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Introduction 

A wide var ie ty  of m o d e r a t e d  and unreflected c r i t i c a l  experiments 

with geometrically complicated configurations of 93.2% 235U-enriched 

1-5 Some of these ex- uranium metal (p = 18.7g/cm ) have been reported. 

periments have been analyzed by a many-velocity .Monte Carlo method which 

provides a s  detai led a treatment of the neutron energy a s  the 'cross-  

sect ion information w i l l  allow. 

3 

6 This paper shows t h a t  i f  only the multi- 

p l ica t ion  factors  of unreflected homogeneous assemblies such a s  these 

a re  desired, a simpler Monte Carlo treatment of monoenergetic neutrons) 

is  adequate. This 'lone-velocity" method, summarized i n  Reference 7, has 

two advantages over the  more detai led one: (1) only two input constants 

charac te r i s t ic  of the mater ia l  a r e  required and (2)  the necessary computer 

t i m e  i s  reduced by a fac tor  of four t o  f ive .  It has the  disadvantage, 

of course, t h a t  the only meaningful r e s u l t  t h a t  can be obtained i s  the 

multiplication fac tor .  

The method has been tested by calculat ing the  multiplication factors  

f o r  21 uranium-metal assemblies t h a t  had been made cri t ical  experimen-blly. 

They included spheres, cylinders,  parallelepipeds,  and cy l indr ica l  annuli ,  

both separately $and i n  cer ta in  combinations; arrays of cylinders i n  

l a t t i c e s ;  and one combination of cylinders, parallelepipeds,  and a hemi- 

sphere. 

i 

Method of Obtaining One-Velocity Constants 

The constants required a s  input f o r  the Mcmte Carlo calculations 

a re  the co l l i s ion  cross section, Ct, and the number of neutrons produced 

per co l l i s ion ,  vCf/Zt, which s a t i s f y  the one-velocity Bbltzmann t ransport  
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equation f o r  two experiments i n  simple geometry. 

have a nearly minimum surface-to-volume r a t i o  and the  other a large 

surface-to-volume r a t i o .  

One experiment should 

Althmgh it i s  preferable t h a t  these be delayed- 

c 

... 
c r i t i c a l  experiments, since then keff can be measured more accurately and 

the proper neutron spectrum ex i s t s ,  t he  data from two s u b c r i t i c a l  experi- 

ments will a l s o  give the  required constants provided keff i s  known and 

the  spectrum i s  the  same a s  t h a t  i n  a c r i t i c a l  system. The solut ion of 

the  t ransport  equation yields  Ct a s  a function of vCf/Zt f o r  each geometry, 

and the  values of Ct and vXf/Zt common t o  both geometries a r e  character is-  

t i c  of the material .  

The experiments used t o  determine the constants f o r  t he  calculat ions 

reported here were 17.770-cm- and 38.087-cm-dram cylinders whose dimensions - 

a r e  given i n  Table I. Since the  Boltzmann t ransport  equation cannot be < 

solved exactly i n  cy l indr ica l  geometry, the  values of vCf and C f o r  the  

two cylinders were obtained from S t ransport  theory calculat ions using 

the  DDK code 

and a convergence c r i t e r i a ,  E, of The r e su l t s  of the calculat ions 

t 
Y 

I 2  
8 with a 16 x 16 gr id  of space points describing the  geometries 

a r e  given i n  Table 11; The ac tua l  experimental geometries w e r e  s l i g h t l y  

under delayed c r i t i c a l ,  so  the  values of VZ obtained from the calculat ions 

[which i t e r a t e s  VZ u n t i l  the  mult ipl icat ion constant i s  unity and evalu- 

f 

f 

a t e s  A( vCf )/Ak 1 were corrected t o  those observed experimentally. 

corrected values of VC 

corrected values of vCf/Ct vs Ct f o r  the  two cylinders from which the 

values of Ct and vCf/Ct common t o  both cylinders a r e  found t o  be 0.2385 

These 

Figure 1 shows the  a re  a l s o  given i n  Table 11. f 

-1 cm and 0.371, respectively.  One-velocity S12 calculat ions were a l s o  

performed fo r  a cy l indr ica l  uranium-metal annulus with outside and inside 
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Table I. Measured Dimensions of Uranium-Metal Assemblies 

Height of Radial  Increments D f a  Average 
Uranium Multi - 

cm cm cm cm (g/cm3) Factor  
Diameter 0-8.89 8.89-11.43 11.43-13.97 13.97-16.51 16.51-19.05 Density p l i c a t t o n  

A s  s embly (cm> cm 

Cylinder 1 17.770 12.626 - 

Cylinder 2 38.087 7 635 7.790 7 e-795 7.640 7.630 18.705 0.9986 

15.141 18.705 0.9982 
In 

Annulus 38.090 OD 
22.865 I D  

-. 

a .  The units available for the c o n s t r u c t i m  of the  assemblies included 8.89-cm-diam cylinders and 
2.54-cm-wide cy l indr ica l  annul i  having inside r a d i i  of 8.89, 11.43, 13.97, and 16.51 cm, a l l  i n  
a variety of thicknesses. 
t o  section. 

The over-all  height of t he  assembled units varied s l i g h t l y  from section 

b.  Based on geff = 0.0068. 

/ 

' _  
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Table 11. C and VC from One-Velocity SZ Calculationsa 
for  Cylin8ers and Annuli t 

Corrected' vCf (cm-l ) -1 b 
VZf (cm ) 

17.770-cm- 38.087-cm- 17.770-cm- 38.087-cm- 
D i a m  Diam Diam Diam 

(cm -l) Cylinder Cylinder Annulus Cylinder Cylinder Annulus 

=t 

0.050 0.128024~ 0.114513 0 117892 0.128002 0.114354 0.117681 
0.128028 

0.100 0.115082 0 106532 0.108446 0.115061 0.106382 0.108419 

0.150 0.104165 0.099472 0.100530 0.104146 0.099334 0.100351 

0.200 0.094882 0.093168 o .og3754 0.094873 o.og3.042 0.093586 
0. Og489bd 

0.225 0.090779 0.090272 0.090734 0.090762 0.090140 0.090571. 

0.250 0.086966 0.087513 0.087gio 0.086950 0.087394 0.087753 

0.300 0.080137 0.024270 0.082771 0.080122 0.082314 0.082623 

0.350 0.074215 0.077840 0.078225 0.074202 0.077689 0.078085 

0. 080126d 

0.400 0.069016~ 0.073678 0.074183 0.069034 0.073577 0.074050 
0.069053 

0.600 0.053727 0.060487 0.061554 0.053717 0.060409 0.061447 

0.800 0.043784 0.051098 0.052663 0.043775 0.051034 0.052567 

1. ooo 0.036864 - - 0.036858 - 
1.200 0.031803 0.038753 0.040920 0.031797 0.038703 0.040839 

-4 a .  16 x 16 grid,  E = 10 , DDK calculations. 
b. These values are  for  the assemblies of Table I having keff = 1. 

c. These values a r e  fo r  the  assemblies of Table I having the  experi- 
mentally observed values of k 
of vZf given i n  the precedingeggee columns, the  calculated factor  
4(vCf )/a, and the values of B 

They were obtained from the values 

reported i n  R e f .  1. eff 

d. Values determined from S calculations. 16 

e- 

: 
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Fig. 1. Corrected Values of Zicf/q vs C, for Several Enriched U r a n i u m  
Metal Configurations. 
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diameters of 38.090 and 22.865 cm, respectively.  The dimensions of the  

annulus and the results of the calculations a r e  a l s o  given i n  Tables I 

and I1 and i n  Fig. 1. 

17.78-cm-diam cylinder and the annulus, 0.2292 cm and 0.393, a re  almost 

They show t h a t  values of Ct and vCf/Ct comon t o  the  

-1 

i den t i ca l  t o  those obtained from the two cylinders and indicate  t h e i r  in-  

s e n s i t i v i t y  t o  the shape of the  assembly. 

If one of the constants i s  already known, the  value of t he  other 

constant can be determined from a s ingle  experiment. To demonstrate t h i s ,  

a value of vCf/Ct = 0.4, calculated by Carlson and Bell 9 (see Appendix A )  

' f o r  a c r i t i c a l  sphere having a radius of 1.9854 mean f r e e  paths, was used 

t o  determine C 

LASL.l 

uranium density (18.75 g/cm ) a r e  s l i g h t l y  d i f fe ren t  from those of t he  

f o r  the 8.718-cm-diam uranium-metal sphere (Godiva I )  of t 
Since the  235U enrichment of Godiva (93.8 w t $  235U) and i t s  

3 

materials f o r  which these calculations a r e  being made (93.2% and 18.7 
3 g/cm ), small corrections t o  the constants obtained were necessary. 

co l l i s ion  cross sect ion was reduced by multiplying it by the  r a t i o  of 

The 

the uranium densi t ies ,  and the value of v.Zf/Ct was reduced by multiplying 

it by the r a t i o  of the  enrichments. The l a t t e r  correction assumes t h a t  

negl igible  238U f i ss ions  occur i n  these assemblies. 

of Ct and v.Zf/Ct a r e  0.2271 cm 

The corrected values 

-1 and 0.3974, respectively.  

The r e su l t s  of fur ther  t ransport  theory calculat ions,  reported i n  

m b l e  111, show the mult ipl icat ion f ac to r  t o  depend only s l i g h t l y  on the  

values of t he  constants within the range established by the  above geometric 

combinations. Transport theory was used for determining the constants i n  

preference t o  the  Monte Carlo method because of the  large s t a t i s t i c a l  

e r ror ,  1$ f o r  reasonable machine t i m e ,  associated with the  l a t t e r .  
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Table 111. Dependence of Calculated Multiplication 
Factors on the  One-Velocity Constants 

Ca l c  ula ted Multiplication 
Factors for  Cr i t ica l  
Geometries a 
17.770-cm-diam 

Source of Constants zt (em-') Cylinder Annulus 

Uranium Sphere 0.2271 0 * 397'c 0 - 9977 0 * 9973 

17.770- and 38.087-cm-diam 
Cylinders 0.2385 0.371 0 * 9991 0.9936 

17.770-cm-diam Cylinder 
and Annulus 0.2292 0.393 0.9993 , 0 .'9980 ' 

-4 a .  S12, E = 10 , 16 x 16 g r id .  See Table I fo r  dimensions and experi- 
mental  mult ipl icat ion factors  of the assemblies. 
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The determination of the one-velocity constants by the  solut ion 

of the Boltzmann neutron t ransport  equation fo r  two delayed c r i t i c a l  

geometries has the advantage t h a t  knowledge of the fuel-material  properties 

is  not required. 

of averaging the cross sections (which h y  not be w e l l  known) f o r  the  

mater ia l  over a neutron energy spectrum (which a l s o  may not be well  known) 

It is  not necessary t o  go through the cumbersome tasks 

and of correcting f o r  the e f f ec t s  of assuming i so t ropic  sca t te r ing .  

Monte Carlo Calculations of Delayed C r i t i c a l  Assemblies 

Method,. The calculat ions which used the  constants from the S12 so- 

lu t ions  were performed with the  05R Monte Carlo code'' which has a geometry 

routine t h a t  divides space i n t o  parallelepipeds and describes the  mater ia l  

boundaries within the  parallelepipeds by quadratic functions.  Independent 

functions can be used within each parallelepiped. The O5R code calculates  

the s p a t i a l  f i s s ion  d is t r ibu t ion  from a batch of source neutrons put i n t o  

the  system on some assumed i n i t i a l  d i s t r ibu t ion .  This resu l t ing  f i s s i o n  

d is t r ibu t ion  i s  then assigned t o  the  succeeding batch of neutrons and a 

new f i s s ion  d is t r ibu t ion  i s  obtained. This process i s  repeated u n t i l  the  

s p a t i a l  e f f ec t s  of the assumed d is t r ibu t ion  disappear and the desired 

s t a t i s t i c s  a r e  obtained. Since, due t o  s t a t i s t i c a l  f luctuat ions i n  the  

s p a t i a l  d i s t r ibu t ion  of neutrons i n  each batch, it i s  d i f f i c u l t  t o  deter- 

mine convergence by examination of the f luctuat ing source d is t r ibu t ion ,  

the s3-called matrix method i s  used t o  determine s p a t i a l  convergence. If 

i s  the probabi l i ty  t h a t  a neutron born i n  region i produces a neutron Fij 

i n  region j ,  a matrix i s  formed whose elements a r e  F . The batches with 

the nonconverged source d is t r ibu t ion  provide useful information f o r  t he  

i j  

c 
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calculat ion of Fij i f  the system i s  divided i n t o  a suf f ic ien t  number of 

regions. The source d is t r ibu t ion  obtained from the f irst  batch is  i t e r -  

a ted  with t h i s  matrix u n t i l  a converged source d is t r ibu t ion  i s  obtained. 

The number of i t e r a t ions  required f o r  a converged source d is t r ibu t ion  i s  

the average number of batches t h a t  need t o  be calculated before s p a t i a l  

convergence is  obtained. 

' 

The desired s t a t i s t i c a l  accuracy of the r e su l t s  

determines the number of addi t ional  batches needed. Since fo r  unreflected 

uranium-metal assemblies the average number of co l l i s ions  before leakage 

i s  about two, the  i n i t i a l  source d is t r ibu t ion  i s  not important. 

parison of the e f f ec t s  of the  assumed source d is t r ibu t ion  f o r  a sphere 

i s  given i n  Appendix B. 

A com- 

The mult ipl icat ion fac tor  i s  computed by two methods: the batch 

method and the  matrix method. The f i rs t  calculates  the r a t i o  of the 

number of neutrons 

batch and averages 

determine when the  

have disappeared. 

produced t o  the number of source neutrons i n  each 

them over a l l  the  batches using the matrix of Fij t o  

e f f ec t s  of the assumed i n i t i a l  source d is t r ibu t ion  

, 

Only subsequent batches a r e  used i n  computing the  

average batch mult ipl icat ion fac tors .  The second, or matrix, method d i -  

vides the assembly i n t o  a number of regions, computes the  probabili ty 

t h a t  a neutron born i n  a,ny region will produce a neutron i n  any other 

region, forms a matrix of these probabi l i t i es ,  and calculates  the multi- 

p l ica t ion  factor ,  

mult ipl icat ion f ac to r  computed by the matrix method was always within the 

which i s  the la rges t  eigenvalue of t h i s  matrix. The 

standard deviation of t h a t  computed by the  batch method. 
J 

The mult ipl icat ion f ac to r  a s  a function of batch number for  a de- 

layed c r i t i c a l  uranium sphere, Godiva I, i s  given i n  Fig. 2 assuming a 
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SOURCE DISTRIBUTION: UNIFORM 
MULTIPLICATION FACTOR: 

A MATRIX METHOD: 0.9955 
1.2 0 BATCH METHOD: 1.0005+ 0.009 (FROM ~ 
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0 1.0 
CL 

5i 
-I 

I I I I 0.7 I 

0 5 10 15 20 25 30 
BATCH OR ITERATION NUMBER 

' ?. 

Fig. 2. Mult ipl icat ion Factor vs Batch Number o r  I t e r a t i o n  Number 
f o r  a Delayed C r i t i c a l  Uranium Sphere (Godiva I) .  

, 
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e 

uniform i n i t i a l  d i s t r ibu t ion  i n  space. 

the  mult ipl icat ion fac tor  f o r  the  d i f fe ren t  i t e r a t ions  of the  matrix of 

Also p lo t ted  i n  t h i s  f igure i s  

. The matrix i t e r a t i o n  indicates t h a t  the  e f f ec t s  of the assumed Fij  

source d is t r ibu t ion  on the mult ipl icat ion fac tor  disappear a f t e r  i t e r a t i o n  

f i v e  and that the  source d is t r ibu t ion  converges a f t e r  about seven batches. 

' 

Results.' Since, a s  observed i n  Table 111, the va'riations i n  the 

three pa i r s  of one-velocity constants do not s ign i f icant ly  a f f ec t  the 

multiplication fac tor ,  the values used i n  the  c a l c u l a t i m s  of the  c r i t i c a l  

experiments were C = 0.2271 cm and VCf/Xt = 0.3974. Some of the  ex- 

periments calculated a r e  i l l u s t r a t e d  i n  Figs.  3-5, and the others a re  

' -1 
t 

described i n  Table I V .  This t ab le  a l s o  gives the  multiplication f ac to r  

calculated by the  batch method and, f o r  most of t he  experiments, by the 

matrix method a l so .  The values of the multiplication fac tors  of the 21 

experiments calculated by the batch method a r e  between 0.971 t o  1.026, 

with an average of 1.002 - + 0.014;- and with the s t a t i s t i c a l  e r rors  of in- 

dividual va lues  (standard deviations) ranging from - + 0.009 t o  - + 0.014. 

The average of the  multiplication fac tor  f o r  16 experiments calculated 

by the matrix method i s  1.001 - + 0.015. 

The differences between the  calculated and experimental mult ipl i -  

cat ion fac tors  a r e  e i t h e r  s t a t i s t i c a l  or result from er rors  introduced 

by differences i n  the  spectra of t he  various assemblies. 

ment of the  calculated and experimental values  implies strongly that the  

The close agree- 

d i f fe rences ,a re  s t a t i s t i c a l .  
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Fig. 4. Three-Dimensional Array (2 x 2 x 2) of 15.7-kg Units of 
U r a n i u m  Metd. 
der between two 9.16-cm-dim x 4.32-cm-high cylinders. 

Each unit consists of a 11.45-cm-dim x 5.38-cm-high cylin- 

8 

s 
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6 

PHOTO 66028 

I 111 

a 

t 

Fig. 5. C r i t i c a l  93.2% 236U-Enri~hed U r a n i u m  Metal Assembly with 
Eight-Unit Upper Section and an I r r egu la r ly  Shaped Centerpiece ( Inse t ) .  
The un i t  a t  t he  top of t he  photograph i s  an approximate parallelepiped 
whose base i s  5 by 5 in. and whose height var ies  i n  three s teps  (5.14, 
5.27, and 4.39 in . ,  f ron t  t o  back) ; t he  opposite u n i t  i s  a paral le lepiped 
with a 3 by 5 in. base and a 3.51-in. height topped by a 3.60-in. dim by 
l.7O-in. cylinder;  the  four s m a l l  cylinders a re  3.59 in. i n  diameter and 
5.11 in. high; and t h e  two large cylinders a re  4.5 in. i n  diameter and 
5.3 in.  high. The centerpiece, which penetrated the  hole i n  the  support 
diaphragm, consis ts  of  a 4.5-in. diam by 1.11-in. cylinder topped by a 
parallelepiped with a 5.00 by 5.00 in. base and a 2.25-in. height and by 
a hemisphere with a 2.39-in. radius. 
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-4 
Table I V .  One-Velocity Multiplication Factors for  Uranium-Metal Geometries 

Multiplication 
Factola 

Batch matrix 
Geometry Methodb Methodb 

Uranium Sphere Dimension 1.005 1 013, 
1.003 0 995, 
1.015 1.015 

CylinderJe 38.10 cm diam x 7.65 cm high 1.028 1.023 
TWO Coaxial Cylinderse 

Each 38.10 cm diam x 6.04 cm high, f lat  faces separated 2 . 2 7  cm 
Each 17.78 cm diam x 7.31 cm high, f l a t  faces separated 0.86 cm 

1.002 
0.986 

Cylinderical annulus,e 38.10 cm OD, 22.86 cm ID, 14.98 cm high 1.020 
1. O1kf 

1.022 

Parallelepiped, 2 . 7 0  x 12.70 x 23.19 cm 0.996 0.994 
Two Parallelepipedsg 

1.008 Each 20.32 x 25.40 x 7.94 cm, large faces separated 12.45 cm 1.014 
Each 20.32 x 25.40 x 5.08 cm, large faces separated 0.97 cm 0 997 0.994 

Cylinder and Cylindrical  Annulush 1.007 0.999 

Annulus: 38.1 cm OD, 27.94 cm I D  
Cylinder: 17.78 cm diam 

Each: 10.11 cm High 

Cylindrical  ~ n n ~ l u s  and Parallelepipedh 

Annulus : 38.10- cm OD, 27.94 cm I D  

Parallelepiped: 12.70 cm square 

Each: 12.98 cm high 

Cylindrical ~ n n ~ l u s  and TWO Parallelepipedsh 

Annulus (two sections combined): 
38.10 cm OD, 27.94 cm ID,  12.98 cm high 

Upper Section 

1.011 1.010 

1.012 1.008 

, 

Parallelepipeds: 12.70 cm square 

No. 1, 7.62 cm high; No. 2, 11.18 cm high 

hwersect ion 
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mble IV.  (Continued) 

, 

Multiplication 

Batch Wtri% 
Fectora 

Geometry Methodb Method 

Three-Dimensional Arrays of Cylindrical Unitsi i 

U n i t  U n i t  Surface , Unit 
Diameter Height Separationj Mss 

Array (cm) (cm) (cm) lkg U), 

2 x 2 x 2 11.49 
11.51 

8.08 0.90 15.7 
10.77 2.25 21.9 

3 x 3 x 3 11.51 5-38 2.01 10.5 
11.48 10 * 77 6.36 20.9 

0.975 0.966 
0.997 0 * 993 
1.004 1.001 
0.995 0.993 

4 x 4 x bk 11.51 5-38 3.95 10.5 0 971 
4 x 4 x 1 11.49 10 * 77 1.52 20.9 0 * 993 0.988 

2 x 4 x 2 11.49 10.77 3.89 20.9 0 997 
2 x 2 x 2 Each unit a 11.45-cm-diam x 15.7 1.010 

5.38-em-high cylinder between 
two 9.16-cm-diam x 4.32-cm- 
high cylinders 

4.32-cm-high cylinder between 
two 11.49-cm-diam x 2.69-cm- 
high cylinders 

Eight units of various shapes arranged in  a c i rc le  around an 

2 x 2 x 2' Each u n i t  a 9.12-cm-diam x 20.9 0 977 0.971 

irregularly shaped centerpiece.m 1.022 1.017 
0 - 997f 

a .  

b. 

C. 
a. 
e. 
f. 
Q* 
h. 
i. 

k. 
I. 
m. 

12,000 neutron histories i n  30 batches; C = 0.2271 crn'l; VCf/Ct = 0.3974. Uniform 
i n i t i a l  neutron sowce distribution except where noted. 
of the multiplication factors varied between 0.998 and 1.002. 
S ta t i s t ica l  errors of individual values (standard deviations) vary from 2 0.009 t o  - + 0.014; the average of the batch multiplication factors for all the different 
geometries i s  1.002 5 0.014; the average of the matrix multiplication factors i s  
1.001 f 0.015. 
Point source. 
Cosine source. 
See Ref. 2. 
Repeat of calculation with different i n i t i a l  random number. 
See Ref. 3. 
See Ref. 6. 
See Ref. 5. 
Equal in  three dimensions. 
See Fig. 3. 
See N g .  4. 
See N g .  5. 

The experimental values 

The overall average i s  1.001 2 0.015. 
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Conclusions 

c 

Q 

Th one -vel c i t y  Monte Carlo method of a lculat ion ha been shown 1 

t o  y ie ld  mult ipl icat ion fac tors  which agree with the experimental values 

f o r  delayed-cr i t ical  unmoderated and unreflected enriched-uranium metal 

i n  complicated geometries t o  within a standard deviation of about 1.5%. 

Considering t h i s  accuracy, the method should be useful f o r  predicting 

the  mult ipl icat ion fac tors  of complicated configurations of unmoderated 

and unreflected uranium metal of any enrichment, of unmoderated and un-' 

r e f lec ted  plutonium m e t a l ,  o r  of homogeneous uranium solutions.  "lie 

s implici ty  of the  method lies i n  the f a c t  that the  two input constants 
1 

required can be obtained from two delayed-cr i t ical  experiments i n  simple 

geometry provided t h a t  the  neutron energy spectrum is the  same i n  a l l  

cases, o r  from two subc r i t i ca l  assemblies i f  the mult ipl icat ion fac tors  

have been accurately determined and the neutron energy spectrum is the  

same as t h a t  in' a c r i t i c a l  assembly. 
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APPENDIX A 

Table A.l. Results of Exact Solutions of the  One-Vel-ocity Transport 
Equation-with Isotropic  Scat ter ing f o r  Uniform Spheres 
W i  thout Ref lectorsa  I 

-1 Radius 
(Mean Free Paths, Ct ) q c t  

0.02 

0.05 

0.1 

0.2 

0.4 

0.6 
0.8 
1.0 

12.027 

7 ' 2772 
4.8727 
3.1720 

1 J1.761 
1.1833 
0.9906 

1.9854 

a. From Ref. 9.  
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APPENDIX B ’ 

i 

Comparison of Effects of Assumed Neutron Source Distribution 
on the  Results of Calculation f o r  a Uranium Sphere 

The e f f ec t s  of ,  the assumed i n i t i a . 1  source d is t r ibu t ion  on the 

average i j ’  multiplication factor ,  some of t he  production probabi l i t i es  F 

number of co l l i s ions  before loss ,  mean time t o  f i s s ion ,  and mean time t o  

loss,  a r e  given i n  Table B.l f o r  a point,  uniform o r  cosine i n i t i a l  source 

dis t r ibut ion.  To within the  standard deviations these quant i t ies  do not 

depend on the choice of the i n i t i a l  source d i s t r ibu t ion .  Table B.2 gives 

the r e su l t s  of the matrix i t e r a t i o n  on the  i n i t i a l  source d is t r ibu t ion .  

In  each of the three cases of the table ,  the matrix of t he  production 

probabi l i t ies  i s  obtained from t h e  r e s u l t s  of the O5R calculat ion for  

the par t icu lar  source considered. After e ight  t o  ten i t e r a t i o n s  the  

source d is t r ibu t ion  converged t o  f i v e  decimal places. I n  these calcu- 

l a t ions  the  sphere was divided i n t o  f i v e  concentric regions of equal volume. 
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Table B.l. Comparison of the  Effect of Various I n i t i a l  Neutron Source 
D i s t r i b u t i p s  on Calculated Results f o r  Uranium Sphere 
(Godiva I)  . 

0 -  

d Uniform Source' Cosine Source b Point Source 

A 

1.003 - + O . O 1 l e  1.005 - +> 0.009 1.015 - + 0.011- 05R keff 

eff Matrix k 

Production 
Probabi l i t ies  

F1l 

F22 

F33 

F44 

F55 
, Average number 

of c o lli s ions 
before loss 

Mean t i m e f  t o  
l o s s  (sec)  

Mean timef t o  
f i s s ion  (sec)  

1.013 

0.607 - + 0.014 

0.361 - + 0.007 

0.248 - + 0.008 

0.183 - + 0.009 

0.128 - + 0.009 

2.56 

, *  11.0 - + 0.07 

9.3 - + 0.09 

0 995 

0.616 + 0.012 

0.323 - + 0.007 

0.249 - + 0.009 

0.193 - + 0.009 

0.143 - + 0.006 

2.48 

9.2 2 0.11 

1.01-5 

0.598 - + 0.11 

0.349 - + 0.009 

0.255 - + 0.007 

0.185 - + 0.009 

0.138 - + 0.009 

2.54 

11.07 - + 0.08 

9.3 - + 0.13 

' a .  30'batches, 400 source neutrons per batch. 

b. 'Point  source a t  center,, k eff 
c .  kerf of batch 1 = 0.77. 
d. Zero of cosine a t  r = 8.81 cm, keff of batch 1 = 1.09. 
e .  A l l  e r rors  a r e  standard deviations. 

f. Neutron velocity assumed i n  the  calculat ion i s  1 cm/sec. 

of batch 1 = 1.38. 



24 

Table B.2. Matrix I te ra t iona  on Point, Uniform and Cosine I n i t i a l  
Neutron Source Distribution i n  Godiva 

Iteration 
on Source 
Distribution Region 1 Region 2 , ,  Region 3 Region 4 Region 5 

‘ 

Source Distribution for Point Source at Center 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
30 

1.0 
0.47387 
0.36501 
0 * 33665 
0.32876 
0.32652 
0.32588 
0.32570 
0.32564 
0 * 32563 
0.3256a 

0.21318 
0.23887 
0.24333 
0- 24428 
0.24452 
0.24458 
0.24460 
0.24460 
.O. 24461 
0.24461 

0.13958 

0 18339 
0.18597 
0.18671 
0.18692 
0.18698 
0.18700 
0.18700 
0.18700 

0.17412 
Q. 10041 
0.12977 
0 * 13853 
0.14111 
0.14186 
0.14208 
0.14214 
0.14216 
0.14216 
0.14216 

0.07296 

0.09810 
0.09223 

0 09987 
0.10039 
0.10054 
0.10058 
0.10060 
0.10060 
0.10060 

Source Distribution for Uniform Source 

lb 
2 
3 
4 
5 
‘6 
7 

.. 8 
9 
30 

0.1900 
0.28474 
0.31940 
0 * 33032 
0 33361 
0.33459 
0.33488 
0 33496 
0 33499 
0.33500 

0.17500 
0.22600 
0.23373 
0.23492 
0.23512 
0.23516 
0.23517 
0.23517 
0.23517 
0.23517 

0.22500 
0.19808 

0.18609 
0.18512- 

0.18914 

0.18482 
0.18474. 
0.18471 
0.18470 
0.18470 

0.20250 
0.16593 
0.14863 
0.14358 
0.14214 
0.14173 

0.14157 
0.14156 

0.14161 

0.14156 

0.20750 
0.12524 

0.10509 
0.10400 
0.1037 

0.10910 

0.10361 
0.10358 
0.10357 
0.10357 

Source Distribution for Cosine Source with 
Zero at x = y = z = 8.81 cm 

lC 
2 
3 
4 
5 
6’ 
7 
8 
30 

0.35750 
0 - 33711 
0 * 32967 
0.32742 
0 * 32677 
0 * 32659 
0.32654 
0.32652 
0.32652 

0.28750 
0 25299 
0.24928 
0.24884 
0.24878 

0.24877 
0.24877 
0.24877 

0.24977 

0.16250 
0.18573 
0.18 899 
0.18977 
0.18998 

0.19006 
0.19004 

0.19007 
0.19007 

0.1075 

0.13348 

0.13480 
0.13487 
0.13489 
0.13489 
0.13490 

0.12896 

0.13453 

0.0850 
0.09520 
0.09857 
0.09944 
0.09967 
0 - 09973 
0.09975 
0.099751 
0.09975 

a. 

b. 
c. 

Convergence criteria ~/C(SM - S C ) ~  < prescribed number. 
Statistical sampling of 400 neutrons from uniform source. 
Statistical sampling from 400 neutrons from cosine source. 

4 

t. 
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APPENDIX C 

A 

Description and Relative Location of Nine Variously Shaped 
Metal Units Constituting a C r i t i c a l  Array 

The uranium-metal uni ts  arranged i n  a c i r c l e  surrounding a cen t r a l  

one, shown i n  Fig. 5, are described i n  the  -following order: f irst  the 

center unit, then the  upper unit of t he  r ing of eight,  followed by the  

others taken clockwise around the c i r c l e .  The or ig in  of the  coordinate 

system selected t o  describe the a r ray  was located on the  ax is  of the  lower 

cy l indr ica l  piece of the  center unit ,  1.755 cm above the lower surface. 

The coordinates of the  center of the  lower surface of each of t he  units 

on the  c i r c l e  locate  these uni ts .  
, 

The nearly v e r t i c a l  ax is  of each outer 

uni t  i s  t i l t e d  toward the  t r u l y  v e r t i c a l  axis  of the system. 

. The cent ra l  uni t  consisted of a 11.514-cm-diam cylinder, 2.690 cm 

high, on which a parallelepiped, 12.700 x 12.700 x 5.718 cm high, was 

located so t h a t  v e r t i c a l  planes, designated A and B, defined by two ad- 

jacent s ides  of the  parallelepiped were tangent t o  the l a t e r a l  surface of 

the  cylinder. 

parallelepiped so t h a t  two v e r t i c a l  planes, a l so  defined by adjacent s ides  

A 12.164-cm-diam hemisphere was placed on top of the 

of the parallelepiped,were tangent t o  the  hemisphere. 

planes i s  A; the  other  i s  p a r a l l e l  t o  B and on the opposite s ide  of the 

parallelepiped.)  

(One of these two 
1 

[Side and top views of t h i s  un i t  and i ts  posit ion 

r e l a t ive  t o  two other units of t h i s  arrangement a r e  shown i n  Fig. C-1 .1  

The masses of the hemisphere, parallelepiped and cylinder comprising the  

cent ra l  uni t  were 8.840, 17.200, and 5.247 kg, respectively. The overa l l  

3 density vas 18.713 g/cm . The coordinates of a point i n  the center of the 
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base of t h i s  cen t r a l  un i t  a r e  x = 0, y = 0, and z = -1.755 cm. 

The uni t  a t  t he  top of Fig. 5 was a parallelepiped with a 12.703 x 

3 12.703 cm base containing 38.497 kg with a density of 18.625 g/cm . 
height of t h i s  uni t  varied i n  three  s teps  a s  shown i n  Fig. C-1 and two of 

i t s  s ides  a re  i n  the  same plane as two s ides  of the parallelepiped of the 

The 

cen t r a l  uni t .  

the  ax i s  of the system. 

base of t h i s  uni t  were x = -15.66, y = -6.53, and z = -1-0.15 cm. 

me top of t h i s  parallelepiped i s  t i l t e d  1.35 deg toward 

The coordinates of a point i n  the  center of the  

The descriptions of the next th ree  cylinders i n  the  r ing  a r e  given 

i n  Table C-1. 

The uni t  a t  the  bottom of the r ing  consisted of a parallelepiped 

with a base 12.703 x 7.620 cm and a height of 8.910 cm. The center of 

t h i s  parallelepiped l ies  i n  the  same v e r t i c a l  plane a s  do the  centers of 

t he  parallelepipeds i n  the cen t r a l  uni t  and i n  the  uni t  a t  t he  top of 

Fig. 5. 

t h i s  parallelepiped so t h a t  the plane bisect ing the parallelepiped a l s o  

bisected the cylinder.  

face of the parallelepiped w a s  tangent t o  the surface of the cylinder.  

s ide  and top view of t h i s  un i t  i s  a l s o  given i n  Fig. C-1. 

A 9.146-cm-diam cylinder 4.320 cm high was located on top of 

A plane coincident with the inner 7.620 x 8.910 cm 

A 

The t o t a l  mass 

of t h i s  unit  was 21.386 kg, 5.286 kg being i n  the cylinder,  and the density 

3 was 18.689 g/cm . I ts  top was t i l t e d  2.58 deg toward the  ax is  of the  

system. 

were x = 17.889, y = 2.03, and z = 0.29 cm. 

The coordinates of the  center of the  base of t he  parallelepiped 

A sketch of t h i s  unit is  

given i n  Fig.. C-1. 

The description of the  next th ree  cy l inde r s , i n  the  r ing  is  given 

h 
'- 

e 

i n  Bb le  C-1. 
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Table C-1. Description of Six Cylindrical  Units i n  the Eight-Unit Ring 

Uranium Coordinate of Point RDta- 

Number (kg of U )  (g/cm3) (cm) (cm 1 ( c d  Angle 
Unit a Mass Density Diameter Height i n  Center of Base ti o m  la 

X Y z 

2 15.768 18.733 9.111 12.918 -10.177 10.411 0.111 1.40 

3 26.216 18.748 11.522 13.475, 0 15.762 0.174 1.173 

4 15.720 18.734 9.105 12.969 10.245 10.585 ’ 0.156 1.97 

6 15  727 18.717 9.109 12.974 13.1731 - 8.194 0.134 1.68 

7 26.160 I 18.766 11.499 13.475 4.954 -16.357 0.140 1.40 

8 1 5  -755 18.763 9.113 12.954 - 6.338 -14.091 0.087 1.10 

a. The uni ts  a r e  numbered clockwise beginning with the  parallelepiped uppermost i n  
I t he  ring. 

b. Angle between ax i s  of . u n i t  and the ve r t i ca l .  w 
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4 

Y 

SIDE A IS CONTIGUOUS TO SIDE B 
SIDE C IS CONTIGUOUS TO SIDE D 

NOTE: DIMENSIONS IN CENTIMETERS 

Fig. C-1. Three Units Used in Array Pictured in Fig. 5. 
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