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ABSTRACT

A theoretical determination was made of the number distribution of
photons emitted from a semi-infinite dielectric slab irradiated with
electrons at an arbitrary angle of incidence. It was found that this quantity
contains contributions from radiation generated by the induced electric
polarization of the dielectric medium (transition radiation), and by multiple
small-angle scattering of the electron on scattering centers assumed to be
randomly distributed in the dielectric medium (bremsstrahlung). Inter-
ference effects between these two types of radiations are also exhibited.

Theoretical spectra were generated for plane foils of copper, silver,
and gold irradiated by electrons at normal incidence and were compared with
available experimental data. Good agreement was found at the higher
electron energies (~100 keV), but the agreement was not as good at low
electron energies (~ 25 keV). This discrepancy is felt to be partly due to
uncertainties in the theoretical expression used for the mean square
scattering angle and partly due to the fact that the foils used in obtaining
the experimental results are too thick to satisfy the assumptions of the
present theory.

Numerical theoretical results corre sponding to the electron irradiation
of plane foils of silver at various angles of electron incidence were also pre-

sented. An intense "peaking" of the emitted radiation around the wavelength

viii




A = 3230 A was noted as the electron approached grazing incidence. The E‘.—1

energy dependence of this radiation identified it as bremsstrahlung. Com-
parison of these results with recent experimental data shows fair agreement,
but further work is necessary before conclusive interpretations can be made.
It is proposed that the irradiation of metals at oblique angles of
incidence be studied thus providing a valuable means of studying optical
bremsstrahlung generated near the surface of the irradiated medium. Data
obtained in such experiments may yield results concerning the mean square
scattering angle which could provide some insight on the effective electron-

ion interaction potential in solids.
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I. INTRODUCTION

The study of the emission of light from electron irradiated materials
has long been of interest to physicists, having its origins in the early
experimental investigations by Rontgen, Stokes, and Thomson1 of the then
unexplained cathode rays. Subsequent studies divided naturally into two
general areas of investigation, one being concerned with the effects of
cathode rays on certain materials and resulting in Réntgen's discovery of
X rays in 1895, while the other was concerned with the intrinsic properties
of the cathode rays leading directly to J. J. Thomson's discovery of the
electron in 1897. The former area of interest—with certain aspects of
which the present work is concerned—Iled to the now well-known phenomenon
of bremsstrahlung, i.e., radiation emitted as a result of the "braking" of

an electron by scattering in a medium.

A. Bremsstrahlung

In an excellent review of the early theoretical and experimental work
dealing with the continuous X-ray spectrum, Webster2 emphasizes the
importance of the application of the then new quantum heat radiation theory
of Planck to more general radiation problems as a possible means of
explaining the observed continuous X-ray spectrum, and to thus demon-
strate the validity of the new quantum theory. Kramers3 used this method

1




to explain the absorption of X rays and the continuous X-ray spectrum by
obtaining an approximate solution to the problem of the possible radiative
processes which may occur when a free electron of given velocity approaches
a positively charged nucleus. Later Mott4 and Temple5 extended Kramer's
work by solving the wave equation for the scattering of charged particles by
a Coulomb force and found that the quantum scattering cross section agreed
exactly with the well-known Rutherford classical result for intermediate
values of Zez/hv. In 1931 Sommerfelél6 presented the first complete
quantum mechanical description of the bremsstrahlung process, a work which
has since been extended by many writers, perhaps the best known treatment
being that of Bethe and Heitler. ! By combining the classical collision
electrodynamics of a charged particle with a nucleus and the uncertainty
principle of Heisenberg, one can obtain the Bethe-Heitler scattering cross
section in @ non-rigorous, semi-classical, but physically understandable
manner,

More recently Gluckstern, Hull, and Breit9 derived expressions for
the differential scattering cross section and its polarization dependence,
working in the same approximation as did Bethe and Heitler; and Gluckstern
and Hull10 integrated this result over the direction of the scattered electron
to obtain the photon angular and energy distributions. A generalization of
Sommerfeld's earlier results to include relativistic effects has recently
been given by Kulenkampf, Scheer, and Zeitler. 1 It must be pointed out,

however, that almost all of the existing work has been devoted to the high




energy, i.e., X-ray end of the photon spectrum while very little attention
has been devoted to the optical region which is of primary interest in the
present work.

The effect of multiple scattering of electrons on isolated scattering
centers in a medium has been considered by many writers with varying degrees

.. ., 12 . . .
of application. Bethe, Rose, and Smith ~ derived a Boltzmann diffusion
equation describing the development in time of an initial electron configu-
ration and obtained results for multiple scattering in thick plates in terms

. . . e 13 .
of the cross section for single scattering. Williams =~ considered the
relativistic scattering of electrons and cosmic-ray particles including the
important effects of the shielding of the nuclear charge by the atomic
electrons and the finite size of the nucleus, but—as Goudsmit and Saunder-
14 . . . . .

son = point out—a comparison of his results with the experimental data
. s . . . 14
indicates a consistent discrepancy. Goudsmit and Saunderson = employed
certain properties of Legendre polynomials to present a theoretical treat-
ment of multiple scattering which yields more nearly exact results and
showed that the scattering depends in a sensitive way upon the atomic

. 5 ... . .
screening. Snyder and Scott1 utilized a different approach to the multiple
scattering problem, considered small-angle scattering by a screened potential

] 2 -r/a ...
field of the form V(r) =(Ze /r)e and showed the transition from the
. . . . . . . 16

multiple scattering region to the long single scattering tail. Lewis con-
sidered the multiple scattering problem in an infinite homogeneous medium

and obtained results for the spatial and angular distribution, while still



another treatment is given by Moliére”’ 18 for the case of small angle

multiple scattering in which the scattering is described in terms of a single
scattering parame ter xa, which is characteristic of the scattering atom.
The evaluation of this parameter is performed using Molidre' s earlier
results19 on the single scattering by a Fermi-Thomas potential in the
second Born approximation. Nigam, Sundaresan, and Wu, 20 however, have
argued that Moliére's approach is incorrect and present expressions for
mul tiple scattering in the second Born approximation by solving the Dalitz21
relativistic formula for an electron interacting with a screened atomic field.
Recent experimental results on multiple scattering of heavy ions22 show
agreement with the theory of Moliére17 as opposed to those of Nigam et _a_l.2
The author points out that previous results involving the multiple scattering
of relativistic electrons and positrons for which the parameter
a = (zlzz)/137ﬁ never exceeds 0.6 are not adequate to allow a clear distinction
to be made between the theories of Mol:iére17 and of Nigam et al. 20 but that
for the heavy ions he has considered o ranges from 2.9 to 30. 8, thus providing
a check of the second Born approximation formulae. Reed and Nodvik23
apply the Dalitz formula for the second Born approximation—following the
method of Nigam et al. 20—to the case of a potential involving the sum of
three Yukawa-type potentials and obtain good agreement with the experi-
mental results of Hanson, Lanzl, Lyman, and Scott. 24

In contrast to the thorough investigation of bremsstrahlung from iso-

lated scattering centers, very little work has been done in which the effects




of the medium upon the generated photons—i.e., refraction at the boundary,
absorption by the medium, and coherency effects—have been considered.
Gol' dman25 and Andreevz6 give theoretical results for the electric field
intensity of the photons generated by multiple scattering in the presence of
a medium, i e., including the effects of the boundary. A general con-
sideration of the emitted radiation due to bremsstrahlung and transition
radiation (discussed later in this chapter) by an electron penetrating a plane
semi-infinite dielectric medium at normal incidence and experiencing
scattering encounters on randomly distributed ion centers is presented by
Ritchie, Ashley, and Emerson. 21 These results are contained as a special
case of the present work. Numerical results pertaining to normally incident
electrons will be presented.

In addition to bremsstrahlung, other possible radiation effects which
must be considered in the present work are the radiation due to polarization
effects of the electron on the dielectric medium, i.e., Cerenkov radiation,
transition radiation, and plasmon radiation. One now reviews the major

contributions to the understanding of these processes.

B. Cerenkov Radiation

It is now well known that a charged particle moving in a medium with
a velocity greater than the phase velocity of light in that medium will be
accompanied by an emission of radiation. Despite the fact that the theory

of classical electrodynamics necessary for the explanation of such an effect




was known at the turn of the century—indeed, as is pointed out by Frank, 28
such eminent physicists as Kelvin (1901) and Sommerfeld (1904) had noted that
electromagnetic radiation should be emitted by a charged particle moving
with a velocity greater than that of light, but due to difficulties presented
by the aether theory of that day and the later restriction of Einstein's
relativity to velocities less than that of light, these ideas were abandoned—
it was not until 1937 that Frank and Tamm29 presented a satisfactory
theoretical explanation of the weak radiation experimentally observed by
Cerenkov30 and which now bears his name. Actually, this weak radiation had
previously been noticed by Madame Curie31 in 1910 in the course of her
researches with radioactivity, and had first been studied in a systematic

manner by Mallet32’ 33,34

who placed radioactive sources in or near trans-
parent bodies and noted the emission of a faint bluish-white radiation.
Mallet studied this phenomenon and was the first to discover that the
radiation spectrum was continuous, thus lacking the characteristic line
spectrum typical of "fluorescence", and hence was an entirely new pheno-
menon. However, Mallet attempted no explanation of the physical processes
involved in this emission and for some unkmo wn reason his experimental work
. 30 . . o
was forgotten. It remained for Cerenkov™  to rediscover this radiation
during his experiments on the gamma-ray irradiation of pure liquids, and he
. .35
also concluded that it represented a new phenomenon. Vavilov proposed an

explanation based on the process of bremsstrahlung but untenable difficulties

soon became obvious. Cerenkov continued his experimental investigations and
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concluded that the radiation was emitted by secondary electrons generated
S 36 . ..
by the impinging gamma rays. He later confirmed this view by means of
. .. 37
electron irradiation” and also noted the now well-known asymmetry of the
. . . . _ . . . 38
emitted intensity with respect to the incident particle direction. The
first mention of this new radiation in the American literature was in a
39 . . .
letter by Cerenkov™ ~ which included the first photographs clearly illus-
trating the asymmetry of the emitted radiation. It was at this same time
29 . . .
that Frank and Tamm = theoretically described this phenomenon by con-
sidering the classical electrodynamics of a uniformly moving electron in a
dielectric medium and obtained the essential properties which are now called
the Cerenkov relations, i,e,, thata minimum velocity exists, Bmin = 1/n,
where n is the index of refraction of the medium, below which radiation is
not possible, and that the radiation is emitted into a cone making an angle
6. with the incident particle direction, 9, being given by the well-known
equation, cos ec =1/ pfn. In addition, they derived an expression for the
energy radiated per unit frequency interval per unit path length in the

medium given by

LW e _
Tl = .E.,_w(: P,M.,b) ) (1.1)

40 . . .
Tamm ™ later presented a more general theoretical treatment in which he
extended the previous work to consider certain aspects of the wave front
. . L . 4] .
and the time duration of the radiation pulse. Ginsburg ™™ included the quantum

mechanical effects of recoil due to photon emission by employing the




Schrédinger equation to obtain the quantum expression for the radiation output
from a non-relativistic electron with no magnetic moment, and also employed
the Dirac electron theory to obtain the exact relativistic result, including
magnetic moment effects. As would be expected—since the Cerenkov effect
occurs only for high energy particles and since the photons emitted are in the
visible range, i.e., are of low energy—the quantum corrections are very small.
Perhaps because of the weak intensity of the emitted radiation, it was not
until after the perfection of the photomultiplier tube as a light detector that
the Cerenkov effect experienced extensive application, especially in the field
of high-energy physics. 42 It has been shown by Beck43 and later by Garibian44
that a general consideration of the radiation emitted by an electron in pene-
trating a dielectric medium will yield the contribution of Cerenkov radiation
when the particle velocity is permitted to be greater than the phase velocity
of light in the medium. Thus, further consideration of Cerenkov radiation

in the present work is contained as a special case of the more general tran-
sition radiation which will be discussed shortly. One now presents a brief
discussion of another type of radiation arising from polarization effects in
the medium, i.e., the characteristic energy radiation due to collective

plasma oscillations.

C. Plasma Radiation

4 .. . . . .
In 1930 Rudberg > performed his pioneering experiments dealing with

the characteristic energy loss spectra of electrons bombarding solid targets




and inspired renewed theoretical interest in an attempt to describe the

. . 46 .
physical processes involved. Rudberg and Slater ™ experienced some success
by suggesting that the characteristic energy losses were due to discrete
absorption of energy by the tightly bound core electrons of the bombarded

medium through interband transitions. Bohm and Pines, 47, 48,49, 50 in

an
extensive series of articles extending the earlier work by Bohm and Gr05951
on plasma oscillations, describe another means of characteristic energy
absorption in which the conduction band electrons of a medium absorb energy
through collective oscillations at a characteristic frequency w which has come
p
to be referred to as plasma oscillation at the plasma frequency. ]5‘erre1152
employed the Bohm-Pines theory to interpret the experimental results of
Mar ton and Leder53 on the scattering of electrons by a thin gold foil in which
he (Ferrell) gives the angular dependence of characteristic electron energy
losses. An excellent review of the progress toward an understanding of the
characteristic electron energy loss spectra is given by Pines.

In 1957 Ritchie55 derived the angle-energy distribution of a fast electron
traversing a thick metal foil and losing energy to the free conduction band
electrons of the material. This distribution includes both the characteristics
of the collective interactions described by Bohm, Pines, and Ferrell and the
individual interaction of Rudberg and Slater, and in addition describes a
short-lived loss at the frequency wp/ JE which has come to be called the sur-

face plasmon frequency. Ferrel1® proposed a means of observing the plasma

losses when he predicted that the conduction band electrons undergoing
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collective oscillations should emit radiation at the plasma frequency wp.

. . . 57 . 52
Ritchie and Eldridge ' have since shown that the plasma theory of Ferrell
is contained in the more general transition radiation theory thus confirming
the physical methods employed by Ferrell in deriving his distribution
functions. One now presents a brief discussion of the main progress in

developing the general transition radiation theory.

D. Transition Radiation

The phenomenon which has come to be referred to as transition radiation
and which arises due to the induced electric polarization of a medium by an
e . . . . 58
impinging charged particle was first described by Frank and Ginsburg ~ who
considered the radiation emitted when a fast electron passes from a medium
of dielectric properties given by €. into a medium of different dielectric

1

properties given by €,. They showed that this radiation was not a result of a

5
change in the velocity of the electron but was due to induced polarization of
the media. They further asserted that in the case of a fast electron moving
from vacuum into a metal that the transition radiation intensity would be
larger than the optical bremsstrahlung associated with the slowing down of
the charge. It was also shown that in the special case of an electron moving
into a perfect conductor the emitted radiation would be identical to that of
the sudden collapse of a dipole, i.e., the annihilation of the electron and its

image charge at the surface of the conductor. Since this early work of Frank

and Ginsburg there has been an almost continual theoretical interest in this
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phenomenon which has played an important role in the theory of metals.

43 . . . . . .
Beck ~ obtained the rigorous solution for the field of a point charge moving
uniformly from a vacuum into a homogeneous dielectric medium. He found
the characteristic transition radiation solution for large velocities and, in
addition, found the characteristic Cerenkov cone for velocities greater than
c/n, the phase velocity of light in the medium. This same connection

. . L . o . 44
between transition radiation and Cerenkov radiation was derived by Garibian
by considering the radiation emitted by a charged particle emerging from a

. . . . .. 59 - .

dielectric medium into a vacuum. Askar'ian”  proposed transition radiation
as a method of generating millimeter length radiowaves by "bunches" of non-
relativistic electrons impinging upon a metallic surface. Fainberg and

.. .. 60. ca . .
Khizhniak ~ in considering the energy loss of a charged particle passing
through a dielectric found that there is an increase in the intensity of the

s . e e . .. 6l
radiation when the dielectric is divided into layers. Garibian analyzed the
transition radiation emitted when a charged particle penetrates a large
number of dielectric slabs separated by vacuum spaces and showed that the
increased intensity could be peaked either in the forward or backward
direction by a variation of the spacing of the dielectric slabs. He proposed
this as a possible method of detecting relativistic particles. Pafomov
obtained the angular distributions of the transition radiation emitted by a
charge moving normally into a finite slab from vacuum. He showed that in

the case of an infinite slab his results reduced to those of Frank and

. 58 . . 63 - e
Ginsburg. Another consideration by Pafomov =~ of the transition radiation
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emitted from an electron irradiated finite slab is given in which he considers
both the case of the entering charge and the emerging charge and also takes
into account the absorption of the madium. A similar consideration has also
. ; . . " . 64 ... b5
been given in a paper by Garibian and Chalikian. Garibian = computed the
energy loss by a charged particle traversing a finite slab and found that the
energy loss due to transition radiation is important at high energies. In
anticipation of the application of transition radiation as a fast particle
66 .
detector and as a generator of short waves, Barsukov ~ derived the spectral
and energy distribution of radiation produced in waveguides by ultra
. . .. 67 68
relativistic particles. Garibian and Korkhmazyan = present results of
their considerations of the tmansition radiation emitted by a charged particle
incident on a dielectric slab at an arbitrary angle of incidence. Similar
results are derived in the present work by a somewhat different method in
Chapter 3. Garibian 9 has derived the spectral distribution of the radiation
emitted by a charged particle moving through the interface of two media and
has included the effect of multiple scattering; however, the effects of the
boundary and of the medium on the multiple scattering have not been con-
sidered. Many other special aspects of transition radiation have been
considered such as the radiation emitted by a moving charge in an inhomo-
. . . ) 71
geneous medium, resonance effects in a laminar medium, and the tran-
i . e 72 ] . .
sition radiation in a plasma. An excellent qualitative review of the
. . e e . 28 . .
properties of Cerenkov and transition radiation is given by Frank. Ritchie

. 7 s "
and Eldr1dge5 present a generalization of the theory of the transition
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radiation emitted by a normally incident charged particle traversing a finite
dielectric slab in which the wave properties of the incident charge are
employed in the Born approximation. As was previously mentioned, these
authors show that their result contains the plasma radiation results of
52 .. . . - .

Ferrell, In addition they consider the case of the thick foil in which case

. . . 58 .
their results reduce to the earlier Frank-Ginsburg = formulae, the thin
foil, and a brief treatment of the effect of an oxide film which may be
present on the dielectric surface. The most recent considerations are those

of Ritchie, Ashley, and Emerson. 21,13

In the first paper the radiation
generated by bremsstrahlung and transition radiation produced by an electron
traversing a semi-infinite dielectric medium at normal incidence is investi-
gated from a macroscopic dielectric approach, a consideration which is con-
tained in the present work for the special case of normal incidence. In the
second paper the transition radiation is investigated from a microscopic
approach which emphasized the individual events which occur when an

energetic charged particle traverses a thin dielectric and obtained results

consistent with those of the first paper.

E. Scope of the Present Work

In view of the valuable contribution of the theory of transition radiation
to the explanation of the emitted radiation from electron irradiated metals
and the comparatively recent theoretical considerations on the simultaneous

generation of bremsstrahlung and transition radiation which have been
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presented, it is of value to present in detail the general considerations
involved in the determination of the photon yield from such physical pro-
cesses—especially those in the visible region. The essential validity of a
macroscopic dielectric approach which contains the contributions due to
Cerenkov radiation, plasma radiation, and the radiation due to interband
transitions of the tightly bound core electrons has been demonstrated.
Therefore, for the purpose of the present work, one assumes that the
properties of the irradiated dielectric material are adequately described in
terms of a complex, frequency dependent dielectric constant of the form
e(w) = € (w) + iez (w). In Chapter II one employs this assumption to derive

a general expression for the distribution of photons emitted by a charged
particle passing from a vacuum into a medium of dielectric properties
characterized by the dielectric constant €(w). A particular physical situation
is then considered which treats the passage of a charged particle at an arbi-
trary angle of incidence from vacuum into the dielectric medium and which
includes the radiation due to polarization effects and due to bremsstrahlung
caused by scattering on randomly distributed scattering centers. Numerical
results are obtained by considering various values of the parameters involved

and are compared with experimental results in Chapter IV.



II. ELECTROMAGNETIC THEORY

A model has been proposed by which one may calculate the photon yield
in the far zone resulting from the passage of a charged particle through a
vacuum into a medium described by a complex dielectric constant of the form
e(w) = el(w) + iez(w). It is the purpose of this chapter to develop the elec-
tromagnetic equa tions necessary to the determination of the photon number
distribution (dZN)/ (dw dQ) which represents the number of photons emitted
per incident particle per unit frequency interval per unit solid angle in the

direction specified by the angles ® and 3.

A. Maxwell's Equations; Vector Potential

The moving charged particle is described by charge and current
densities o (%, t) and_]‘(?:‘, t). Assuming homogeneous, isotropic, non-

permeable media, one writes Maxwell's equations in the well-known form,

VxEGH =-% 3——5—" 't (2.1a)

b - —4" _.\_. '—'(-l,t)
VxHt) =22 Jxb) + ¢ %Q' (2.1b)
V-Dirt)= AmPie) (2.1c)

V-B@n=o0. @.1)

One also has the constitutive relations between the field vectors (with p=1

15
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in non-permeable media).
= -
Drt) = ew) Ert) (2. 2a)

Berty= H@ ). (2. 2b)
Contained, of course, in Equations (2.1) is the equation of continuity of
charge,

V- Jaity + %g"*"f’ = o. (2.3)

-l
In the usual manner one defines the electromagnetic vector potential A (7, t)

with the equation,

Bt = Vx Are). (2-4)

B. Hertz Vector: Wave Equation

—)
Compact results can be obtained using the Hertz vector II(T, t) defined,

. . . 74 .
in a manner similar to that given by Stratton, ~ by the equation,

—
— o ) -
Aty = £ 2Mio @-5)
ot
Equation (2. 4) becomes
Brty= €2 & [VxTTeie)] (2.6)

which when substituted into Equation (2.1a) yields the curl equation

—

T2 ew) 3 T#Ee)T
V x [E(rlf) * = 53 ]-— o .

This equation is satisfied identically by the gradient of a scalar potential
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¢ (T, t) defined through

By + € dMMrty — _ Ve t) (2.7)

Further, since ¢ (%, t) is arbitrary as long as it satisfies a homogeneous
wave equation, one can write

b t)=-N-TI#b), (2. 8)
Then, from Equations (2. 7) and (2. 8) one has the relationship between the

— —
electric field vector E (T, t) and the Hertz vector (%, t), i.e.,

— Y L=

> € J T
E@t) = v[v.n(?,t)] -8 5= . (2. 9)
One proceeds to derive the wave equation in the Hertz vector by employing

b
the polarization vector P (T, t) such that the equation of continuity (2. 3)

is satisfied identically, viz.,

J#tn = %‘?(ﬁ“ (2. 10)
PEt) = -V-Pit), (2.11)

Then, using Equations (2. 2a), (2.2b), (2.6), (2.9), and (2.10) in Maxwell's
equation (2.1b), one obtains the non-homogeneous wave equation connecting

the Hertz vector and the polarization of the medium:
el - . cw IT@e) _ AT D2
Vx[7xTTGe) - V[U-TiGe] + S22 9070 = 2L PG e

which becomes, using the vector identity for the triple vector product in

rectangular coordinates,



12 @) STIGE _ _ 4Aw 13
V' Tl < ;T Ew PO (2.13)

C. Fourier Transformations

Employing the powerful methods of Fourier transformation, one can
reduce Equations (2. 6), (2.9), and (2.13) to ordinary differential equations
involving only the z-coordinate dependence. One assumes conditions which

allow transformation of all quantities according to the Fourier pair:

-] @ @
- - & k k
Frt) = (m)%ﬁ(k, ij, Slw F(k,wlz) e ek gley-eot) (2.14)

alxk, + k t)
F(k wiz)= @W /zjﬂ'xfijj‘lf Fore) e Gk koo . (2.15)

Equation (2.13), upon transformation, gives:

o A k-'- k-w't) * +uk _{
V"[T[(k |l)e(x | ]__ G(w) 9 [TT(kwlz) (Xk YKy w)]

ct

o . (x k,,-e-‘ik‘-wt) _

P(k o . (2.16)

6()

Similarly, Equation (2.10) becomes
A k k t R - 4 ‘(,-r -wt
TR wle) & @ 9kt - [P wie Gheglymet o5, @)

After performing the indicated operations in Equations (2.16) and (2.17), one

combines the results to obtain the transformed wave equation,
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49‘ TT(ﬁ,u.,\z) 2 2

il - (kE v i - e @l ) TR win) = - 412 T ol (218
Aza 3 c

One now transforms Equation (2. 9) and obtains [ with § :(xkx +yk - wt)]

E(E‘,wlz)e*‘ - V[V TT(kwn.)e ] +

- v € ‘:a. 3t;[ﬁ(ﬁ,wlz) e"'s] = 0, (2.19)

Anticipating the application of boundary conditions, one finds it convenient

to separate Equation (2.19) into component form. One writes

Eyulny e* - ggﬁ[ﬂ&ciwme*’é] + g[u‘,(ﬁ,wme"sh

- £ 2 . 8
| + 32 UT,_(k,wlz) e 5]} + e(w)_:_:_‘ g‘[n‘(x,wu)e _]:o (2. 20)

with similar expressions for the y and z components which, after one per-

forms the indicated operations, become:
) . ; )
E, = < ke[ike T+ i kTl + «;_ZTIL] v €W w .

Ej: .L.k.s,l...kx.ﬂ; .,.4'/(3“'1*, QTTL]_‘, E(w) W n‘j

AL 2,
E,= %7 [AkTT+-LkTT 3“1]+6<w)w M,

Equation (2. 6), using Equation (2.2b), is transformed and one has

= . 46 w) = . 5
Hkwlr)e - €-(C-— %t—[Vx ﬂ-(\c,wlz)e ] =0
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which, written in component form, is

Hx(ﬁ,wlz) e“.‘S = .G_‘E“i %[ (ﬁ (k,wir)€ )--—(ﬂ (i win)é )] (2. 23)

with similar expressions for the y and z components. Performing the dif-

ferentiations, one finds:

Hx = -—A-G[Ak TIL g— ] (2. 24a)
Hy = -<2e [ £ -i kT, ] (2. 24b)
H,=-+%2 e[;.‘k,,'ng - 4 ky T[‘] ‘ (2. 24c)

D. Rotation of Axes

Now, to simplify the evaluation of conditions at the interface between
two media, one chooses a coordinate system in which the x’ axis coincides
with the resultant of the ])< and ]y components. In this system-i(?, t)—and
therefore _ﬁ(?:\, t)—have only two components, the x’ and z components. A
simple rotation of axes in the xy plane yields the desired results with the
transformation equations between the primed and unprimed systems being

obtained from Figure L.
vy
\

x'= xcosUl + ysin (2. 25a)
\ x'
\\ ‘/// 4'= ycosW® - x sin (2. 25b)
\ 3 .
/fza P S Kx'= Kx €05 2 + ky Sin U (2. 26a)

Fig. 1. - Rotation of Axes Ky = k‘: cos ¥ - kysinu (2. 26b)



Also from Figure 1 one has

Je = Jy cos ¥ (2. 27a)
Jy=Jysing (2. 27b)

v Y
cos ¥ = J, (JF + ] ) : (2. 28a)
sin ¥ = Jg (JF+ J; Y (2. 28b)

Then, employing Equations (2.25) and (2.26), one finds that

exp i(xkx + yky - wt) = exp i(x'kx, +y ’ky, - wt) and a Fourier transformation
in the primed frame of Maxwell' s equations in the primed frame yields
results identical to those already derived (remembering that now

ny,(i',w|z)=0),

E. Boundary Conditions

One applies the well-known conditions of continuity of the tangential
components of the electric and magnetic field vectors at a boundary which

require (in terms of the Fourier components):

E..= Ex,a_ (2. 29a)
Eyi= F_“',‘ (2. 29b)
= Hya (2. 29¢)
H‘s":' H%.; (2.294d)

where the subscripts 1 (2) refer to the medium below (above) the z = 0 plane.

Using Equations (2. 21) and (2.24) in the primed system and remembering
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that l’Iy ,(.1‘(’, w|z) = 0, one writes (with €. =1 for a vacuum):

1
akgliky Ty + 3_1““1 + ‘_‘c’.: My = <kelikeTle+ g-‘uu] My (2-30a)
kglike Ty » 3] = akg[ikaeTy + $Ta) (2. 30b)
AL (ikg Tyy) = -« % («ky T[n) (2. 30c)

. [ . 3 .
~T %-“xﬁ ~ikye T, | = -4 € %[Siﬂx'z'*k*'“ul . (2.309)

Solution of this system of equations is straightforward and yields concise

relations to be satisfied at the boundary. From Equation (2. 30c) one finds

My=eT,a , (2. 31a)

which when substituted into Equation (2. 30d) yields
b 1T =N 1T,u (2. 31b)
Equation (2. 30b) is solved for (al’IZZ)/(az) which is then substituted, along with

Equation (2. 31a) into Equation (2. 30a), giving

Trx'| — e T‘x'z . (2. 31 C)
Then, rewriting Equation (2.30b), one has, in Equations (2. 3l), the four
requirements on the Fourier components of the Hertz vector which must be

satisfied at the z = 0 boundary.

ik Ty + ST = dke Ty + %_Ttn _ (2.31d)

Z
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F. Form of Solution to Equation (2. 18)

One knows from classical electrodynamics that the radiation field
behaves as an outgoing spherical wave; therefore, only that part of the
general solution of Equation (2.18) which represents such a wave form is of
interest in the present topic. However, the general solution of Equation
(2.18) must still be found in order that the constants appearing in the homo- ‘
geneous solution be evaluated. Further, since the radiation is to be observed
in medium 1, that solution which applies to the lower (z < 0) half-space is of
primary interest. Equation (2.18) in medium 1 is written

P )

* =, - .
ol TT."S‘U'Z) _ )Iln-‘(;:w‘l-) = __4“.& J

L 2L J (Rwin) | (2.32)

Let us assume, for purposes of generality, that the transform of the
desired radiation field solution of Equation (2.32) can be written in the simple

form,

= . A yZ vZ
Mkiwlz) = X Age™ + 7A,e (2. 33)

2 2 2 2,2 . . . .
where v = kx, + ky, - w”/c”, £’ is a unit vector along the x’ axis, Zisa
unit vector along the z axis, and Ax , and AZ are constants to be evaluated.

According to Equation (2.14) in the primed reference frame, one writes

— =3
Mty = (amw) % H Jk*"l"s' do (LA, + ZA)-

-D -0

cexp L (x'ky + 4'ky-wt) + 2] (2. 34)
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the integration of which, applicable to the far zone, can be obtained by the

"saddle-point" method described in the next section.

G. Saddle-Point Evaluation of Integral (2. 34)

To apply the "saddle-point" method (method of steepest descents)

. 7 . .
described by Margenau and Murphy > and others, one writes the inte-

grals over the k’ variables in the form

© D
ky’, ky') ka' dku

= ) ! — <=9 2.35
1 -J:-S; -F(k"sk‘g) € ky k'j. ( )

where
f iy, kyr= kuky (A0 +TA) (2. 36)

and
. [ ' [

Iy, kg = w (X ko + 4 kg )+ (K:-r k.:. - ic"-;)bz . (2.37)

One sees that for large values of |z| (corresponding to the far zone) the
imaginary part of the exponent in Equation (2. 35) causes rapid oscillations

in the integrand which would be expected to contribute both positive and
negative values to the integral. One finds that the major contribution to the
integral under these conditions comes from the neighborhood of the point of
stationary phase, the so-called "saddle-point", where the real part of

g(kk . ky ;) is largest and the imaginary part is stationary. It is shown in

Reference 75 that the Cauchy-Riemann equations locate this saddle-point

(kx = ky ,o) at the point where the first partial derivatives of g(kx . ky /)
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vanish simultaneously, i.e.,

)3

N .b_j.\ — 2.38
akx, k,,:: O b ék, kx’o'—O . (' )

ko
Having found the saddle-point, one expands g{k ,s k ,) about that point and
g P gl y

evaluates the integral in the neighborhood of the saddle-point, thus

W)= 3005 3 + e k)32 o + Gy k) S ]"u .
t 4 "0

o b3

where terms in the small quantities (kx, - kx,o), k ,- ky ,O) of order higher

&
+§-z(k,‘, Ky'o) aa }l‘:,? + a(k,,-k,;,)(/(,.-k,,
'30

than the second are neglected (Reference 77 shows that the exact result
must be obtained by the inversion of series method, however for present
purposes the above approximation suffices). By Equation (2. 38) the second
and third terms in Equation (2. 39) vanish. One now makes the substitutions
io B
k ,=k , e ,k ,=z=k , e" where-II<a <1l and -TI <P < 1, and expands
X x’'o y y’o

the exponentials neglecting higher ordered terms in the small quantities «

and B to obtain
(Kot~ koo ) = <o Ky (2. 40a)

(k%|- \(..s'o) = A@ k‘S° . (2.40b)

Equation (2.39) becomes

j(kz-) k%l) = 3(‘(,-0) k%',) - l’_ (Aa( t 5@1-4- JCc(/Q) (2.41)
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where
2 ' P 2
Az Ko S5 ko ° B= k, kxo ° Ckk\. \ . 42)
x'o Bk:- k:-: Yo ak“«’ y: ak AK,’ 36.

One also finds that dkx,/kx, = ide and dky'/ky , = idB, therefore the integral
becomes

I= [ [ Fy kg )esck“’k" expl 5 (A< BE 20xg)]idk f ce3)

- -0

where the function f(kx 9 ky ;) has been evaluated at the saddle-point and the
limits - Il to Il on @ and B have been replaced by - » to « since & and § are
small in the neighborhood of the saddle-point. The integrals over do and d@

are of the form

(L) e (2. 44)

a.

® 2 a
-ax Ll 1/ 5/40.
y e dx Y
-

and Equation (2.43) is then given by

. YOO R -
I=-kapkee B Awaify) @ o Gm (AB-CP) (2.45)
where A, B, and C are given by Equation (2. 42). Performing the operations

required by Equations (2. 38) and (2. 42), one finds

Kyt = 3:— x' (X*+ 4T+ Z (2. 46a)
Kyo = @ 1.3' (X*+ 43"' + 22y 'fa (2. 46D)
° . -~ " ’ -
A= kg (X0 )L (X 47+ 2%) (2. 46¢)

- s

B= k;",, (4*+DHU ‘;——’-)"(x"4 g'*+2) (2. 46d)
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-1
C = ko gy X'y’ (S2Y (X% g% 22 (2. 46¢)
-] 40 C 5
1
Ik, kg = 4 (P2 (2.466)

Substitution of the above values into Equation (2. 45) yields

) A
i 5 Yo exp[* %y z?) l
I=-s2z(xX%y 22y *(am(E A+ A 2) (X g %) (2..47)

The Hertz vector Equation (2. 34) describing the far zone fields is

e 2 (2 Lk
Tl'i(?")'z‘)=-‘2(x k- +z.) f (x +zAl)ex‘oE¢“’('13’+z")-mf_l.(2. 48)

(’-1")‘/:' (xlﬁ- l’- ;.)'/1-

H. Transformation to Polar Coordinates

The form of Equation (2.48) immedia tely suggests the transformation
to spherical polar coordinates which one now performs with the aid of
Figure 2. Here ® is the angle between the - z axis and the observation

direction GR , and 3’ is the azimuthal angle between the x’ axis and GR

| X
| A
Qe S0
R €.
'$ /) R= (x)' e '
AN 2%
"4 ! ¢ & z
A) N E——
\ ' ’/”
L7

9

Fig. 2. - Transformation to Polar Coordinates
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One has then:

Mo = T, Sin @cosd - T, cos @
Mg= [T cos@cosd + T, sin @

' t
Mg=-Tesn§
Also, one writes:

: - Y
c0s @ = z (g e 2™)*

% ]
E = (xp *:‘134’ z'a.) /2 .
Hence, in component form, one obtains:

-4

(05 ® e "1 _ e  (ER-wt

M= =4 T dw (5ih@cosg A,.- cos @A) CXP [*_Cési )]_ (2. 49a)

[. 2 ]

__rC05® ) ! : ex 4(-—R-wf)
”@‘ “ m-}!w % (cos @ cos $ A+ sm@A,_) P % otsd (2.49D)

I [ )]
1= [ cos @ @ o, ‘AL exp L (ER- wi) 2.49
E-Cam *_.;[Jw g snd A =8 E? . (&
One has, for the transformation of thek’'s

ky = _‘2’ sin & cos fl (2.50a)
ky = < sm® sing . (2. 50b)

-—h
I. Determination of the Field Vectors from [(F, t)

One is interested in determining the number of photons emitted in the

direction of observation defined by the angles @ and ¢’. Therefore, considering
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these quantities to be fixed, the components of the electric field that are of

interest are found immediately from Equation (2. 9), i.e.,

Eo =% Te (2. 5la)
Eg= ig_: Ty (2. 51b)

Also, keeping only terms of order 1/R one finds (keeping the direction fixed)

*
H@ = - _‘;‘_:’_l TTf' (2.52a)
Hf = 5(‘:’_,. Mo . (2. 52b)

Using Equations (2.49b) and (2.49c), one has the field components perpendicu-

lar to the photon propagation direction GR’

Eo= Hg = Hne? “SQf w2 (Agrcos @ cos ' Ay 5in@) -

N R
cexp[L (ZR- wt )] (2. 53a)
E§. = - H@- -(;r;f: ® i ! S1H f'exf[.{(-}’ﬁ-wzl)] . (2.53Db)

J. Poynting Flux and Number Distribution

The energy flux, given by the Poynting vector, is

S(WeE) = ;%r— Eciey x H@ ) (2. 54)

from which one finds the radial component SR:

Se = 2 (EgHg' - Eg Hg), (2.55)
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In the usual manner the energy radiated per unit solid angle is found to be

%/ - < .z*_i(sauy— Eg Hg ) dt (2. 56)

which becomes, using Equations (2. 51) and (2. 52)

.Th)/— = fdwi&w’ft’ .‘é”- %"- ; \ Ay 605®605§ A, sin® l
(wlw)Be L@ 4 i
+ ‘Axr sin 5"? e*(w )z/e (i) cos’® . (2.57)

Now, using the well-known Fourier representation of the Dirac delta function

- =]

S’ e,; (whw)t

-

a7 SCol-wd = dt

. (2. 58)

*
and the fact that [[(-w) = [I (w) for the physical situation under consideration

one finds for Equation (2. 57)

a

:%‘3./ E—_i&:_:—@ =% {,Ax, cos@(osf+A $m@ + //3,' sinf/?a’w.(z.sw

The intensity distribution [dI(w)]/dQ, as usually defined, 8 is found from

Equation (2. 59) to be .

a2 6 '
‘iﬁw)': c ;3_; ® _2;_6 ?Iﬂ,_'cos@cosf'-r A, sin@/: /Az's/bf/?(z.éo)

which one divides by the photon energy hw to obtain the photon number dis-

tribution

> 2 , . C oy
LN =¢s® —“‘-’f{/A,' cos® cosE + Ay sim @/a+ [ A, sin ] ; (2.61)

s

'
3
D>
D
»
i
n
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Defining the plane of emission as that plane containing the normal to the
dielectric medium (the z axis) and the direction of photon emission U
Equation (2. 61) is divided (using Figure 2) into a number distribution of pho-
tons polarized parallel to (dZN”)/(dwdQ) and perpendicular to (dZN_L)/(dwdQ)

the plane of emission. One has

‘ Y

Lh: e 7 |1, oot - hsns i
A®Ne _ cos @ oF Pl 2.62b
dodll 3ThH c” 'A"' wE| . (2.620)

Using Figure 3 one transforms back to the original xyz reference frame with

the relations

Fig, 3.-Transformation to xyz Reference Frame

A, <os 'z Alcos + A sin & (2. 63a)

A, sin F'= A, sing — A, cos & . (2. 63b)

Then under this transformation Equations (2. 62) become

Y
’cos @(A,cos g+ A:‘ Sin ;) + Agsin @/ (2. 64a)

LN _ cos’® wf
dwdQl 2w H 5
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2 > s . N
i’:‘;‘l: ‘;:: % Ax sin & — Ay cos & I _ (2. 64b)
w
K. Summary

One has obtained the inhomogeneous wave equation connecting the Hertz
vector with a source current density, has determined the boundary conditions
on the components of this quantity, and finally has expressed the photon
number distribution in terms of the constants appearing in the radiation
solution to the wave equation in the Hertz vector. One now considers a
par ticular physical situation under which a dielectric medium is irradiated

by charged particles, and describes the resulting emitted radiation.




III. TRANSITION RADIATION AND LOW-ENERGY

BREMSSTRAHLUNG, ARBITRARY INCIDENCE

One wishes to generalize the methods of Ritchie, Ashley, and Emer sonZ7
to include the case of non-normal incidence of the charged particle. One
assumes a classical point mass of charge Ze traversing a space consisting of
avacuum (€ = 1, z <0) and a dielectric medium [ €(w), z > 0]. The charged
particle moves with a velocity given by V(t) which is directed at an angle
o, measured with respect to the normal to the dielectric medium (the z
axis). It is further assumed that the particle is undeviated in the vacuum
but experiences small angle scatters ( (@2 )z t << 1) on randomly distributed
scattering centers located in the semi-infinite dielectric (thickness
t > }\opt)' The energy loss experienced by the particle as it traverses
this space is assumed to be small compared to its initial energy. The
geometry of the present situation is shown in Figure 4.

X !

Fig. 4. - Geometry-Transition Radiation and Low-Energy Bremsstrahlung

33
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The charged particle crosses into the dielectric at the origin with its
velocity V(t) making an angle e; with the z axis. The projection of this
velocity onto the plane vacuum-dielectric interface is taken to define the x
axis. One must modify the approach of Ritchie, Ashley, and Emerson27
somewhat in order to correctly match the field vectors at the z = 0 boundary.
One assumes a current density-].o(i"o, t) due to the passage of the charged
particle—at some angle e(to) with the z axis—through the z = z plane. One
then finds the Hertz vector ﬁo(?, t) resulting from the reaction of the
medium to this current density, matches it at the z = 0 boundary to deter-
mine the arbitrary constants, and finally integrates (corresponding to a
coherent sum) over the entire space - « to » to obtain the total radiation
field specified by ﬁ('r', t). One then proceeds according to Chapter II to
obtain the photon number distribution (dZN)/(dw dQ) for a particular scattering
history and to average this quantity over all possible scattering configura-

tions to obtain the quantity of interest ((dZN)/(dw dQ)).

A. Current Density and Fourier Transform -

One writes the current density in the form
T
3@ = Ledeo §(7 - [#es &) G-1)
- 00

where Ze denotes the charge and V(t) the velocity of the particle, and ?o is
the position at which the current density is to be determined. By using the

assumption of small energy loss by the charged particle one considers the

velocity of the particle to have a constant magnitude v = |V| and to be
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directed along an instantaneous unit vector G(t). In the x’y’z’ reference
frame—where the z’ axis is the original undeviated direction of the charged

particle—one writes the velocity as

vty = v (X' sin Gty cos $t) + §'sin 6t) sin $) + 2’ cos 96 (3. 2)

where g(t) and ¢(t) are the instantaneous polar and azimuthal angles, respec-

tively, of the particle. Then, in the xyz reference frame one has the

expressions
vst) = v (5in C¢) cos ) o5 G; + cos B(t) 31n 6, ) (3. 3a)
Vy(t) = 4 5in 8&) sipr $ct) (3. 3b)
Y2y = v (cos 82) cos 8 — s5in BLE) cos et) sinb:) (3. 3¢)

Using the assumption of small angle sca ttering one writes sin §(t) =g(t) and

cos B(t) =[1-1/2 ez(t)] in which case the velocity components are written

5,6 = v [6) 056 + (1 - 3 6%) sin @J (3. 4a)
V() = v Gy (3. 4b)
(L) = 1)'[(/- Yo 8ct)) cos Q. - 8. sin Q] (3. 4c)

where one has used ex(t) = g(t) cos ¢(t), ey(t) = 6(t) sin ¢(t), and
2 2 2 . . .. . .
8 (t) = ex (t) + ey (t) for convenience of notation. Writing Equation (3.1) in

component form and performing the Fourier transformation prescribed by
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. 36 EQUATION (3. 7)

36 EQUATIO

36

Equation (2.15) one obtains—the integrations over dx and dy being simplified

by the delta functions—

<o o ¢
‘J;z (-‘Z,wllo) = ZC’ (11T)-3/L j U t) elp[”‘: (kxv [“‘“')Jt, + k‘sv' Uy “')Jt.j].
4
.§ (z, - ,o-j‘ w tr dt' ) -dt (3. 5)

'th - c1 - f - L od . . .
with similar expressions for ]Oy(k, w lzo) and ]oz( k,w |zo) The quantities
ux(t), uy(t), and uz(t) are obtained from Equations (3. 4). To solve this
equation one must find the zero of the argument of the remaining delta

function, i.e., using the expression for uz(t) one must solve the expression
o+~

L. iwt
P. 36 EQUATION (3.6) The integrand should be multiplied by e

in an approximate manner by iteration. To do this one lets z = vt cos ei and
puts this result back into Equation (3. 6) to obtain

Sign of second term in square brackets in the i
should be positive. ° integral

-~

. Jz:'/cas g =0 (3.7)

-

which yields the approximate zero for *-LG a-re . .

rultiplying the. in
he second term in t
ollowing texm o

tegral should
he square brackets

8.)
.8) The factor (cos
N (3 ) hould be added to

-1 the signof t
hanged to (cos 8.) " > S )
li): ’:he i;g\tegral shoul%i be positive and the
the right hand side: Zo/\, e el |
! 8.)dz
- Ef:l—-—-’l" 6 (z /v cos ei)j" Bx(z o/v cos 1) o
(kxsin ei ) v) y cos © x O e

go sr T weswprilies THe result to obtain
J
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" _3 t ). v o ' 0 6
Jox(k,w'lg)=Ze GTr) /a[_ax( ) cos Gco;e{\ AG(H)SMGK'

cexpli (% - g sin)Ze, ¢ 46 (3.9)

-i$
Joy (k,wlz)="Ze (a0 . :%6(‘2 expli(L- Kk """”c‘a‘s‘ilj (3. 9b)

Joz(kwlzo) Ze (1) % [(" /ﬁe“’)ccoo:g.« - Ox(t) 5in b, )

-exp [—4. (—'—KxSma)cosal 48 (3. 9¢c)

where

P. 37 EQUATION (3. 10) Add the following to the expression for 6
Zo/eU Ccos 3 /

dz
2 1

k sin 6. - 0.6 ’ o
( , sin 9. w/v) tan ; x(zo/v cos Gi) :]jw 6 (2 O/v cos @ . ei

e o

fas (2 larcos §; >c:,'§,9 - ;ﬁ;{% f 8, (2 lrcos8) 2,
% -oo

-ao
Z /'U"caﬁ 6 20/17¢0584
ot f %2, rcos € dT, + K tand. 6, yaxu;/msa,-)az;
-00 o
2o /arcos O
T Ky ’i&: 66‘ 93 I@x (o /arcos8, ) 25 (3.10)
)

In accordance with the assumption of small angle scattering one expands the

. -1 -2 . . .
quantity e 16 and keeps only terms such that l]l will contain terms no higher

than second order in 8. One obtains

= -3 . . + ° N
Jox(k,wlzo) :Ze (a-rr) /3- [S‘n6205 es(z‘ /CO‘-’G )] eXF[‘,‘ -k snﬂ)c 56

(3.11a)
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T (Rwiz)=Ze (arr) fzﬁi’sﬁ_’ exp [+ (2 - ks n6) e (3.11b)

'Jc;l (K w“—e) Ze(:\ﬂ) [405 ,.cgszglo/(aid ).]exf [-N'.(g— Ky Sllﬂé-)c::e'] (3:11c)

where

P(Za/ca.s& )= (Zo/<05¢9 dcos 8; - L5 Ay - -- 9(1,/;050 )sind +
. . 1 .
-4 5in & B(E)- 5508 Ate)-ib, (2afessh;)cosd. hS) (3.12a)
Uto/eos8;) = 8,20 fe058; ) 570 & +icos8 Aol + ;{—a?z,,/cosd;-) cos8,; +

. a . -
+ecosd, B(8) + ;’ cos § A - 48, (2ale0358; ) 5108 N (6) (3.12b)

and
z./Cos0 X /<os 8,
AB) = Ky (Sl.n 8; tan & + (03 &)X O (zc/casa ) ‘lz° o+ X ge (zo/casé )%?3
-00
20/cos s
-% tan 8- f 8, (efeosq;yd2e (3.13a)
v e “‘cos &, )
o0 s 4 , ;“Aj‘o’o ) Jz 20/2058. Jy
)= Kysin (2o fos (26 ° @ (" a%; .y 420
x 0 )‘»8_; cos&) + )0:03('9 (Zo/tos 8 )705_3:

1./ 0
P. 38 EQUATION (3. 13b). Add the above term to the expression for B(ez).

v -® cwoy T

One has considered the e(zo/v cos ei)' s to be prescribed functions of z thus
0

races, i. e. ]

38 EQUATION'(%—%C)’# Replace the third term inside b
P. 5

2
b .
'YCOS el, yY
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dropping the v dependence in the arguments. One may now use these expressions
for the Fourier components of the current density to obtain the field

IIO(T:, w |2) resulting from the charged particle's motion through the z = z

plane. For simplicity of notation one writes

-jo(&“wllo) = [Q.L .JOS (Kwlz,) + &y .J;P(l?:wlz.)] $(z-12.) (3.14)

where ]os(i’ w ‘Zo) is the component of To in the xy plane, i.e., the resultant
of ]ox( k, w !zo) and ]Oy(k, w lzo), and ]Op(k, w |zo) is the component along the

. Pl N\ . . .
z axis where it and U, are unit vectors along these directions.

B. Solutions to Wave Equations

The wave equations connecting —ﬁ.o(-lz, w|z) and-j;(-l:, w |zo) in both media

are found from Equation (2.18) to be

Mo _ 3 - _Al2 N n 3,15

J_—za ol y ﬂol - A‘_u* Jos'-r (L" J°P|] é (1 Zo) ( 2)
1 7 a— A~ A

A Toa _ Moy == 28 Jogy* & Jopa S$(2-2,)  (3.15b)

where the subscript 1(2) refers to the vacuum (dielectric) and where

a a a w
V= ky + Ky - = (3.16a)
b 2 : w? (3.16b)
YV = Ky + K\S - € > g

and

A= 4—5—‘2 (3.17)
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One must solve Equations (3.15), apply the required boundary conditions
obtained from the continuity requirement on the electric and magnetic field
vectors, and integrate over all space to obtain the Fourier component of the
total radiation field. One notes that while the charged particle is moving in
medium one, i.e., zo < 0, there is no source present in medium two and the
right side of Equation (3.15b) is zero. A particular solution to Equation
(3.15a) is found by the Green's function method described in Appendix I.

Hence one writes the general solutions to Equations (3.15) when z < 0—as

= 4 V|Z Z, ' A -VIZ"-O
M, (kwiz)= uL[A,,e +§}7 s ]+ ,,[A,, + 2z f e (3.18)
~ VI ~ V7
TT J(Kwlt)= oLJ.DJ_ e+, B, . (3.18b)

In the same manner one notes that while the charged particle is moving in
medium two, i.e., z > 0, there is no source present in medium one and
hence the right side of Equation (3.15a) is zero. The particular solution to
Equation (3.15b) is found in the same manner as before and one has—for

z > 0—

= - A 7 2 A < vZ
ﬂq (RKwit)= . Alae + Yy A,,,_e (3.1%9a)

N _A Iz 'z A -»'IZ-Z,I A [~ 91 /
TToa(K,wlz)- u-\-[b.l.ae * e J;sae J-o- Ib//a e _Le J(3 19b)

The tilde is used over these constants to differentiate them from the A's

appearing in the radiation solution of Chapter II since now one finds that
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integration of the particular solution in Equation (3.18a) will yield a radiation

term (see Appendix I).

C. Evaluation of the Constants in Equations (3.18) and (3.19)

One must now apply the requirements imposed by the boundary con-
ditions, given by Equations (2. 31), to Equations (3.18) and (3.19) in order to

evaluate the constants in these equations. The constants obtained from

Equations (3.18) will be employed in the integration of TI:) while the charge

1

is in medium one, i.e., when integrating from -« to 0, and the constants
—
obtained from Equations (3.19) will be used in the integration of Hol while the

charge is in medium two, i.e., when integrating from 0 to =, From

Equations (3.18) and (2. 31) one obtains

~ L ~

A'Ll + TA\J— Jos\ ev ‘=€ b-\'\ (3. 20a)
vA.L, - %\_ «LS, " = -ve Bi, (3. 20b)

A Vi, ~

A//l+% J;ﬁe = € b//' (3. 20¢)

Y Z. ' Py . =~ ~ ‘JZ,
vA, - —‘é‘— Jor‘e" =-¥'B, +ix, |8, - A - %- Js € °), (209

Using Equations (3.19) and (2. 31) one has the results

ZJ.a = € [Bla + 3%7& J;s;e'” Z°] (3. 21a)
~ -~ _ 'z°
vAL, = é‘_-v' B.,+ %e— sy € Y 1 (3. 21b)
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~

¢ -V'2,
A”; =€ [blll + ———a{\\;,c_ J°P;. e ] (3. 21c)
)JZo -vz.
WAyt i Ay, =k By iy, Toeg€ ) BoBur & 3, 87 029

These two sets of equations are solved in a straightforward manner to yield

the constants

.22
3y ey o€ (3-222)
A (ve -y') Ky (1-€) Vio -

“ ~ (3. 22b)

A”l (V6+))') [ JOP. *+ (:_', v JOS;] €

when z < 0, and
o
~ A -V'z

T _ A L Kx (1-€) -V'Zo 3.23b
All&— (Ve 4.))') [LP& v+v') J- 53.] ¢ ( ) )

when z_ >o. Only those constants applicable to the vacuum solution, i.e.,
-—

rll(k, w |z), are given since one is concerned with the photon yield observed N
in the vacuum. It is now an easy matter for one to use these constants in -

Equations (3.18) and (3.19) and to integrate over dzo to obtain the Fourier

components of the total radiation field. One obtains the results

¢ : (vcos8: +a()° ‘
M, = {A [S(v-») T € %), Jos, coo 0,.] +

av Lo oy ' (W8 —x)
_()7 605 -« R
*‘(ﬁA‘;) J Josa € % Jlolg (3. 24a)
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(-]
m _{A j (e -y") T e("‘“@ +°‘)<ose g2, _ ve+y) Jop, cosl,
e+ Ly ay  ToP &V (Vo5 §;-)

o

Cv_‘_»l) (N o

-~00
r ‘0s@; — &) =2 vZ
v (dkeCloe) gVt ass; 4z. 16 e (3. 24b)
—_—— oSae
s +yh)

where one has incorporated the exponential dependence of the ]O components
given in Equations (3.11) in the quantity o = i(w/v - kx sin ei) and the quanti-

ties ] » and ]OP2 are now the coefficients of this exponential in

osl’ ]osz’ ]opl
Equations (3.11). The second term in the brackets in Equation (3. 24a) comes
. . . -V | 2-2z4 ‘
from that part of the integral over the particular solution A/Z\)]Oe
which represents the transform of an outgoing spherical wave and hence con-
tributes to the total radiation field (see Appendix I). The second term

inside the brackets of Equation (3.24b) arises from the same considerations

in the z component.

D. Photon Number Distribution

Equations (3. 24) represent those parts of the Hertz vector solution
which, when Fourier transformed to obtain ﬁl(?, t), have the characteristics
of the radiation field. Hence the considerations employed in Chapter II can
be used to obtain the photon number distribution for a particular scattering
history by identifying the quantities inside the braces in Equations (3. 24a)

and (3. 24b) with the constants Ax , and AZ ,* respectively, appearing in
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Equation (2. 33), i.e., one now has

A = {Term inside braces, Equation (3.24a)} (3. 25a)

and

, = { Term inside braces, Equation (3.24b)} (3. 25b)

One substitutes these values into Equations (2. 62) to obtain the photon

number distributions

JaMl-— A‘ws iA (v_v S ] (vC05a +d)c°se‘ J- Cosgs',nil
dwl T aTheS (v+y'), SJ;’ nde dz, - o(s,,cosé._q)
a
TJ . —(WeosE - co.50 3.26a)
+w_+—v‘)° 0515"‘\ § (4 JZ ( .
and

j‘hilh—_: ::::Zs \ 05 @{A E\:’;::; & s, cos ;‘ (vcosg *“)5050 Azo N
w

_ Jos, cos G; cosE'J
(veo5 6, - «)

v (eosd “)cosa }

o y,) S,J-os&c“; e

o 2o
v sin@ A U(,,e,,,,-,J e(vcosdu-«)m-q.d’ (vew).fo,cosg
(Ve+y')

o 3V P\ w(vcose -a)
° Y4 L) ’ 2o
- 088, + )72 -('cosf; ~a) 7.
pA ky (1-€) J e( 059, J?.,, + gJ; e cosﬁ.‘lzo
ry) o % 2 P

a
. e y cos& —-o
ke O-€) SI e > ) Jz,]; (3. 26b)

V+ ') o5y
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where the variousparameters entering these equations must have their
respective values in spherical polar coordinates. Using Figure 3 on page

one obtains

by (3.27a)

Lsi cosP' = jox*'cos§ + J“SL sind 3y «

lad. (3. 27Db)

Jos*-s’"f = Jox,; sing - J;j‘_cosi s A

Since there is no scattering in medium one, e(zo/cos ei) =0 and ]oxl’ ]oyl’
and ]021 are obtained from the coefficients of the exponential term in
Equations (3.11). The integrals over medium one, i.e., from -« to 0 can be
performed easily since they are of zeroth order in e(zo/cos ei). Then using
the coefficients for ]oxz’ ]oyZ’ and ]OZZ obtained from Equations (3.11) with

8 (zo/cos ei) £ 0, performing the integrations involving zeroth ordered terms

in e(zo/cos ei), and collecting terms one obtains

RV
JaNJ‘ _ ,“aw; AZe (a.“) /’ [VCOS 04' +d . \ 5'. B Sih;-‘-
dwdQ  3ATHC® | (v+2") o® ydcos®s.  v'cos Q~_«-& nli
. g (8cos8;sng - agcosf)e—g'cjzg‘-’@: 2.
o (v'cos @ —-) s &

o
(3.28a)

+ T (20/0s8) + Ty, (7.0/(054,')}

In the same manner the integrations in the parallel component are per-

formed and one has
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3 s
d'Np _ W w

Aze {[(v'wf’@x +o) M A . (-at"‘cg')(é-')('—i(a.).

dwdl” awH S @n)e [La®- 30534 v'cos 4 -4 (VE + V)
.( ! R ' ) sinb:cos 3 [y'(a:.&"+ue . ‘ .
Vsl + « v'cos8- -/ Ty 30 o3~ V3osdg; V%05 -

” .
o 058i sin ® S I S O %’-)(e-l)(l-,ab)] 5 (chosQ-cos§+§:’sm§).
(Vésry') LY ey )(ve+ v') (V'os 8, -a)
ga 2o g',l & b)
. e Sosg. Zo , (3. 28
e e + ﬁaCz./cosq.) + Ga(l‘ /«»60;)}
where
%@ o Z
. ' &o !
T=_5n8isinE S_‘: Aoy s@3g £ dz. (3. 29a)
l V'cos@; - & cos &;

8 sin I : s ; Gk (2efeos8.) Mg
L, =-3 b.sin & J(i—ea(z.éosq,-) + LB + 3— A+ = k(zofeos8)A 9

V'Cos 8 - by tan &,
L 2
-$&Ter ¢ Sze 3. 29b
8 e B oy

cos 8;

. 3 .

AA a2 Xe-1)0-4C )) : cos8; sin® S :

L N Lcos @ + S22 2T \L Ao
T: K\J+v'+ (Vey')(VE + ') S0 cos ¥ A

(Vve+y')
g,l Zoe o ) 2
-2£0S ’ . . r———— ’
e 4 dze snbi s)n ® ) -?,_0;’4. ¢ dz.
(Vios @ -w) cos 6, (ve+y‘>(v'cas:2;—o¢>o <os 6

(3.29¢)
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[- o]
~ |~ (—A%)(e-n(\-ua)] A 038, sin® S Ly )+ . B
Ta= [(w'*<w><ve+».>/”""*‘°’f"m (30 (2/0s8) + £ B+
! 2o

3 ) o ~008 8L . w 3
t3 A(G)) ¢ g'dz. + I(———A 4 (e Xe-1X1- 4 ))5//76} Cosd +
Veos G -a) 056 V+y VeV ))(VE+Y)

[--] . _z’ Zo . ,
_ 5/” aa‘ Sln @ S A 61 (ZO/CDS 04) A(e) e s " zJZo (3. ng)
0sb werV')|) Zan §; (vios 8- «) cos 64

and where A(8) and B(GZ) are given by Equations (3.13). Equations (3.28) are
written in the above form to illustrate the fact that the photon yield con-
sists of terms which are independent of 9 (zo/cos ei) and which represent
transition radiation contributions, terms involving simple integrations of

0 (ZO/COS 8;) which represent the contributions due to bremsstrahlung, and

finally texrms T

1w T T

12’ and T22 which arise from the expansion of the
exponential in the current density given by Equations (3.9), and which repre-

sent interference between the two types of radiations.

E. Averaged Photon Number Distribution

The analysis of Equations (3.28) is performed by converting to inte-
grations over the particle's initial direction, i.e., along the z’ axis where
one considers the scattering law to be sufficiently peaked in the forward
direction to enable one to treat the deflection g(z’) as a two dimensional

vector at right angles to the z’ axis. Employing these considerations one
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evaluates the absolute squares of the magnitudes given in Equations (3. 28)
and keeps only those terms of order 92(2 ’) or less to obtain the photon yield
for a particular scattering history. This quantity must be averaged over
all possible statistically independent scattering histories to obtain the
averaged photon yield ((dZN)/(dw dQ)). One performs this average in the
following manner.

The charged particle is assumed to travel undeviated in vacuum along

/

1 where it experiences

the z ’ axis, to penetrate the dielectric to a distance z
its first scattering encounter after which it is deviated into the direction

specified by the angles 9. and ¢., to proceed along this new direction to a
g 1 p g

1

depth 22' where it experiences its second scattering event after which its

direction is spcified by the angles 6, and qbz, and so on through the semi-

2

infinite dielectric medium. It is further assumed that the path of the
charged particle between successive scattering events is a straight line.
The trajectory of the charged particle during such a scattering history may

be described by the set

Z,, 4, % (3. 30)

where Zl: is the z’ coordinate of the particle at the instant it experiences

its kth scattering, ek is its polar angle after the kth scatter, and ¢k is its

 th

azimuthal angle after the scatter.
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Now, one lets y represent the probability of a scattering event per unit
length in the dielectric, i.e., 7y is the inverse mean free path length of the

charged particle in the dielectric medium and is written
7= N Ic(e) dQ (3.31)

In Equation (3. 31) N is the number of scattering centers per unit volume and
o(8) is the differential cross section for single scattering-——assumed to be

strongly peaked in the forward direction allowing one to consider §(z’) to be
a two dimensional vector -é(z') perpendicular to the z’ axis. The probability

of a scatter into the solid angle dQ about 6 is then given by

i

£)dl =N 1" (3.32)

One writes the probability for occurrence of the scattering history specified

by the set (3. 30) in the form

-Y(ZK- zK-])

Pz 6, 4)dedl=T]¢ rdz, f(lgk—gk_'j)olgk (3. 33)

K=z)

- - 2 2 2 . .
where ‘ek - ek—l" = ek + O 1~ 2 B ek—l cos(¢>k - ¢>k_1). The terms in this

? ?
Uz -z 4)

infinite product have their usual interpretations, i.e., e is the

probability that the charged particle will traverse the distance (21; - 21;_1)

7

K is the probability that a scatter will occur within

without scattering, ydz

dz/ about z/, and p(|8

K 10 d 8 is the probability of scattering into the

™ Bl

angle d‘ék about -ék - 61(—1' In order to consider all possible statistically
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independent scattering histories one integrates this probability, i.e., one

performs the operation

N
* dw A.Q.

e Jz ffua 3 )48,

(3. 34)

The analysis of Equation (3. 34)—using Equations (3.28) converted to inte-

‘—is a lengthy process with the major steps being given in

gration over dzk

Appendix II. One writes the following results;

1. Perpendicular Polarization ((dZN )/ (dw dQ))

<.,l' Mo\ _ 2% @ { 2, ——Tn <O N
/7T T | ges|? \ \ \Y.‘.pd'cosada 4 Re [-.i "-‘2—«(059,.‘)

*

where

- = ‘_Pc‘ s 0, -r

I . .
+ Sinf s 3.36a

41 .
_§'+5m&5m

7’+/Ao'<as<9 /; [(‘YSmﬂ cosd - l.‘:sln@)-o-r Sih J Sin f]} (3.36b) -

T = <G;>j sl simd

Bsin®cosd (I +5Iha'0")+
U g (V3o cos 9;)?

Sin &,

&_3 ¥ ﬁo‘ws& + ‘rcasad;- -

_ (Ysn8; cosF — Bsin @)3-+ ,’,3-51-”3.&, sin’E ]

(3. 36¢)
(V+Bocos &)

and where £’ = - i w/cB(Bo cos 0 +y), y=(1-p sin@® cos 3 sin ei)’ o= ez/hc,
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B=v/c, p=cosd, 0‘=(€—1+p.2)1/2

, with €(w) being the complex frequency-
dependent dielectric constant of the semi-infinite medium through which the
charged particle moves, and (@2)2 is the mean square scattering angle per
unit length in the medium. The terms in Equation (3. 35) have straightfor-
ward interpretations with the first term inside the braces representing
those transition radiation photons having their electric vectors polarized in
a plane perpendicular to the plane of emission (defined by the z axis and the
direction of photon emission), the second term inside the braces containing
those bremsstrahlung photons having this polarization as well as interference
terms between the two radiations arising from first order terms in §(z ),
and the last term inside the braces representing interference terms from
second order terms in §(z’). One can show that the transition radiation
term in Equation (3. 35) is identical with that of the same polarization
obtained by Korkhrnazyan68 by a somewhat different approach, and also that
for normal-incidence (ei = 0) Equation (3. 35) reduces to the previously
derived result of Ritchie, Ashley, and Emerson. 21 One further notes that
in the case where the plane of incidence (defined by the velocity vector of
the charged particle and the z axis) and the plane of emission coincide

(3 =0, &=180°) there are no perpendicularly polarized transition radiation

= 0, T11= 1 and

s -1
one notes that the bremsstrahlung radiation shows roughly a (cos ei)

photons and thus no interference terms. In this case T01

dependence on the angle of incidence and hence increases rapidly as one

approaches grazing incidence (ei ~ 80°). This is easily understood since more
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scatters will occur within the observable distance A than in the case of
opt
normal incidence, resulting in a larger photon yield.

In the special case of non-relativistic electron velocities one has

B << 1, y=1, and Equation (3. 35) reduces to

LN >N'E' %8 (14 sin*g sin> &) <@ (3.37)
Jod g T?w lusrs | 4 Re =4 %’o‘cos@;]

where the various quantities in the above equation have the values given

after Equations (3. 36). One notes that the transition radiation component

is unimportant for low electron velocities and that the perpendicular

polarization component consists entirely of bremsstrahlung with a (cos ei)

dependence on the angle of incidence.

2. Parallel Polarization ((dZN 1/ (dw dQ))

¢ 8 & ¢
(PN _Z«@M{ma\xi_ Ta <@

dd /™ T w |Y+/3¢<ost2,-[34 Re[-<%¢ o cos; ] "
¥
-Re[T,; T, | } (3. 38)
where
(Bscosd, -vIm A (& 1)) J )
T.a= { ¢ 2 + + + ‘)].
i [ vi- sPudcos®y T+ pocosb:  (uera) (F,M 050, -r Y+Po’ca$6,'
snbicos® . [ﬂd;(osf; - é: o ]cosé.‘s:'n@ (3. 3%)
(h+a) r2-pucos’s;  vipolosd lgucrs)
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T.= M +(6-l)(a- )( @s:n@cosisma . @cos&‘(l-,u ‘\
13 ‘_,wo‘ </¢+«)(/u¢-+c) Y+P¢r<os£ (/uc..,_g)(y_,_(snosg

+

[( 4 (€=1)-p ))Y'sm& c0sE + (3 +B5¢050.) 5:n8, osd, sm@l
A\‘-o' (/(4_0(,‘45 ) Ue+ <)

! & (e-1)(0-.42) Bsin@cosFsind, 7
"Y-n-/so'cos@,;] M AKQY.( € W}§§I+ Y+ps cos S )

O ) 1’5//1&(06}' -+
MtT Cur6) (ue+s) 3

ﬁco.s O (1-4") )*(
(,aé-+o')(r+pa'<o$0 )

(3. 39b)

+ (3Y+ L6036, ) 5118, cosB, sin®)_cos £ ]
(MLE +6C) Y+ PB6cos

L&) A €-DG-a3) cos8, 51n @
= ; — 1=AA s, ﬂ + A h
T ég ("”’P“”eﬂ')}[(i'm‘ f/tl*«s')(/le,ws)g nGicos ¥ (uérs) )( M

R . .
+p°—<05 8 - 3/5 sin@cos g sind; - ?[.'Y':’m 8;cosF - Bsin @Jaﬂ- Y Sm;cg' 5/h’§?)+
) (v+pBecosd,)

. ‘ .. - , 2. a P2A4._ AR - - a \
P. 53 EQUATION (3.39c). Replace last term of equation, i.e., 45]
2
Y cos ei, by v . 2)

The various quantities entering these equations have the same values as given
after Equations (3. 36). Now, the terms in Equation (3. 38) have the inter-
pretations under which the first term inside the braces represents those
transition radiation photons having their electric vectors polarized in the

plane of emission, the second term represents bremsstrahlung photons and
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first order interference terms, and the last term represents interference
between the transition radiation and bremsstrahlung arising from second
order terms in §(z’). Again one can show that the transition radiation term
in Equation (3. 38) is identical with that of the same polarization obtained
68 .. .

by Korkhmazyan = and that at normal incidence (ei = 0) Equation (3. 38)

. ) . . 27
reduces to the previously derived result of Ritchie, Ashley, and Emerson

. . . . 58

which contains the earlier results of Frank and Ginsburg. One notes that

the bremsstrahlung radiation term again shows the approximately (cos ei)-l

dependence on the angle of incidence.
Again, for the special case of non-relativistic electrons one has

B << 1, y=1, and Equation (3.38) reduces to

LN\ 2% g’ ¥, e <@ _ »
-;IQ) T oTmtw l-’;a\ 4 Re§-i¥scosé;t Re‘:‘;& Ta;\ (3. 40)

where

(1-¢&)

0% Q 5/}1 e (3. 41a)
(ue+s)

o}:'

?
77;;:“ A, (e-N(-47)

s ? :
. \[M 4 (€=00-42) ]5,”34, T
M+E  (Ur6)(pé +T) u+a

(U+E)(UE»S)

3

. . 2\
+dsinbcosB sin@| + age‘-(_/_“__ + (€-1)(1-24") ( A,
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P. 55 EQUATION (3. 4lc). Delete cos ei in the last line of the equation.

which again shows that the parallel polarization component consists of tran-

sition radiation (with a cos o dependence on the angle of incidence), brems-
. -1 .

strahlung (with a[ cos ei] dependence), and interference effects between

these two types of radiation.

F. Mean Square Scattering Angle Per Unit Length and Optical Constants

In order to generate theoretical spectra from Equations (3.35) and
(3. 38), one must determine the quantities <®2>[ and €(w) for use as input
data. One now briefly discusses the values employed for these quantities

in the numerical analysis which is to follow.

l. Mean Square Scattering Angle Per Unit Length

As was pointed out in Chapter I, there are many theories concerning
the multiple scattering of electrons from which one may deduce the quantity
of interest to the present work. One has chosen to briefly discuss three
theories appropriate to the present work in order to illustrate the choice of

the final expression employed in Chapter IV.
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a. Lewis; Born Approximation. - Lewis16 has considered the multiple

scattering problem in an infinite, homogeneous medium by expressing the
solution to the diffusion equation—electrons diffusing through some medium
with boundary conditions corresponding to a single electron moving in the +z
direction and incident at the origin—in terms of an expansion in spherical
harmonics. In the small angle approximation his results yield
£ (,(7+I )

where k,@ is determined from the spherical harmonic solution of the diffusion
equation. In the special case of the Born approximation, i.e., a potential

_ 2 -r/a . . / . _
V(r) = (Ze"/x)e , one uses Lewis' expression (15°) for kz with £ =2 to

obtain

_8m NI e (1-p?) ae
<®3>1- = e z["[z‘/ad(n-@a)"%]"g (3. 43)

where N is the density of scattering centers, Z is the atomic number of the
scatterer, r is the classical electron radius, 8= v/c, and o = ez/hc =1/137
is the fine structure constant. As expected the scattering is more important
for high Z materials and for low electron energies.

b. Nigam, Sundaresan, and Wu: lst and 2nd Born Approximations. -

. 20 . o . .
Nigam, Sundaresan, and Wu  have given a derivation of multiple scattering
. . . . 14
in which they have combined the exact theory of Goudsmit and Saunderson
with the single scattering cross section of Dalitz21 for electrons scattered

by a screened atomic field. Their results, accurate to the 2nd Born
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. . 2 cq.
approximation, can be used to obtain the quantity (@ >!,' Ritchie, Ashley,

7 . . . .
and Emerson2 give, in the small-angle approximation,

. 3Qs 3. 44
&y 43 80

20 .
where Q2 is given by Equation (56a) of Nigam et al. ~ One finds

_BUNZ(Z+) v (-8 177 B 6 Smap
<®az_ a* In [/Lz'/s o, (n-{sa)'/al-' BT U

'3 243 /3
P[ ©.885p ﬂ"[ + 4 (oass- X 8f

Y ) 2%¢. 8% "%, .33
Loniedippte ] e

where again N is the density of scattering centers, Z is the atomic number
. . 2 .

of the scatterer, r the classical electron radius, a =e /hec =1/137 is the
fine structure constant, B = v/c, @ = Z o, and p = 0(l) is a parameter of

. . .. .2l . .
order one (1) arising from the screening in the Dalitz = cross section and is
to be chosen such that the exponentially screened field is the closest
approximation to the actual field V(r). In the present comparison for gold
we have used p. = 1. 8 in accordance with the agreement with experiment cited

. 20 . . . .

by Nigam et al. In the first Born approximation one neglects terms in

.. 2 .
(3. 45) containing the parameter o = Ze /hc to obtain

2
an BTNZ@+)re(-g% 177 8 @
(@ Z’—_- e £ {!n [AZ"?a(,('-p’)"i]—| -7 f (3. 46)
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which differs only slightly from the results obtained from Lewis. 16 The
factor Z2 in Equation (3. 43) is now replaced by Z(Z +1) since scattering off
atomically bound electr ms is included in (3. 46), the differences in the
slowly varying logarithmic terms of (3.43) and (3. 46) are minor and finally
the term involving BZ in (3. 46) will be negligible at low electron energies.

c. Integration Using Cross Sections of Lin. - The exact definition of

the mean square scattering angle per unit length is given by

a ads
{® >!=N§9 a-S—ld_Q (3.47)

where N is the density of scattering centers, ¢ is the angle of scatter in a
single event, and do/dQ is the differential scattering cross section for

single scattering of electrons. The theoretically determined cross sections
for gold (Z = 79) of Lin, 8 calculated from the Hartree potential for mercury
(Z = 80) fitted by Byatt, 9 were used to perform a numerical integration

of Equation (3. 47) for various energies. This integration was performed
through the Romberg integra tion method described by Bauer, Rutishauser,
and Stiefe180 which applies a linear transformation to the trapezoidal rule to
obtain a rapidly convergent series of approximations.

The above mentio:ied theories have been evaluated numerically for gold
at energies of 50, 100, 120, 188, 200, and 400 keV (since Lin's cross sections
were quoted for these energies) and are represented graphically in Figure 5.
One observes at low electron energies (T < 200 keV) that the results obtained

by integration of Equation (3. 47) are approximately a factor of 2 greater than
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the results of the lst Born approximation of Nigam et al., 20 Equation (3. 46),

while the results from Lewis, 16 Equation (3.43), are approximately mid-way

between these two extremes. One further notes that the results in the 2nd

Born approximation of Nigam et al. 20 are appreciably higher (factor of ~ 2)

at low energy than their 1st Born approximation indicating that higher Born

approximations are indeed important for low energy electron scattering.

Because it yields results differing only slightly from those obtained from the

cross sections of Lin, the expression (3.43) was used for the numerical .

evaluations which follow in Chapter IV.

2. Optical Constants n and k
The dielectric constant € = €(w) must be determined for the several
materials of interest in order to generate theoretical spectra from Equations
(3.35) and (3. 38). One has chosen to employ experimentally determined values
of the reflectances ro and rp—the reflectance of light of wavelength A with
the electric vector normal to and parallel with, respectively, the plane of -
incidence. From Fresnel's equations the relationships between n, the .
refractive index, k, the extinction coefficient, and the reflectances r_ and

. 81
rp are given by

.3 . a &
v = [(m+,:.l<)-sm' Pl - cos @ ' (3. 48a)
Lmes k)% sim@] + cos ¢
. >
r= | Lintrik 2= P01 - (msik) cos ¢)a (3. 48b)
4 [m+ir )P —sin®¢] + (M+4K)%cos <@
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where ¢ is the angle of incidence of the light measured with respect to the
normal to the plane reflecting material. Hence, the experimental determi-
nation of r_or rp or a combination of both (unpolarized light) enables one to
calculate the optical constants n and k. From these data the dielectric

constant can be computed using the well-known relationship

a
E(w) = [m () + i k(W] (3.49)

Reflectances determined experimentally by Ehrenreich and Phi].lip82 for

silver, by Minor83 for copper, and by Philips4 for gold have been used to
obtain the optical constants n and k for input data in the present work.

These values are shown graphically in Figures 6, 7, and 8.

G. Summary

The photon yield from a dielectric medium through which a charged
particle has penetrated has been determined in terms of the angle of particle
incidence 8 the geometry of observation (angles ® and §), the scattering
properties of the medium (@2 >£ , and the optical properties of the medium
€(w). One now generates theoretical spectra far various materials and com-

pares the numerical results with available experimental data.
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IV. RESULTS AND CONCLUSIONS

To better facilitate the comparison of numerical results obtained
from the present theory with experimental results, the general expressions
for the photon number distributions ((dZN)/(dw dQ)),, y given by Equations
(3.35) and (3. 38) with Z = -1 for electrons have been converted to photon
intensity distributions ((dZW)/(d?\dQDl, 1+ Explicitly one has performed the

transformation (using the chain rule of differential calculus)

42w (an'c) (h) 4.1
<Jholﬂ i, - <,(u&ﬂ .1

and where now the quantity w in Equations (3. 35) and (3. 38) must be replaced
by its equivalent, 2Tlc/A. The use of the theoretical expression of Lewis:l
for the mean square scattering angle (@2), and of the experimentally
determined reflectances r and rp from which the optical constants for the
various ma terials were obtained—as discussed in Chapter IIl and illustrated
graphically in Figures 5, 6, 7, and 8—enable one to generate theoretical
spectra which can be compared with experimental values. All numerical
calculations were obtained using the Control Data Corporation 1604A digital

computer.

A, Results

After performing the transformation to a wavelength dependent photon

65
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intensity given by Equation (4. 1) the resulting forms of Equations (3. 35) and
(3.38) for a given material of dielectric constant €(\) and scattering properties
(®Z>z are functions of wavelength A, angle of electron incidence ei’ angle of
photon emission @, angle of azimuth §, and electron kinetic energy T. The
numerical analysis is broken up into two groups of data the first being

obtained for normal electron incidence, ei = 0, and the last for non-normal

incidence, o; # 0.

1. Normal Incidence

In the case of normal incidence the azimuthal dependence goes out and
one obtains the various distributions of the photon intensities ((dZW)/(d)\ dQ)) 1,y
by varying one of the remaining parameters A, T, or @ while keeping the other
two fixed. This has been done for various materials in the wavelength region
A = 2500 to A = 5500 and the results are given below for copper, silver, and
gold.

a. Copper. - Using the optical constants for copper from Figure 6 the
theoretical spectral distribution, angular distribution, and energy dependence
of the emitted radiation from an electron bombarded copper slab have been
determined and are shown in Figures 9, 10, and 11. In each case, figures
labelled (a) show the photon intensity due to parallel polarized photons while
figures labelled (b) show the intensity due to perpendicularly polarized pho-
tons. In Figure 9 one notes that the perpendicular component of the photon

intensity which is entirely due to bremsstrahlung (9b) is several orders of
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magnitude lower than that shown for the parallel component (9a) which con-
tains contributions from both transition radiation and bremsstrahlung. An
investigation of the energy dependence shown by Figure 10 shows that the
parallel component of the photon intensity has the linear dependence upon
electron energy T characteristic of the transition radiation (except for a
slight deviation at energies T < 25 keV where an upward trend can be noted
due to low energy bremsstrahlung) while the perpendicular component shows
the 1/T dependence expected of bremsstrahlung. Figure 9b also shows the
effect of the absorption of the medium upon bremsstrahlung photons where
the departure of the spectrum from the usual continuum in the vicinity of
3100 A can be seen to correspond to a decrease in the extinction coefficient
k in Figure 6. Experimentally determined points by Emerson et al. 85 are
shown for the parallel component and one sees that the theoretical values are
lower by approximately a factor of 2.5 at T = 25 keV (open circles) and a
factor of 1.5 at T = 100 keV (closed circles). One must note, however, that
these experimental points were obtained from transmission experiments
using a copper foil of thickness 1270 A and as such does not strictly conform
with the theoretical approximations of a semi-infinite medium. The effect
of back scattered electrons due to large angle scatters and the reflection
of photons from the second foil surface would be expected to contribute
radiation which may account for some of the discrepancy. The angular dis-
tribution of the emitted radiation is shown in Figure 11 where one notes that

the parallel component (transition radiation) shows a maximum at the
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emission angle of approximately 50  while the bremsstrahlung component is
strongest in the backward direction @ = 0. No experimental values are
available at present for comparison of the angular distributions or the per-
pendicular components. Summarizing, one finds that the spectral distribution
for copper in the range A = 2500 to 5500 A and for electron energies from

T = 25 to 100 keV consists of two distinct components, one (perpendicularly
polarized) due to low energy bremsstrahlung and the other (parallel polari-

- zation) primarily due to transition radiation, the interpretation of the
parallel component being accomplished with the aid of the angular distribution
and the energy dependence of the emitted radiation.

b. Silver. - The optical constants from Figure 7 were used to obtain
the theoretical spectral, energy, and angular distributions of silver which
are shown in Figures 12, 13, and 14, respectively. The spectral distribution
differs from that of copper in that for the parallel component (Figure 12a)
one now observes a rapid decrease in photon intensity to a minimum at ~ 3200 A
followed by a sharp peak at ~ 3320 A which "tails of£" into the typical 1/A
continuum. The effect of the absorption of the medium upon the brems -
strahlung photons is more apparent in the perpendicular component (Figure 12b)
where one now notes a sharp peak in the neighborhood of 3270 A (the extinction
coefficient k is seen from Figure 7 to have a small value in the region 3100 to
3300 ;\) Again the agreement between the theoretical spectrum and the
experimentally determined points of Emerson et al. 85 is poor for low energy

T = 25 keV but within a factor of 1.5 at an energy of T = 100 keV. The

F
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experimental points were obtained from transmission experiments using a
thin silver foil of 710 A thickness. The energy dependence of the photon
intensity, shown in Figure 13, again shows the almost linear dependence of
the parallel component (where now the 1/T dependence of the parallel
polarized bremsstrahlung is more apparent below T = 20 keV than in the case
of copper; this is to be expected since silver has a higher Z value than
copper) for energies greater than 20 keV again identifying this component
as primarily transition radiation, while the perpendicular component (Figure
13b) again shows the typical 1/T bremsstrahlung characteristics. The angular
distributions of the emitted radiation shown in Figure 14 are very similar to
those of copper except that the peak emission of the parallel component for
silver is in the neighborhood of @ = 30°. One also notes that for small angles
® < 5 the photon intensity decreases with increasing energy leading to the
conclusion that for observation in this area the parallel component of brems-
strahlung competes with transition radiation. The angular distribution of the
perpendicular component is seen to be similar to that of copper.

c. Gold. - The theoretical spectral, energy, and angular distributions
for a thick gold slab—using the optical constants from Figure 8—are given
in Figures 15, 16, and 17, respectively. One notes the typical 1/A "tailing of "
of the spectrum in Figure 15 with a few humps in those areas corresponding to
a decrease in the extinction coefficient k of Figure 8. The intensity of the
parallel component is again larger than that of the perpendicular component

by at least an order of magnitude. The linear energy dependence of the
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parallel photon intensity shown in Figure 16a again leads one to associate this
component with transition radiation while the perpendicular component is
caused by bremsstrahlung. The deviation of the energy dependence shown in
Figure 1l6a from a linear dependence emphasizes the greater contribution of
the parallel component of bremsstrahlung at low electron energies. The
angular distributions, Figure 17, of the polarization components of the
emitted radiation are very much like those of copper with the parallel photon
intensity being greatest for @ ~45  to 50° and the perpendicular component
being greatest in the @ = 0°, i.e., the backward, direction. The comparison
of the spectral distributions in Figure 15 with the experimental data of
Hammer et al. 86 for a 530-A gold foil again shows the poor agreement at low
electron energies (T = 25 keV) where one would expect scattering of the
electron beam to be important, while the agreement at higher energies (T =
100 keV)—where the transition radiation is more dominant—is excellent. The
discrepancy at low electron energies is more evident in the perpendicular
component where the experimental values of Hammer et al. 86 have been scaled
down by a factor of 10 for purposes of comparison. This of course distorts
the comparison of the relative shape of the curves but is used to illustrate
the fact that there is an order of magnitude discrepancy between the
theoretical and experimental spectral distribution of the perpendicular com-
ponents. The explanation of this discrepancy must necessarily await further
experimental data with slabs of ma terial which more nearly satisfy the

approximations incorporated in the theoretical evaluation of the small angle
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scattering.

Summarizing the numerical results for the three materials copper,
silver, and gold—representing low, intermediate, and high Z materials—one
finds that the parallel polarized component of the photon intensity is larger
than the perpendicularly polarized component by at least an order of magni-
tude and because of its approximately linear dependence on energy (for
T > 20 keV) is interpreted as radiation due to polarization of the dielectric
medium (transition radiation). The 1/T energy dependence of the perpen-
dicular component clearly labels the source of this radiation as being due to
bremsstrahlung from electron scattering on randomly distributed nuclei in
the dielectric. The spectrum of silver differs in that there is a sharp rise
in the intensity of the parallel component in the area of 3300 A which has
been attributed to an interband transition between the d-band electrons.

The angular and energy distributions are similar for all three materials with
the only differences being the angle of photon emission for maximum intensity.
One now considers numerical results obtained for angles of electron incidence

other than zero.

2. Arbitrary Incidence

In the case of an arbitrary angle of electron incidence (ei # 0) the pho-
ton intensities ((dZW)/ (dAdQ)) , | are functions of five variables in addition
to the optical properties of the medium [ through €(A), assumed here to be

. . . 2
known from experiment] and the scattering properties (through (@ ), assumed
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here to be described by the theoretical results of Lewislé). Hence the
dependence of the photon intensities upon these variables can be determined
by holding four fixed while one is varied until all possible combinations are
included. This was easily accomplished on the computer and the numerical
results obtained for silver Z = 47 are presented in Figures 18 through 22. As
before, the figure labelled (a) refers to the parallel polarization component
of the intensity while the (b) has reference to the perpendicular component.
The dependence of the parallel polarized photon intensity upon the azimuthal
angle 3, given in Figure 22a, shows a maximum in the % = 0 direction corres-
ponding to emission in the forward direction of the electron's motion. This
is to be expected due to the assumption of small angle electron scattering
about the incident electron's motion as well as relativistic effects. Because
of this maximum and because observation in the plane of incidence is the most
common experimental procedure, the remaining dependences of the photon
intensity have been presented with the azimuthal angle fixed at § = 0. The
spectral distribution of the emitted radiation is shown in Figure 18 for various
angles of incidence 0 One notes that as the electron incidence approaches
grazing angles (ei > 800) there is a strong peaking of the photon intensity at
approximately A = 3230 A which is attributed to the (cos ei)—1 dependence of
the bremsstrahlung terms in Equations (3.35) and (3. 38), and is due to the
fact that more scatters per incident electron occur within the observable
distance Aopt than at smaller angles, hence giving rise to mare photons.

Both polarization components (18a and 18b) show this strong peaking, however
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a slight "hump' is detectable in the parallel component at approximately

3314 A which corre sponds to the wavelength at the peak of the transition
radiation and hence is attributed to this phenomenon and to constructive
interference between the bremsstrahlung and the transition radiation. This
was determined by making a separate evaluation of a first order approxi-
mation to the bremsstrahlung spectrum in which case this "hump" is no longer
evident. The intensity of the parallel component is approximately a factor
of 3.5 greater than the perpendicular component, which is attributed to the
polarization effect on the bremsstrahlung photons by transmission into the
vacuum at the boundary. The energy distributions of the photon intensities
at the peak wavelength of the spectral distributions are shown in Figure 19
where one notes the characteristic 1/T energy dependence of bremsstrahlung
for both polarization components especially at large angles of electron inci-
dence. The dependence of photon intensities upon angle of emission (obser-
vation) for the peak wavelength is given in Figure 20 where one notes that in
the parallel component there is a shift of the maximum to smaller angles
(from @ ~30" at 6, = 60° to @=15" at 8; = 89°) as one goes to grazing electron
incidence. One would expect this to occur since as the electron incidence is
varied the radiation pattern with respect to the electron motion must move
accordingly. The shift is smaller for the perpendicular component which is
probably due again to the effect of refraction of the photons at the boundary.
The essentially (cos ei)'l dependence of the photon intensity upon the angle of

electron incidence is seen in Figure 21 for both polarization components. One
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notes the rapid increase in the photon intensity as one approaches grazing
electron incidence. In Figure 22 where the azimuthal dependence is plotted
one notes that there is a sharp decrease in the parallel component as one
moves away from the plane of emission with a minimum being reached at
approximately & = 100° after which the intensity gradually rises again. The
intensity in the backward direction is smaller than that in the forward
direction, clearly illustrating the forward peaking of the small-angle scat-
tering. One further notes that the perpendicular component shows the
opposite effect, i.e., a gradual increase in intensity until % = 80° and then
a rapid decrease until & = 180°. One would probably expect the maximum and
minimum to occur at 90" but the effect of refraction of photons at the
boundary modifies this, which is evident from the fact that the angle § = 100
at the maximum intensity of the parallel component is the supplement of the

angle 4 = 80 at the minimum of the perpendicular component.

3. Comparison with Experimental Results

The incentive for the theoretical considerations at arbitrary incidence
was provided by the experimental results reported by Von Blanckenhagen

88 89 . . .
et al. " and expanded by Boersch et al. in which they noted an intense
peaking of the photon intensity for grazing electron incidence on thick silver
targets in the neighborhood of A = 3470 A. These workers analyzed their data
. . -1
into a "bremsstrahlung" component, assumed to be proportional to E " and a

transition radiation component, assumed to be proportional to E. They
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concluded from this analysis and from the dependence of the photon intensity
on surface conditions that this peaking was due to the excitation and subse-
quent radiation of surface plasmons. Since the radiation due to transition
radiation and that due to bremsstrahlung will experience constructive and/or
destructive interference, the validity of the separation of the experimental
spectrum by energy analysis alone may be questioned. Hence, for a compre-
hensive comparison with the experiments of Boersch et al. 88 one would prefer
to use data before the energy analysis was made. A comparison of the present
theoretical results, under the reported experimental geometry, with the
results of Boersch et _a_l.88 is shown in Figure 23 (a, theoretical - b, experi-
mental) where one notes the similarity of the appearances of the peaks. The
discrepancy between the wavelength at which the theoretical peaking and the
experimental peaking occurs may be attributed to possible differences in the
optical constants used for the theoretical results and those of the actual
experimental material. Huebner et al. 8l have reported that the optical con-
stants of silver vary with the experimental procedure of foil preparation.
The experimental intensities of Boersch et al. 88 are larger than the present
theoretical results by approximately a factor of 5. This same factor of 5 is
reported by Boersch et al. 88 to be present for the bremsstrahlung at narmal
incidence and may be due to large angle back scattering of electrons which is
not considered in the present work, and/or to uncertainties in the value used
for <®2> in the theoretical calculations. Preliminary calculations on the

radiative de-excitation of surface plasmons by collisions with impurities or
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microstructures at the foil surface lead to an (E cos2 ei)_l dependence of the
intensity of the emitted light. The general trend of the present results on
the bremsstrahlung yield leads one to believe that the reported experimental
results may be interpreted in terms of the (cos ei)_:l dependence of the brems-
strahlung rather than in terms of the surface plasmon radiation hypothesis.
However, the results of Boersch et al. 88 on the dependence of the radiation
yield on the conditions of the surface are not predicted by the present work.
Obviously, more extensive theoretical considerations on this problem are
needed before a definite explanation is possible, but these are beyond the

scope of the present work.

B. Conclusions

Theoretical considerations of the radiation emitted from electron
irradiated dielectric materials for arbitrary angles of electron incidence have
been presented in which one has considered the radiation due to polarization
effects of the electron on the dielectric slab (transition radiation) and the
scattering of the electron on randomly distributed scattering centers (brems-
strahlung). Comparison of the numerical results thus obtained for normal
incidence with the available experiments—although these experiments do not
strictly satisfy the theoretical assumptions—show that the agreement for
the transition radiation component (parallel polarization) is good for the higher
electron energies (T = 100 keV) but not as good at lower energies (T = 25 keV)

due to the increased bremsstrahlung effect, being more pronounced for high Z
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materials. This leads one to conclude that the underestimate of the brems-
strahlung may be partly due to the uncertainties in the theoretical expression
used for the mean square scattering angle (®2> which of course is critically
dependent on the screening parameters and potential functions assumed for
the scattering atom, and partly due to the fact that the foils used in the
experiments do not satisfy the present theoretical assumptions. Results

at grazing electron incidence for silver predict a strong peaking of the
bremsstrahlung and would provide an interesting means of studying this
radiation in the optical region to perhaps enable one to determine the quantity
(®2> from experimental measurements of the photon intensity of emitted
photons from an electron irradiated metal (accompanied by the knowledge of
the optical constants n and k of that material). In this manner one can avoid
the inherent low intensity of the bremsstrahlung radiation at normal incidence
and can observe those photons which are produced near the surface of the
material before the electron beam has reached the diffusion stage. Further

experimental work with thin foils which satisfy the present theoretical

assumptions is certainly desirable.




APPENDIX I

DETERMINATION OF GREEN'S FUNCTION

One solves the wave equation connecting -I-I.(E, w|z) with ](ﬁ, w|z) by

employing the well known Green's function method. Briefly, an equation of

the form
3ﬁ(§. wlz) = ‘¥
:-;—3- ! - v’amawrz):-%— faye ¥ (AL 1)
Z
has the solution
ao 7
m— — _—z -
Mo wiz) = - -'%_- S fa) e‘” Gk, wlz-2') d7 (AL 2)
-00

>
where G (k, w |z -z') is a solution of the reduced "unit source" equation

(%:.a - v?) R wzT) = S,y | (AL3)

By elementary methods one knows that the solution of Equation (Al 3) can
be written

G Ruwiz-t)= Ae” " st@-z)+ Be “st(z-2) (AL 4)

where St(z ' - z) is a step function which has the values

o Z>Z'

ALS
| oz¢2 (AL 5)

St (-2) = {

In order that this solution be continuous at the point z = z’ one has the
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requirement
A vz Be—v‘z ) (AL 6)
Hence, one can write the solution (Al 4) as
G(K,wlz-2') = AY_evz st(z'-z) + e_v‘“av.zs'z‘(z—z') (AL 7)

One can now evaluate the constant A by integrating Equation (AL 3) to obtain

!

+ 1+€
j —J—é = S Saz-1thdr =1, (AL 8)
-€ 2-¢
This yields
- 'L
A(-v'e¥® - ve"t ) =0 . (AL 9)
Hence one has A = -e ° z /2y’ and can write finally
o , Vo -v'@e2) v'z-2hH
GRwit-t')= -;—;.‘_e st(z-z) + e st (z- z.)] (AL 10)

which, employing the properties of the step functions, yields the solution
used in Chapter III
_y'[z-2']

E (AL 11)
ay’ .

G(Rwir-2') = -

When, as in Chapter III, £(z) # 0 for z < 0 then one must perform the
integration of Equation (AL 2) over all space. One finds that the solution
Hl(l?, w|z) contains a term which must be included with the homogeneous

solution of Equation (Al 1)—applicable to medium 1—to obtain the total
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radiation field. Hence one is concerned with an integration of the form

o
. ylz-z'l+a2
ﬂ'(k)wlz):_ﬂ S‘ev vToar
av

(AL 12)

-0
which can also be written as
C _olzledf C wlz-z)e 7
- vit-2'l+a s wiz-2]+43
T (&, wiz) =% ; Se A+ Je v Jz'jz (AL 13)
- : .
In the first integral one has z’ <z and |z - z'| = - (z - z') while in the second

integral one has z’ >z and |z-2’| = (z - 2’). Then one finds

vz (vei )z
'ﬂ'(xwlz)- {3 € T+ € ¢ — )j (AL 14)
Simplifying this equation one finds the result
- e
kwliz g ke e - - g AL 15
1T, (%, )= N e V-4 “:TJ;- . ( )

Now the first term inside the braces of Equation (AL 15) represents the
transform of the electron's self-field and does not contribute to the
radiation field. However one sees that the second term inside the brases
does contribute to the radiation field, and hence when employing the Green's
function method to obtain a particular solution in medium 1, z < 0, one must
add the result of the integration in that medium in order to describe the com-

plete radiation field.




APPENDIX II

STATISTICAL AVERAGES

Performing the required integrations in Equations (3. 28) over the inci-
dent particle's original direction (along the z’ axis of Figure 4) one obtains

terms of the form

%, = (, (AIL 1)
o _Z’Z, ) i1 . &
n, = C' IZ (8 " _ e %'Z,.,-;) 8, sn +*n } (AIL 2)
P . i -ZIZ;,_'
N,= 6, = (e $2m_g¥tm1) g2 (ALL 3)
and
® %2, _£Z..\ a w o
723 = c; gg (E - € )an +M=2,éﬁf;"“ (me -djm-t,x) °
. (2-2,) e’“" g (AIL 4)

where Co’ Cl’ 2 and C3 are coefficients which are independent of scattering
angle or path length. These terms must be averaged according to the prob-
ability specified by Equation (3.34). Averaging of the term U which does not

involve the scattering process yields the term A itself. For my one obtains
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oo
v (T~ Z, ) -£2, -zz
ay _r [ e e ff(fe -8c-11) 4B, 522 CREAP AT
C,, K=l 7 "z Y=t
K-)
' N Iy P
. 2 -§£72 .
o M_ e m“) By 5171 $yy By Sin ¢, { (AIL 5)
Let Sy = k I Ske 17 k—l - zi(_z, and so on, then one can write
K
20 =S 45, 4+ S+ S = ﬁ, s; (AIL 6)
and
, k+!
Zyuy = Seg * St ¥ 51 S, = 12=: ) (AIL 7)
which one substitutes into Equation (AIL 5) to obtain
I Nl
M) S' -Y'5k 2 2 2 % = >3 "gin
n’ ” JS" Sf((e" eK-oI)AB" 1:?0 §=l ( )
nei
-z' S! —gl* s
é *! )(9 -64.)(9-6:.;)§ (AIL 8)

where one has used the relationship R gl = § sin ¢, ¢ being a unit vector

perpendicular to the plane of emission. Consider now a typical term in the

angular probabilities, i.e.,

=TI 51’“5( Bk_,l) (5\,,,'20(5,‘- ,)A8, (AIL 9)
Kz)

which, for m > n is written as




98

I, = \¢adnds 81«»((53-5,\)0!51 Sr(lé;_'é_‘\)Ja;(‘,g&)(b;,&).(AH.lo)

m

Now let
— —h b
o, = 9‘“‘ - OM_'
- = 'é
Ay = Opm-y - 4:1-3- (AIL 11)
dv‘-o»n: sm-r - e"“-'-'
where
49“_'_'= Q“ , (AIL. 12)

Then adding the terms in Equation (AIlL 11) and using Equation (AIL 12) one
obtains
Ma‘*
-t 'y -
= AIlL
G Z Tyt 8, (ALL 13)

and Equation (AIIL.10) is - for m > n.

Tan= SpciBDds, §pais,-3048, - (p(18,-3, nds, Spad, e, .

Spad, 043, < fpadnas, T a4, (8:¢.)-

i

- A - -l
'[d,‘é_;-"da’g_;"’"""a:‘ 'g-l. -+ e,“'e-l].

=M

The integrations over terms linear in the a's yield zero since positive and

negative values are equally probable.
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Then one has
o o .o - - - - N
Topn™ Kf(ta,nae, ff(\aa-e,\) 46, ... jf(l 8- 9"_,1)40,‘ g €.) . (AILlg)

Now when m = n one has

Lux = JP03.048 [p03-8048, .. §pas, -8, 048, (podnd.

-~ A 9 = A2 A A = a4
. L (o, s€r) + (8, €) + A3, -€)8, e_,_)] (AIL15)
where one has used -én = 51 + 6n—1' Neglecting the cross term, which is

linear in the quantity @ and integration over d e will give zero (see page

1 1

98), one has

L= JPOEDAE Spud 8088, -« (408, -3 148, , (5,6 +

- - Yy - - -3 - A 3
+j1o(16,l)ow, SP()«,_,})Jd"_'-n Sp(l«,l)o!d, («o€1) (AIL1L6)

Now the second term in Equation (AIL16) is the average of the projected
. 2 . . 8 , 2 2
angle, i.e., (8’ ) which can also be written (8’ =1/2 (8”). Hence one

has

] 3
T = Ty + 5 O% .1

Nowl =0, thenl .=1/2 (ez) and one has the result. I =n/2 (92); or in
00 11 nn

the general case

I = men (m,n) ﬁ<93> . (AIL.18)

mn

One now writes a typical term in the spatial average as
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<« oo

o0
N £7 .rs TS 4t
J_ = Je " vds, Je7® yasy o0 e us,,
° (/] e

[_;'(;,,ps,_«u +544)
+

' e [
e" (5 +Sabuee # s‘"*l)] [e'g (5, #5341 43, -¥ '(51"53"'"' *Smw)]

- €

For n > m one writes this as
o

T = §&™ s, fe'”‘(-rJS,) --~5e "*'(rd{m §ex,o[— (5% 8')(5+

n
™ a

TLE
+sa+lll+5 )— z ( +5 +’+au+5“)]+ exP [—(z'fz’ )(Sl'f'sa*l" 4%*')*

""'N

) [ ¥ J
{5 eeers, o] - el (R r M sy s, )
N CIRTUTTR RO AU C PR R SC ISR 0

which one integrates term by term to obtain

el

yrm rm Y- 7
Tn (e kI (1 g )™ g (e g S )

VM -m=1 ,Vm-'l Yﬁ-4o'+l Ym
(Y+z )M m-l(y*,‘.+,‘a0)aq+l - (ve g')«—«ﬂl (Y-l‘:'-l- g;*)m .

This can be reduced in a simple algebraic manner and one finds, for n > m

. _r” /51° i S e (AIL.19)
" e )M (AR ) LY R T
In the same manner one obtains, for n=m
g T e arth (ALL 20)
VLT L e
Now Equation (AIL 8) can be written in the form
442 ) _ﬂf_? I, 3. = é<ea>g_ é_ll‘m'n (m, ) Tonom (AIL 21)
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which becomes

<¢/> - (o >{§

Inserting the values given by Equations (AIL 8) and (AIL 9) one can then evalu-
ate the resulting sums by using the simple binominal relatlonshlps9
o0

K-1 -8
2 nx"= X(1+ax+ 31’+::-+;<x #ow )= X(1-X) X<t (AIL 22)

=1

b3

and

e m-i & K= -1 °

2:& 2 (1+Xx+x% ek X s )= (0-x) 5 X&) (AIL 23)
n:z

to obtain the simple result

My r<6%
¢, ~ 4ReY

(AIL 24)

2 2, . . . .
but y(6 ) = (® >JZ is the mean square scattering angle per unit length. Using

Equation (3.35) and Equation (AIL 3) for 1, one has

{3y _ S~ rz,m Se"'“"z')vdl'a cov fpagnda Sfué’,-a,n)aé;.. )
Cy o Z,

%, .Yz -%'z F
NV L W (AIL 25)
As before let a typical angular term be given by

yf(nsnds Sf(le 6\) Ae 510(!9;-3;'_,:)4@; e:

which, using substitutions similar to Equation (AIL.11) is
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.= {#adnas (pad-50 48, 018, -8 04, , [painda.

.[|&‘.\"’+ lg, . ad.8 ] . (AIL 26)

Then neglecting the cross term for the same reason given previously one has
3
T,= I, * 69

Now Io =0, I1 = (92) and one obtains the general form

I = = (33> (AIL 27)

A typical spatial term in Equation (AIL 25) is

-] o @ ,
J:n = gQ—YS,‘ Y“sl Se_vsa ”“53 c0e Se-YS“ YJSM [e"r (-Z 251"'51"'""* S“;) +
o

° ]

~ exp (— g'fs, +Sy +eee + 54' + S‘n_“})]
where the substitutions (AIL 6) and (AIL 7) have been used. Equation (AIL 28)

can be integrated successively to obtain

~n Mt
v Y

- e ————— - e ———————— AII. 29

S (r+ g")"*’ ( )
and combining Equations (AIL 27), (AIL 29), and (AIL 25) one has
<M} 3 Y = v__\"

2’ - -t (AIL 30)
< 8%y (1 wg')g' ~ (v..- 'z ).

Now using the binomial expansion given by (AIL 22) and simplifying one has

Ky 1D o K@) (AIL 31)

Ca 14 '
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Now the first sum in U is of the same form as that averaged in Equation
(AIL. 25) except that one now has the projected angle. Hence using (AIL 31) and
the relationship (e'2> =1/2 (92> one obtains for the average of the first

term of Uy

@ = Y <93‘> = <-__®a>‘(

AR (AIL 32)
Cy %3 3¢

Since one obtains terms of the form [(6 6 Y- (8 6 »] the average of
xn xm xn xm-~1

the second sum in up yields zero. Performing all of the required averages in
the manner described above and combining terms one obtains Equations (3. 35)

and (3. 38).
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