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ANALYSIS OF ELECTRICAL PERFORMANCE OF LONG
CYLINDRICAL THERMIONIC DIODES

Purpose

The purpose of this memorandum is to describe methods which have been
used to analyze the electrical performance of long (up to 6 in.) cylin-
drical thermionic diodes. It is visualized that the diodes would be
heated from the center, either by nuclear fuel as in a reactor or by a hot

liquid metal in a separate heat exchanger.

Assumgtions

In these analyses it is assumed that (a) the cylindrical thermionic
diodes are so long that there may be axial variations of temperature,
voltage, current, power input, and power output; and (b) it is valid to
apply at every point on the emitter of a long diode the measured values
of pertinent parameters for the smaller test diodes reported in the
literature; in other words, the over-all characteristics of small diodes

apply to the individual points of long diodes.

Equivalent Circuits

A variety of published data show that the operating characteristics

of thermionic diodes may be plotted to give results of the following type:
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Current Density

Current density (amps/cm®)
vs voltage for different
uniform input powers
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It is found experimentally that the curves are nearly straight in the

range of practical interest, and that the lines for constant temperature

fall more steeply than those for constant thermal input (as shown).

These characteristics are similar to those of a storage battery, or

of a constant-voltage generator with internal resistance. Hence for a

point thermionic diode the equivalent circuit is

Current

[}

Imax NG

— MW—(V)—e
\

max

where T and V are the intercepts of the (extended) characteristic
max max

line.




For a long cylindrical thermionic diode the same model can be used,
except that the collector and emitter resistances must be allowed for.

Thus, the equivalent circuit for a sequence of thermionic diodes is

R/2 R/2 R/2 R/2 R/2 R/2

Obviously a long thermionic diode can be thought of as a sequence of
elemental diodes, Ax long, each element having collector resistance RAx,
emitter resistance ZXx, internal resistance Rint/Ax, and voltage Vmax'

These parameters (R, Z, R Vmax) may be functions of position. The

int’
temperature, power input per unit length, and current are hidden or
implied variables in this model.

The analyses herein discussed are based then on the model of a long

sequence of elements of the form

1 1
5 RAx 5 RAx

where
R,7Z = ohms/cm,

volts,

. ohms cm
int ’




Jd

i = amps.

amps/cm?®,

It is important to note that the parameters V and R, vary
max in

t
according to the type of characteristic used. The values for constant

temperature will differ from those for constant voltage.

Relation to Other Analyses

A number of analyses have been published (for example, "A Digital
Computer Code for the Analysis of Thermionic Networks," J. H. Broido
et al., GA-L1LT7, General Atomic, May 22, 1963. "Performance of Cesium
Thermionic Diodes Operated in Series-Parallel Circuits,” J. W. Holland,
NAA-SR-T661, Atomics International, February 1, 1963. "Thermionic Con-
verter Operation in Multiple Connection,” G. Y. Eastman, A. Basiulis,
and W. E. Harbough (RCA), Proc. Conf. Gatlinburg, October 1963, p. 348.)
which use similar equivalent circuits for individual diodes to analyze
the effect of series and parallel operation of thermionic diodes with
different power inputs. These analyses were accompanied by experimental
verification of the validity of the method. Up to the present, the
writer has not found in the literature an article where the method was
applied to the different parts of a long diode, nor any experimental
Justification for or refutation of such application.

However, if it is valid to assume that every point on a long diode
acts as does the average point on a short diocde under the same conditions,
and if operation occurs only in the straight-line portion of the charac-
teristic curve, the present analysis is justified. It is simply an ex-
tension of the analysis for a sequence of discrete diodes to the limiting
case of a distributed, that is, continuous, diode. Since the aésumption

involved seems plausible, the analysis has proceeded on that basis.

Mathematical Formulation

1. Diode with connections to emitter and collector at same end.

(Since current along emitter and collector flow in opposite directions,
this may be called "opposite flow" case.)
The equivalent circuit is as above. The pertinent differential

equations are




' di _ pg -Jmax(v —V) = A - BV
dx Vmax max ?
%% = —i(R+Z) ,
where
Jmax = intercept of characteristic curve along V = O, amps/cm?,
Vﬁax = intercept of characteristic curve along J = 0, volts,
de = emitter diameter, cm,
= current along diode, amps,

R,Z = resistance per unit length of emitter and collector,

ohm-cm/cm® = ohms/cm,
RL = load resistance, ohms.

Taking the origin x = O at the end of the diode inside the reactor, and

taking x = L at the load end, the boundary conditions are

. i(0) =0,

V(L) = RL-i(L) .

Define for convenience

A= ﬂde Jmax’ amps/cm,
B = A/Vmax, mho /cm,
k =./B(R+Z) , cem™L.

(a) Operation along straight-line characteristic, for example,
constant input power or constant emitter temperature.
Then A, B, R, and Z are taken to be constants and the solution of

the equations above is

V(x) = V(0)-cosh kx + Vmax(l — cosh kx) ,

A — B-V(0

i(x) = n

sinh kx ,

and applying the boundary condition on V(L)

cosh kx
V() = Vo [l " k cosh KL + BR_sinh kLJ ’
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. A sinh kx
i(x)

- BRL sinh kL + k cosh kL °’

Power to load = V(L):-i(L) = AZRL[BRL + k coth kL]™2

When the load is so chosen as to maximize the load power,

2

A
Pmax = Eﬁ; tanh kL P

-

Rload,max °B coth kL ,

1
=35V ,

Vload max

. _ A
108d = K tanh kL ,

2
3 — 2kL cosh(2kL)

Electrical efficiency =

Thermal efficiency = f¥%$_ s
in
where Qin = input thermal power per unit length, w/cm.

A short Fortran program has been written to evaluate the above ex-
pressions quickly for great numbers of cases for survey purposes. It
runs very quickly; on the IBM~-7090 about 2500 individual cases can be
calculated per minute.

A Fortran listing of the program, and a sample output, are given
below. The program is intended to run for a sequence of equally spaced
emitter thicknesses, collector thicknesses, and diode lengths. Thus for
example, the initial diode length, the amount to change diode length for
each step, and the number of steps, are inputs.

Inputs to the program are:

Card 1. Format (7EL0.3)

Field 1. C — intercept of characteristic on J _. , amps/cm?.
max ax

1s

Field 2. V — intercept of characteristic on V__. , volts.
max axis

Field 3. FEmitter outer diameter, in.
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Field 4. ZEmitter resistivity, ohm-cm.
Field 5. Collector resistivity, ohm-cm.
Field 6. Gap width, emitter to collector, im.
Field 7. 1Initial value of diode length, in.

Card 2. Tormat (7E10.3, E2.0)
Field 1. Initial value of emitter thickness, in.
Field 2. Increment per step for emitter thickness, in.
Field 3. Number of steps for changing emitter thickness.
Field 4. 1Initial value of collector thickness, in.
Field 5. Increment per step for collector thickness, in.
Field 6. Number of steps for changing collector thickness, in.
Field 7. Increment per step for diode length.
Field 8. Number of steps for changing diode length.

It will be noted that mixed English and metric units are used. This
mixture was found to be convenient, however, because of the data available.

(b) Operation other than along straight-line characteristic.

In this case A, B, R, Z in the basic equations need not be constant,
and integration is much harder. For special types of variations of these
guantities, the equations can be solved. However in order to represent
actual reactor conditions we have preferred to handle these problems by
digital computer, using the difference equations corresponding to the

above differential equations; namely,

n Tt T Ax(vmax,n - Vn-l)'{%de/Rint,é} ?

n n-1
V =V -— (Rn +Z.) .

Since the maximum voltage V s internal resistance of the diode R, _,
max int

and collector and emitter resistances/length, Z and R, vary slowly with
position, this formulation is considered adequate.
For each different diode, empirical formulas are used to calculate

Vmax and Rint' These are contained in a characteristic: subroutine (CHAR).
For different diodes different formulas must be inserted into the sub-

routine.
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Two different versions of this program have been used, one with
origin x = O at the load; the other with x = 0 at other end of the diode.
In the former, the user must supply the desired output current; in the
latter, the user must supply the voltage and input power density (or
temperature, two of these three are independent) at the end of the diode
away from the load. As the latter version has proved to be far the more
useful, it alone is described here.

A Fortran listing of the program, and of subroutine CHAR, are given
below. This program, like the one described above, is intended to run
for a sequence of equally spaced emitter thicknesses, collector thicknesses,
and diode lengths; moreover, it runs for a sequence of voltages at the in-
ward end. Inputs to the program are:

Card 1. Format (A6, LX, 6E10.3)

Field 1. Name of tube, 1 to 6 letters, cols. 1-6. Cols. 7-10
blank.

Field 2. Emitter outer diameter, in.

Field 3. Gap, in.

Field 4. Input thermal power, watts/cm® of emitter. (See card L)

Field 5. Number of spatial divisions along axis.

Field 6. Constant Pr1 for expressing emitter resistivity.

Field 7. Constant Ppo for expressing emitter resistivity.

Emitter resistivity (ohm-cm) = p T, where T

El T P
is emitter temperature in °Kelvin.
Card 2. Format (7E10.3)
Field 1. Initial value of emitter thickness, in.
Field 2. Increment per step for emitter thickness.
Field 3. Number of steps for changing emitter thickness.
Field 4. 1Initial value of collector thickness, in.
Field 5. Increment per step for collector thickness.
Field 6. Number of steps for changing collector thickness.
Field 7. Collector resistivity, ohm-cm.
Card 3. Format (7ELO.3)
Field 1. 1Initial value of diode length per space division, in.
This is the diode length in inches divided by the number in field 5 of

card 1.
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C 1005  PLASMA DIOADFE OPPOS: D (02w 7010 AT CTRZCHARACERISTICS SUBROUTINEL nnl
C ZERQ POSITION 16 TOWARD R{ACTOR CEHTIR n 2
DIMENSION PMi20n) 3

I RCAD INPUT TAPE 1057 TURT G DIAMI 4 CAP DU S L XNP 3 RHOP [ s RHOT P nn4
7 FORMAT (A6 s4X AT I1,.3) 5
READ INDUTTZPE 10 2 THI Y ol THE g XMTHE g THIF C o DT 3 ¥NTH $ REIOC nne
READ TMPUT TAPT 10,2305 3 PNAY g XNY 3V 1 31V ] 5 XMV ] nn7

NP #EXNP 8
CoVETHIKC 9
DXEVHNY N
VIFyAav] I
READ INPUT TAPE 1025 (PMOL) bi |01 ni2

2 FORMAT(TFIN3) 13
SUM#0O, I4
DO & UH]SND |5

A SUMESUMEPM( ) 6
NTHE#XNTHE I
NTHCH#XNTHC 16
NX#XNX 19
NVI#XNV] 2n
EN#20,2683 %N [ AMe 21
DO 23 I#I|4NTHF 22

R # Oa 12531 /THINE/UNLAYT=THKT ) 123
THIKCHCSY 24
DO 22 K#l\aNTHC 25
WRITE QUTPUT TAPE 9488, TUKI 4D1AME PN n2é
88 FORMAT(IHIsA€s40H DIODL CHARACTIRISTIC: IMITTIR OuDas 3F543, 027
129H INCHESs TMPUT THERMAL PONTR o T35 71 W/CO0M /7)) n2ea
WRITE OUTPUT TAPE 9,11 25

Il FORMAT(1I9H EMIT THIKN COLE THIKN TR VAL TL MAX TEMIC) LEMNGTH nap
I LOAD AMPC LOA™ YNLTE LOAR WATTS CLEC LD WA TTS/R00M THERM For ) na|
DIFACHDIAMILGAD+T AP TH L ¢ no
ZHFHOCY¥ D e 307 /(g Li I AN AV R TV ) 123
DXADXSV 3
DO 21 MA1sNX W
THPW#SUM*PUN®D X ¥{ 1] 35
EMO#Ta SRDX® (24P ¥PHOL | ) 1i
CMM#DX #F#RHOF 2 D
VIigviay 3
DO 20 N#lsNVI “n

X#{le 44



w

2N
2|
2?
23

24
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CO#NW
PGEN#D
VOBV I
DC 3 J#IsNP
THPM{J) *PUN
CALL CHARI(T,V0OsTOsCDsTURE)
CHCO+DX*CD*N
EMHEMO+FHMETO
VHAVO=EM® (C+CO)
PGEN#PGEN+D 5% (C=COY ¥ (VHVT)
XH#X+DX
IF(J=1) 9499,8
TMAX#¥T0O-273,
Corc
VO#xV
CONTINUE
PLHV*C
EFF#PL/PGEN
WCMH#PL/X/EN

TEF#PL/THPW

WRITE QUTPUT TAPE 9524, THIKEZ s THIKC sV sTAXsXsCsVsPLsEFF »WCM,TEF

VI#VI+DVI

DX#DX+DDX

THIKCHTHIKC+NTHC
THIKE#THRIKF+DTHE

FORMATI(FIOe3sINF11e3)

GO TO |

END

SUBROUTINE CHAR(T»VO»TOsCDsTULE)

X#5123216060€0

[IF(X-TUBE) 241,2

VWKEN ¥ T~ 4NN,

UMAXH L 035+ 00 [25#VUH (| =0 NNEX (] TEANCF (VW) = N VI) )

CD#SeTHTH{VMAX-VD)

TOK] 1334435 % CN+50MN, #YN

a0 TO 1D

X#21216060604AN

IF(X=TUBE) 34,43

VMAXZ% «J389%T

]
~

Al

42

43

44

45

56

64
£5
66
67
68

69

a0



w

[l

CD#AH 4% (VMAX=VO)

TO#1673. +40074%V0/ ([ 4e—C1)
X#632523462725

[F{X=TURF) 10,6, (0
VMAXHE] o T+eN 9% T

IFUT=bb4) 63657

COE(V I AX=VD YR (3,244 047G T)
cCoTO 8

CL#3ecTmlyr Xx=yl)

TOH#T T4 ¥VO+D 3. P #CI 41147,
RETURNM

THD

18

81
82
TECOGES3
e

85
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Field 2. Increment per step for length/division.

Field 3. Number of steps for changing length/division.

Field 4. 1Initial value of voltage at reactor-center end of diode.
Field 5. Voltage increment per step.

Field 6. Number of steps for changing center voltage.

Card(s) 4. Format (7EL0.3). As many cards as needed; total number
of entries is number in field 5 of card 1.

Input power distribution starting from reactor center and proceeding
outward. The normalization should be such that the product of the entry
in field 4 of card 1 by the entries on card 4 should give the thermal
input watts/cm2 at corresponding points in the reactor.

In the program certain approximations have been made; they are
described briefly below.

a) Emitter resistivity. The resistivity of the emitter has been

described by a relation

Pp =2 +b T,

where T = temperature (°K) and a and b are constants. For tungsten a =

6.4 x 10°° ohm-cm and b = 1.k X 10”2 ohm-cm/°K.
b) Maximum voltage and current density. By extending the straight

portion of the voltage vs current density (V vs J) characteristics until
the extension reached the axes, a set of values of V and J were

max max
determined. These were expressed empirically in terms of the input power,
and the resulting expressions were incorporated into the program sub-
routine (CHAR) which represents the diode characteristics.

c) Emitter temperature. Emitter temperature is expressed by a re-

lation of the form

Temp = aV + bd + ¢ ,

where a, b, and ¢ are constants. This relation is satisfactory cver only
a limited range of voltage and current density values. Consequently,
what has been done is (a) pick three pairs of V,J values which more or
less span the range of interest; (b) from the characteristic curves read
off the temperature for the values in (a); then (c) set up three simul-

taneous equations of the above form using known values of temperature,



20

voltage, and current density and solve them for the parameters a, b, and
c; and finally (d) use the values a, b, and c thus determined in the above
equation which is then applied over the entire region of interest. Since
the loci of constant temperature approximate equidistant parallel lines,
and since the range of interest is not too large, and since temperature
enters only in calculating emitter resistivity, this degree of approxi-
mation is considered adequate.
As an example, for the RCA diode, in the region

% amps/cr < J < 5 amps/cn®

0.8 volts < V < 1.1 volts
we find

T(°K) = 1133 + 35 J + 590 V .

Here T is in the range of 1450°C to 16L0°C.
2. Diode with connections to emitter and collector at opposite ends.
("Parallel flow" case)

The equivalent circuit is as above. However the emitter and collector

currents must be considered separately. The pertinent differential equa-

tions are:
Let
emitter axial current = i voltage = V resistance/length = R
collector axial current = j voltage = E resistance/length =
Then, using the same symbols as in part 1,
di _ _ 4 _ ., _ =
ST T =A B(V-E) ,
av 3
a=—lR,
dk .
E=—JZ)

and the boundary conditions are
i(L) = j(0) ,
V(L) - B(0) = i(L)‘R ,

i(0) = 3(L) =0 .
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The solution of these equations is more complicated than the pre-
vious case.
(a) Operation along straight-line characteristic.

The final results are as follows when the parameters A, B, R and Z
are taken to be constants:

j(x) = j(O)[:l + % (cosh kx - 1)] _4 ; B imh kx ,
k

i(x) = j(0) - §(x) ,

v(x) = v(0) + j(0) BzR (sinh kx — kx) — R A - BP (cosh kx — 1) ,
k> k=

E(x) = B(0) = 2[v(x) - V(0)] = 3(0) % x ,

where
P = v(0) - E(0)
and
% sinh kL
j(o) = -
{[1 + B—Z(cosh kL—l)] [1 + -]-BB(cosh kL—l)] +
k2 k2

BZR, . B .
[Rload - kT(smh kL—-kL)J(E sinh kL)} s

Eé(cosh kL—l)J .
k2

p-£._ j(0) li(csch kL)1 +
B B
When, in addition, the load is optimized for maximum output power,
we have the further results:

RL=%cothkL+§@[kL—2tanh%L],

k3
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Vv
Load current = 1 _max s
2 Ry
Load voltage = L Vv
g 2 ‘max ’

Power to load = %

Power to load
Length X (thermal input power per unit length) ’

Thermal efficiency =

where k% = B(R+Z) and L = diode length.

A similar program to that in 1(a) above has been written to survey
a variety of possible diodes operated with connections to emitter and
collector at opposite ends. The input is exactly the same as for the
program in 1(a); a listing of the program follows.,

(b) Operation other than along straight-line characteristic.

This case can be handled by difference equations as was done above
in 1(b). A digital computer program for this has been written and is
available from the writer. This problem was also programmed for the EAI
type TR-10 analog computer (actually as a test for a newly received
machine). The analog solution verifies the digital one, and when the
solution is displayed on a scope gives a good representation of the var-
iation of voltage and current along the dicde. However in general the
digital program output is more convenient to use. Since the only practi-
cal application of parallel flow studied to date has been the case of a
heat exchanger external to the reactor wherein the emitter is isothermal
and falls under (a) above, these latter programs have not proved to be

very useful in practice, and further discussion or description is omitted.
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.

C 0ani PLASMA DIODEs CONSTANT FMITTER TFMPs PARALLFL FLOW nal
| READ INPUT TAPE 10925 CMAXSVYMAXDIAME 3RHOS yRHOCy CAPSELEN njg2
RFAD INPUT TAPE 10929 THIKEsDTHE s XME s THIKC s DTHC 9 XNC 9 DELE » XNL nn3
NFE#XNF 4
NCH#XNC 5
NL#XNL 6
AHCMAXEDTAME¥A 45 16%3 4 (416 7
R#A/VMAX 8
SVI#THIKC 9
SV2#THIKE 10

DO 7 I#IsNL t
WRITE OUTPUT TAPT 9,10 12
WRITE QUTPUT TAPE 9,43 sCMAXsVMAXsDIAML s RIIOE s RHOC» GAP nt3
WRITE OQUTPUT TAPE 9411t 14
THIKF#Sv2 15
DO & KHIWNF 16
RAFHOF #0 ¢ 12831 /THIKF/ (NIAMI—THIKI) niz
THIKC#SVI 18
DO 6 JAIINC 19
DIAMCHDIAME+GAP+GAP+THIKC nz2n
ZHRHOCH*D43937/ (34 L4 16#DIAMCHTHIKC) n21
XK#SQRTF(B* (R+2)) 22
XHELEN*XK 23
YHXK/B 24
WHZ %R/ XK /XK 25
ROPTH# (1 e O+EXPF{X+X) )/ (EXPFIX+X)=1,0)¥Y+ n2e
ITW/Y¥(X=2eD¥(EXPF{X)=1eN)/ (1 eN+EXPF(X))) 027
COPTHO.H5*YMAX/ROPT 23
COH#O 5% (EXPF(X)+FXPF(~X)) 29
VO¥COPT/XK/COH/TANHF (X) 30
VL#AVMAX=VO* (R+Z*COH) 31
VO#VMAX~VO*(Z+R*COH) 32
VMEVMAX~SQRTF ( {VO=VMAX) ¥ (VO-VMAX ) +Z ¥7#CCPTHCOPT /XK /XK n3s
PMAX#D« S*VMAX*COPT 24
PPA#PMAX/ (ELEN*644516%3 4141 6%DIAMF) n3s
WFITE QUTPUT TAPE 924 9yELENsTHIKE s THIKCsPMAXSCOPT,ROPT s PPA,VOSVYMyVL 036
& THIKCHTHIKC+DTHC 37
€ THIKE#THIKE+DTHE ’ 38
7 ELENHELEN+DELF 39
2 FORMATI(TEIQe39F240) 40

3 FORMAT(IHO6F1548) 4



2%

4 FORMATIFIDa334F15a3,3F 1566y Flae1y3F742) 042
G0 T0 ) 43
10 FORMAT (84H L MAX DlCDE MAX DIODE EMITTER EMITTER 044
! COLLCCTOR AP / 8 AMDL 700 oM VOLTS 045
i QDo (IN) RLSISTIVITY (OHM=CMYy (IN) s 10X n46
I T3HPARALLEL FLOW ) 47
L FORMAT CH I THNADTIORE LUNGTH FRLTTER COLLFCTOR MAY POWER TO T 048
ITO LOAD AMPe LOAR D WATTC a0 ™ VOLTAGE S / ngo
[ ([N THECK P T [h) THICEME SN LOAD(WATT ) FOR MAXNSD
IFOR MAX PR FOR tax pun CHLTTeR X#n MIN XA ) s

rHP o
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