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TIME SCALING IN ANALOG SI1v~IULATION OF NUCLEAR SYSTEMS 
L. Robert Beardsley and E R . Mann 

ABSTRACT 

Changes in the time scales of reactor simulations are 
studied. It is found that such scale changes permit more 
accurate simulation by restricting operation to those fre- 
quencies best handled by analog computer systems. 
computer runs (as from CQmpeSSed time i3cales) are found *bo 
require more precise potentiometer settings. 
investigation, the inaccuracies introduced by linearizing the 
reactor kinetic equations are measured. 
found to be negligible when reactivity perturbations are 
restricted to values of less than 0.0276. 

Short 

As part of the 

These errors are 

INTRODUCTION 

Analog computer components can restrict the frequency range over 
which acceptable simulation of nuclear systems can be expected. 
gation of the stability of a reactor model may require the use of forc- 
ing functions with frequency components extending over many decades. 
Determination of the frequency response of the system for frequencies 
below 0.005 cps is time consuming, and because of the long time required 
for a measurement the leakage currents in the integrators may intro- 
duce unacceptable errors. 

Investi- 

For frequencies above about 2 cps, servo components, such as multi- 
The pliers and some readout devices, cannot follow the signal reliably. 

mechanical inertia of these components proves to be the limiting factor 
in their frequency response characteristics. Thus, the frequency range 
over which the analog computer will operate reliably is limited by the 
characteristics of its servo components in the high frequency region 
and the leakage currents and amplifier instability in the low frequency 
region. 

Between these two regions of computer unreliability lies the fre- 
quency range in which the analog simulation represents the mathematical 
model with high fidelity. To extend the range of reliable simulation 
the time scale of the computer problem can be changed so that simula- 
tion in the high and low frquency regions may be made with the computer 
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operating i n  a machine-time frequency range i n  which performance i s  

r e l i ab le .  It is  often desirable t o  compress a simulation of a two- 

hour reactor run in to  a f e w  minutes on the machine and, s imilar ly ,  t o  

expand a 0.1 sec excursion in to  a machine run of 10 sec or more. 

change the time scale  i n  a convenient manner, w e  make the  change i n  

decade intervals .  

To 

METHOD 

To evaluate the  technique of using variable time scales ,  we chose 

a model f o r  which the r e su l t s  could be eas i ly  obtained without the use 

of an analog computer. This model i s  a "point reactor ,"  as defined by 

the kinet ic  equations given below. The delayed neutron constants a r e  

those given f o r  23 5U by Keepin' (see Appendix E) , and the mean prompt 

neutron l i fe t ime R is  assumed t o  be 100 ysec. 

a r e  

The k ine t ic  equations 

i =L 
and 

These equations a re  nonlinear because both involve kp, a product of two 

dependent variables.  

out the uncertainties due t o  nonlinear computing elements, the  model i s  

l inear ized,  The l inear ized model is  given by the  equations 

To evaluate the  frequency response of a model wi th-  

i =J, 

' G .  R.  Keepin and T .  F. Wimett, Nucleonics 16 (10) , 86-90 (1958) . 
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I 1 1  

fix. B Y  BiPo6k 1=i 
d t  R x i  A ’  - h.x f 

where 

y = p - p  a n d x  = c  - c  
0 i i i o  

( 9 -14) 

These equations (see Appendix B fo r  development) represent t he  non- 

l inear  model only a t  the quiescent point where p = 

k = 1. 

t i e  nonlinear model t o  any accuracy t h a t  may be required i n  the  neigh- 

borhood of po i f  the  s i ze  of the neighborhood i s  chosen sui tably small. 
The network resul t ing from the l inea r  model has the sitme delayed neutron 

branches as the nonlinear network, the difference being only i n  the  

driving function to these branches. 

driving s ignal  is  p6k, while i n  the  l i nea r  network it is  p 6k. 
disturbing function 61r i s  assumed t o  be a sinusoidal var ia t ion i n  the 

multiplication fac tor  k. This sinusoidal function i s  l imited i n  th i s  

analysis t o  a machine-time frequency range of O,Q5 t o  0,5 cps t o  ensure 

tha t  the frequency charac te r i s t ics  of the computer components do not 

a f f ec t  the simulation. 

i s  the  disturbing function 6k, and the output s ignal  i s  the var ia t ion 

i n  power, p - po = y. 

specified i n  terms of gain and phase s h i f t .  

f rac t iona l  variation i n  power per unit change i n  the multiplication 

factor .  
angle by which the var ia t ion i n  power y lags  the disturbing function 6k. 

The time scale  of a network is dependent on the  time constants of 

c = c  , a n d  
’0, i i o  

However, the  l i nea r  nuclear network can be made t o  simulate 

I n  the nonlinear network t h i s  

The 
0 

The input s ignal  of the  networks (Figs. 1 and 2) 

The frequency response of the networks can be 

Tne gain i s  y/po6k, or the  

The phase s h i f t  of the nuclear network i s  defined here as the 

the time-dependent components, pr incipal ly  integrators and differen-  

t i a t o r s .  

constants of the integrators  need be changed since no d i f fe ren t ia tors  

a re  used. 

frequencies i n  th i s  decade a re  simulated i n  a uni ty  time scale  where 

Thus, i n  changing a nuclear network time scale,  only the  time 

Since the optimum decade i s  taken as 0.05 t o  0.50 cps, 
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Figure 1. Nonlinear Reactor Kinetics, Time Scale = 1.0 
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machine time and prototype time are the  same. 
than 0.5 cps are simulated i n  time scales  of 10, 100, and 1000 (mchine 

time longer than problem time),  and those frequencies below 0.05 cps 

a re  simulated i n  time scales of 0.1 and 0.01 (machine time shorter  than 

problem time) e 

provides a six-decade range of problem frequencies from 0.0005 t o  500 cps, 

which may be simulated by a machine time frequency range of 0.05 t o  

015 cps. 

time constants are varied from 100 times t o  0 .00l t imes  the real-time 

values. 
time constants are too numerous t o  discuss i n  complete d e t a i l ,  but the  

nuclear network f o r  uni ty  time scale i s  given i n  Fig. 2, and the  var ia-  

t ions  i n  the branch which simulates the second delayed neutron group a re  

given as a typ ica l  example i n  Appendix C. 

The frequencies greater  

This combination of time scales  and frequency choice 

To obtain these time scales ,  i n  decade in te rva ls ,  the  integrator  

The c i r c u i t  configurations used i n  making a l l  these changes i n  

The gain of the  nuclear network is obtained from the  r a t i o  of the 

amplitudes of the  two volt'ages y and po6k. 

by delaying the 6k voltage through a phase s h i f t e r  whose delay constant 

i s  adjusted so as t o  match the  delay through the nuclear network. With 

t h i s  condition satisfixtd, the delay constant is  given by 

The phase angle @ i s  obtained 

h = HKM/J, ( 16) 
where M, K, and J a re  input gains i n  the phase s h i f t e r  c i r c u i t  of Fig. D - l a  

(Appendix D) and M i s  the coeff ic ient  of t he  potentiometer. The phase 

angle 4 is  determined from 

(3, = tan-' w,h. ( 17) 

The derivation of these equations i s  given i n  Appendix D. 

A Lissajou pat tern showing the  variable y as  a function of delayed 

6k was obtained by means of a Variplot ter .  

was taken t o  be t h a t  value of delay which gave the same shaped curve 

f o r  y vs delayed 6k as  was obtained f o r  y vs y. 

the p lo t t e r  were such t h a t  t h i s  pa t te rn  w a s  not a s ingle  s t r a igh t  l i n e  

but ra ther  a pa i r  sf s t r a igh t ,  pa ra l l e l  l i nes  approximately 3/32 i n .  

apart w i t h  amall cvirves t o  close the ends. 

The nuclear delay constant 

The charac te r i s t ics  of 

. 



Normally a Lissajou pat tern shows that two variables such as y and 

the phase s h i f t e r  output a r e  i n  phase o r  180' out of phase when the 

pa t te rn  i s  a s t r a igh t  l i ne .  

by some eccentr ic i ty  of the  Variplot ter  apparently was equivalent t o  

the  s t r a igh t  l i n e  configuration one normally expects when the  two vari- 
ables are i n  phase. 

The two pa ra l l e l  l i n e  configuration caused 

RESULTS 

The frequency charac te r i s t ics  of the l i nea r  network were compared 

with those of the  nonlinear network. 

experimental gain and phase s h i f t  a r e  plot ted i n  Figs. 3 and 5 respec- 

t ive ly ,  and the  deviation of the  experimental data from the  analyt ic  

calculations a re  plot ted i n  Fig. 4 and 6. The experimental data and 

analyt ic  values are tabulated i n  Table 1, The analyt ic  values were 

obtained from equations 

The l i nea r  network data showing 

l - B + A +  C 
- A  Rw + C 

C tan @ = 1 ! p + A - 
Rw -I- c P - A  

and 

cos cb, (19) Ru, + C 
YO 1 - 8  - + A s i n  Ru + c 

which a re  derived i n  Appendix A .  
r e su l t s  from the corresponding analyt ic  values, Figs. 4 and 6 and 

Table I, are generally less than 0.20 db fo r  gain, w i t h  extremes of 

-1-0.43 and -0.47 db. 

0.3', with extremes of +1.13' and -0.50". 

frequency point of 0.0005 cps are -0.16 db and -0.05'. 

par t icu lar ly  small deviations the  amplifiers were rechecked f o r  nu l l ,  

the  potentiometer se t t ings  were rechecked, and i f  necessary, adjusted 

ju s t  before data were taken f o r  each frequency i n  a given decade. 

time scale was 0.01. 

The deviations of the experimental 

The phase angle deviation was generally l e s s  than 
The deviations at  the lowest 

To achieve these 

The 

The measured quant i t ies  a t  0.05 cps contained 
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Figure 4. Gain Deviation of Linearized Reactor Kinetics Simulation. 
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TABLE I 

GAIN AND PHASE LAG OF POINT REACTOR KINETICS 

Simulated 
Frequency 

CPS 
Gain, Decibels Phase Lag, Degrees - 

Analog Analytic Deviation Analog Analytic Deviation 

0.0005 
0.0010 
0.0015 
0.0020 
0.0030 

0.0050 
0.0100 
0.0150 
0.0200 
0.0300 

0.0500 
0 .  LOO 
0.150 
0.200 
0.300 

0.500 
1.00 
1.50 
2.00 
3.00 

5.0 
10.0 
15.0 
20.0 
30.0 

50 
LOO 
200 
300 
500 

71.62 
65.83 
62.57 
60.37 
57.89 

55.18 
52.25 
50.50 
49.37 
48.14 

46.57 
45 34 
45.26 
44.96 
44.09 

44.06 
43.86 
43.61 
43.47 
43.23 

42.64 
40.75 
38.42 
36.59 
33.63 

29.43 
23.92 
17.83 
13.86 

9.83 

71.78 
66.04 
62.91 
60.84 
58.18 

55.35 
52.36 
50.80 
49.73 
48.30 

46.76 
45.36 
44.85 
44.56 
44.23 

43.94 
43.70 
43.59 
43.50 
43.29 

42.73 
40.79 
38.75 
36.92 
33.94 

29.82 
23.93 
17.95 
14.43 
10.00 

.16 83.5 

.21 77.4 

.34 72.8 

.47 68.9 

.29 62.5 

.17 54.0 

.11 45.4 

.30 40.9 

.36 38.5 

.16 33.7 

.19 15.2 

.02 18.9 

.41 16.3 

.40 13.8 

.14 11.2 

.12 9.4 

.16 9.6 

.02 11.9 

.03 13.7 

.06 18.8 

.09 26.5 

.04 44.7 

.33 55.0 

.33 63.0 

.31 71.2 

.39 78.5 

.01 84.2 

.12 87.1 

.43 88.1 

.17 88.85 

83.55 
77.75 
72.84 
681 74 
62.30 

53.77 
44.27 
40.18 
37.43 
33.29 

27.29 
19.05 
15 .40 
13.38 
11.17 

9.8 
9.25 

10.81 
12.86 

17.41 

26.45 
44.24 
55.50 
62.69 
70.99 

78.31 
84.09 
87.04 
88.03 
88.81 

- .05 
- .35 
- -04 
+ .16 
3- .20 

+ .23 

+ .72 
3- 1.07 
-I- .41 

i- 1.13 

- 12.09 - 
-I- 

3- 
+ 

-I- 

3- 

+ 
3- 
3- 

-1- 
4- - 
-I- 

i- 

-t 
4- 
+ 
-I- 
-t 

.15 

.90 

.42 

.03 

.02 

.35 

.09 

.84 

.39 

.05 

.46 

.50 

.31 

.21 

.19 

.11 

.06 

.07 

.04 

I 



l a rge  e r rors  probably because e r rors  were made i n  se t t i ng  the  frequency 
of the  disturbing function. 

large e r ror  of -12. 09' . 
These data were discarded because of the 

A s  i n  a r e a l  reactor,  s t a b i l i t y  is  measured by the rate of random 

increase or decrease i n  the  power. 

extremely small, and the reactor  i s  then said t o  be s table .  

i f  no control devices a re  i n  operation, the power may continually 

increase or decrease a t  a r a t e  su f f i c i en t ly  small so a s  not t o  be 

detected u n t i l  t'ne normal observation time in te rva ls  a re  lengthened 

by factors  of 10 or  100. 

simulations. 

does not mean t h a t  there  w i l l  be no upward or  downward trend i n  periods 

of 10 or  100 times a s  long. 

periods, the  simulation must be s e t  up so t h a t  the  prompt multiplication 

fac tor  i s  precisely 1 - i3, where f3 is taken t o  be the sum of the s i x  
delay f rac t ions  EOi. 

magnitude of the  r a t i o  -which i s  the gain of the system. 

t h i s  r a t i o  i s  higher f o r  t he  low frequencies, Fig. 3 ,  than f o r  the high 

frequencies, the computer coeff ic ients  must be s e t  with greater  accuracy 

f o r  measurements made i n  the low frequency range. Time scaling merely 

allows the measurements t o  be made more quickly and thus prevents 

inaccuracies due t o  inherent computer component d r i f t .  

This r a t e  of change may be made 

However, 

This same s i tua t ion  ex i s t s  i n  the analog 

Finding the quiescent power po constant f o r  several  minutes 

To obtain s t a b i l i t y  over these longer 

The low frequency d r i f t  described above i s  i n  par t  due t o  the 

Since 
Pobk 

The instantaneous power perturbation of the  nonlinear model i s  
compared w i t h  t h a t  of the l i nea r  model i n  the Lissajous patterns of 
Fig. 7. The scales f o r  these curves, wi th  the zeros as shown, were 
obtained by subtracting the  quiescent power p 

power p. 
for  t h i s  input there  is  almost no difference i n  the  values of power 

obtained from the two networks. In  contrast ,  the  patterns fo r  la rger  

disturbing functions indicate a nonlinear network. e r ror  which increases 

a s  6k becomes l a rge r .  

increase of power i n  the nonlinear network t o  t h a t  i n  the l inear  network 

varies from approximately 1/8 t o  8, i n  comparison with only a few percent 

from each instantanous 
0 

The nearly l i nea r  45' pat tern f o r  6k = 0.020% indicates t h a t  

When 5k i s  0.112$, the r a t i o  of the r a t e  of 

. 
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Figure 7. Nonlinear vs. Linearized Variation i n  Power (p-p ) .  
0 
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deviation from unity fo r  6k = 0.02s. 

l i nea r  network r e l i ab ly  represents the  nonlinear model for 6 k d .  025, 

and is compatible with our assumption (Appendix B) t h a t  Sir<<@, where 

$ = 0.65$. 

This comparison indicates tha t  the 

SUMMARY 

The problem of extending the useful frequency range of the analog 

comguter i n  solving nuclear reactor problems has been attacked by 

scaling time i n  the nuclear network t o  permit operation i n  the machine- 

time frequency range most favorable t o  the  analog components. 

experimental r e su l t s  show t h a t ,  for  the smaller compressed-time scales ,  

the  precision of cer ta in  coeff ic ients  must be increased t o  s a t i s f y  the 

requirement t ha t ,  with no disturbing function, Cf3, = f3 and k = 1. 

The 

The random values obtained i n  the  deviation of experimental from 

theore t ica l  r e su l t s  indicate tha t  the  e r rors  a re  not re la ted  t o  the 

the  simulated, or  problem, frequency or t o  the  time scale.  

of the  deviations a re  from +0.43 t o  -0.4'7 db and from c1.13 t o  -0.50 deg. 

These small e r rors  i n  the gain and phase s h i f t  indicate t h a t  the simula- 

t i o n  represents the  l i n e a r  model with acceptable f i d e l i t y  over a fre- 

quency range of s i x  decades. In  the comparison of t'ne nonlinear with 

the l inear  network response f o r  values of 6k<<f3, the differences a re  

too small t o  observe. 

The ranges 
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APPENDICES 

A .  A DERIVATION OF THE EQUATIONS OF GAIN 
AND PHASE SHIFT OF TKE NUCLEllR REACTOR 

Beginning with the integrator of a delayed neutron group, the  

simplified c i r c u i t  i s  

?--- 
where A. i s  the  delay constant. 

c i r c u i t  of the i t h  group i s  

The d i f f e ren t i a l  equation of t h i s  
1 

-dbi/dt = -hia +libi 

db./dt + Xibi = h . a  = A .  COS t u t  
1 1 1 

where it i s  assumed tha t  "a" is  a uni t  sinusoidal function 

a = (1) cos w t  
Then bi must be of the  form 

(A31 = A .  cos w t  + Ci s i n  ccrl; bi 1 

where the  constants A .  and C .  are t o  be determined. T'ne t i m e  derivative 
of t h i s  equation i s  

1 1 

dbi/dt = -o"cli s i n  w t  + wCi cos w t  (A4)  

Substi tuting Eqs. A2, A3 and A4 in to  Eq. A1 r e su l t s  i n  the equation 

-&. s i n  wt; + WC.  cos ut + h.A. cos w-t + A.C. s i n  w t  = 1, cos w t  
1 1 1 1  1 1  1 
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Equating cosine t e r n  and eliminating cos w t  gives t’ne equation 

wCi + hiAi = hi (A51 

Then equating s ine  te rns  and eliminating s i n  Llrt gives 

-(Ai 4 XiCi = 0 

Solving Eqs .  4.5 and A6 simultaneously f o r  Ai and C .  1 resu l t s  i n  

Ai =hi2/(w2 e hi2) 

ci ‘Ai./(cu2 + hi ) 2 

Substi tuting E q s .  A7 and A 8  in to  Eq. A 3  gives 

h, 2 A, w 
I 7 s i n  w t  I cos cut -t - -  - 

bi w2 + hi’ w2 + xi 

This i s  the  output of the  integrator .  

voltage fed t o  integrator  35 from t h i s  c i r cu i t  is  ( y  -t- p,6k) Bibi (and 

the powers of 10 t o  keep the scales correct) .  

a l l  delayed neutron groups t o  integrator  35 i s  

I n  the network of Fig.  2, the  

The t o t a l  feedback from 

( Y  + pobk) s”Pibi = ( y  + p06k) [CBiAi cos u r t  t Cf3.C. s i n  w t ]  
1 1  

For simplicity i n  the  remainder of t h i s  derivation, it i s  assumed that  

A = CpiAi 

and 

c = x””Bci 

Then 

XBibi = A cos w t  + C s i n  w t  

Equation A l l  represents the t o t a l  delayed neutron r a t e  w i t h  a uni t  
input signal--( 1) cos rut. 
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The l inear ized equations (8-14) are multiplied by A and rearranged 

and are  given here for convenience: 

The variables y and 6k a re  assumed t o  be 

y = y cos u t  
0 

6ir = a COS ( W t  4- @) 

where (!j i s  the  phase angle by which 6k leads y. Then 

(A141 dy/dt -"yo s i n  w t  

When these functions are mbsti-tuted for t h e i r  varldbles i n  the  first 

l inear ized k ine t ic  equation, it takes the  form 

-&wyo s i n  ust = @[yo cos w t  + p o ~  cos ( w t  + qj) 1 

+poA COS ( w t  + 8) + U,lixi (A351 

From Fig. 2, again it w i l l  be noted t h a t  the driving function t o  the 
delayed neutron group c i r cu i t s  i s  (y  -t p 

t ion  given i n  Eq. A2 .  
Sk) instead of the un i t  func- 0 

The last  term of Eq. A 1 5  then becomes, for the  i t h  group, 

and 

CRAixi = [Q3,Ai cos wt c Epici s i n  u t ]  (y  c p 6k) 0 

* I  I 

D 
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Now, i f  Eq. A 1 5  i s  wri t ten i n  phasor notation, cos & i s  replaced by (1) , 
unity,  and s i n  wt i s  replaced by ( - j )  and the  equation becomes 

jRWo = +(yo + poA cos $ + jpoA s i n  ($1 -t poA cos @ 

+ jPoA s i n  @ + (Yo + PoA cos $3 + jp, A s i n  $5) (A- jC)  (A171 

Collecting the imaginary terms and simplifying yields  

Rwyo = -$p0A s i n  Cp -I- poA s i n  $5 + A p 0 A s i n  $3 - C(yo + poA cos $3) 

= poA s i n  Q, ( - p  -1- 1 I- A) -Cyo -C p, cos $5 

(Rw e C) yo = poA (1 - B -I- A) s i n  4 - C PoA cos Cp (A181 
The real  terms now simplify t o  give 

0 = -@(yo + p 0 A cos $) t- pon cos csj 

+ (yo + poA cos @) A + C poA s i n  @ 

This reduces t o  

yo( @-A)/(poA) (l-f3+A) COS 8 C S i n  Cp (A191 

The two variables i n  Eqs .  A 1 8  and A 1 9  are gain [yo/(poA) ] and the phase 

angle $4. The simultaneous solution of Eqs. A 1 8  and A 1 9  yields 

1 -6-t-A C + -  f3-A R u - C  
t a n  Cp = 

1-B-t;c1-- C 
R W C  B -A 

and for the gain i n  terms of ($ i s  

These last two equations are carr ied t o  the t ex t  as Eqs .  18 and 19. 
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B. METHOD OF LINEARIZATION OF KINETIC EQUATIONS 

The nonlinear equations of reactor  k ine t ics  (1 and 2-7) are repeated 

here for  reference 

and 

dc kPiP - AiCi - -  - 
d t  R 

When the  variables p, ci and k are po, cio and uni ty  respectively,  a 

quiescent condition is  obtained. 

equations become 

Using the  quiescent values, these 

6 

i =1 
dPo p f 3 )  - 1 - =  Po + Chicio d t  

and 

Subtracting the second set from the  f irst  s e t  of equa.tions, the  r e s u l t  i s  

and 

It i s  then assumed tha t  

Ip-p, 1. Ai,  Ici-cio I < 0 2  and lSkl< Q3 

t h a t  A. i s  some small posit ive number, and tha t  6k << p .  
1 
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I 

Now l e t  y = p-p and xi = c -c 0 i i o  and rewrite the l a s t  two equations 

a s  follows: 

neglecting terms having the product Gk(p-p 0 ) . 
R(p-po) i s  retained, so t h a t  the development i s  val id  only fo r  Sk<<f3. 

Note t h a t  the term with 
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C . SAMPLE: CALCULATIONS 

The gain and phase s h i f t  are calculated f o r  the frequency of 0.0005 
cps. 

data fo r  t h i s  point show the  simulation quant i t ies  t o  be 

The gain of the  network is  y/po6k where y = p p O .  The experinental 

y = 45.7 volts  

= 30.0 vol ts  PO 

6k = 0.1 x 20v = 2.0 vol ts  

The scale factors  of y and p 

but no value has been established. These ident ica l  scale fac tors  cancel 

i n  the gain equation. However, t h e  scale fac tor  f o r  the disturbance 

function Sk is  100 volts/2 per cent. 

scale fac tor  in to  the  gain equation gives 

are the same i n  the  network considerations, 
0 

Substi tution of these values and 

= 3810 -J-= 45.7 
p 6k 30 x 2.0 (0.02/100) 

0 

I n  order t o  obtain a reasonable scale for the t o t a l  range of gain from 

3.10 t o  3810, a decibel scale was chosen. 

representing a logarithmic scale of gain. The gain i n  decibels i s  then 

T h i s  scale i s  l i nea r  while 

gain(db) = 20 loglo 3810 = 71.62 db 

The phase s h i f t  i s  given by Eq. 17 as 

Q = tan-’ w/h 

where w i s  the frequency i n  radians per second and h i s  the  delay constant 

for the  phase s h i f t e r  network of Fig. D-1. 

the frequency response of the network are 
The data f o r  t h i s  portion of 

h = HKM/J = 1 (10) 0.036/10 = 0.036 see’’ 

I n  order t o  avoid the  scaling of time i n  the phase s h i f t e r  network, t he  

calculations are based on tine real-time frequency of the  sine -wave 

generator. 

0.31416 radians per second. 

For t h i s  consideration the frequency i s  0.05 cps or , 

The equation of t he  phase angle i s  then 

t an  qj = 0.31416/0.036 = 8.73 
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I 

and the angle by which the output of the phase s h i f t e r  lags  the  input i s  

(3 = 83.5 degrees 

T'ne analyt ic  solution f o r  the same point (0.0005 cps) i s  obtained 

from the equations which a r e  derived i n  Appendix A, and a re  

1-Bi-A + C 
t an  @ = (3-A RUN-C 

1 -3+A C 
RwC B -A 

- 

' 0  1-@+A sin - - - =  cos paA R w C  A W C  

I n  t h i s  work, the  mean neutron l i fe t ime,  A ,  i s  taken as seconds. 

The t o t a l  delay f rac t ion  is  0.0065 and the  frequency being considered 

i s  0.0031416 radians per second (0.0005 cps) . 
A and C ,  are those defined by equations 

The remaining constants, 

6 
A = Z: "Ai 

i =l 

and 
6 

c = r, Pici 
i =1 

where A and Ci are given by i 

Ai = Xi2/(W2 + hi2) 

and 

The values of pi and hi, from the t ab le  i n  Appendix E, together with 
the values of A ,  f3 and w were entered as data i n  a d i g i t a l  computer 

program containing equations A9, A10, A7,  A8, 18 and 19. The analyt ic  
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values of Table I were obtained from t h i s  program far  a l l  the  f r e -  

quencies indicated. 

the phase angle i s  
For -the frequency considered here (0.0005 cps) , 

and 

which i n  decibels is  

20 loglo 3879.87 = 71.78 decibels 

The deviation i n  experimental gain then i s  

dev. = exp. - analyt ic  

= 71.62 - 71.78 = - 0.16 db 

The deviation i n  phase s h i f t  i s  

A@ = exp. - analytic 

= 83.5O - 83.55' 

= -0.05 degrees 
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D. A DERIVATION OF PHASE ANGLE IN A PHASE SHIFTER 

I ?  
I 
1 

I n  order t o  determine the phase l a g  i n  the simplified network of 

Fig. D-1  (b) where the  amplifier gains a re  a11 unity, consider the input 

voltage a and the output voltage b. 

i s  given by 
Then the  input t o  integrator 17 

-db/dt = ha  + Xb 

Rewriting t o  eliminate negative signs gives the  equation 

db/dt + Ab = Aa 

Now if  the input voltage i s  sinusoidal and of the form 

a = (1) cos w t  

the output voltage b i s  a sinusoidal function 

b = A cos ( u t  + C s i n  u h  

where 'cne values of A and C a r e  t o  be determined. Then 

db/dt = - luA s i n  cart; + cos ut  D 4  

Subst i tut ion of Eqs. D2, D3 and D4 in to  Eq. D 1  gives 

-LOCI s i n  ut + WC: cos w t  -I- AA cos c u t  -t XC s i n  w t  = X cos u t .  D 5  

Equating s ine terms and eliminating s i n  w t  yields 

-uA -t hC = 0 

D 1  

D2 

D 3  

Then 

A = cx/w D 6  

Now equating cosine terms and eliminating cos w t  from both sides gives 

w C + U = A  D7 

The subst i tut ion of Eq.  D 6  i n to  Eq. D7 yields the equation 

c = h W / ( W 2  + 1 2 )  D 8  
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P- I-+ Varf- 

-db/d% = X (-atb) 

(b) Simplified Circuit. 

Figure D-1. Phase Shif te r  Network. 

L 
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Subst i tut ing t h i s  in to  Eq.  D 6  r e su l t s  i n  

* 

e 
", 

A = h2 / (m2  .I- h2)  

As an a l te rna te  t o  Eq. D 3 ,  the  output, b y  may be gi-fen by 

d = D COS ( W t  - 0) 

where the angle of lag,  @, is  given by 

= tan-' (c/A) = tan-' m / ~  

D9 

and the gain, D, i s  determined from the coeff ic ients  of Eq.  D 3  by the  

equation 
0 . 5  0 . 5  

D = (A2 + C2) = h / ( d  -t h2) 

Because the required range of phase s h i f t  requires values of h from 
about 0.01 t o  100 seconds-', additional gain i s  required. 

can be obtained only from the amplifiers.  

c i r cu i t  of Fig. D - l ( a ) ,  the  amplifier gains a r e  H, J and K and the 
coefficient of potentiometer 40 i s  M. Thus, by adjusting Yne gains as 

w e l l  as the coeff ic ient ,  the  delay constant h may be made t o  vary over 

four decades wi th  accuracies t o  a t  l e a s t  the t h i r d  s ign i f icant  f igure.  
Tine t o t a l  gain (over 'cne 4-decade range from 0.01 t o  100) i s  then given 

by the equation 

This gain 

In  the ac tua l  phase s h i f t e r  

h = HKM/J 

where H, K and J may have the  precise values of unity or ten.  
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E.  NUCLEAR CONSTANTS FOR URANIUM-235 

The values of delay fractions and decay constants f o r  the several 

groups of delayed neutrons resul t ing from f iss ioning of uranium-235, and 

which were used i n  t h i s  work,are given i n  the following Table. 

TABLE E 

NUCLEAR CONSTANTS FOR URCWIUM-235 

Group 
Decay Constant 

Sec -’ 
Delay Fraction 

rounded t o  
5 places 

_ _  

1 

2 

3 

4 
5 

6 

0.0127 
0.0317 

0.115 

0.311 
1.40 
3.87 

.00025 

.00138 

.00122 

,00265 
.00083 

.00017 

.006500 
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F. DISTURBING FUNCTION GENERATORS 

The disturbing function generator used to drive the linear and non- 
linear nuclear networks is given in Figure F-1. Since it was felt 
advisable to start the disturbing function generator and check the 
magnitude of the variation, the function switch FS-3 was used to per- 
form the functions of reset, hold and operate fo r  the integrators in 
the disturbing function generator. By t'nis technique, it was possible 
to verify the amplitude stability of the disturbing function over long 
periods without operating the nuclear networks. 

The application of the sinusoidal disturbing function Sk to the 
nuclear networks was made through the second function switch FS-2 which 
applied a sinusoidal signal to summer 39. Servo multiplier SM-3B was 
energized by amplifiers 39 and 54 and was positioned by the magnitude 
of the quiescent power p 
amplifier 55 fo r  use in the linear network. 

thus providing an output 02 i-10p06k from 
O J  

Due to the nonlinearity of the nonlinear network, it was necessary 
to introduce a direct current potential identified as Ak whose magni- 
tude was found experimentally such that, when applied as part of disturb- 
ing function, the quiescent power po in the nonlinear network would be 
maintained constant over a period of sufficient length so as to obtain 
the required data. This dc potential is a function of the amplitude as 
well as the frequency of the disturbing function. The total disturbing 
function (6 i z  -i &) is fed into the motor of servo multiplier SM-4 whose 
first potentiometer SM-4A has, tinen, for i-ts output +lo( 6'~ f Ak) in the 
nonlinear nuclear network. 

In order to eliminate the very slight drifting due to inaccuracies 
in the settings of tihe potentiometers in the networks, the shim rod 
potentiometers f o r  the nonlinear (N) and the linear (L) networks were 
included using potentiometers 78, 76, 7'7, and 68. 

The Prequency-determining constants of this sinusoidal source are 
the input resistors and the feedback capacitors of integrators 19 and 

20, the coefficients of potentiometers '73 and '74 and -the gains of summer 
7. Since the resistance and capacitance of these components are accurate 
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FS-3L 

B 

Drift Control 

Figure F-1. Disturbing Function Generator. 
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t o  0.01 percent when new, and the  coeff ic ients  of potentiometers 73 and 

'74 are accurate t o  four places by t'ne d i g i t a l  voltmeter, t he  frequency 
er rors  w i l l  be less than about 0.04 percent. 

t he  sinusoidal generator w a s  found t o  be suf f ic ien t  over a f e w  minutes 

providing no feedback from the output of integrator 19 t o  summer '7 or 
the  input of integrator  19 

i n  the  components of the simulation, it was necessary t o  provide feed- 

back t o  overcome these losses.  

potentiometer 72 were included so  as t o  provide a very c r i t i c a l  adjust-  

ment of amplitude i n  controll ing feedback. 

of amplifier 36 was set approximately 0.01 so tha t  the signals t o  poten- 

tiometer 72 were extremely small. 

one-half revolution i n  potentiometer '72 as a range fo r  trimming the  

amplitude of integrator 20 t o  a constant value of 20 volts  over periods 

as long as an hour. Potentiometer 65 provided the  i n i t i a l  condition 

potent ia l  of 20 vol t s  and established the  amplitude of the  disturbing 

function generator amplitude. 

The amplitude s t a b i l i t y  of 

was used; however, due t o  inherent losses 

Thus, amplifiers 36 and 59 and ungrounded 

Potentiometer 38 i n  the input 

This allowed variations of nearly 
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G .  INTEGRATOR TIME CONSTANTS 

Since there  are a great  many network configurations possible i n  

order t o  obtain the  several  integrator t i m e  constants necessary f o r  

changing each of the  integrators fo r  each t i m e  scale,  only an example 

i s  given here. 

i n  the delay section of the nuclear network representing the  second 

delay group. 

for  time scales from 0.01 t o  100. The coeff ic ients  of potentiometers 

15, 19 and 58 are given decimally with the function of the  decay constant 
included fo r  potentiometers 15 and 19. 
determined by potentiometers 15 and 19 while magnitude scale factors  

are p a r t i a l l y  controlled by the coeff ic ients  of potentiometers 19 and 

58. 
amplitude-scale factors .  

scale of 0.01, it was fmnd necessary t o  reduce the  feedback capacitor 

i n  the  integrator  since the input r e s i s to r s  could not provide suf f ic ien t  

gain f o r  a 1.0 microfarad capacitor. 

amplifiers available,  it w a s  necessary t o  replace the amplifier used f o r  

otiner time scales w i t h  one which could sa t i s f ac to r i ly  operate w i t h  a 

0.1 microfarad feedback capacitor. This amplifier indicated as No. 25 

did not have a suf f ic ien t  number of high-gain inpul; connections t o  serve 
the required purpose. T'ne solution t o  t h i s  complication or' hardware 

w a s  obtained by using the summing junction of amplifier 1 2  as the summing 

junction for amplifier 25. 

of amplifier 25 w i t h  a feedback capacitor of 0.1 microfarad and the high- 
gain inputs of amplifier 12. 

The exmple given is  f o r  integrator 1 2  which i s  used 

This section of the l i nea r  network i s  given i n  Figure G - 1  

Time scale of the integrator  is  

Thus, t he  coeff ic ient  of potentiometer 19 combines time-scale and 

For the very fast (compressed-time) time 

Due t o  the pecular i t ies  of the 

T h i s  arrangement provided stable operation 
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Figure G-1. Example of Integrator Variations with Time Scale. 
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