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ABSTRACT

The location of posegibly unstable roots to the dispersion equation
for the electrostatic waves in an infinite plamsma situated in a constant

magnetic field is carefully examined.
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In this note we wish to extend previous work! to delimit as much
ags possible the location of possibly unstable roots to the dispersion
equation for the electrostatic waves in an infinite plaswa situated in
a constant magnetic field.
The dispersion equation may be written in the fomm
1 +Z w2 0EF, =0
- e J d
J
where Fj is given in Ref. 1 for the bi-Maxwellian distribution function.
The theorems glven in the previous article, which were based on
an examination of ImA(Fi), are here extended to show that marginslly
unstable solutions (Im (w) = 0') of the dispersion equation can occur

only if both
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where £ is an integer.
Ty
Hence, in particular the system is stable if Tw—-> %
i

Following the same arguments as in Ref. 1, it is sufficlent to
show that Im (F) is non-negative in the regime of interest located in

the first quadrant of the complex w-plane, where



F = nﬁ Fo + nf Fp = j ax (nﬁ x + n2 sin x) exp [}ax - ux? - A (1 - cos %i
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and Tn (Fg) > 0 .

when @ = £ + € is real, 0 < e < 1,
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Thus, since I (n) > L., (A) >0 for k, £ > O,
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Notice that, when x> a >0, g (x) - g (x - a) is positive for x > Xg )

and negative thereafter. Therefore, because Ik(x) is a positive,

decreasing function of k, there is ann > 0 such that, for all k,
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The infinite sum is Jjust
2/ b , , -1, e
e /AHQB [- e/l , e “F] = b 65 (i, e Aﬂ;“)
where 8, (2, g) is a theta-function.?2

One can show®

a_

— {log &, (z, g)b = «B (z, g) sin (2 2)

vhere B (z, 4) is positive if z, g> O.
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In our case, z = nw, q = € and 6, is positive. Therefore

Im (F,) > D sin (2mw) , D> 0

pof=

which 1s non-negative wvhenever 4 < w< £+

Wow, 1t was shown in Ref. 1 that Im (F.) > 0 vhen w = £ + io, and
by a completely analogous argument it is also easy to show thatb
Tm (F,) > O when w = 4 + 4 + iy. Therefore, by Cauchy's theorem

Im (FC) > O whenever g nge(w) <kt %

In order to complete the proof of (1), we write (for real w)
[64]
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Im (F) = K ;f-ﬁ— E [(D + K (1 - T_L )] exp [* —"—m—h] IK(A‘)

T
and restrict our attention to the case 7 < 1, since Im (F) is
1

obviously positive ctherwise. Let [x] denote the largest integer

contalined in x. Thus, if

T
n = [ w / (1 - T““) J,
L

T
then w = (1 = El“) (n + &), where 0 < 8 < 1 . Hence,
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and so Im (F) > 0 if n T >0 (1 - T—~) . Rewriting, this becomes
1 1
TII
w/ (1- - ) > w, stable. (3)
Now if w = £ + e, then for 1 - ﬁLL‘ <e<1l
1
2l
[/(1-—,——]>[z/(1_a———)]+1>2+1>w
T —_ ik -
- = 1l
T
so that we have stability if £ + (1 - T—~)<(b < 4+ 1.
1
Moreover,
oy i r al
0 < @/(Tw—lq < [w/(l-gwil-[w]<{fM(l~~w)]+lw
= - T T
TJ_
so that when [ a/ (TTT - l):] > 1, inequality (3) is satisfied, which

~ ~

completes the proof of (1).

In summary, if we refer to Fig. 1, no roots to the dispersion
equation can be found for w lying in the shaded portion of the complex
w-plane. In addition, the condition of marginal instability [?m (w) = Oi
is possible only if both £ - 3 < w < £ —;—f andw<l—|J"l- -1

It may be mentioned that these theorems which have been proved expli-

citly above for the case of bi-Maxwellian distribution of particle velocities,
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also hold when the distribution of parallel velocitles is Lorenzian, viz.
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Fig. 1. Regions of Stability (Shaded) and Instability
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