY OF MACHINE CALCULATIONS
I. GENERAL DISCUSSION

The IBM=7090C machine (13, 14) evailable to Oak Ridge National
Laboratory has & core storage of 32,768 words (fast memory) and ten data
tapes of 2x106 word capacity. A program now in use which conteins certain
instructions for handling production runs, reduces the effective core
storage to about 32,000 words; alsc, & typical program uses aveilable
library routines which further reduce the practical storage to about
29,000 words. Calculations are normelly made in floating point mode--
each word consists of a number and the exponent of ten associated with
the number. Thus 2731.8 might be stored as 2.7318 with the exponent +3.

Each machine word consists of 36 binary bits. In representing a
number, 27 binary bits are used to represent digits, 8 bits for the ex-

ponent digits and one bit for the sign of the exponent. The range of

numbers which may be handled is 2-128 4 X < 2+127 or approximately
lOm38 < X Sjld+38. Significance of numbers is limited to approximately

8 decimal figures.
Of particular importance here is the number cof significant figures
carried along in a calculation. If numbers are limited in significance,
subtraction of one number from another can lead to results which have low
significance. For example, using 8 significant figures, the subtraction
of e=°Ol from unity leaves only 6 significant figures, while lu-e"'OOOl

gives an answer having only 4 significant figures.
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A "double-precision” mode of calculation is available and can be used
to increase the number of significant figures carried along. In this mode
two storage words are used for a number and one for the exponent of 10.
The significant decimal figures are increased to approximately 20 and
the limitation on the exponent of ten is increased to 233. (Use of one
complete storage word for a number and one for the exponent of 10 in-
creases the significant decimal figures only to 10.) Experience with
this mode of calculation has shown that the calculating time for solu=-
tions involving exponentials is increased by a factor of more than 10
over that associated with the normal mode; thus, general use of the
double precision mode 1s not economical if better methods are available.

Programming the IBM-7090 is usually done in Fortran language. In-
structions to the machine for a procedure of calculation are written in
& simple manner; algebraic equations are written as such. These Fortran
instructions are compiled by the machine into a binary program in machine
language which may be used thereafter along with data for calculations.
Compiling an elaborate program (without subroutines) requires about 5

minutes machine time.
II. THE PROGRAM

A machine program was written and compiled based on the explicit
solution of the nuclide chain equations. The Program is based on equa-
tions (3.4) and (3.6) and provision is made for cumulation of contribu-
tions along more than one nuclide chain route. This brogram was developed
to facilitate the calculation of nuclide concentration changes during

reactor fuel exposure, A discussion of the calculation follows.



18

Given initial nuclide concentrations and fast heutron and thermal
neutron flux levels, microscopic fission and neutron capture cross sections
are calculated with account taken of the dependence of the resonance
integrals on nuclide concentrations (see Appendix D). From a description
of nuclide chains and decay constants, loss terms are calculated. Nuclide
concentrations are established at the end of each of a specified number
of time intervals. Neutron flux levels can be adjusted (by option) to
meintain constant fission rate at the beginning of each time step. Tol=-
lowing reactor shutdown, nuclide concentrations are calculated for a
specified number of time steps considering zero flux level to establish
after-shutdown behavior. The calculation gives the nuclide behavior at
a point in a reactor, thus approximating the actual situation if effective
flux levels are used. The time interval may be changed during a calcula=
tion and also the neutron flux levels. Concentrations of several nuclides
may be adjusted during a calculation to maintain initial neutron multipli-
cation. Nuclides circulating in a loop external to the reactor core may
be considered by an approximation discussed in Appendix C. Reactor
operation following a period of shutdown also may be considered.

The program was written in a form which permits adaptation for use

as a subroutine program in multi-region reactcr-depletion codes.
III. LIMITATIONS IN MACHINE FROGRAM

Equation (3.4) under study contains the sums of the products of two

terms:

i-1 -q.t -qif

z: e J -

Je | BTy
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If nuclide i is stable, this reduces to:

—

i=1 i-1 'qjt i-1 S

l-e n
Y, [AlBl = ), [ s, 2, (4.1)
J=k jex | In=k |~y

nfj
Here [A] and [B] correspond to the bracketed terms in the right
hand expression. Terms [A] and [B] were evaluated for a 12 nuclide chain
of interest (pure decay process, with t = 3.156 x 107, i.e., one year).
The results of hand calculations are shown in Table 1. The values for
[A] are well within machine range. Three of the numbers for [B] are out

of machine range, i.e., <1038

, and would be set to zero; setting these
three values of [B] to zero would not alter the sum because the terms
make an insignificant contribution.

Two limitations of the calculation are illustrated in this example.
First, the term [B] tends to be a small number. Second, loss of signifi-
cance may be a problem. The product terms ([A] x [B]) for j=l and j=3
heve the same absolute value but opposite sign; the sum of these two
product terms is zero provided they are indeed identical. It can be
expected that any chain will be evaluated accurately only if: (1),
values of [B] which make significant contributions to the sum are kept
within machine range and (2), two values of the product [A] x [B] of
opposite sign and nearly the same absolute value do not make the principal
contribution to the sum.

To keep the principal values of [B] within machine range, in the
programmed calculation, [B] was scaled by a large number (1015). This
range factor was applied to the first term of the product; the sum: of
the products [A] x [B] was then divided by this number to obtain the

actual result.
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TABLE 1

VALUES OF TERMS IN THE EXPLICIT NUCLIDE EQUATIOHa
FOR A TWELVE NUCLIDE CHAIN

-q.t S. Afl S

NUCLIDE;  [A] = l;éjf-—i—— (] = :Il;lig:%}Tjgi PRODUCT [Alx(B]
J n#d

1 3,156 x 107 5.080 x 10717 9.7205 x 10710
2 1.3317 x 10° 3.79 x 10728 -5.0471 x 10723
3 5,156 x 10/ -3.080 x 10717 -9.7205 x 10710
L 3.156 x 107 1.9556 x 10720 6.1719 x 10°%°
1.8182 x 10° -3.1353% x 1077 -5.7006 x 10™°
6 7.812 x 10t° -1.7284 x 10'he -1.3502 x 1072
7 6.94h x 10° %.7011 x 10727 2.5700 x 10727
8 2.6585 x 107 3.8711 x 10783 1.021k4 x 10°%
9 3.125 x 100 1.7643 x 1072 5.5134 x 1072
10 1.869 x 10° 5.6896 x 1077 6.8958 x 10771
11 4.1459 x 10° -1.5152 x 10720 -6.2819 x 107
SUM 6.172 x 10717

8See text, equation (k4.1)
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To evaluate [A], it was put in the following form:

-q.t ~-q.t -q. t ~(a.-q, )t
e k - - te k l-e 17k .

q = q (g -9, )¢

When t is small, serious loss of significance occurs if this formmla is
used. However, if \xl<0.01, series approximations are useful:

2 3
-X X X
© oml-x+m -,

2
1:ce'X 2_,1-‘%%%-’2‘—;, (4.2)
The above approximations were used vhen (qi—qk)t was less than 0.01.
This did not lead to significant errors. The above approximations also
reduced machine calculating time below that required if powers of e were
evaluated individually.

As indicated above, inaccuracies can arise if one number is sube
tracted from another and these numbers have about the same value. These
difficulties can exist independently of chain length and the time incre-
ment. For example, consider the exposure of U235 and the resulting

formation of U237. After a one-day exposure of U235 to a high flux, the

concentration of Y31 is given by equation (3.4) as:
N237 ~2.29510 (10-14) e—0.000715017_e-0.102643
0.000001179724
_e-0.0000705l67 e-00102643
- )
0.000001187164

N3 - 2.29500 (101*){0.08208360 - 0.08211027},
L P (0™13). (%.3)
Here, three significant figures are lost leaving five significant

figures if eight place machine calculations are used.
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If the above problem is solved using equation (3.3), the result is:
-0,000715017 *
-0,0000705167
-0.1026hé} s

. w237 = 2.09729 (10'13) -9.27604 (1oh)e
+ 9.21776 (lOu)e

+ 5.82747 (102)e

n37

2.09729 (10'13) [-92694.1 + 92171.1 + 525,893},

3T = 6.1 (10'13). (4.4)

i

Tn the above subtraction, four significant figures are lost, leaving
only four significant figures if eight significant figures are used
throughout the calculations. Thus more accurate results were obtained
with equation (3.4) than with equation (3.3).
The above calculations were for a time step of one day. For a
time step of 0.0l day, 5 significant figures were lost through use of
equation (3.&); for a time step of 100 days, only 1 significant figure
was lost. Thus the accuracy to be expected decreaseé as the time step ;

decreases; the loss in accuracy appears to be approximately in proportion

e

to the logarithm of the reciprocal of the time step.

In order to further check the adequacy of the calculational pro-
cedure developed here, machine results using this procedure were compared
with those obtained using double-precision arithmetic, for the case of
a 12 isotope chain involving alpha decay as well as beta decay. The
specific problem involved the buildup of Cf252 from exposure of Puz)+2 to
1.9x lO23 neutrons/cmz. In the alpha decay reaction, the product
isotope becomes one of the precursor isotopes; to treat this situation
analytically requires consideration of double roots which lead to a
special solution to the chain equations, not equation (3.4). However,

from a practical viewpoint, the product from alpha decay can be considered .

+0 have slightly different decay characteristics from the identical
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Precursor, and this permits the relatively-simple calculational procedure
developed here to apply to the case at hand (9). Specifically, the
neutron-capture cross sections associated with the products of alpha
decay were made 0.2% different from the cross sections associated with
the ldentical precursor.

Although this procedure required more nuclides to be considered,
the calculation method was much simpler and also generally applicable.

Shown in Table II is a comparison of the results from the calcula=-
tional procedure developed here with the results based on double~
precision arithmetic (9). In this problem only Pu.2l+2 had an initially
non-zero concentration (2.4888hx1023 atoms/cm3) and the exposure time
was two years. Comparison of results based on the Procedure developed
here with the more precise answers indicates this calculation is accurate
to four significant figures. This is usually satisfactory for most cases
of interest, particularly when use of a rapid machine procedure is
desirable,

It is of interest to examine the merit of using a scale factor as
a function of nuclide chain length in order to keep contributions within
machine range (the use of such a scale factor was previously illustrated
in the Table I results). Calculated concentrations of nuclides 15, 22
and 29 are shown in Table III, page 25, and also percent error of the
results based on double~precision results. (The scale factor simply
increases the size of intermediate numbers during a calculation and
helps avoid loss of significance due to numbers being smaller than the
minimum provided by the machine.) If significance is lost due to small

numbers, then a large scale factor should yield a more accurate solution
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TABLE II

COMPARISON OF SINGLE PRECISION RESULTS BASED ON
PROGRAM DEVELOPED AND DOUBLE PRECISION RESULTS

wosoe TER PETE DL I
pu-2k2 1.253777 x 107 1.25378 x 10°7
pu-2U3 5.008289 x 10-° 5.00829 x 10™°
Am-243 7.538730 x 1018 7.53873 x 1018
Am-2hh 6.892087 x 10™7 6.89209 x 10%°
Cm-2lh 4688146 x 10°% 4.68815 x 10°%
Cr-2k5 6.997669 x 102 6.99767 x 107
Cm-2L6 4.978751 x 10°% 4.97873 x 105
Ccm-2l7 1.925221 x 10°° 1.92522 x 10°0
Cm-248 6.818085 x 107t 6.81808 x 102t
Cm-249 5.113585 x 10°7 5.11359 x 107
Bk-2k9 3,550646 x 10%? 3.55065 x 10*?
Bk-250 1.862844 x 1o18 1.8628k4 x 1018
cf-250 2.602992 x 1052 2.60299 x 10%2
Cf-251 6.507730 x 1018 6.50773 x 1018
cr-252 5. 446630 x 10°0 5. 44663 x 10°0
Cm-248 (a-feedback) 1.090826 x 1020 1.09083 x 1020
cm-249 (a-feedback) 8.162947 x 107 8.16379 x 107
Bk-2L49 (a-feedback) 5.608480 x 10%/ 5.60898 x 100/
Bk-250 (a-feedback) 2.935057 x 1o16 2.93534 x 1o16
cr-250 (a-feedback) 4.063156 x 1077 4,06348 x 1007
cr-251 (a-feedback) 1.01191% x 10-7 1.01201 x 10°7

cr-252 (a-feedback) 6.350617 x 10 6.35150 x 10
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TABLE IIT

EFFECT OF THE VALUE OF THE SCALE FACTOR ON
CALCULATED NUCLIDE CONCENTRATIONS

NUCLIDE IN CHAIN

RANGE FACTOR F H$EHVTH TWENTY SECOND TWENTY NINTH
(Last in chain) (First feed-back) (second feed-back)

Concentration, Atoms/barn-cm

1.0 5.445530 x 107 6.350617 x 1070 0.0
10%? 5. 446631 x 107 6.351580 x 1070 2.505349 x 108
10%° 5.446631 x 107 6.350410 x 107° 0.0
10%° 5. 446631 x T 6.34997h4 x 1076 b.2M 724 x 10710
10° 5. 446630 x 107 6.349674 x T 0.0
1035& 5.446631 x 107 6.350783 x 1076 0.0
Double Precision 5.44663 x 10'1L 6.35150 x 10"6 3.456k9 x 10'8
Error, Percent
1.0 0. 0.1k >100.
101 0. 0.0013 27.5
1020 0. 0.0L7 >100.
1022 0. 0.02k 100.
10°° 0. 0.029 >100.
10°? 0. 0.012 >100.

aMachine overflow occurs
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than a small scale factor. The results indicate that no significance
was lost for nuclide 15; that the inherent accuracy of the concentration
of nuclide 22 was not within 0.02% (due to subtraction of numbers nearly
identical ); and that all significance for nuclide 29 was lost. Thus,
attempts to use this calculational method for more than 22 nuclides
failed.

These results showed that loss in significance due to inadequacles
of machine range was not lmportant in this calculation, although pre-
viously in Table I, page 20, it was shown that significant contributions
can be lost if a scale factor is not used. Generally, initial concentre-
tions should have a normalized value near unity.

There is a finite probability that repeating rcots may occur. If
in equation (3.k4) 4, = 4 for any two values, then the solution given
is incorrect. However, with eight cignificant figures; it is very un-
likely that identical roots will oeccur without previous knowledge of the
fact. Under the latter circumstancze, provisiocn can be made as was done
for the case of alpha decay above.

There is one situaticn which mey not be treated adequately. Con-
sider calculation of concentrations at a locabtion in a reactor where
there is fertile material but no fuel initially. Use cof the explicit
sclution will correctly evaluate prcduced fuel at any time, but fission
product concentrations will be underestimsted. The reason is that genera-
tion rate of fission products is assumed to he constant over an interval
of time based on the fuel concentration at the beginning; with continually
increasing fuel co;centration, generation rates are underestimated. Only

with short time intervals can appreciable error te avcided. A relatively
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accurate calculation is possible, however, by use of a pseudo capture

rate by a fuel nuclide.
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CHAPTER V
RESULTS OF CALCULATIONS
I. INTRODUCTORY DISCUSSION

Reported here are results of calculations made for seven different
problems of interest. The first four problems were associated with the
High-Flux-Isctope-Reactor now under construction at Oask Ridge National
Laboratory; this reactor has been designed for a peak thermal flux in
a central neutron flux trap. In the first problem, nuclide behavior was
calculated in the fuel region for different values of time steps in
order to indicate the errors resulting when finite time steps are con-
sidered. In the second problem, production of californium in the flux
trap was studied. In the third and fourth problems, & study was made
of the importance of fission products during a fuel cycle in which a
period of shutdown occurred followed by subsequent reactor operation.

In this latter problem, burn-out of samarium by low power operation was
included. The fifth prdblem was a study of the effects of the fast
neutron reactions on nuclide concentrations in a converter reactor. The
sixth problem considered the sixteen route decay of U235 to Pb207. The
last calculation considered an unsteady-state chemical-processing
situation involving continuous flow through reactor vessels; these vessels
were arranged in series and a first order reaction was assumed to occur
in each vessel.

In each case the celculation was performed with the program based on
equations (3.4) and (3.6). The calculation was of the nuclide concentra-

tions at a point for several successive time steps.
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In these calculations, certain approximations were made with respect
to effective reaction rates; better approximations can be readily incor-
porated, if the effective cross sections are known as a function of time.
From two-group steady-state reactor theory, a thermal neutron bslance
at a point gives:
source - losses = 0
o - (5 + 1>v2)«>2

This assumes there are no thermal neutrons produced in fission. For a

oo

0.

large reactor, the leakage term, D02¢2, is small, and so
Axla
%2 %

Thus to a first approximation the ratio of fast to thermal flux is known.

. (5.1)

After a period of operation, Zg will have changed due to fuel consumption
and the formation of fission produéts; ;R would not normelly change
significantly since it is primarily a property of the moderator. Thus
the ratio of fast to thermal flux will change in accordance with the
change in Zg during the 1life of the reactor. The calculations made here
did not incorporate this effect, but for a specific problem where this
ratio is calculated by other means, the results could be readily incor-
porated.

Nuclear constants used were from references 11, 12, and 15.

Based on a point model, the effective multiplication constant of a
reactor as a function of fuel exposure was obtained considering a

specified neutron leakage fraction. The equation used was:

K summed neutron productions (5.2)
eff  summed absorptions + leakage °
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In sample problems below, emphasis is not always placed on the nu-
clide concentrations and calculation itself, but often on how nuclide
concentrations contribute to reactivity. Although the reactivity calcula-
tion used here is based on a simple model, this model is often satisfacw
tory, and can be used to illustrate the usefulness of knowing nuclide
concentrations as a function of time. Also illustrated is the ability
to study effects of different cross sections on relative reaction rates
in a fuel mixture, and how certain chemical kinetics problems result in

the same mathematical system considered here.

II. NUCLIDE CONCENTRATIONS IN HFIR CORE REGION AS A FUNCTION OF TIME;

EFFECT OF LENGTH OF TIME STEP ON CALCULATED NUCLIDE CONCENTRATIONS

It was of interest to examine the effect of time step length on
calculated nuclide concentrations for specific chains. Average core
conditions expected in the High-Flux-Isotope-Reactor were used to estimete
nuclide concentrations after operation for ten days. A thermal neutron

>

flux of 4.0 x 1004 neutrons/sec-cm2 and a fast flux of 3.8 x 10t neutrons/

35

sec«-cm2 were assumed as initial conditions; the initial U2 fuel concen=-
tration was 3.6 x :LOHLL atoms/barn-cm. Fission products other than those
treated in detail were lumped into a pseudo nuclide; five short nuclide

chains were considered:
235 |, 236, ¢B3T | o237

235 L 235 L xe35
U235 . Ndlug . Pm11+9 . Sm11+9 .
U235 - Ndl5l - Pml5l - Smlsl -

4235

Y

Y

- Lumped Fission Products - .
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In the calculation, effective resonance integrals as a function
of nuclide concentration were recalculated at the end of each time step.
Constant fission rate was simulated by adjusting the flux levels at the
end of each time step (flux level increases to compensate for fuel
depletion) assuming fixed thermal to fast flux ratio.

The calculated concentrations are shown in Table IV. The calcula-
tions indicate that the error in the final U235 concentration is reduced
from 5.5% using one time step to 0.6% for ten time steps. Similarly
the error in the final Xe135 concentration is reduced from 39% using
one time step to 3.7% using ten time steps. These results indicate that
appreciable errors can be expected for calculations made with time inter-
vals large compared with the life of a reactor core.

For values of final K pp» €Quation (5.2) was used. An initial
value of 1.16 was assumed for K _pgs the excess of 0.16 to be taken up
by control rods which would be removed gradually to maintain a critical
céndition. The core leakage was based on the initial fuel loading and
an aluminum to water ratio of 1.0; this leakage was assumed to remain
constant relative to absorptions. No burnable poison was considered in

these calculations.
III. CALIFORNIUM PRODUCTION IN THE HIGH~FLUX=~ISOTOPE-REACTOR

Calculations were made of the californium production from a plu-
tonium charge in the flux trap of the High-Flux-Isotope-Reactor. An
initial set of calculations was made using pile neutron cross sections
in a one~neutron=-group calculation (9). Only the principal chain route

was considered, with a-feedback neglected (see Table II, page 24, for



TABLE IV

POINT NUCLIDE CONCENTRATIONS AT THE END OF TEN DAY'S OPERATION

AS DETERMINED WITH SEVERAL DIFFERENT TIME INCREMENTS

FINAL CONCENTRATIONS OF NUCLIDES, ATOMS/BARN-CM

oguggﬁg FINAL  UP? P BT w112 gel?? P9 su™ Pl st ;gggﬁgN
" Keer x 10 x10° x107 x107 x107 x10° x107 x10° x10° x10° T

1 0.9881 2.682 1.770 4.355 1.644 2,089 5.361 3.027 4.631 7.563 2.239 8.217

2 0.9922 2.619 1.894 4,636 1.698 2,089 L4.64k 3,027 L4.005 7.563 1.934 8.195

5 0.994%9 2.574 1.98% L4.943 1,770 2.089 L4.161 3.027 3.587 T7.563 1.731 8.178
10 0.9958 2.557 2.017 5.071 1.80% 2.089 3.989 3.027 3.443 7.563 1.663 8.173
20 0.9962 2,548 2.034 5.1 1.824 2,089 3.900 3.027 3.378 7.563 1.631 8.170
50 0.9964 2,542 2,045 5.185 1.8%7 2.089 3.845 3,027 3.344 7.563 1.615 8.168

2%
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the nuclide chain). The results displayed in Figure 1 indicate little
difference in the peak Cf252 production for a given neutron exposure,
at flux levels of 3.0 x lO15 and 5.0 x 1015. Appreciable increase in
production could be realized by an increase in flux level for a given
exposure time not exceeding that associated with peak production.

Although two group cross sections are not well-known for trans-
plutonic nuclides, estimated values were used in a second set’of calcu-
lations. Results of these calculations, which show the effect of the
ratio of summed fast to thermal neutron flux on Cf252 production, are
displayed in Figure 2, page 35. The thermal neutron cross seoctions used
in this calculation were significantly different from those used in the
previous calculation; specifically, a lower absorption cross section
was used for Pu242. The latter value is considered to be a better . - .
value. The results shown here indicated that a high intensity of fast
flux is desirable in the neighborhood of the exposed material. Un-
certainties in the nuclear properties result in appreciable uncertainty
in the calculated conversion, as may be noted by comparing results

shown in Figure 2, page 35, with those in Figure 1.

IV. ESTIMATE OF THE Xel35 AND Smlh9 CONCENTRATIONS AND THE REACTIVITY

TO BE EXPECTED FOR VARIOUS HFIR OPERATING CONDITIONS

Time behavior of reactivity of a reactor may be estimated from
point nuclide conéentrations calculated with average core conditions,
A list of calculated concentrations of the mosf important poisons,

149

Xe155 and Sm™ “, as a function of High-Flux-Isotope-Reactor operation

is presented in Table V, page 36. Although Xel35 decays quickly after



UNCLASSIFIED
ORNL-LR-DWG 70512

(x10~%)
i s
NEUTRON FLUX, N\
n/sec » cm? \
5 5 X 10‘5 / \
T 4
Q
S
L
\'é’ / 3x10'S \
g .
2 / \
2 3
o
st
O
2
[a]
(o]
x
2 N\
X N\
G 2
1 x 1?’
1 / / //
/ INITIAL LOADING,
/ 100 grams/cm3  Py242
0 4 | l ‘
0 5 10 15 20 25 30 33
TIME (months)

Figure 1. Californiur Producticn in the High-Flux-Isotope-Reactor



(x1079)

C£252 PRODUCTION (atoms/ barn - cm)

(W%}
T

UNCLASSIFIED
ORNL-LR-DWG 70513

RATIO OF SUMMED
FAST TO THERMAL FLUX

////,0

/ THERMAL FLUX,

3.0x10'3 n/sec e cm?

/ INITIAL LOADING,
/ 100 grams/cm3 Py242

Figure 2,

15 20 25
TIME (months)

30

35

.40

Dependence of Californium Production on th Ratio of

Fast to Thermal Neutron Fluxes



36

TABLE V

CONCENTRATIONS OF IMPORTANT FISSION PRODUCTS IN THE
HFIR ESTIMATED FOR SHUTDOWN AND SUBSEQUENT OPERATION

TUCLIDE CONCENIRATION, atoms/barn-cm x 10V

TIME AFTER TWITIAL PERIOD OF QPERATION, DAYS
SHUTDOWN A 6 10
DAYS Xet>? Sm1”9 Xe 07 Sm1“9 Xt Sml”9
0. 48.25 302.4 45,18 3hL.8 38,93 337.3
1. 627.2 957.8 626.7 1115. 625.7 1196.
2, 155.0 1428,  154.9 1667.  15k.7 1813,
3. 29.81 1765. 25,80 2063, 29.77 2254,
b, 5,26k  2007. 5.262 2347, 5,257 257L.
5. 0.8956 2180, 0.8953 2551, 0.8945 2798.
6. 0.1497 2305. 0.1497 2697. 0.1496 2961.
7. 0.0248 239k, 0.,0248 2801, 0.0248 3078.
8. 0.00k1 2458, C.o0k1 2876, 0.0041 3162,
9, G.0007 2503, 00,0007 2930, 00,0007 3222,
10 55,0001 2536, 0,000%. 3969, 0.0001 3265,
il. S 2560, o 2996, — 3296,
i2, —e 2577, S 30116, - 3318,
13. —— 2589, ——— 3030, _— 333k,
ik, ome 2598, cce 3041, -—— 3345,
15. coo 2604, S 3048, —_ 3353,
i6. e 2608, - 3053, o 3359,
i7. - 2611, oo 3057, S 3363,
18. = e 2614, . 3060 . e 3366,
19. o 2615, cee R62, S 3369,
20. o 2616. - 3063, = 3370.
{Stert Operatiomn)
0.25 22.65 1hbl, 21.15 16¢6, 18.97 1605.
0.5 22,91 810.9 31.62 855.6 28,27 776.2
C.T5 39,75 46,8  37.02 LT7.0 0 33,0k 396,2
1. 42,68 306.4 39,72 292.6 35,39 228.9
1.5 k5 71 191.5 41.85 2062.9  37.23 139.6
2, 45,02 185.5 L4i.80 171.5  37.07 14k,2
2.5 hly, 48 206,0  L1.2k 191i.,7 36.46 164.0
3, 43,78 229.,6 h0.53 213.7 35.72 182.8
3.5 43,03 250.2  39.77 232,3 34,94 197.8
L, 42,28 266.8 39.0L 2k7.0 34,15 209.1
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reactor shutdown, stable Sm149 continues to form from decay of the
149
precursor .
A partially spent core may be placed back into HFIR operation after
a period of shutdown provided loss in reactivity is not excessive. Table
VI indicates reactivity as a function of time during initial operation,

135

shutdown and subsequent operation. Rapid formation of Xe causes

149

initial loss in reactivity; significant loss to Sm occurs later.
Following shutdown, the Xe135 concentration passes through a meximum
(with which is associated a minimum reactivity) and then declines to a
small value while SmllL9 continues to form. With subsequent operation
the Sui? is burned out while Xe S” accumilates.

In these calculations the ratio of fast to thermal fluxes was
assumed constant and the core leakage to absorption ratio was assumed
constant. The flux levels were adjusted at the end of each time step
to approximate constant-power conditions.

The results indicate that about the same total core life (actually,
a slight increase in core lifetime) is achievable even though a period
of shutdown occurs, provided that criticality can be achieved initially
in the subsequent operation. This latter condition appears achievable

after several days shutdown.
V. SAMARIUM BURNOUT OF A PARTIALLY SPENT HFIR CORE

If a HFIR-type reactor were shut down for even a short period and
subsequently placed in operation, increase in neutron losses due to
capture by fission products would cause significant loss in reactivity.

As illustrated in Section IV, loss to Xel35 is particularly important
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TABLE VI

RELATIVE REACTIVITY OF THE HIGH-FLUX-ISOTOPE-REACTOR AS A FUNCTION
OPERATING TIME, FOLLOWED BY SHUTDOWN AND SUBSEQUENT OPERATION

RELATIVE REACTIVITY
INITTAL PERIOD OF OPERATION, DAYS

TIME, DAYS L 6 10

After start operation

0. 1.1600 1.1600 1.1600
0.25 1.1318 1.1318 1.1318
0.5 1.1162 1.1162 1.1162
0.75 1.1065 1.1065 1.1065
1. 1.0998 1.0998 1.0998
1.5 1.0903 1.0903% 1.0903
2, 1.0835 1.0835 1.0835
2.5 1.0774 1.0774 1.0774
3. 1.0718 1.0718 1.0718
3.5 1.0664 1.0664 1.0664
L, 1.0610 1.0610 1.0610
b5 (Shutdown) 1.0558 1.0558
5. 1.0506 1.0506
5,5 1.045k 1.0454
6. - 1,0402 1.0k02
6.5 (Shutdown) 1.0349
7. 1.0296
8. 1.0188
9. 1.0007
10. 0.9962
After shutdown
1 0.6859 0.6586 0.6023
2 0.9400 0.9103 0.8519
3. 1.0372 1.0068 0.9501
b, 1,054k 1.0232 0.9663
6. 1.0523 1.0199 0,9620
8. 1.0L490 1.0160 0.9575
10, 1.0473 1.0140 0,9552
12, 1.046k 1.0130 0.9540
14, 1.0460 1.0125 0.9534
16, 1.0L458 1.0123 C.953L
18, 1.0457 1.0121 0.9530
20, 1.0456 1.0120 0.9529
After restart operation
0.25 1.0525 1.0273 0.9795
0.5 1,0561 1.0344 0.9902
0.75 1.0567 1.0365 0.9926
1.0 1.0557 1.0358 0.9914
2,0 1.0450 1.0244 0.9770
3.0 1.0330 1.0115 0.9618
4,0 1.0212 0.9988 0,946€
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for short periods of shutdown while loss to Sm.l49 is importent if the
shutdown period lasts several days. These losses can be alleviated by
partial burnout of Sm in an auxiliary reactor facility which provides
additional reactivity.

For this case, calculations were made of burnout of Sm;u9 from a
partially depleted High-Flux-Isotope-Reactor core in an auxiliary reactor
facility at a power level significantly lower than that of the primary
facility. The assumptions made here were identical with those of previous
problems; also, the fast to thermal flux ratio in the auxiliary facility
was the same as in the primary reactor. Calculations were performed
considering operation for two days, shutdown for twenty days and opera-
tion of the auxiliary facility for twenty-two days; the results are
shown in Table VII, and illustrate that the most desirable mode of opera-
tion of the auxiliary facility depends on the reactivity gain desired.
The amount of exposure must be limited to avoid unproductive fuel con-
sumption. The reactivity gain to be obtained by partial Sm burnout
appears to be higher if the period of initial HFIR operation is longer
than two days. (The results shown are not precisely consistent with
those of the previous problem due to use of slightly different cross

section data.)
VI. CONVERSION OF FUEL IN A LARGE REACTOR AS A FUNCTION OF FLUX RATIO

A study was made of the effect of the fast-to-thermal neutron flux
ratio on the behavior of fuels in a large converter type reactor, which
had a thermel neutron flux of 6.37 x 102 n/sec-cm2 and initial fuel

concentrations (in atoms/barn-cm) of 2.0902 x lO-LL for U235, 5.6903 x 1073
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TABLE VII '

SAMARIUM BURNOUT FROM A PARTIALLY DEPLETED CORE:
ESTIMATED REACTIVITY WITH TIME ¢

RATIO OF FLUX IN AUXILIARY FACILITY
TIME FROM TO THAT IN PRIMARY REACTOR

START, DAYS 0.01 0.02 0.05

RELATIVE REACTIVITY

(Start operation primary facility)

0. 1.1600 1.1600 1.1600
0.25 1.1319 1.1319 1.1319
0.5 1.1163 1.1164 1.1164
0.75 1.1066 1.1066 1.1066
1. 1.0999 1.0999 1.0999 -
1.5 1.0904 1,090k 1.0904
2, 1.0836 1.083%6 1.083%6
(Shutdown primary facility 20 days)
22, 1.0901 1.0901 1.0901
(Sm burnout in auxiliary facility)
22,5 1.0836 1.0789 1.0712 ]
23, 1.0780 1.0713 1.0633 )
23,5 1.0757 1.0688 1.0619
24, 1.0750 1.068k% 1.0625 :
25, 1.0752 1.0692 1.0648 :
26, 1.0758 1.070k4 1.0669
27. 1.0764 1.071h4 1.0686
28, 1.0769 1.0724 1.0701
29, 1.0775 1.0733 1.0714
30. 1.0780 1.0741 1.0725
31, 1.0785 1.0749 1.0733
32, 1.0790 1.0757 1.0741
3L, 1.0800 1.0771 1.0752
36, 1.0809 1.0783 1.0759
38. 1.0817 1.0794 1.0763
Lo, 1.0825 1.080k4 1.0764
ko, 1.0833 1,0813 1.0763
Ly, 1.0840 1.0821 1.0761
(Shutdown auxiliary facility 20 days)
64, 1.1009 1.1067 1.1088
“Increased reactivity over
that at 22 days - 0.0108 0.0166 0.0187 .
Fuel consumption in Auxiliary FUEL CONSUMPTION, FRACTION OF 10 DAY
Facility LIFE

0.022 0.0k 0.110 -
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por U238, 2.5084 x 1072 for P32, 8.5557 x 1070 for Pu>C, 5.6887 x 10

for Puzul and 2.8262 x 10“6 for Pu2h2' The time behavior of the nuclide
concentrations is shown in Table VIII for three different levels of fast
flux. Also shown in Table IX, page h3, is an estimate of the relative
reactivity under the conditions studied. It is important to note thet
the power level is dependent on total fissions so that operation for a
particular length of time at an elevated fast flux level must be associated
with a higher power level.

The results indicate that there is a significant effect of fast flux

level on nuclide behavior; greater conversion of fertile to fissile nu-.

clides occurred as the ratio of fast to thermal flux increased.

VII. DECAY OF RADIOACTIVE URANIUM TO STAELE LEAD

ALONG SIXTEEN POSSIBLE CHAIN ROUTES

For the actinium series the decay of U235 to stable Pb207 is shown

in Figure 3, page 44, There are sixteen possible routes which end with
the formation of stable lead. The results of calculations considering

235 are shown in Table X, page 45. Since the

one original atom of U
calculation permits only one type of decay loss, the second type was
simulated by treating it as a loss due to neutron capture utilizing a
fictitious thermal flux.

This type of calculation was useful in studying the accuracy of the
procedure of calculation, since the total number of atoms at any time
should sum to the number at time zero. In each problem, the summed atoms

equaled the initial number within the accuracy of a seven place machine

edit, i.e., an error of not more than one part in 107. Also, as an



TABLE VIII

DEPENDENCE OF FUEL CONCENTRATION BEHAVIOR ON FAST-TO~-THERMAL
FLUX RATIO IN A CONVERTER REACTOR

RATIO OF FAST FLUX TO THERMAIL FLUX

TIME, 1 3 10
DAYS ' CONCENTRATION OF NUCLIDES, ATOMS/BARN-cm x 10°
U235 Pu239 Puzhl U235 Pu239 Puehl U255 Pu259 Pueul
0 20.902 2.5084% 0.5689 20,902 2.5084 0.5689 20.902 2.5084 0.5689
25 20,780 2.5020 0.5637 20,763 2.5341 0.5694 20.704 2.6459 0.5891
50 20.658 2.5005 0.5587 20.624 2.5705 0.5700 20.509 2.8111 0.6081
75 20.535 2.4991 0.5538 20,486 2.5064 0.5706 20.318 2.9702 0.€261
100 20,413 2.4977 0.5490 20.349 2.6116 0.5713 20.131 3.1234 0.6430
200 19.927 2.4921 0.5313 19.806 2.7768 0.57h2 19.409 3,6845 0.7033
500 18,482 2. 4766 0. 4895 18.237 3,1316 0.5864 17.471 4, 9922 0.8699
1000 16.125 2.4544 0.4514 15.802 3.5819 0.6221 14,770 6.3850 1.0705
1250 14,997 2, 4448 0.h4ly 14,666 3.7535 0.6473 13,600 6.8512 1.1868

2
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TABLE IX

APPROXIMATE DEPENDENCE OF REACTIVITY ON FLUX RATIO IN
A CONVERTER REACTOR

Relative Reactivity

RATIO OF FAST TO THERMAL FLUX

TIME, DAYS 1 3 10

0 1.2200 1.2200 1.2200

25 1.1909 1.1957 1.2083
50 1.1851 1.1609 1.2118
5 1.1808 1.1875 1.2157
100 11774 1.1846 1.2194
125 1.1743 1.1821 1.2229
150 1.1713 1.1796 1.2261
175 1.1685 1.1772 1.2289
200 1.1657 1.1749 1.231h
225 1.1629 1.1726 1.2336
250 1.1601 1.1702 1.2354
300 1.1545 1.1654 1.2384
350 1.1489 1.1607 1.2404
4oo 1.1433 1.1559 1.2416
450 1.1377 1.1510 1.2422
500 1.1321 1.1461 1.2422
550 1.1264 1.1h2 1.2116
600 1.1207 1.1363 1.2407
650 1.1150 1.1313 1.2394
700 1:1093 1.1263 1.2378
750 1.1036 1.1213 1.2360
800 1.0978 1.1162 1.2339
850 1.0920 1.1112 1.2317
900 1,0862 1.1061 1.2292
950 1.080k4 1.1010 1.2267
1000 1.0T45 1.0959 1.2240
1050 1.0686 1.0908 1.2212
1100 1.0627 1.0857 1.2183
1150 1.0568 1.0806 1.2154
1200 1.0509 1.0755 1.2124
1250 1.04k49 1.070k4 1.2093
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TABLE X

FORMATION OF PB-207 FROM DECAY OF U-235 AND REILATED RESULTS

YEARS FRACTION ATOMS Pb=07 ATOMIC ATOMIC
ORIGINAL FORMED PER 0 RATIO
UEge ORIGINAL P§é§22$o Pa2§§5to
DECAYED ATOM U255 Ac U

9.7205 x 10°  8.3788 x 10™T 100,000 9.679% x

9.7205 x 1077 2.3110 x 10714 10,980 9.7154 x
9.7200 x 1077 5.5436 x 1077 1,575 k.17l x
9.6733 x 107 9.6257 x 1072 1,575 %.8127 x 10
9.263%0 x 1072 9.2586 x 1072 1,575 L.8127 x
0.62169 0.62167 1,575 4.8127 x

\J1

C'>»99991\L 0.9999k L,

75 4,8127 x !
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additional accuracy check for short periods, the number of atoms produced
was found to equal the number of atoms of the U235 destroyed within the i
accuracy of cne part in 107°
In dating ores it is normally assumed that all loss of U235 appears
as Pb207; it may be noted from Table X, page 45, that this simplificetion
appears justified for periods longer than 107 years. Typical values

reported for atomic ratios in ores (2) are:

231 231

Pa - Pa -5
= 1560 and —= 4,81 x 1077,
Ac2el ye3>

These are in substantial agreement with the calculated values.

VIII. APFLICATION TO A CHEMICAL PROCESS

The equations solved for behavior of nuclides in a reactor can be
applied to certvain chemical processes. For example, thoroughly mixed
waterials in a fixed-volume vessel can be represented by point concentra-
tilous. The equations of material balance for constant flow rates through
successive vessels in which first-order reactions occur, are identicel
to the first order neutron chain equations.

As an example of application, a fictitious process is shown in
Figure 4. Also shown are appropriate differential equations of material
talance associated with fixed flow rates, fixed volumes and first order
reactions. Arbitrarily assigning values to the constants, as given below,

the following equations are considered:

.
!

= 0005 i OalCl )

n
f

= 0006 - Oal5C2 )
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3 = o0.02¢, + 0.01 - 0.07C,
3®

dC, - 0.13C., + 0.06C, =~ 0.kC
5 3 1 4

At steady state, the concentrations are obtained by setting

dc/dae = 0, so

C, (eo) = 0.50 ,
Ce(oo) = 0.20 ,
c3(oo) = 0,20 ,
Cucv) = 0.1h4 .

Setting initial concentrations other than C0 to zero, time de-
pendent concentrations are given in Table XI as obtained from machine
calculations using the program developed here. The results show the
time behavior of the concentrations, and the approach to steady-state
conditions. Considerably more elaborate systems may be handled by the

machine pregram.
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TABLE XI

CALCULATED TIME DEPENDENT CONCENTRATIONS
FOR A FICTITIOUS CHEMICAL PROCESS

RELATIVE TIME RELATIVE CONCENTRATION
c, C, Cy C,
0 0 0. 0 0
10 0.3161 0.06852 0.07655 0.05822
20 0.4323 0.1387 0.1259 0.09878
30 0. 4751 0.1746 0.1576 0.1190
Lo 0. 4908 0.1900 0.1767 0.1292
50 0.4966 0.1962 0.1875 0.1345
60 0.4988 0.1986 0.1935 0.1372
T0 0.4995 0.1995 0.1966 0.1386
80 0.4998 0.1998 0.1983 0.1393
90 0.4999 0.1999 0.1991 0.1396
100 0.5000 0.2000 0.1996 0.1398
200 0.5000 0.2000 0.2000 0.1400
1000 0.5000 0.2000 0.2000 0.1400
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CHAPTER VI
SUMMARY AND CONCLUSIONS
I. SUMMARY

A practical, general procedure was developed for digital machine
calculation of nuclide concentration behavior with time. This involved
an explicit solution to the nuclide chain equations in a form most
suitable for calculation with a limited number of significant figures.
The procedure was programmed for the IBM-7090 with provision made for
interlocking chains; limitations were examined by solution of a number
of example problems. Study of the results indicated that the calculation
is practical for application to reactor depletion problems and to other

problems which can be represented by the equations.
II. CONCLUSIONS

It was found from this study that a general, explicit solution to
the coupled nuclide chain equations is practical for meny applications.
Specifically, the solution can be used in the majority of reactor de-
vletion problems. Using eight significant figures restricted to the

rarge of numbers within lO"38 to lO+38

the following restrictions apply:

1. Four place accuracy in the final results can be generally
expected.,

2. Reliable results can not be expected for very short time

intervals (very low flux exposure ) nor for very long nuclide

chains.

Ara
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3. Some problems may require special treatment in respect to

number scaling in order to retain significance.

The method used to account for contributions from several nuclide
chains, even if interlocking, proved practical. Contributions from
along each chain route are calculated separately and cumulated. Such
calculation is possible because the differential equations considered
are linear.

General application of the calculational procedure developed appears
useful for reactor depletion calculations, provided it is coupled with
an adequate criticality calculation to provide effective neutron reaction
rates,

It was shown that certain chemical kinetics situations can be
adequately represented by the chain equations considered here if special

interpretation is given to the terms.
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APPENDIX A
THE MACHINE PROGRAM FOR SOLUTION OF THE NUCLIDE CHAIN EQUATIONS
I. GENERAL

The machine program developed here calculates point nuclide cone-
centrations at the end of each of a specified number of time intervals,
considering exposure of the nuclides to two group neutron fluxes. At
the end of each time step, the flux levels can be adjusted to correspong.
to a constant power level. The dependence of neutrcn rescnance capture
and resonance fission on nuclide concentration is taken into considera-
tion (see Appendix D). Nuclide behavior after reactor shutdown is
calculated with appropriately simplified equations. Also, nuclide
behavior during operation subsequent to reactor shutdown may be
calculated.

The machine calculation itself is very fast. The time required to
perform the calculations associated with the sample probléms described
in the report proper is less than 20 minutes. The general program re=

- quires 11,000 storage locations and with some modifications can be used

as a subroutine.
II. PROGRAM LIMITATIONS

The limitations of the machine program are due primarily to the
storage space assigned to variables but also to the specific calcula-
tion routine. estrictions are listed below.

A. A maximum of 99 different nuclides can be specified.
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A maximum of 50 nuclide cheins can be specified.

One chain can not contain more than 50 nuclides.

Only those nuclides numbered 1 through 10 may be fissionable.
Fission yield fraction from the first 5 numbered nuclides
(fuels) is identical and that from fuel nuclides numbered 6
through 10 is identical.

Yield from thermsl and fast neutron fission is assumed to be
identical.

A library of microscopic data may be used--it need not be
limited to nuclides of interest. A subsequent case will use
the library from the previous case.

For the case of constant flux during a calculation, one change
in & neutron flux or in time-step length may be made; flux
levels will not be adjusted to maintain a fixed fission rate
following a change in flux level. The value of the flux can
not be set at zero, although a very small value can be used.
Fission yield of nuclides in a chain is not considered unless
there is a yield associated with the first nuclide in the
chain; an insignificantly small yield may be specified for
the first nuclide if only the others are to have yield from
fission.

If a nuclide in a system of chains does nct have an initial
concentration nor a contribution from the chain first speci~
fied, additional contributions to the nuclide in question will
nct be summed; this permits dummy nuclides to be used in de=-
seribing complex nuclide systems. Microscopic cross sections

mist be specified for dummy nuclides.
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K. The calculation does not account for repeated roots=--if 95
values for the two nuclides in one chain are identical the
result will be in error.

L. To indicate neutron multiplication effects, an input value
Kéff is used to calculate initial leakage + Absorption =
(Productions = Absorptions % Kéff) = 1.0; this ratio is

~assumed to be fixed thereafter giving a first order approxi-
mation to the effective multiplication constant; if initial
Kéff is not specified, leakage is assumed to be zero.

M. For very long chains and little difference in loss terms, all
significance may be lost and a negative concentration may be
calculated; in such an event the concentration is set to zero
and reported as such.

N. If fast-neutron-group microscopic absorption and fission cross
sections are specified, these values are used and resonance
integral calculations are not made.

0. In a given calculation, subsequent data sets, corresponding
to the first three IBM cards, may be specified and the calcu-

lation continued with the new data.
IIT. INPUT DATA

The following description of data for a problem is consistent with
the form shown in Figure 5.

EEEQ;L Title card to contain reference information.

ggzg-g-R-Scaling factor to retain intermediate results within machine

range; lO15 is used if not specified. If a number becomes too



KEYPUNCH INSTRUCTIONS:

Punch only those cards hav= NUCY: EXPLICIT NUCLIDE CHAIN CALCULATION Poge —of—
Ing data in columns 73-80 Charge ————
TDENTIFIGATION &IR‘EN‘E""
ETIHIHFTHIHIHAETTHHII [ lIlIIlIlLHIIIlﬂ&HIIIIIl lllllllllll llllll
K eff K min AT Down Jiolo1lo2lo3loa{os5]o6|N |{N2INIINANSINE VFOC
HIIHHHHIIHIHIHIHIII]IIIIIllll'll[lifllllllllll!ll
tift2fisjtaps ATI AT 2 i, ®2, 1,2 ®2,2
IlI[IIIIIHIIHHIIHIJIIIHHIIIlIHIHHIIIHIIIHIIIIIIIIHIII
e l,l ¢ 2,1 ¢ 1,2 ¢ 2,2 Se Au RDIS
HEENEEEN IIIHHIIllllIIHlHIIHIHIIHITHlIllllllllHHlIlHIllﬂl
#1tnyietd | |# | fn yield | |#F | fn yield ! 4| fn. yield | |#F | fn.yield | [# | fn. yield | | tn, yield !
# | tn yietd 2 |# | o yield 2 [#] fn. yield 2 | in. yield 2 [#] fn. yield 2 |#] fn yield 2 F# ] fn. yield 2
if-“m + 3 |+ |+ (x| TH# LH +4 [+ |E# |2 H# | #F 12H + 4 |24 |+ # |+ # I+ #
*| # N (0) # N (0) # N(O) # N (0) # N (0) # N (0)
x|#F| 3oy | 304y 2 ar agl oq 2 vof ! vof 2 NUCLIDE
IEEENINERENEREREREERENEERRERENERNEER AENEENENEEEEENENENAREAENNEENEE ERERA
v LA 1q (@) 17V 14 (D) g O/V) agq af A
llllllllllllllll[IIIIIJIHIHHTHIIIHIIHIlHIIllIllHIIHII
# 3oy | 3oy 2 oy aq! gq 2 vog | vos 2 NUCLIDE
IESENEEINENEERNENENERANENNARRENRNNRENE ASENERRENENEERERENNNNRENNEEREARERES!
v o I g (O) 1/ I¢ (CO) (PR ag a¢ Y
11 I[HIIIH EREREE NENEIEENENENENRAREREEE! U@LHII ILLLJLLI llIll!ﬂl HHIJJRJ

] -
#BLANK CARD CLOSURE REQUIRED

Figure 5.

Nucy Code Input Form




61
large for machine storage, this information is given in the
reported results and the problem should be recalculated with a
smaller scaling factor.
Keff-=Specified initial effective multiplication constant to
establish leakage/absorptions; zero leakage is used if Kéff does
not have an input value.
Khin--Minimum multiplication constant; calculation is automati-
cally stopped when Kéff drops below this value.
AT Down--Length of time step, sec., for calculation of behavior
following reactor shutdown.
I0~~Number of after-shutdown time step intervals to be calcu-
lated.
Ol--Option to adjust flux levels to maintain fixed fission rate,
exercised if zero; it must be >0 if flux levels are to be fixed.
If initial specified Kéff is to be maintained by adjustment of
nuclide concentrations N1 through N6, Ol is to be set <0; fis-
sion rate is held fixed by adjustment of flux levels and the
ratio of leakage to absorption is assumed constant.
02~-Option to calculate yield from input Z% values, exercised
only if >0; otherwise yield of fission products is calculated
from fission reaction of the first 10 nuclides.
03--Option to recalculate resonance integrals each time step,
exercised only if >0 and provided I4>0.
Ok-~Option to output microscopic absorption and fission cross
sections and decay constants used for the first time step, exer-

cised if >0.
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05--If assigned a number, concentrations of the first thirty
numbered nuclides are listed on this tape to provide data which
car. be used for additional calculations not made here.
06--Option to adjust the ratio of fast to thermal flux in pro-
pertion to the thermal macroscopic absorption cross section,
exercised if >0.
N1 through N6--Nuclides which are to be changed in concentration
+n maintain criticality; change in concentration is made propor-
t2onal to current concentrations.
VFOC--Fraction volume of circulating system which is inside the
reactor; i.e., that fraction of the total circulating volume

which is exposed to the neutron flux.

Coxd 3 I1--Number of time steps during which the first set of data is
t0 be used.
I0--Number of time steps associated with the second set of data
(total number of time steps is Il + I2 for reactor operation).
I3--Z_ option: input value is used if O,Z_ is calculated if 1
(see Appendix D).
T4 --Fast cross section option: input values are used if 0; they
are caleulated from resonance parameters if 1.
I5--Number of nuclide chains (MUST HAVE A VALUE).
AT1l--Length of time interval for 11 time steps; if negative
there is to be a calculation of operation following shutdown.
Under the latter circumstances the first three input cards need
to follow the input set, with no blank card separating data for

another subsequent case.,
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Cards 5 and 6
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AT2--Length of time interval for I2 steps.
¢l,1~-Fast group neutron flux.
92,1 --Thermal group neutfon flux.
¢1,2--Fast flux for I2 time steps.

$2,2--Thermal flux for I2 time steps.

Zf 1,1, Zf 2,1; Z% 1,2, Z% 2,2=--Fixed macroscopic fission cross
sections for group 1 and group 2 for two fuels--two sets of
vield fraction data will be input for these two fuels.
Zg--Specified macroscopic fast group scattering cross section
for use in calculating concentration dependence of resonance
integrals.

Au=--Lethargy decrement consistent with resonance integral data
(a value of 18.0 is used if left blank).

RDIS-~Reciprocal disadvantage factor which is applied to the
thermal neutron flux to account for depression within a fuel rod

surrounded by moderator.

Cards 7 and 8

=-=used only if Zf 2,1 has a value (otherwise cards not
read). Product-nuclide number and value of associated yield
fraction are specified; applies to first 5 nuclides if fuels, or

to Z. 1,1 and I, 2,1.

Next card set

-=used only if Zf 2,2 has a value (otherwise cards not
read). Same as cards 5 and 6 except applies to fuel nuclides

6-10 or to Z 1,2 and Z. 2,2,

--Nuclide chain descriptions. The number of nuclides in

a chain is followed by numbers of successive nuclides in the



64

chain: +the number of a nuclide is input as a positive number
if the next nuclide is produced by capture or input as a nega-
tive number if the next nuclide is produced by decay; to indi-
cate additional contributions to & previously calculated nuclide,
100 is added to a nuclide number. The number of nuclides in &
chain is input as a negative number if circulation through a
loop external to the reactor is considered.

Next card set

~Initial nuclide concentrations. Nuclide number and

-2l 3

concentration, generally in atoms/barn-cm = 10 atoms/cm”;

this data set must be closed out with a blank card.

Next card set

-Nuclear microscopic cross sections. Two cards of data
are given for each nuclide to furnish two-group cross sections as
indicated in the input form; this data set must be closed out

with a blank card.

Remarks

In order to make a calculation based on results from a previous
case, AT1 should be made negative in the original case input; data for
the subsequent calculation consists of only the first three cards with
no blank closure. Several problems may be run at one time with three
tlank cards effecting & normel stop. Successive cases will use a

litrary of cross sections provided with a first set of data.

IV. CAUSES OF FAILURE TO CALCULATE

There are tests made during the course of a calculation in order

to avoild erroneous results. In the event that a problem is not solved
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by the machine, the input data printed out prior to the listing of re-
sults should be examined for errors or inconsistencies. In addition the
following may be considered:
A. 1If a source term is calculated to be zero the calculation is
stopped; such a stop may be caused by an improper description of a
chain, by incorrect or inconsistent decay constants, microscopic
cross sectlons, or yield-fraction input data. Also, stops occur
if there is a lack of microscopic data for a specified nuclide, or
if there is inconsistent specification of fuels.
B. A statement of machine overflow in the reported results indi-
cates numbers are too large to be handled by the machine; for this
case, values of nuclide concentrations, flux levels or the range
factor may be too large. Also, machine overflow may stop a

calculation.
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APPENDIX B
SAMPLE MACHINE PROBLEM

A set of sample input for the IBM=T090 machine calculation is shown
in Table XII and results from the machine calculation are given in Table
XI1I, page 65. The calculation is of the nuclide concentration behavior

resulting from exposure of Th232

to a neutron flux. The input data is
copsistent with the discussion in Appendix A, with one line representing
an IBM card of data.

Time is given in seconds; an input value of ZS was used; resonance
integrals were recalculated at the end of each time step, and neutron
flux levels were assumed constant. Three of the nuclide chains conw .
tained common nuclides and contributions were summed. Secondary effects
from lumped fission products were accounted for by a chain containing
+two pseudo nuclides.

Tn review of this sample problem it is noted that for a correct
dsseriphion of the chains it would be necessary te identify nuclide

nomhsred 70 in the second chain as 170 to properly cumulate contributions.
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TABLE XII

SAMPLE PROBLEM INPUT DATA LISTED FROM IBM CARDS

PRODUCTION FROM CEXPOSURE OF THORIUM

o1

1296000, 1 1 4 | C2

2t | 82592000. 10368G6C0. 5.0 +13 5.0 413 03
1.0 1.0 0.6 17.369 oy

59 1.0 20 .002 25 L0601 56 L0113 57 .O0uws T6 .001 77 .00) ng
8

58 1.C 2C .0U3 25 .057 56 J.NDO¢6 S7  .0033576 000 17 .00% 07
8

9 12- 4L 11- 70 16 4 i~ 18 Ti 09

9 12 u(=- 41= 70 116 104 LIT~118 171 ic

9 12- uC= 1t 10 116 104 LIT=1§8 171 T

2- 25 2C 12
3= 16— 56 26 13

5= 17- 57 21 iy
2 54 90 15
2 59 19C 16

12 U113 il
iy
4 206. 397. 826.95 280 U235
2.44 12,5 249, 28u, 127. 234, .292% 237 309 -16280 U2k
10 61, 382.5 872.1 280 Uz133
2:52 L0125 €42 H50. 319, 635. 300, .85 <954 1.33 —13280 U233
i 30, 25.8 268NPAZ %3
.10 E+2 1200, 30.3 .293 -N628UPA233
12 L34 Ee2 5,79 280YH2 322
12.5 26.6 b.50 CI58 ~17280TRZ2Y
16 (0.6 OTT L2 2600 U232k
1 E$2653, 62.8 «522 -02 .B79 -13280 U234
17 32.3 3.55 240 U234
9. 321. 3.27 L0648 <919 =15280 U230
18 280 U237
. 1188-05280 U237
20 2.28 +06 280XE 135
u.3 .60 +05 2.09 -D5280XE |35
25 280 1135
. «287 -04280 1135
26 5.85 +0u 280SM 149
3000. 2805M149

27 4,22  +0u 280SMi 51
3.7+03 2.2-10 SMIS|H
uC 1400. 280TH234
400. L4492 -032807H233
41 b8 280TH2 34
«333 -06280TH2 34
56 280PMI 49
.385 ~05260PMI 49

57 280PMISH
. 700 -05280PMI51

54 45,4 FP233
154, 31, FP233

59 61.6 Fp235
173, 59. FP235
70 2H0PA23Y
2.89 -05 PA23y
71 0. 280ONP237
9.99 -15  NP237
76 260ND 149
9.63 -05 NOIL9

77 280NDI51
9.63 ~04  NDISI

90 12. FP222222
39, R. FP222222
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TABLE XIII

SAMPLE PROBLEM MACHINE EDIT OF RESULTS

EXPLICIT NUCLIDE CONCENTRATION CALCULATION

PRODUCTION FROM EXPOSURE OF THORTUM

OPTIONS EXERCISED IfF ZERO
FLUX LEVEL ADJUSTED 1O FIX FISSION RATE YIELD FROM NUCLIDES RATHER THAN FROM [NPUT SIGF -0
RESDONANCE INTEGRALS NDT RECALCULATED EACH TIME, INITIALLY 1 EACH STEP
INPUT SIGS USED -N

RANGE FACTOR t.NO000E 15

STARTING CONDITIONS

FAST FLUXN 5.000N00E 13 SLOW FLUX# 5,0000N0E 13 tFIXED NUCLIDE FLUXES EDITED)

INITIAL CONCENTRATIONS, ATOMS/BARN-CHM
t2 +,.,300000e-02 -0 O. -0 0. -0 a. -0 0. -0 0.

DESCRIPTION OF NUCLIDE CHAINS

DECAY CAPTURE YIELD(L) YIELD{2)
CHAIN NUMBER, |
12 0. a.
u0 0. a.
[ a. n.
70 0. a.
té6 0. 0.
u 0. a.
1" a. a.
1] 0. 0.
Tt a. a.
CHAIN NUMBER, 2
1 0. a.
ug a. 0.
yl 0. 0.
70 0. 0.
116 0. Q.
104 0. 0.
[RR4 0. 0.
118 0. a.
171 0. 0.
CHAIN NUMBER, 3
12 a. 0.
ug 0. a.
1" 0. 0.
10 0. 0.
1té a. 0.
10% 0. 0.
RN a. a.
t18 0. 0.
171 0. 0.
CHAIN NUMBER, u
25 6.10CON0E-N2 5. 7TNNJ00E-02
20 2.000000E-D3  3,000000€-03
CHAIN NUMBER, 5
T6 10.,000000C~04 10.000000E-0O4
56 1.1300006~02 7.600000€E-03
26 a. 0.
CHAIN NUMBER, -]
17 10.000000E~-0O% 10.,000000E-Ou
57 4.,u00000E-03%  3.350000E-03
27 0. 0.
CHAIN NUMBER, 4
58 0. ) .000000E 00
20 0. 0.
CHAIN NUMBER, 8
57 1.000000€ 00 0.

ton a. M.



e . -
CALCULATED MICROSCOPIC CROSS SECTIONS INITIALLY
NUCL IDE SIGA()) SIGA[2) SIGF{1) SIGF{2) LAMDA
4 3.009112E 01 3.970000€E 02 2.078416E O! 3.389139€ 02 3.090000E-17
i0 6.730382E 01 3.825000€E 02 5.388911E 01 3.460714E 02 1.330000€E-13
14 7.083309e 0! 2.583000E 0i ~0. g. 2.930000€-07
12 1.465082E 00 4.790000E OO0 O. 0. 1.580000€E-18
16 4.121135E 0) 6.770000€E O -0, 0. 8.790000E-14
17 1.866947E 01 3.550000€ 00 -0. 0. 9.190000E~-16
18 -0. ~-0. -0. a. | .188000E-06
20 3.u454430E 03 2.280000E 06 -0. 0. 2.090000€-05
25 -0. -0. ~0. D. 2.870000E-05
26 1.727215E 02 5.850000€ O -0. O. -0.
27 2.130232e 02 4.220000€ Qu -0. 0. 2.200000€~-10
40 2.302954€ 0! 1.400000€ D3 -0. a. 4.920000€-0u4
41 -0. 1.480000€ OO ~-0. 0. 3.330000e-07
56 -0. -0. -0. o. 3.850000E-06
57 -0. ~-0. -0. O. 7.000000£-06
58 1.065116E 01 4.54C0J0€E 01 -0. 0. -0.
59 1.335713e 0! 6.160000E 0! -0. 0. -0.
70 ~0. -0. ~0. o. 2.890000€-05
74 -0. 1.10000CE 02 -0. 0. 9.990000E-15
76 -0. -0. ~a. 0. 9.630000E-05
77 -0. -0. -0. 0. 9.630000E~Du
90 2.705970€ DO 1.200000€ O) -0. 0. ~0. i
TIME STEP# 1 TIME® 2.592000E 06
NUCLIDE CONCENTRATIONS, ATOMS/BARN-CM
L 2.713321€E~10 10 3.074228E-06 11 7.33u863E~-06 12 1.29894TE-02 16 5.779725E-08 17 1.145202€-12 18 O.
20 0. 25 . 26 0. 27 . 40 B8.2559U2€-09 41 1.019664E~09 56 0.
57 0. 58 0. 59 0. 70 1.168912E-1) 71 Q0. 0. 77 0.
90 O. 0 Q0. 0 0. 0 0. o 0. 0.

MACROSCOPIC CROSS SECTION, CM-1, EFFECTIVE THERMAL

ABSORPTION,

PRODUCTIONINUSIGF),

RATIO PRODUCTIONS TO ABSORPT1ON+LEAKAGE,

TIME STEP#

2 TIME#

8.331709€-D2

0.309875€-02

5.184000E 06

NUCLIDE CONCENTRATIONS, ATOMS/BARN~CM
4  1.957845€E-09
20 2.731134E-11
57 3.820826E~11
90 S5.770858E-10 0 0.

10
25
58

9.73u982E-06 1
1.221105€E-10 26
1.5877T49€-07 59

0 0.

1.072830€E-05 12
1.798936E-10 27
1.258741E-1) 70

3.719230€e-02

0 0.

MACROSCOPIC CROSS SECTION, CM-i, EFFECTIVE THERMAL

ABSORPTION,

PRODUCTION(NUSIGF},

RATIO PRODUCTIONS TO ABSORPTION+LEAKAGE,

8.663499E-02

0.981120€-02

1. 332476€-01

1.297894E-02 16
1.253657€-10 40
1.66593TE-11 71

o0 0.

2.036077E-07 17
8.2u9818E-09 u1
5.964284E-15 76

0. 0

9.927653E-12 18
1.4U49461E~09 56
6.38U4566E~13 77
a. 0

5.168510E-15
1.373378E-10
6.38U566E~14
0.

o ib

(penuriuod) ITIX &7
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TIME STEPH 3 TIME# 1.555200€ 07

NUCLIDE CONCENTRATIONS, ATOMS/BARN-CM

4 3.981207E-08 I8 4.233997E-05 t1 1.348528E-05 12

20 B.647324E-11 25 3.866275E-10 26 5.7Q07162E-10 27
57 1.20977uE-10 58 2.143183E-06 59 3.701800E-10 70
90 3.8072u9E-03 0 0. 0o Q. o

MACROSCOPIC CROSS SECTION, CM-i, EFFECTIVE THERMAL

ABSORPTION, 1.016722E-N1

PRODUCTION(NUSIGF), J.426647E-01

RATIO PRODUCTIONS TO ABSORPTION+LEAKAGE, 4.196297€-01

AFTER SHUT-DOWN BEHAVIOR

TIME SIEPH | TIME AFTER SHUT-DOWN, 1.296000€ D&
CONCENTRATIONS, A/BC
s 3.98121€-08 10
29 2.60146E-21 25
58  2.1u314E-06 59

4,66333e-05 11
2.71uGBE-26 26
3.70180€-10 70

EFFECTIVE THERMAL MACROSCOPIC CROSS SECTIONS,

SUMMED ABSORPTIONS, 5.152088E 12 AND PRODUCTIONS,

RATIO PRODUCTIONS TO ABSORPTION+LEAKAGE, 4.557096€E-01

1.293692€E-02 16
3.992897e~-10 40
2.01u528E~-11

J.

.23020E-06 12
1.0Ju6uE-02 27
1.3237T4E-11  T7H

ABSORPTION

1.437159€-06 17
8.2236T1E-09 41}
71 1.630055€E-12 76

5.619905€-30 18
1.7u8441E-0? S6
2.021473E=-12- 77

4.307606E~13
4.3u8763€E-10
2.021473E~13

8 0. 0 0. 0 0.

1.29369E-02 16
5.20311E-10 41
1.968u4E-12 90

1.030418E-01

2.347856E 12

5.61991E~10 18 9.23794E-1b
2.97518E-12 57 1.39160E-14

1.41730E-06 17
1.13557€-09 56
3.40725€£-08

PRODUCTION(NUSIGF) b.695712€E-02

"
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APPENDIX C

CIRCULATING FLOW

I. GENERAL DISCUSSION

The object of this part of the study was to examine those equa-
tions which describe nuclide concentration behavior in circulating
systems. Approximations were established which allow the machine pro-
gram developed to he used for certain situations. Specifically, flow
through an external circuit was considered in conjunction with passage
through a reactor proper with either complete mixing or slug-type flow.
Nuclide concentration behavior in laminar flow through a pipe was also
studied. Certain physical systems were examined to determine condi-
tions which must be satisfied in order that the nuclide chain equations
might be applicable.

In circulating fluid fueled reactors, a particular vessel or loop
system has a characteristic flow pattern which must be known 1if concen-
trations are to be established. This flow pattern can be expected to
change with time if the flow rate is not constant.

Slug flow is characteristic of a high flow rate through a channel
of restricted size; a particle makes passage on the average in the
transit time of the fluid; i.e., the volume divided by the volumetric
flow rate. Complete mixing is also characteristic of many physical
situations. Attention will be given here to slug flow and to complete
mixing. Many situations may be approximaeted by a combination of the

two.
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Steady-state equations applicable after long-time operation are

included along with the mathematical development given here; although

not specifically applicable, such expressions are useful to check relia-

bility of approximations and for obtaining limiting conditions.
II. MATHEMATICAL SYSTEM ASSOCIATED WITH EXTERNAL CIRCUIT

It will be assumed that the circuit externsl to a reactor vessel
is exposed to such low neutron flux level that neutron reactions there
can be neglected, and that loss of nuclides occurs only through radio-
active decay.

For slug flow, a control volume of fluid will be followed through
the system. For this condition,

Accumulation = Gains - Losses,
This can be expressed by the equation:

a[v, (e)]

5= - AN (8)V + A (e)v

1-1M3
+ Feed - Removal., (c.1)
The first term is the rate of accumulation of nuclide i, the sec-

ond term the rate of decay and the third term the rate of generation
from a precurscr. Alsc indicated are contributions from side streams.

Study of this equation applied to specific systems indicated that

a useful generalization for the situation of side streams was not pos-

gible. Any particular situation would usually require individual study.

In the most eiemental situation of slug flow with no precursors
ner side streams;, and fixed volume, equation (C.l) reduces to:

an, (o)

a5 = AN (e).

-y
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This equation has the solution:

-A.t
Ni('r + tL) = Ni('r)e i'L , (c.2)

vhere tL is the loop transit time, v is some reference time.

Inclusion of & precursor leads to the general chain equation

treated in the main body of this study.
The average concentration in the external circuit is given by:

e

t =N\
N, (loop, T) = L[ Ly (1)e 1 s ;
i tL o i '

'7‘itL

— l-e A
N, (Loop, T) -Ni('r) —-%1—}-\;-— . (c.3)

With constant flow rate and complete mixing in a fixed external

volume with no side streams, the appropriate equation is:

dNi(e) 1 1 ‘
—5— = ‘\Ii(I) - EiNi(O) + 7‘1-1Ni-1(9) - Ni(e) . (C.k)
X

X
Here t, is the transit time and Ni(I) is the inlet concentration.
For no precursor and constant inlet concentration, the solution is:
-(1-‘-— + N )i
Ni(-r +t) = Ni('r)e »
-(%— + 7\i )i

1 X
+ [ —————— N.(I) 1 -e
(l + }‘itx> i ]

. (c.5)

After a long time, steady state conditions are approached,
Ni('r) - Ni('r+t), and

N, (1)
Ny (o) - 355 (c.6)
1l X
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The average concentration in the external system with complete
mixing is; of course, equal to the concentration of the exit stream
from the external system.

The above results are used in the following sections.
III. REACTOR SYSTEM WITH EXTERNAL LOOP

Both short-term and long-term behavior of nuclide concentrations
may be of interest. There are two important considerations which should
be given tc short-term analysis: (1) start of reactor operation is
generally associated with a low power level which increases with time,
and (2) the concentration of a nuclide at the reactor core entrance
depends on flow conditions. Only after time tL is the return concentra-
tion from a loop, in which there is slug flow, given by Ni(exit) X
exp(n?\itzL)o (Flow rates are normally established before appreciable
power is generated.)

Study of applicable short-term equations revealed no practical
genéralizationso Expressions describing a particular situation of
irterest must likely be resolved by finite difference calculations.

Fer long=term behavior, the applicable equation for complete mix-
ing in the core and constant, slug flow in the loop, can be written in
the form:

an, (e) 1 Nty
55— = - A (0)N,(e) + B (6) + E:Ni(e-tL)e s (e.7)

where Ai(e) is a loss term and Bi(e) a generation term.
Solutions were obtained to equation (C.7), but not reported here,

by the use of Laplace transforms; the results were dependent upon the

-
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initial conditions and upon the behevior early in the cycle. These
solutions could not be simplified to recognized closed forms and ap=
peared impractical for long-term calculations.

In certain cases it is possible to integrate equation (C.7) in an
approximate manner. For example, assume that Ni(e) is a slowly varying
function which will permit N(e-tL) to be approximated by the first two
terms of a Taylor series expansion; then,

an, (e)
i
Ny(o-tp) > N;(8) - b —5— . (c.8)

Substitution of (C.8) into (C.7) gives:

i ALt
1 1%
an, (o) -A; (0) + & © B, (8)
w - S Ny (8) + ——f——m - (c.9)
1 + —L-e i'L 1 + -L e iL
tc tc

Equation (C.9) has the same form as (3.4) which was utilized in
the machine calculations. Thus, with special interpretation of the
constants, the machine program can be used. If Bi(e) is not time de-

Pendent, the solution becomes:

C,t C.t

-1 B 1
Cc i Co
N(t+t) = N(v) e "2 + =1 -e , (c.10)
1
-A.t
= i 1%L
where Cl = Ai - o e ’ Ai constant,
t. -ALt
end C, =1+ =e TL,
2 t,

For long time behavior, equation (C.10) reduces to the correct

form as given by equation (C.11):
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1
G, + & Ni(F)
Ni(oo) -
(-]
1l -e 7
F c

(c.11)
1
Xi + Li + T +

d'll'—‘

Here Gi is a generaticn term, Li is a ilcss term, Ni(F) is an ex-
ternal feed concentration and tF is the core volume divided by the
external feed rate. It has been assumed that removal from the core
oceurs at the feed rate.

For slug flow through the reactor as well as the loop system, the
equation which applies to a control volume followed through the reactor
with no precurscr is:

an, (o)
——%6w~=z G,(0) - [}i + Ai(e)] N, (e} . (c.12)

Here Gi is the generabion rate per uwlbt volume and Ai is the loss

term from neutron absorption. Assuming these terms to be constant, the

sclution is given by the relationship:

(At + (AN +A )]
N, (exit,t) = N, (exit, t-ty) e ik 171%%c

G, -(2i+Ai)tc

i
+ Xgm"“A.; 1l =e . (C°l3)

Here tR =+ b aad "exit" refers to core exit.
Equaticn {C.13) compares with the general solution used for...
-machine calculations, but special interpretation of terms is necessary.

Further, the average concentration in the reactor is that of most

interest for miuclear calculations; 1t was found for steady state con-

ditions to be given bys

-~
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L ]
G =(hp+ay ), At
ﬁ(reactor, ©) = X-%K_ 1 l-: (N +A, ) lz; +A_ )t =\, T '
v i1 cvii & i “i’"¢c -e i’L

(c.1k)

Special programs are required to solve such equations.
IV, GROSS ANALYSIS

If the core and external system are lumped into a single system
assumed to undergo complete mixing, the material balance takes the
. following form:

van, (e)
—g5— = - MV, (e) - AV N, (8) - RN, (6)

+ RN (F) + GV + A, VN, (0) (c.15)
where RF is the feed rate from an external source,
{ RR is a removal rate from the system,
V 1is the total system volume,

V_ 1s the core volume.

Let £, =V/V,
tg = Vc/RR’
tF = Vc/RF’
equation (C.15) then becomes
dNi(e) c
T = - xi + AT+ EE Ni(e)
fc
+ E;‘Ni(F) 6T A N, o (0) . (c.16)

. Comparing equation (C.16) with the nuclide chain equation (3.1)

solved in this study for machine calculetions, it is seen that it is
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only necessary to adjust the constants for the two systems to be mathe-
matically equivalent. Here it was assumed that events which occur in
the core and the external system happen simultaneously, neglecting the
spacial separation. For many situations this approximation may give
satisfactory results for long time behavier. If Ni(F) is a function
of Ni(e), such dependence may be accounted for. For example, if Ni(F)
= CNi(e) (as might be the case where chemical processing removes nu-
clide i), the appropriate equation is:

d.Ni(e) £, Cf,
———— = (&, + A f + —+ —=]|N, (0)
1 1 C 1

dt tR tF

+ G f N N ,(8) (c.17)

At long times when the i-l nuclide concentration approaches some

steady state value, the applicable solution is given by:

Gif + kl V. l(oo)
Ctf *
]

N + AL 4 =g
i i“c tR tF

(c.18)

Ni(oo) -

Witk no precursor and Ni(F) constant the appropriate expression

is:
G, + %—-N (F)
Ni(oo) - x - . (c.19)
=2+ A, + =
fc i tR

V., LAMINAR FLOW IN A PIPE

For meost situations of interest, the flow through equipment is

turbulent with a velocity profile which is nearly flat. Even at high
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flow rate, however, there is retention of fluid at the surface, and
the assumption of slug-type flow is not quantitative. Thus, there is
interest in the situation of laminar flow, especially because this con-
siders the limiting case of maximum velocity gradient at location of
high velocity. The anslysis presented here does not have direct appli-
cation to the results of the primary study mede but is included as an
interesting aspect of some importance.

Consider laminar flow through a Pipe and neglect diffusional trans-

port. The velocity distribution is related to the radisl location:

—1/ 1

V=T vidA =>v .

A Area 2 ‘max

At some radial location, the concentration of nuclide i may be

calculated from a material balance on a control volume followed along

the pipe; this balance is

51-9- [VNi(e)] = - )\ VN, (e) + GV + 7\1 LA l(e) (c.20)
A© A.©

fa [ VN, (0) e i ] =f [GiV + Ny VN, o (8) ] et ae,

v At -A t) t
N, (t+t) VL N. (t)e Ty e i(T+ ‘/PT+

2 Vé T
k e
,:GiV + 7\i (e) } ae .

The transit time is inversely proportional to the velocity:



by = L/v = 2L/V o 5
t = L ,
T2
2[1 - ("R‘) ]

Assume that the inlet concentration is varying with time but uni-

form over the entrance area. Material leaving at T + tL entered at

time T + tL less transit time, or T + atL vhere:
2
r
12
= —m~———;—§ .
2=2(§‘)

The equation of interest becomes:

<}

=Nt

1 i

N, ('r+tL,r) = V; Ni('r+atL) e

-%i(r+t) \ 6

e Tt i
+ v J, GV + AW, () e a0 ;

T (4t ) = = N, (t+t.,r) v dA ,
i L - i L
v A ares,
=\t

RV
— N 1 i
N, (T+tL) = -~ \/p 7 Ni(r+atL) e
R o] 2

~ki(r+t)

o T+E A0 2
+ v, /T ‘:GiV + Ki_lVNi_l(e)} e~ ae rl:l-(-R-) :Idr ’

(c.21)
t

where t = m——t—— (c.22)

' \2
2[1=(R) ]
At constant density in a uniform pipe and nuclide generation at a

constant rate:
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B2
-2—d.x=rdr;r=0,x=l;r=R, x =0;
-AitL
_ 1 Gy 2x Gy
Ny (T+tL) = ef [Ni(ﬂatL) - 7\—-] e + 5= [ xdx .
o i i
For constant inlet concentration,
ALt
_ ¢) r1 &* 6, pl
N, (vt ) =2 Ni(o)-r f xe dx+2rf xdx ,
i o] - 1 Yo
G /At G
=— _ i i'L i
N, (T+tL) = 2 Ni(o) ,\: E3 k---------2 > + 7\-1- , (c.23)

3 3

L ™3
where E_(a) =f , and is a tabnlated function.
1 s

For a uniform velocity distribution, or slug flow, the result for
the situation of simple decay and constant generation rate is:

@)

—ao = MM+ oy

Ni('r+t) = Ni('r) e + 5=

Therefore,
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Ni(1+tL) laminar

=
L J

Ni(r+tL) slug

G At
i L
»[Ni(o) - -)\'—;] 2E3 ( 12 >+

G =A,t
i i'L
e -t

(c;zh)

H?1HF) FE1HE)

Only if xitL is small does this ratio approach one. Radial dif-
fusion would be expected to cause the exit concentration to be more

nearly that for slug flow than predicted by an analysis of laminar flow,.
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APPENDIX D

FQUATIONS FOR CORRELATION OF CONCENTRATION-

DEPENDENT RESONANCE INTEGRALS

To take into account the dependence of resonance integrals on con~
centration, an elementary correlation was used for both absorption and
Tission. Resonance integrals are considered to be made up of a (l/v)
contribution which is not dependent on concentration of the nuclide snd
& second contribution which is dependent on the macroscopic scattering
cross sectlon, the nuclide concentration and the infinite dilution

resonance integral. The equations used are:

ghu=1Is= I(1/v) + éI(oo) Pc'(l +C)-cC ] , (D.1)

where C = ¢ ZE/Ni I(oo) and a is a correlating parameter.
The result is protected from error introduction by setting

I=1I(/v)+ I(o) if C is calculated to be >100.
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APPENDIX E
IDENTIFICATION OF SYMBOLS

Absorption reaction rate of neutrons, also a loss term
Conversion factor

Constant, used repeatedly for convenience
Exponential integral

Calculated factor defined for convenience
Related to feed

Generation rate (source term)

Related to inlet

Rescnance integral

Multiplicaticn constant

Leakage rate cf neutrons, or a loss term

2k

Atomic density, usually in 10~ atoms/cm3

Production rate of neutrons

Scale factor used to keep numbers within machine range, side

stream flow rate or pipe radius
Elapsed time

Volume

Nuclide yield rate from fission
Constant, arbitrary

Constant, arbitrary, or units of barns
Constant, arbitrary

Total derivative

2.,71828. ..
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Fraction of transit time
Index
Initial condition, usually in time
Sum of removal contributions for g nuclide
Radial location in pipe
Source term for nuclide production rate
Time interval under study, or transit time through a system if
subscripted
Lethargy
Velocity
Arbitrary measurement of length in direction of flow; also used
to indicate a product

Fraction fission yield

Constant, specified

Constant, specified

Small change in

Convergence criteria, specified

Time

Radioactive decay constant for an nuclide, (¢n 2)/(half-life)
Neutrons produced per neutron causing fission in fuel
Microscopic cross section

Time, arbitrary reference

Neutron flux at specified reactor power

Sunmation

Macroscopic cross section
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II Product of a set of terms

v Laplacian operator

>4

Finite difference in
~ Approximately

Approximately equal to

ie

o0 At long time or infinitesimal concentration
/\ Integral
- Approaches

> Greater than

Subscripts
& Absorpticn
c Capture or core

e Effective

f Fission

F Related to side stream
g Group (neutron)

i A particular nuclide

J Particular item of a set
k Particular item of a set
L Loop

m Index

n General item of a set

o] Initial

R Related to side stream; also used to indicate neutron removel
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S Scatter

t Total (as, total circuit)

X Related to side stream

1 Fast group, or subscript on a constant

2 Thermal group or subscript on a constant

tr Transport
Remarks

A bar over a quantity or symbol indicates some effective, weighted
mean; e.g., $é is the effective average thermal neutron flux.

HFIR is used as an abbreviation to identify the High-Flux-Iso=-
tope-Reactor currently under construction at the Oak Ridge National
Laboratory (ORNL).

IBM refers to the International Business Machine Corporation and
IBM-T090 to a model of a high-speed digital computer.

The term "barn" is used to avoid large exponents; microscopic cross
secticns are normelly given in units of barns = lo-2h cm2; these are
used in conjunction with concentrations in atoms/barn-cm to give a

product (macroscopic cross section) in units of atoms/cm°
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