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THE REACTOR TRANSIENTS ACCOMPANYING PULSED SOURCE
OPERATION AND STEP CHANGES OF REACTIVITY

C. A. Preskitt

Introduction

The use of a pulsed neutron source for measufing the multiplication
factér in subcritical systems is presently being planned for significant
portions of the experimental program accompanying the initial startup of
the Experimental Gas-Cooled Reactor (EGCR). 1In addition, certain rod
calibration data will be obtained by measuring the period of the transient
produced by control rod withdrawael. The formalism presented here was de-
veloped to provide a means for calculating with some precision the nature
of the transient accompanying these operations in order that important
questions concerning feasibility could be answered.

" In the pulsed neutron experiments these questions relate primarily
to intensity (detector count rate) and the effect of a very thick re-
flector, or more specifically

1) intensity as related to pulse length for the prompt neutron
decay constants to be encountered,

2) intensity as related to the délay time necessary to obtain the
asymptotic transient, '

3) effect of the thick reflector, if any, on the nature of the
asymptotic transient.

In the case of cbntrol rod induced transients the principal question
relates to the magnitude of the flux‘increase which occurs before the

asymptotic transient is obtained.

Scope of the Development

The treatment of the reactor transient problems which is given here

is based on the method of over-all eigenfunctions developed by Foderaro



and Garabedian.l This method is unique in that (l) the criticality
determinants which arise have an order ﬁhich is independent of the
number of groups and regions, and (2) no explicit formulatioh of the
boundary condition at interfaces is necessary.

The discussion given below extends the treatment given in Ref. 1
in several respects, including (1) introduction of an extraneous source
and the transients associated with pulsing the source, and (2) inclusion
of eplthermal fission.and eplthermal absorption.

As in Ref. 1, the treatment is given for two groups of neutrons and
one group of delayed neutron precursors. The notation and general l1line

of development parallels that in Ref. 1 whenever possible.

Derivation of the General Time Dependence

For two neutron groups we write the diffusion equations as

V-(D:V'%() - T%Z AJ)E— 7?'??( =0 : (1)
V-0 v%) — T4 +(1-6) [% Lt + ATt
_ L 0 , (
+Al + S A =0 2)

and the equation for the delayed neutron precursors is

ple

Y. [ LA Tt ) =0 L (5)

o € £ “F T¢
The subscripts s and f refer to the slow (thermal) and fast (epi-

thermal) energy groups, B is the effective delayed neutron fraction,

C and A are the concentration and decay constant for the delayed neutron

precursor, p is the probability in an infinite core that a fission source

neutron will reach the slow group, ks and kf are the source production

lA. Foderaro and H. L. Garabedian, "Two-Group Reactor Kinetics,"

Nucl. Sci. Eng., 14(1): 22-29 (September 1962).

1>
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rates in the two groups per initial source neutron in an infinite
reactor, and Vg and Ve are the average neutron velocities in the two
groups. The term S represents the spatial dependence of the extraneous
source.

We first eliminate the delayed neutron precursors from Egs. (2) and
(3). To do this we differentiate Eq. (2) with respect to time and sub-
tract Eq. (3). We assume that 85/8t = 0. The result is then combined with
Eq. (2) to yield . '

2 [0 v )] —z{__u( ol 2t 4T, w{_

+)\{V.(D{_vﬁ) - I.q + [% L - Ry Z+4-’+]

_L?ép _ L 7"
s ) e 0 .

We next expand the fluxes and the source in terms of the complete

set of functions formed by the solutions of Helmholtz's equation
z r
V W, (c)+ B, W, (xy=0
which satisfy the condition WV(E) = 0 at the outer boundary of the reactor.

4 (rt) = 2 A5 W5 Tfer)
b, (r 2 AL W) TE) (5)

\

Note that complete generality is maintained at this point and no assump-
tion regarding separability of the time dependence is made.
We substitute Egs. (5) into Egs. (1) and (4), multiply by W (r),

and integrate over the reactor volume. From Eq. (1) we obtain



\

5 {drw, v(w,vmwu)—zjaz WA, W, TS
e (6)

+Z§Jr¢2 A,‘,W w, 7.7 - ;'f;i%g gceri,W(.kW,.,T,f =

We meke use of the relationship that

W V- (D VW, ) = =(V D, )» W T Wy, +7J ,‘,V"wﬂ, -

=(v Ds)‘ Whku - W B, Wo
and define ‘
R - - [de@D)o W T, + 32 [dr D wow,
. . (8)
+ [de T, Wi Wy
and

We may then write Eq. (6) as
s s + ! s -—15' =~
_:[,R,WAW’C,& ZQMAL:‘C}"—;,; LA, S0 T,°=0 (0

where the dot refers to a time derivative and we have made use of the
orthogonality of the functions WV(E)'
In pérforming these same operations on Eq. (4) we define the fol-

lowing quantities.

* : _
See the Appendix for the analytical procedures used to evaluate
these and similar integrals. '
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+ ' T
Feﬂﬁ': —-_(J!:V7I¥ '“%bszy%u -+ ?iu .{J!:.Dk u?v w,

+ fdr Zw w, (1)

V f, = Lif'k'F Z—F— W/~ Wy , : v (12)
4

-l fnewn

and Eq..(4) then becomes

s . 5 Y% 45 25 =
S RO AL TE+ B[R AT TR ATE]

We wish now to find the solutions to Egqs. (10) and (14). For the

transient following insertion of the source we seek solutions of the

wt
TE)~ [ —E .

form:
(15)

With this form, the transient decays to a steady state and is therefore
consistent with the known conditions for the solution. This is equiva-
lent to assuming a form T(t) = A + Bewt,and finding A and B from the
initial and asymptotic_conditions on the flux. If the solution in Eq.
(15) is substituted into Eq. (14), then we obtain upon rearrangment of

terms
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{g [(w+,\)( R,fu—,,;:-’g‘w) —(w—@w-f—/\)\/ﬁf]Af

.‘ »
—Z(‘” Bw+d) v, ~A }6 :"/\Jﬁ:g”gﬁl (16)

+;\¢j’Afa‘*‘ [V/«w R :IA-F ’

In Eq. (16) the left-hand side is a function of time and the right-

hand side is independent of time. We must, therefore, have

LHS = Const. = RHS

and to find the value of the constant we need only to examine the
origin of the right-harid side. It is not difficult to see that these
terms arise from the constant term in Eq. (15) and represent the asymptotic
solution for the fluxes. In fact, if the time independent solution to

(1) and (2) were sought we would obtain, simply, RHS = 0 for Eq. (16).
The left-hand side of Eq. (16) may thus be set equal to zero. »

We turn next to Eq. (10) for the thermal neutron amplitﬁdes.- Using -

the assumed solution from Eq. (15) we obtain

fr[R% + 2 5..] A ZQMA*} wt
T REL AL - T Qb AL

(7).
By the same reasoning as above we may determine of Eq. (17) that the
left-ham side equals zero. We obtain, then, from Egs. (16) and (17) two
sets of linear homogeneous equations for the amplitudes A: and Af. It
will be profitable at this point to adopt a matrix notation to simplify
the algebra on these equations and we note, for illustration, that if A

and B are matrires, then the matrix elements of their product are
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]{/*781}. = ZE /\L . B,
(2 » ? ﬁ .
.4 .
From the left-hand sides of Egs. (16) and (17) we obtain

{(w+A5[l?‘F -f—%_ S] - <W—(J’w+A) \ZFi Ae

—(w=Qw+r) VA, =0 =)

and

[Rs +%8]AS‘Q+A+ =0 | | (19)

where Rf, Rs’ Vf, Vs’ Qf, and 8 are square matrices and As and Af are
column matrices.

If we define

V( = (wW—=Fw+)) ) (20)
Cw

M-F: Q‘F +’Uf’-_ § (21)
Ms" RS"‘,‘%S

then Egs. (18) and (19) become
Lw+a Mg +qVe ) A, — G Ag =0 .

Q+A+ — MgA =0

and by eliminating Af we obtain

{[cw+x->-m++qu@;'Ms-qv,}A; =0, = (@

Up to this point we have assumed that Eq. (5) represented un-

restricted expansions for the fluxes and source. We now assume that
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these sums extend only up to v = m and neglect all higher terms. In

this case, Eq. (23) represents m homogeneous equations for the matrix
elements A: , and in order to possess a solution other than Ai = 0 we
must have zero for the determinant of the matrix in brackets. With a

certain amount of algebra we can express this condition as
-
‘Awga—'Bw +Cw—f—‘p}:o (24)

where the matrices A, B, C, and D are given by

_ &
A | ()

-1 -1 -
R -
B= Rs + —=* @ + A Qs +('—VL—O'-1‘-’($) | (26)

Uy v Vg g g

- A L -
= Q{-QF QS-‘-—"E—R@Q-F"*'}L;\-;QF,QS -

+ (=) Q'R + % Ve® ' — (1-8) Vs

D=MR.Q 'R, + V@, 'Ry — Vs] C (e®)

Since the matrices A, B, C, and D are of order m, it is clear that
the determinant in Eq. (24) is of order ?m in w and there will, therefore,
be 3m roots. These roots are the values of w for which the detefminant
equals zero and are the 3m values of w for which solutions of the form
in Eq. (15) exist for Egs. (10) and (14). The most general solutions of
Egs. (10) and (1k) may thus be written to this order as

m w,t
AT = g AS, (1-e™T)
A=| (29)

and
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v

3m
v Wt
A b = ) AL (1= €€ »

and the solutions of -Egs. (l) and (2) are given entirely if we have the

2 s . T .
ici .and th . ts w..
6ém~ coefficients Aua and Aua the 3m:rodts wy

In order to find these coefficients we write Eq. (19) as

- =1 w0
and Eq. (23) as

.{A(,.og-#'(?w”-f- Cw 'f')} Ac =0 . (32)

For each of the 3m roots W, Eq. (32) represents m homogeneous
equations for A:a and may be used to find m — 1 values for the Asa in

terms of one of them, say Aia. We may express this result as

S S s

where the 3m2 constants psa may be found from Eq. (32) (note that
s _ : . 4
Prg = 1)
Now Eq. (31) is the transformation equation which transforms the
s | T . .
Aua into the Aua' That is, if
—_ -1 w, -
= -
y (woﬂ) - Q_(. RS + rU-S Q-F (314')
and v S
4l
=70 ;
Cos = 4CN e (35)
= v e

then
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£ + s
A = v Ala | ' (26)

We have now expressed all of the 6m? coefficients Aza and Asa in
terms of the 3m constants Aia, and the problem is now reduced to finding
these constants. These remaining constants may be obtained from the

initial and asymptotic conditions for each case of interest as shown below.

Subcritical Reactor With Pulsed Source

At this point we consider the ascending and subsequently the de-
scending transients due to a pulsed source when the reactivity is inde-
pendent of time. We have shown that the RHS of Eqs. (16) and (17) may be
set equal to zero, and if we express these for the present problem we

obtain

{R{_"‘{;_}A_F"'VS Ag = =5 | (31)

®. A, - ReAg =0 | (38)

from which we may write

{[‘Q‘R{-—]Q:@‘VS} Ag =S, (39)

Equation (59) is inhomogeneous and may be used to find the m components

of A, and Eq. (38) may be used to find the m components of A That is,

£

Q,F—I QSASl - A_p (40)

These components will simply be the coefficients Ai and Ai which are the
expansion coefficients for the flux in the asymptotic steady-state case
with the source present.

Since we now have As and Af we evaluate Egs. (29) and (50) for the

asymptotic (t =) case and may then write
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Z A,fo( = Af, | - (41)
2 Af = af . (x2)
by L ~J

Consider next the initial condition when the source is turned on.

We have then §_ = §. = 0 and Eq. (2) reduces to

L 0% _
Y M /{» o+ SJ ()

whgre the expression for ¢f is given by
¢(r--t)— W(P)ZA (' ). | (bh)

If we substitute Eq. (4k4) into Eq. (h}), multiply by Wu'and integrate

over the reactor volume we obtain

. i :
ZA/LGK Wy =~ nj_; §, o | (45)
A _ : i :
With the 3m Egs. (41), (42), and (45) we have sufficient relations to
find the %m coefficients Al These relations are
s Y s |
+ s _ af
I e An = A (47)
A
+ s ‘
2; GLIA wiAa = "A{; Su e (48)

There are 3m equations above, and these may be used directly to solve

for the  constants AS . A1l 6m2 of the constants AS and Af are now
. 1o v va .
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available and, together with the 3m values Wy may be used to construct N
the ascending transient due to the pulsed source. The descending transient
is discussed in the next section which covers the general case, in which

the initial conditions are specified in a source-free systen.

Source-Free Reactor With Specified Initial
Conditions — General Treatment

Even if no source is present the decay constants W will still be
determined by Eq. (24), since no specific effect of the source is present
in that relationship. The time dependence in Eq. (15) has been used to
obtain this relationship, but any function of the form A+ B ewt would
have given the same determinantal equation. The only differences would
have been in the right-hand sides of Egs. (16) and (17). Indeed, if we
had chosen the form ewt these terms on the right-hand side would have been
absent. In addition to the equation determining the Wy We will also have ' -
the same relations given in Egs. (33) and (36) which generate all the ex-
pansion coefficients from the 3m constants Bia.: (As will:be ‘seen’ directly, -
it is convenient to reserve the symbol A for the coefficients during the
ascending transient with the source present;) The problem then reduces
again to writing 3m conditions involving the Bia'

The general form of the fluxes. for this case is

wy T
b(rtl= 2 W) LB e (49)

Wt
° -~ (50)

£
¢, (£t 2: W, (£) ; Bo.¢€

If we know both ¢S and'¢f at t = 0, then we may expand them in terms of
the Wv(z) and obtain

¢
¢g (:10) = 4Z/ P’\/ W,V(I) . (51)

and



£

17

T o f
ﬁ(rlo) :,UZ G Wy (5) (52)

where the Bf and Bj may be found, numerically if necessary. With these

quantities known, we may write

’BA’S-': Z:Bjd - ; ?—usa( ’gli (53)

' £ s
Bf: z TB:\IFJ\ = ge"‘* B"’\ . (54)
A

These equations are 2m relations for the Bia, and the remaining equations

necessary may be obtained from the distribution of delayed neutron pre-

~cursors at t = 0. We expand this distribution in terms of the functions

Wv(g_) and obtain

¢(r0)= Z (o Wy (¥) (55)

where the CV may be found, numerically if necessary.
We now look at Eq. (2) for the source-free case at t = 0. We substi-

tute Egs. (52) and (55.) into this equation, multiply each term by WQ(E)’

.and integrate over the entire reactor volume. By now this operation is

familiar and only the result will be given.

£ _ + + _ _ s s
;[R v ('_?)%'v}gl?ﬂ'o( (’ (2); \,/uv O(ZB,%(

(56)
£
L LB Y w —ALYnC, =0
"'"’-?—«Z/Sl"""o« Ve TR Sy
If we now make use of Egs. (33) and (36) written for the Bfa and Bsa and

define the following matrix:
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{X} = uz [Rff’” ’(“P)\/ﬁt]e‘i ~(-g) %j‘/ Qf/o«
(57)

o S P |
v\ VA
ru}_/" A
then in terms of X we may write Eq. (56) as

S
L Xpu By =4 G, (8)

Equations (53), (54), and (58) are now 3m equations for the 3m
constants Bia which complete the general solution for this case.

Specific problems may easily be expressed in the form given here and
two such cases will be considered next. These are the descending transient
which occurs after the source pulse is turned off, and the ascending or

descending transient which occurs when reactivity 1s respectively added or

6

subtracted stepwise while the reactor is in & just critical steady-state

condition.

Descending Transient After Removal of Source

~For this case we assume that the source pulse has remained on for a
time to and that the problem of the ascending transient has been éolved
to obtain the w., Aia, and Aia. We then know ¢S(£,to) and ¢f(£,to) in
terms of their expansions, Egs. (29) and (30), and may substitute these
into Eq. (3) which describes the time dependence of the delayed neutron
precursor. If we do this Eq. (3) may then be solved, since its form is
simply that of the linear first order differential equation whose solution

is well known. That is, if

d

= 4l + Pty = Q(F)

then
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‘j e @ dt  + Const.

(pdt fj&it,
R

_If we use c(;,o) = 0 as the initial condition, then the solution to
Eq. (3) becomes

LR UatA
(i “Zcbl) -Af}ﬂz»({c Z'W ;Av.( [/ g o S59)

~ I___)—/\—t} ‘

We now multiply each term of Eq. (59) by WH(E) and integrate over the
reactor volume. If we define

£ t) = 1—uh :-A o ('—w,ﬁ—,\ )C_Afo (60)
Ve =PI Y TALAG
PIVE AL )

These constants are the expansion coefficients for the distribution
of delayed neutron precursors at to, and, as this. is the initial time for
the descending transient, are the constants which appear in Eq. (58). The
constantsiBV and Bs for thié case are also required and may be obtained
from the expansions of the fluxes. That is,



20

e W to

LW (cyBF = 7w,y L Afa\ (i ) (e
~ A £

W.[t,, )

s
ZW’VI. ZW,\,(I)O(ZA““\(I—e (63)
~

from which, if we multiply by W“(g) and integrate over the reactor volume,

we obtain

+ wyto
ZA"%("C " ) (64)

s w, o ‘
ZA"'* (1-€ ) (6)

Since we now have Bf, Bs, and Cu’ we may find all of the Bia and

Bﬁa, and will then have the complete solution for the descending transient.

Transient Following a Step Addition or Subtraction of Reactivity

Consider next the case of step changes in reactivity. In order to
obtain the 3m constants Bs, Bi, and Cv’ we again meke use of initial
conditions for the fluxes and delayed neutron precursors; the condition
here being one of time independence.

The equations determining the time independent solution for the flux
may be written down from Egqs. (10) and (1k4). If the time derivatives are

set to zero then we obtain for the source-free case

-1 wa B + Lv.i%s +IviBf=o o
A/

and



— L R By + 10 BE =0 | (67)

or, in matrix notation
— = 68
{v1c RA’B{,H/SBS o (68)

Qe By — R, B =0 - (69

from which we obtain

- - ' (70)
[V,p—Q-F]C\){_'QS‘"Vs}’B‘ =o., !

Equation (70) will have non-trivial: solutions for BS only if the determi-

nant of the matrix in brackets equals zero. That is, we require that

, [v_Ff?Qﬂ;‘_[ Q'R +vs | =o0. (71)

This determinantal equation is, in fact, the criticality condition for
the reactor and represents a restriction on the wvalues of kS and kf which
appear as factors in the matrix elements of Vf and Vs'

Once the criticality condition is fulfilled, then Eg. (70) may be
used to find m — 1 of the Bj in terms of one of them, say Bi. We then

write

| ’B.;. = (\)4_—‘ Rs B (72)

from Eq. (69) and can find m values for the Bf from those for Bi. The

remaining constant, Bi, is determined by the power level of the reactor.
The constants CV are determined by the condition that the concen-

tration of delayed neutron precursors is independent of time. We impose

this condition on Eq. (3), substitute the expansions for the fluxes,
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multiply by W (E): and integrate over the reactor volume. The result

is

)= F[Z +Z B

by (73)

Now since the B and Bf have been obtained already, we may calculate all

of the AC ,and all of the coefficients B and Bﬁa will then be accessible.

Systematic Procedure for Solving Specific Problems

The stepwise procedure which should be employed in solving specific
problems may be illustrated as follows for the ascending transient due to
the source.

1. Calculate the matrix elements of the numerous matrices which

appear in the treatment, e. g., Rf Rs Vs , etc.

2 2
My ny Ky
2. Form the determinantal equation, Eq. (24), and find its 3m roots
tor s s s
= Py My P1g
Eq. (32) to obtaln the remalnlng p for each root Wy
4., Use Eq. (35) to find 3m values of pf from the values of p:a

5. Find the ?m constants AS

3. Write AS = 1 and use m — 1 of the relations in

2]

10 from the selected set of %m equations
derived from the appropriate initial or asymptotic conditions.
6. Calculate the 6m2 coefficients Aja and Aia using Egs. (33) and

(36).

7. Evaluate ¢s(£,t) and ¢f(£,t) at the desired positions and times.
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Appendix 1

Evaluation of Core Integrals

The formulae for calculating the matrix elements involving integrals
over the reactor volume have been written down by Foderaro and Garabedian2

and are included here for the sake of completeness.
Cylindrical Geometry

} R W :]_| (%av) ' (a1)

W, ()

where ZV is the p-th zero of Jo(x) and R is the outer boundary of the

reactor. For p # v we have

5; W, (F)amr d~ = ax T n .
7 e RT () T () (Hcts) (7
2, " g . g

2 (%) T (5 )- 2, % () T (%)
T T,
-0 (33 ) %) <A2>

S, () T3]

wheréor,and-r, ‘bound regions of uniform composition.

1 2

2A. Foderaro and H. L Garabedian, "A New Method for the Solution of

Group Diffusion Equations,” Nucl. Sci. Eng., 8(1): L4-52 (July 1960).
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For p = v we have
A

T
‘tav‘x.
Fgw,l,(wr‘) W,\,(v\h_ﬂ',\clr = RLT:{( { [T (
)

., A Tz, N %’v ] ] (A3)
+3]"(—§—)—\q"[3-o (2 )+ T (%) }

and flnally

JVD Vw :mrrir —

-/ — h Yn
;\:i;,(%—u) Z(Dh+| b*\) " (J:_)j;("ﬁ' )

where the summation over n is a sumation over each internal boundary of

(Ak)

fhe reactor.at which D has a discontinuity.

Slab Geometry

Wy () = x; Cos B ) %
where v =1, 2, 3, ... and X is the outer boundary. For u # vy we have

X+ 'rrxL X
A ~ . w2
W, qux = Sln[(rt ) % + S("&‘.+ ') Xo]

X, r (/" V) Iar (ft~=1) T

Sin [_(rt"")q;—?] _ Sin Y_(f“*”‘a)ﬂ)éq (A6)
(p-~) o (pAv-n) T

where Xx; and X, bound regions of uniform composition.




25

For u = p we have .

Xv - X, . 1V 'rrx,_
X, Xo (a~v-1)mw
(A7)
__smav) T
s @~-1)ar
and finally
x(?
§VD~WFVW,,J>( -
o (a8)

et 5 e 2%

where the summation over n is a summation over each internal boundary

at which D has a discontinuity.
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